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Abstract: This paper studies a parabolic equation with exponential nonlinearity, which has several
applications, for example the self-trapped beams in plasma. Based on a modified concavity method
we prove the blow-up of the solution for initial data with high initial energy. We also proposed the
solution’s lower and upper bound of the blow-up time for the equation. Our results complement the
existing results.

Keywords: parabolic equation; exponential nonlinearity; blow-up

MSC: 35L20; 35L70; 35B30

1. Introduction

This paper is concerned with blow-up of solutions for the following parabolic equation
with exponential nonlinear source

up = Au—u+Af(u)in (0,T) x R? 1
{ u(x,0) = ug(x)inR?, )

where A > 0,
fu) = 2a0u6“0”2, for some gy > 0, )

with initial data ug € H!(R?). Equation (1) has several applications, for example, the self-
trapped beams in plasma [1]. Moreover, the two-dimensional case is interesting because of
its relation to the critical Moser-Trudinger inequalities [2,3].

Equation (1) is well known with power-type nonlinearity as f(u) = |u|P~1u, which
has been extensively studied [4]. The model is used to study the competition between
the dissipative of diffusion and the influence of an explosive source term. The first result
with singular initial data is due to Weissler [5,6]. Messaoudi [7] and Liu and Wang [8]
both studied the Cauchy problem with vanishing and positive initial energy blow-up for
some special parabolic equations in finite time, respectively. Furthermore, for Equation (1)
with power-type nonlinearity and a memory term, the finite-time blow-up result for the
solution has been proved with positive initial energy in [9]. Tian [10] given out the bound
of blow-up time of the viscoelastic parabolic equation. Furthermore, the blow-up bounds
of Equation (1) with different nonlinearities except exponential nonlinearity were studied
in [11,12]. Moreover, it is noted that analytic methods were numerically used to study
various one-dimensional parabolic Equations [13-16].

In the past decades, more and more attention has been devoted to the blow-up study
of wave equations with arbitrarily initial energy [17-19]. Recently, the blow-up bounds of
wave equations with various nonlinearities have been studied [20,21]. Nevertheless, the
proof cannot directly apply to the parabolic equations.
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In this paper, we focus on Equation (1) with the exponential nonlinearity (2). If A
satisfies the following condition

1
0<A< — 3
<AL 20’ 3)

then the existence of ground solutions for the stationary problem associated with (1) has

been proved in [22]. For the case A > 2}70 the corresponding stationary problem has no

non-trivial H!(R?)- solution. As in [23], we define the maximal existence time T of the
solution u(x, t) as

T, := sup{T > 0| the problem (1) admits a solution u € C([O, T];Hl(R2)> } € (0, 4o0].

In order to introduce some existing results for the problem (1), we now denote some
notations: We use || - [|; to denote the norm in L7(Q)). For simplicity, we always use
|| - || to denote || - ||2. Furthermore, let H(Q2) be the Sobolev space with the norm as

UVOIZ+1- 1) 2. We next define two auxiliary functions.

1
J(©) = 5llol3a = A [, Fo)dx, )
where ”
Fw) = [ foip = e —1,
0
and
1(0) 1= [0l =4 [ of o). (5)
The potential well and its corresponding set are defined, respectively, by
W= {uc HY(R»)|I(u) > 0,](u) <d}u{0}, (6)
V= {uc H'R?I(u) <0,](u) <d}, @)

where the depth d of the potential well is characterized by

d:= ueHli(%g)\{O} il;po](wu) = inf J(u), ®)
N = {u € H'(R*)|I(u) = 0, ||Vul # 0}. ©)

Concerning local existence and uniqueness for Equation (1) in [23-25], for any
uy € H'(R?) the Cauchy problem (1) has a unique local in time solution u € C ([0, T]; H'(R?))
for some finite time T > 0.

In [23,24], the main results of global existence and non-existence of solutions for
Equation (1) can be summarized as follows: when [ (1) < d,

(i) if up € W then the maximal solutions to (1) with A as in (3) exist globally;
(if) if up € V then the maximal solutions to (1) with A as in (3) blow up in finite time.

As we know, the existing blow-up result did not consider the case of arbitrarily high
initial energy for Equation (1). This paper is devoted to studying the blow-up result for the
parabolic Equation (1) with exponential nonlinearity and high initial energy.

Under ug € H'(R?), the local existence has been proved in [23], then we are in a
position to state our main blow-up result for Equation (1).

Theorem 1. Let u € C([0, T); H'(R?)) be the maximal solution to (1) with A satisfying

1
0< A< — 1
<AL dng’ (10)
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and ug € HY(R?). If

0

-2
g Gilluol®, (1)

J(u0) < =

where2 < 0 < 2(1+¢), e = 4)\170 — 1, and & > 0 is the largest eigenvalue of —A in R? with
homogeneous Dirichlet boundary condition. Then the solution u(x,t) blows up at a sufficiently
large time T, where T has an upper bound T as (36).

Moreover, if ug also satisfies that

47
ap(l+¢€)’
lul> < M (13)

[Vuo|? < (12)

for some € > 0 and M > 0, then the blow-up time has a lower bound T as (41).

