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Abstract: In this paper, a new class of coupled hybrid systems of proportional sequential -Hilfer
fractional differential equations, subjected to nonlocal boundary conditions were investigated. Based
on a generalization of the Krasnosel’skii’s fixed point theorem due to Burton, sufficient conditions
were established for the existence of solutions. A numerical example was constructed illustrating
the main theoretical result. For special cases of the parameters involved in the system many new
results were covered. The obtained result is new and significantly contributes to existing results in
the literature on coupled systems of proportional sequential yp-Hilfer fractional differential equations.
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1. Introduction

Fractional calculus (differentiation and integration of arbitrary order) has proved to be
an important tool in describing many mathematical models in science and engineering. In
fact, this branch of calculus has found its application in physics, mechanics, control theory,
economics, biology, signal and image precessing, etc. Fractional differential equations
describe many real world processes more accurately than classical differential equations
and have been addressed by many researchers. For theoretical and application details of
fractional differential equations, we refer the reader to the books [1-6], while an extensive
study of fractional boundary value problems can be found in the monograph [7]. Usually,
fractional derivative operators are defined via fractional integral operators and in the
literature one can find a variety of such operators, such as Riemann-Liouville, Caputo,
Hadamard, Erdélyi-Kober, Hilfer fractional derivatives, etc., to name some of them. In
[8], with the help of Euler’s k-gamma function, the k-Riemann-Liouville fractional integral
operator was introduced, generalizing the concept of Riemann-Liouville fractional integral
operator, which was used to define the k-Riemann-Liouville fractional derivative in [9].
The Hilfer fractional derivative [10] extends both Riemann-Liouville and Caputo fractional
derivatives. For applications of Hilfer fractional derivatives in mathematics, physics, etc.,
see [11-16]. For recent results on boundary value problems for fractional differential equa-
tions and inclusions with Hilfer fractional derivative, see the survey paper by Ntouyas [17].
The y-Riemann-Liouville fractional integral and derivative operators, which are fractional
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calculus with respect to a function ¥, are discussed in [1], while the y-Hilfer fractional
derivative is discussed in [18].

Recently, the notion of generalized proportional fractional derivative was introduced
by Jarad et al. [19-21]. For some recent results on fractional differential equations with
generalized proportional derivatives, see [22,23].

In [24], an initial value problem of the form

Deu(t) — ilﬁz‘h(@a(t))

f(tu(t))
u(0) =0, D“u(0) =0,

Do = Y(t,u(t), ["u(t)), te[0,T], 1)

was studied, where D? indicates the Caputo fractional derivative of order v € {a, w} with
0<wa,w<1l1<a+w <2 1% I7 are the fractional integrals of Riemann-Liouville type of
order é; > 0,v>0,h; € C([0,T] x R,R), fori =1,2,...,n,f € C([0,T] x R,R\ {0}) and
Y € C([0, T] x R,R). A three-point boundary value problem of the form (1) was studied
in [25], by replacing the initial conditions with u(0) = 0, D“u(0) =0, u(l) = du(y),
6eR, 0<y <1, where0<a <1,1<w <2, and using a generalized Krasnosel’skii’s
fixed-point theorem.

Fractional coupled systems are also important, as such systems appear in the math-
ematical models associated with fractional dynamics [26], bio-engineering [27], financial
economics [28], etc. In [29], the authors studied the existence and Ulam-Hyers stability
results of a coupled system of ip-Hilfer sequential fractional differential equations. In [30],
by using Krasnosel’skii’s fixed point theorem, the existence of solutions are established for
the following nonlinear system involving generalized Hilfer fractional operators

Hpvesy(g) — f 1T Hi (4, u(t), s(0))

Hpys 0,y i=1 _
oser| it u(0),5(0) | = Plou(t 50, t€ o0,

HDr (1) = 3 1 Gyt u(0),o(0) @
i=1 } = Q(t,u(t),s(t)), t € [0,bo],

Hpobp

g(tu(t),s(t))
'=7%u(0) = 0, I'"7¥5(0) = 0, HDV*¥u(0) =0, "DV*¥5(0) = 0,

where HDABY is the p-Hilfer fractional derivative of order A € {4,v} with §,v € (0,1)
and types B € {9,x}, 9,x € [0,1], '~7¥,[%¥ are the y-Riemann-Liouville fractional
integrals of order 1 — > 0,4; > 0,i = 1,2,...,mand P,Q € C([0,by] x R?,R). In [31],
the existence and uniqueness results are derived for a coupled system of Hilfer-Hadamard
fractional differential equations with fractional integral boundary conditions. Recently,
in [32] a coupled system of nonlinear fractional differential equations involving the (k, )-
Hilfer fractional derivative operators complemented with multi-point nonlocal boundary
conditions was discussed. Moreover, Samadi et al. [33] have considered a coupled system
of Hilfer-type generalized proportional fractional differential equations.

In this article, motivated by the above works, we study a hybrid system of proportional
Hilfer-type fractional differential equations of the form:
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n
_HDéz,ﬂz,Prwu(t) _ Z plﬂi’P'lpHi(t,u(t),s(t))_
H 61,0 i=1
DovOLeY = P(t,u(t),s(t)), t € [ag, b,
7 u(0,5(0) (tu(t),s(t)), t € [ao, bo]
_H 04,0 o p 70 — ©)
DOV 5(1) — Y PITPVG (4 u(t), s(t))
H 63,8 =1
D3r3rpl¢ = t, t, t /t /b 7
I g(t,u(t),ﬁ(t)) | Q( u( ) 5( )) € [C‘O 0]
subject to coupled nonlocal boundary conditions
u(ag) = D" ¥u(ag) = 0, u(bo) = 015(¢1), @
s(ag) = HD%%4P¥5(ag) = 0, s(bp) = Bou(Ey),

where TD%%#¥ denotes the -Hilfer generalized proportional derivatives of order
5 € {61,6,03,04}, with parameters 8, 0 < ¢ < 1,1 € {1,2,3,4}, I""¥ is the gener-
alized proportional integral of order > 0, 7 € {ni,ﬁj}, 01,00 € R, &,& € [ag, bo],
f,g € C([ag, bo] x R, R\ {0}) and H;,Gj,P,Q € C([ag, bo] x R%,R), fori =1,2,...,nand
j=12,...,m

To establish our main existence result, we first transform the problem (3) and (4) into a
fixed-point problem by using a linear variant of the problem (3) and (4), and then apply a
generalization of the Krasnosel’skii’s fixed-point theorem due to Burton.

Our problem enriches the literature on hybrid sequential coupled systems of propor-
tional y-Hilfer differential equations of fractional order with nonlocal boundary conditions.
The nonlocal boundary conditions can be applied in physics, thermodynamics, wave propa-
gation, etc., and are more general than classical boundary conditions. For some applications
see [34,35] and the references cited therein. For applications of Hilfer fractional derivative
operators in applied sciences (such as physics, filtration processes, cobweb economics
model, stochastic equations etc.), we refer the reader to [36—41] and their references.

Comparing our problem with the problem studied in [30], we note that:

e We study a system involving ¢-Hilfer proportional fractional derivatives.

¢ Our equations are more general as the contained fractional derivatives have differ-
ent orders.

*  QOur system contains nonlocal coupled boundary conditions.

*  Our system covers many special cases by fixing the parameters involved in the prob-
lem. For example, by taking f, g = 1 in the problem (3), we have the following new
nonlocal coupled system of sequential Hilfer-type proportional fractional differen-
tial equations

n
Aot [Hpodap () — Y PIPY H(t,u(t), 5(4) | = P(Lu(t),5(1)), t € [ao, b,
i=1

H 3,030 {HD54,194,p,wu(t) — i p[ﬁj'p'lpcj(t,u(t)l5(t))} = Q(t,u(t),s(t)), t € [ag, bo],
j=1
u(ao) = HDéz’ﬂz’p’lpu(ao) = 0, u(bo) = 915(§1),
5(a0) = HD54’194’p’¢5(a0) = 0, ﬁ(bo) = qu(éz).
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* Notethatif n =m =1, H;(t,u(t),s(t)) = —Au(t), G;(t, u(t),s(t)) = —pus(t), A, p con-
stants, then we have a nonlocal coupled system of sequential Hilfer-type proportional
fractional differential equations of Langevin-type