Remark 1. The energy ] (u) may be arbitrarily high. We next show this by a contradiction. Suppose
that there exists some M > 0 such that the energy J(u) < M for any u. Here we can suppose that
U € Loo(R?). If u ¢ Loo(IR?), then we assume that there exists a € R? such that u — oo as
x — x. We set

[ u,xeRx(e),
0,x € x(¢),

where %(e) = {x € R? : ||x — %|| < €}, € is some small positive number.
Then, for every u € L?(R?) N L®(IR?), it holds in [26]

1
log 2

(P 1) < — (] + ) (1)

:

We now take ug = ru for some r > 0. Then we see that

N O YO S 2\ [ ([ er?u?
Jow) = 5 (Pl + PRI VulR) = A [ (75— 1)dx
_1
V/log2
Ifr = 1, then L(r?||u||? +7%||Vu|?) — \/ﬁ)ﬁr(HuH + ||lulleo)dx < M. Obviously, as
r — +oo, 3(r|ul? + 2| Vul|?) — —L=r(|lul| + ||ullc)dx — o0, which implies that for

\/log2

arbitrarily high initial energy, there exists ug satisfying (11).

1
> 5 (Pl +21Vul?) = —=r(lull + lu])dx.

2. Proof of Theorem 1

We first state the following equalities, which have been proved in [23]

It = (), 15)
1d
Sl = 1), 6

In our proof we need the following auxiliary growth functions
flu) = Zocou(e’xf’”2 —1),and F(u) := L wou?. (17)
It is obvious that

f(u) = f +2aou, and F(u) = F(u) + agu®.
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By a direct computation, we see that for any 0 > 2, it is satisfied that
0F(s) < sf(s),foranys € R. (18)

In order to prove the blow-up result, the following lemma is necessary, which has
been proved in [27].

Lemma 1. If ®(t) is a nonincreasing function on [0, 4+o0|, and satisfies that
@' (1)2 > a+ bd(t)2x (19)
fort > 0, where a > 0 and b > O, then there exists a finite time T* > 0 such that
lim,_ -~ ®(t) =0,
where

s k()2

2% (1= (1+ (G P/50(0))) /).

a

2.1. Proof of the Upper Bound of Blow-Up Time in Theorem 1
We first prove that I(up) < 0. By (4) and (5),

_ 2
I(uo) = 6](ug) — “=2(Juo2 + | Vo) —A/Rz uof(uo)dx—l—)\G/R F(ug)dx
= o((Jm) - T2 ll?) = (557 = Moo~ 200) )l 20)
0—2

B2 (19wl ~ evll?) + 2 [ oF Gz~ [ wof (o))

By 0 > 2 and (10), we can easily see that
-2
(92 — )\(90(0 — 20(0)) > 0. (21)
By (11), (21), (18) and the definition of ¢1, we have
I(ug) < 0. (22)
Next, by a contradiction argument, we prove that
I(u(t)) <0

forallt € [0,T).
Suppose that there exists a time #; such that

ty :==min{t € (0,T) : I(u) =0} > 0.

Following the local existence results in [23], we see that u(
function of t. Then we see that I(u(t)) < 0whent € [0,t1) and I
have that ||u(t)||? is strictly increasing in  for t € [0, t;), thus,

) is continuous as a
t

t,x
(u(t1)) = 0. By (16) we

0 0

- Callu(en) | @3)

5 1 lluoll” < 5

0 < J(ug) < 5
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On the other hand, it follows from (4), (15) and the fact that I(u(#;) = 0 that

Jlu) = Ju(t)) = 5 ()| + [Vulen)l?) = A [ E(u(en)dx = 31(u(t)

0
- (¢ 22 Magt - zaw)|uaoH2+"HVuunn2

</ u(t)x 6 [ Fu ) (24)

0-2 2
> =
> 2 |va(n)|

0—2
> el

which contradicts (23). Thus, we have proved that I(u(t)) < Oforallt € [0, T).
Furthermore, by (15) we see that the following is always valid on [0, T)

2
&1 lluol|®

9 —
() <
Secondly, we prove that the solution of Equation (1) blows up in a finite time. We now

suppose that T* is sufficiently large. Then, we define the following auxiliary function: for
te[0,T)

= [ Il + (1 = )l +at +0)? @)

with T* € (0,T),a > 0and ¢ > 0.
We can obtain

() = [ult)2 = lluol?+2a(t +0)
= [ o) e+ 20t +), 26
and
Lontty = 1L i +a
2 24t
— I(u(t) +a
> — (Va0 + (1 = 2001) () [2) +20 [ F(u(t))dx +a
0 (27)

> —07(u(t) + 2 (| vul + 1—Q%Aw<>n)+a
0] (u(t)) + (0 — 2) (1 = 2a0A) u(t) |2 +a

v

— 9J(u +/Hm )lldT + (0 —2) (1 — 2a0M) ||u(t) |2 + a,

where the penultimate inequality follows from Poincaré inequality [28]. Obviously, we can
choose a sufficient large a such that a — 6] (1) > 0, which means that G”(t) > 0 for every
t € (0,T). Since G'(0) = 2ac > 0, then G'(t) > 0 for every t € [0, T*). Thus, we see that
G(t) is strictly increasing on [0, T*). As G(0) = T*||ug||? + ac? > 0, we have that G(t) > 0
forany t € [0, T*).
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Now we denote