Hpybo, 02,09
H yo1,91,09 ( D( :) 4_(););[( ) = P(t,u(t),s(t)), t € [ao, bol,
onpp | (TDWOPY 4 u)s(t) |
H o3, 03,04 S a,5(0) ] = Q(t,u(t),s(t)), t € [ag, bo),
u(ag) = HD%2%2P¥y(ag) =0, u(by) = 015(Z1),
s(ag) = HD54"94’P"/’5(110) =0, s(by) = 6u(&2),

which is a generalization of the well-known classical results in [42].

The structure of this article has been organized as follows: In Section 2, some necessary
concepts and basic results concerning our problem are presented. The main result for the
problem (3) and (4) is proved in Section 3, while Section 4 contains an example illustrating
the obtained result.

2. Preliminaries

In this section, we summarize some known definitions and lemmas needed in our results.

Definition 1 ([22,23]). Let p € (0,1] and 6 > 0. The fractional proportional integral of order & of
the function § is defined by

§ 1"1((5) /‘ "7 WOYE) (y(6) = p(s))° 15 () (5)ds.

PIOPYE(t) =

Definition 1 unifies several known definitions of fractional integrals for p = 1,

for example, for §(t) = t, it corresponds to Riemann-Liouville fractional integral, for

¥(t) = logt, to Hadamard fractional integral, while for y(t) = -, & > 0, to Katugampola
fractional integral.

Definition 2 ([22,23]). Let p € (0,1], § > 0, and ¢(t) is a continuous function on [ap, by),
¢’ (t) > 0. The generalized proportional fractional derivative of order & of the continuous function
§ is defined by

o) = SO SO (g — (o) (s,

p" T (n—6) Jag

where n = [5] + 1 and [5] denotes the integer part of the real number § and D"*¥ = DP¥ ... DPY
—

n—times

Now the generalized Hilfer proportional fractional derivative of order ¢ of function §
with respect to another function ¢ is introduced.

Definition 3 ([43]). Let p € (0,1], §, ¢ € C™([ag, bg],R) in which  is positive and strictly

increasing with ' (t) # 0 for all t € [ag, bo|. The y-Hilfer generalized proportional fractional
derivative of order § and type O for § with respect to another function  is defined by

(HD@&/PW) (1) = PIo= b DRt (PIUZD 008 (1),

wheren —1 <6 <nand0 <9 <1.
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Remark 1 ([43]). It is assumed that the parameters 6, ¢ and <y (involved in the above definitions)
satisfy the relations:

y=56+0n—-9), n—1<4, y<n, 0<9<1,

and
¥y>6, y>0, n—y<n—108n->9o).

Lemma1 ([43]). Letn —1<d<neN,0<p<1,0<d<landn—1 <y < nsuch that
v =064 nd—89. If§ € C([ag, bo], R) and PI=109)F € C*([ag, by, R), then

=1

P OO (1) — p(a)) T
P (y = +1)

(plé,p,wHDé,ﬁ,p,l;Jg) () = 3(0) — i e <P1f%PﬂP{§> (ag).
j=1

To prove the main result we need the following lemma, which concerns a linear variant
of the y-Hilfer proportional coupled system (3) and (4), and is used to convert the nonlinear
problem in system (3) and (4) into a fixed-point problem.

Lemma 2. Let 0 < 01,63 < 1,1 < 8,04 < 2,0 < 8 <1, v = 6+ 0(1-46),
v =06;+0j(2-9;),i=13,j=240 = M{N, — MoN; # 0and U,S € C([ag, bo], R),
f,9 € C(lag,bo] x R%L,R\ {0}), H;,Gj € C([ag, bp] x R%,R), for i = 1,2,...,n and
i=1,2,...,mand P17 € C"([ag, bo], R),P I"=71P¥)S € C™([ag, bo],R),i = 1,2,3,4.
Then the pair (u,s) is a solution of the system

Hpoabapiby(t) — i PITAYH; (4 u(t), s(t))
Hyd1,01,0, i=1 _
Do | (0 u(0), 5(0) | = u, e,
Hpoubup () — f PITPYGi(t,u(t),5(t)) (5)
H 163,83,0, j=1 _
it | oL u(0,5(0) | =50, 1<t
u(ag) = HD‘SZ'&Z'P"/’u(aO) =0, u(by) = 015(&7),
s(ag) = HD’54'194'p’¢5(a0) =0, s(by) = 6u(&2),

if and only if

W) = Y PIEOYH (G u(0), 5(0) + I u(t), s(0) PP ()
i=1

SO —9(a0) ((g) — - mo
N i LD TLILY

+07 140V g(81,u(81),5(20) 105 (81)

n
— Y PO Hy(bg, u(bo), 5(bo)) — P TP ¥5(bo, u(bo), 5(bo) )PP AV (b)
i=1

+M |62 i PIIT2PY H (8, u(E2),5(82))
i=1

0P I2P¥5(82,1(82),5(62))P 1PV U(E2) — i PITIH4Y G, (bo, u(bo), 5(bo))
=1

_P154/Prll’g(b0,u(bo),ﬁ(bo))pl&S’p'ws(bO):| } ©)
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and
s = Y PIIEG (0, 5(0) + PP Pa(,u(0),s(0) IPS(0)
j=1
(O -9(a0)) (4 (¢) — 41 mo
e
+OL 1PV g (81, u(21), 5(80) P IPYS(8)
— 3 PIE O (b, u(00), (b0)) — P IEPH T (b0, u(bo), 5(60)) 1A U (by)
i=1
+My |6y ) PIIHRPY H (80, u(82),5(82))
i=1
0PI (E u(E), 5(62))P PVYU(E) — 3 PITH 9 G (b, u(by), 5(b0))
j=1
_P154,P,¢g([,0,u(bo),ﬁ(bo))r’[%ﬂﬂﬁs(bo)] }, 7)
where
v = €T o) — lan))at
t P”_lf(vz) '
0T ETE) () p(ag)) !
Mo = p”*ﬂn) ’
o7 ED V) ((53) — pla)) !
M=o P71 (72) ’
T 0900 () — p(ag))
N = P74 1T (74) ' ®

Proof. Due to Lemma 1 with n = 1, we obtain

HDo 00y (1) ZVI%WH (tu(t),s(t))

i=1 — poLpeY
i, u(0,5(0) )

"7 WO=¥(00) (4 (4) _ p(ag)) 111
p1 1T (1) '

+co

m —
Hpowdupds(t) — Y PITPYG(t u(t), s(t))
j=1

gt u(t),s(t))

p—1 —u(a _
i O ) — )
p737 1 (73) '

where cp, dg € R. Now applying the boundary conditions

= PIBOYS (1)

)

HD52 02Plpu(a0) HD54 ﬂ4p¢5(a0) 0



Mathematics 2024, 12, 1071

7 of 21
we obtain ¢g = dy = 0. Hence
n

Hpotedu(y) = Y PIRPYH(tu(t) 5(8) + 1 u(t), s(0) IRU(D),
i=1
mo_

Hposdardg(y) = Z% PITPY Gt u(t), s(t)) + a(t u(t), s(t))PI%P¥S(4). (10)

]:

Now, by taking the operators PI°2*¥ and P1%#¥ into both sides of (10) and using
Lemma 1, we obtain

WO = Y PIRRYH (u(),s()) + PR u(t), 5(0) LU
=1

e%(ﬂ*)*‘/’(%))uﬂu B lp(ao))”*l

P12 1T (72)
e%(¢(£)*¢(a0))(¢(t) N lp(ao))”*z
P72 72T (72— 1) ’

+C1

+cC2

s(t) = fj PPN Gt u(t), s() + P14 g(t u(t), s(4) PI%PYS (1)
j=1
7 (WIO=1#(80) () _ gy
P74 1T (714)

p-1 _
al ($O=9(00)) () — () )715~2
? P12 (g — 1) '