A = /Ot\|u(*r)||2d*r+a(t+(7)2, (28)
v

B = %/0 ;—T||u(r)||2dT+a(t+0), 29)
t

C = [luc(o)P+a (30)

Additionally, we see that for any s € R

t
As? —2Bs+C = / (s1(t) — e (T))]|2dT + a((t + 0)s +1)2
0
> 0,
which implies that AC — B2 <0.
Furthermore, we have
G(t) A,
G'(t) = 2B,
G'(t) > 20C— (20 —1)a—20](ug).

Then,

20(AC — B?) — ((20 — 1)a +260] (ug))G(t)
—((20 — 1)a +20] (ug))G(t).

G(H)G"(t) - 5(G'(1))?

v

Y]

Define another auxiliary function

o) = (G() H, (31)

By direct computation, we have

@) = (-3+1)cm) e, 32)
@) = (~5+1)cm i (cne v - e wm)) 9
< (@0 Da+ 2070 (5 - 1) (@) (34)

By the facts, G(t) > 0 and G/(t) > 0, we see that ®'(t) < 0. Thus, by multiplying (34)
by @'(t) and integrating it from 0 to f, we obtain that

20-2

(D/(t) >Co+C(t) o2, (35)
where
Co = *0)— ((20 — 1)a+20](u))(20 —2)®(0) 2,
Ci = ((260—1)a+20](up))(20—2).

If we want Cyp > 0, by direct calculation, it is sufficient that

T*||luo||* + ac® — ((26 — 1)a +260] (1)) (26 —2) > 0.
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There exists a o > 0 sufficiently large such that the above inequality is valid.

Now from Lemma 1 it is following that there exists a finite time T > 0 such that
®(t) - 0ast — T~, which means that G(t) — +ocoast — T~

By Lemma 1 we estimate the upper bound T of the blow-up time T with T < T, where

20—-2
0—2(Co\ 02 20-2 *glfz
_ -4 5|\ & =
T — 2307 ZE:C;/B (1 - (1 + gi’) @(0)) . (36)
0

2.2. Proof of the Lower Bound of blow-up Time in Theorem 1

We define the function

() :% [ i ). (37)
By (16) we see that
¥ = 1)
<A [ ufis -

= A<2a0|u||2 + /2 thouz(e”‘f’”2 - 1)dx>.
R
Equation (1) can be written in the equivalent integral formulation
t
T:u(t) =ePug — )\/ =98 £ (1 (s))ds.
0

Define the following set

X = {u € L((0,T), H'(R?)) : sup [[Vu(t)|? < Le/ sup [[u(t)]? < ﬁM},
t€[0,T) ap(1+5) tel0,T)

where f is some positive constant.
Following the proof in [23] we see that ' maps X into itself and have the next estimation

t
lu®)ll < VM+ Cet\ﬂM) n Cr/ pI2-1/r)
0
where 1 < r < 2. As T < T, and we take r = 3/2, then we obtain
lu()ll < Cepmr- 39)

By the scale-invariant Trudinger-Moser inequality, we can obtain that forany v € H!(R?),

1/qm
e uz X, X 1,12 X
/Rz u?(x, £) (20" () _1)dx < (/Rz |u(x,t)2’71> (/Rz(e 0721°( ”—)dx)

1/q2
< C”u(t)HZ(/RZ (etxquuZ(x,t)_)dx> (40)

_ C(M>l/(1+€)”u||2(2+€)’
~ \ap(l+e)

1/q2

where we use Holder inequality with g1, g2 > 1 satisfying qll + qlz =land gy =1+¢,and
Gagliardo-Nirenberg inequality as following

[oll7s < CIVolT2[lo]?



Mathematics 2022, 10, 2887 80f9

for any v € H'(R?) with g > 2.
Combining (38) and (40) we obtain that

—1/(14€)
00 = (risg)  (Comrtete)

1+e¢€

4 —1/(1+€)
C(pirg)  (Comr o2

fort €10, T).
Since I(u(t)) < 0 then ¢(t) > 0 for any ¢ € [0, T). Thus, we see that there exists a
lower bound underlineT of blow-up time for Equation (1)

1/(1+e) —2(1+¢)
o - ( 4n ) ol
ao(l+e) (1+e¢)C
47 1/(1+e) M—(1+e)
a (“0( >

1+e) (1+¢)C’ 41

Thus, the proof of Theorem 1 is completed.

3. Conclusions

This paper studies the bound of blow-up time for the parabolic equation with expo-
nential nonlinearity. This paper proved the blow-up time bound for the parabolic equation
with exponential nonlinearity based on the modified concavity method. Up to our knowl-
edge [23,24], this result is new for the exponential parabolic equations. Furthermore, we
note that some studies use analytic methods to study the parabolic equations with various
nonlinearities in R! [13-16], which provides the main impetus for our future study.
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