Applying in (11) the conditions u(ag) = s(ag) = 0, we obtain c; = dy = 0 since 7y, € [, 2]
and 74 € [d4,2] (Remark 1). Thus we have

+d4

(11)

ut) = Z PITERPYHi(tu(t), s(4) + PI2PPi(t u(t), 5(1)) I U()
i=1
epTTl(lP(f)*llﬂ(ao))(l/J(t) — p(ag)) 72
+C1 1 ’
p727 1 (72)
s(t) = f PITFUPY G (4 u(t), 5(4) + PI%P¥ g4 u(t), 5(4))P IS ()

=

ep,%l(llﬂ(f)*llﬂ(ﬂo)) (p(t) — l[J(aO))“*l
P4 1T (74) .

In view of (12) and the conditions u(by) = 015(¢1) and s(bg) = Bu(&2), we obtain

+dy (12)

Y P28 Hy (bg, u(bo), 5(bo)) + P 1% (o, u(bo ), 5(bo) )P T ¥ U (bo)
i
')7(1#’(50) ll’(ﬂo))(lp(bo) —p(ap))72 1

p727 1T (72)

ZPIWJHA‘MG (§1,u(81),5(81)) + 01 I%+P¥g(51,u(G1),5(81))P I°P¥S (&)

+c1
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re’7 V(@) () — p(ag)) i
1

’ 13
P74 () (13)

+d

and

i PTGy (b, u(bo), 5(bo) ) + P12 g (bo, u(bo), 5(bo) )P I F¥ S (bo)
j=1
e (W00 =¥(00)) (4 (40) — g(ag)) 4~
p72 71T (72)
= 62 ) PIT PV H (G, u(G2), 5(82)) + 02 TP (G2, u(E2), 5(82) P IV U(G2)

i=1
p—1

+d;

5= () —9(ao)) _ 12—1
rer B ¢ _(11/J(Cz) Plag))™ (14)
P27 (72)

Due to (8) and (13), (14), we have
C]Ml — d1M2 = M,
—c1N; +diNo = N, (15)

where

M= 0y ) IV Gi(E, u(Gr),5(81)) + 0P TPV g(Ey, u(Er), 8(80))P IS (&)
j=1

n N
— Y P11 Hy(bg, u(b), 5(bo) ) — P 1% ¥§(bo, u(bo), 5(bo) )P IV U (bo),
i=1

N = 92ipI”"”z’p’wHi(@z,u(éz)rﬁ(éz))+92p1‘52’p’¢f(€2,u(@z)fﬁ(éz))”I‘sl’p’wU(Cz)
i=1

m _
-y P1’7f+‘54'9'4’cj(bo,u(bo),s(bo)) — P14 ¥ (b, u(bg), (b)) I ¥S(bg).
j=1

By solving the above system, we conclude that

1 = g [NaM+ MaN], dy = & [MyN + NiM].

Replacing the values c; and d; in the Equation (12) we obtain the solutions (6) and (7). The
converse follows by direct computation. The proof is completed. O

The following version of Krasnosel’skii’s fixed point theorem due to Burton is the
basic tool in proving our main existence result.

Lemma 3 ([44]). Let S be a nonempty, convex, closed, and bounded set such that S C X, and let
A X — Xand B : S — X be two operators which satisfy the following:

(i)  Aisa contraction;
(i) B is completely continuous; and
(iii) x=Ax+By,Vye S=xe€S.

Then there exists a solution of the operator equation x = Ax + Bx.

3. An Existence Result

Let Y = C([ag, bo],R) = {u: [ag, by] — R is continuous}. The space Y is a Banach
space with the norm |ju|| = SUP (¢ [a,bo)] [u(t)]. Obviously, the space (Y x Y, ||(u,s)]|) is also
a Banach space with the norm ||(u,s)| = |Ju|| + |5
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Definition 4. A function (u,s) € Y x Y is said to be a solution of nonlocal -Hilfer sequential
proportional coupled system (3) and (4) if B
HDEa Oy (1) -y PP H (tu(t),5(t)) HD2S4p 5(4) -y P17V Gy (tu (1) 5(1))

F(tu(t),s(1) g(tu(t)s(t))
continuous for each (u,s) € Y x Y and satisfies nonlocal y-Hilfer sequential proportional coupled

system (3) and the boundary conditions in (4).

u — and s —

are

By Lemma 2, we define an operator U: Y X Y — Y x Y by
U = (vl ). (16)

where
Ul (u15> (t)
_ i PITH208 Hi (4, u(t),5(4))

i=1
PP u(t), ()P IPY P4 u(t), 5(1))

p—1

e OO (1) — p(ag)) ™! ) oy
+ 7T (7 [N o P0G, 1))

+017 1940 (81, u(81),5(81))P 1P Q(G1, u(E1), 5(81))
- P[']i+‘52/P/l/’Hi(bO,u(bo),s(bo))

i=1

_PI‘SZ'P'lpf(bo,u(bo),ﬁ(bo))pl(sl’p’wp(bo/u(bO)fs(bO))}

+My |0 Y PTTH2PV H (8, u(82),5(82))
i—1

0P 1PV f(E, u(E2),8(82))PIPHPY P (8, u(E2), 5(82))

m _
— Y PPV G (b, u(bo), 5(bo))
j=1

_P154,p,¢g(bo,u(bo),s(bo))pl&S'P'wQ([’O'u(bO)’g(bO))} } "
and

Uz (u,5)(t)

m
7i+04,0,
= Y rrit 4P¢Gj(t,u(t),5(t))
=

P10 g(4u(t), 5(4))PISPYQ(t uw), 5(1))

o7 O (1) = pla)) [ Ty e
+ ©p"+—1T (74 {N1 [91 ];pﬂ’ PYG;(81,u(81),5(81))

0171V g(E1,u(81),5(61)P 1P Q(61, u(E1),5(81))
‘n P]'?i+52fp/l/1Hi(b0,u(bo),s(bo))

i=1

—P 12095 (b, u(bg), 5(bg) )P I8P P (b, u(bo)fﬁ(bo))}

+My |0 Y PTIH2PY H (8, u(82),5(82))
i=1
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+027 12PV§(E9,1(82),5(52) )P IPPY P (82, u(82), 5(G2))

m
74040,
-y PrIT 4P¢Gj(bo,u(bo),5(bo))
=

—”1‘54'P'¢g(b0,u(bo),s(bo))p1‘53'P'¢Q(bO,u(bo),s(bo))} } (18)
Our main existence result is given in the next theorem.

Theorem 1. Assume that:

(Hy)The functions §,g : [ag,bp] x R xR — R\ {0}, P,Q : [ap,bp] x R xR — R and
H;, Gj ag, bo) x RxR = Rfori=1,2,...,n, j=1,2,...,m, are continuous and there
exist positive functions ¢, x, @, @, hj, zj, i = 1,2,...,nj=1,2,...,m, with bounds llpll,
IxI, il ||l and [[hil|, i = 1,2,...,m, ||zll, j = 1,2,...,m, respectively, such that

[F(t, x1,x2) — (&, %1, %2)| < p(8) (|21 — X1| + |22 — F2]),
la(t, x1,x2) — (, %) < x(0)(|x1 — X1 + |x2 — %),
|P(t,x1,x2) — P(t,%1,%2| < 7(t)(|x1 — X1] + [x2 — X2l),

1Q(t x1,x2) — Q(t, X1, %2 < @()([x1 — X1 + [x2 — X2),
|H (’t X1,X2) H; (f,fl,yZ)‘ < h; (t)(|x1 — X1| + |XQ *X2|)
|Gj(t,x1,x2) — Gj(t,yl,f2)| <z (t)(|x1 — JC1| + |XZ - XQ|)

forall t € [ag, bo] and x;,%; e R, i =1,2.
(Hy) There exist continuous functions o, T, ¢, m, A;, ui,i=12,...,nj=12..,m such that

F(txy, x2)| < o(t),  [a(txy,x)[ < T(t),
[Hi(t, x1,x2)| < Ai(t),  [Gj(t x1, x2)] < pj(t),
‘P(t1x1/x2)‘ < e(t)/ ‘Q(t/x1/x2)| < m(t)/

forall t € [ag, bo] and xq,x, € R.
(H3) Assume that

K: = {T(bol5z){1+(N2+M2|92|)|®| (bo,?/z)}
+(Ny + My |6]) ¥ (50,52)|®| (bo,v8) } [l + 1211 (Bo, 61) 1]

+{(N2|91| + M)¥ (b, 04) =¥ (bo, 72)

@

¥ (b0, 64) [1+ (N1 61| + M) |@| ¥ (00, 7)| Il + lmI¥ (0, 05) x| < 1,

where for convenience we have put

o) = W)= vt w0

and ||e|| = SUP e [ay,b0)] le(t)|, e € {o, T, 1, @, ¢ m}.
Then the y-Hilfer proportional coupled system (3) and (4) has at least one solution on [ap, by].

Proof. Firstly, we consider a subset S of Y x Y defined by S = {(u,5) € Y X Y : ||(u,5)|| <7},
where r is given by

r= Ry + Ry, (20)
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where
1
Ry = {1 + @T(bo, 72) (N2 + M2|92|)}
n
[ L I (8o, 1+ 82) + 1011 (8o, 61)¥ (b0, &2)]
i=1
1 u _
+(Nal6n] +M2) ;¥ (b0,72) | 1 ¥ (oo, +3)
j=1
+¥ (bo, &) |7 | L2 ¥ (b0, 83)]
and
1
Ry = [1 + @T([’O/%)(leﬂ + Ml)]

m

x| X N1 (b0, 77+ 60) + Il m [ (bo, 64)¥ (b0, 53)]

j=1
1 n

o7 ¥ (b0 1) | LS 141 (o0, i+ 22)

i=1

+(Ni[ + Mi62])
+¥ (b0, &) ]| L1 [ ¥ (b0, 81)],
where suptﬂaorbo] IAi(B)] = Al i=1,2,...,m, SUP4c[a,bo] i) = lpll,j=12,...,m
Let us define the operators
n

Hi(w,5)(8) = Y PP H (6 u(t), 5(1)), t€ [ag, bo),
i=1

Gi(u,8)(8) = Y PIT % G (6, u(6), (1)), € [ao, bo],
=1
Vi(,8)(6) = PP P4, u(t), 5(1)), €€ [ao, bol,
Va1, )(8) = PIEPPQ6 u(t), 5(1)), ¢ € [ao, bol,

and
(tu(t),s(t)), t€ [ag, bol,

f
Fa(u,9)(t) = g(t u(t),s(t)), t€ [ao, bo].

—~

Then we have

[Hi(u,51)) (1) — Hi(w,5)(H)] < i”1’7"+52'p'1”|Hi(t,ul(f)fsl(t))—Hi(ffu(t)IS(f))l
i=1

<Y ¥ (0o, i + 62) ([Jug — ull + [|s1 — s]]),
i=1
and
n
[Hi(ws)(t)] < Y PIHT2PY | Hi(tu(t),s(t))]

I
—

| A:[['¥ (bo, 7i + 62).

IA
L=
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Also, we obtain

1Gj(u1,51)) (1) = Gj(w,8) ()] < i;’”I”f+54’p’¢|Gj(t,u1(t),51(t))Gj(f,u(f)rs(f))l
=

m
D 11z (0o, 7 + 04) (flua — il + [ls1 = 51]),
j=1

IN

and

Gi(ws)(0)] < iP1"f+‘54'”"|cj<t,u<t>,s<t>>|
L

m
Y llwil[¥ (0o, 77; + 64).
j=1

IN

Moreover, we have

Vi(ur,s0))(8) = Vi, s)(B)] < PIPYIP(4ur(t),51(t)) — P(tu(t),s(t))]
< 7l¥ (6o, 61) (flwr — ull + [[s1 = sl)),

PIOVPY|P(,u(t),s(t))|

Ni(ws)(H)] <
< |41 (bo, é1),

and

PISPY|Q(twi (1), 51()) — Qb u(t),5(t))]
@[ (bo, 83) ([[u1 — ul| + [|s1 — s]]),

| Va(u1,51)) (1) — Va(u,5)(1)]

IN A

PIOVP¥Q(4, u(t),s(1))|

V2w 8)(H)] <
< [m[[¥ (6o, 61).

Finally, we obtain

[t w1 (8), 51(1) — F(t u(t), (1))

[ F1(u,81)) (1) — Faw s)(H)] <
< el (v —ull + sy — s,

[Fi(w8)(0] < [f(tu(t),s(t)]
<

ol
and
|F2(w,81))(t) = Fo(w,8) ()] < [a(t,ui(t),s1(t) — gt u(t), s(t))]
< xl(llur = ufl + [ls1 = sl]),
|Fa(w,8) ()] < gt u(t),s(t))]
< Il

Now we split the operator U as

Up(w,5)(t) = Up1(w,5)(t) + Ura(u,5)(t),
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Ua(u,5)(t) = Up1(u,5)(t) + Uz (u,8)(t),
with
Ul,l (u, 5) (t)
= Hi(us)(t)

E5 (90 —p(a0)) -1
7 ($(1) ~ (a))™
+ o {2 616,00, 9) @) i, 5) (o0

+M, [92%(%5)(52)) - Gi(”’s)(b()))} }

Ui2(u,8)(t)

57 PO () _ p(gp)) 721
©p1271T(72)

% {Nz [emfpfwfzms)(cnyz(u,s)(cl) P12 Fy (u,5) (o) <u,s><bo>]

= PI2PY Fy(u,5) ()1 (u,5) (1) +

+M> [92”1‘52"7’1”]’1 (w,5)(52) M1 (w,8)(S2) — p1§4’p'¢fz(u/5)(bo)yz(urﬁ)(bo)} }

Uz,1(u, 5)
- ( s)(t

ERCIORTIC) )
((t) — (a0))™
. Op™+ 1T (74) : {Nl {919]‘(“,5)(61)—Hi(u,s)(bo)]

My 0538 (22) gj<u,s><bo>} }

()
)

and

UZ,Z (ur 5) (t)

epp;l(lﬁ(f)—l/f(ao)) (p(t) — I[J(uo))wfl
Op14 71T (74)

X {Nl |:91p164'p'¢f2(u/5)(‘:1)372(“/5)(61) — PI2PY Ty (u,5) (bo) V1 (u,s)(bo)]

= PI%PY Fy(u,8)(£) Vo (u,8)(t) +

M [ezpﬂzfpfl/’fl(u,s) (&) (,9)(E2) — f’ﬂfpf%(u,s)<bo>yz<u,s><bo>} }

In the following steps, we will prove that the operators Uy, U, fulfill the assumptions
of Lemma 3.

Step 1. In the first step we will prove that the operators U; » and Uy, are contraction
mappings. For all (u,s), (u3,51) € Y x Y we have

[U1,2(u1,81)(t) — U (u,5) ()]
< ‘Y(bo, 02)|F1(ug, 1) () V1 (ug, 51) () — F1(u,5) (V1 (u,5) (1) ]

|®| ¥ (bo, 72){N2|91\‘Y(bo, 04)|F2(u1,51) () V2 (u1,51) (t) — Fa(w,5)(6)I2(u,5) (1)

+(N2 + M2|62) ¥ (bo, 62) [ F1 (11, 51) (§2) V1 (u1,51) (§2) — Fi(u, ) () V1 (u,5) (1)
+Mp¥ (bo, 04) [ F2(u1,51) () V2 (u1,51)(t) — fz(ulﬁ)(f)yz(ulﬁ)(fﬂ}
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¥ (bo, d2) {1 + (N2 + M2|92|)|é|‘lj(boﬂz)}

x| F1(u1,51) () V1(w,51) (1) — Fr(w,5) (V1 (w,5)(1)]
+(N2|01] + Mz)‘Y(bo,54)|1®|‘Y(bor 72)
x| Fa (g, 51) (6) Va(ur,51)(t) — F2(u,8) () Va(u,5)(t)]

TWMﬁﬂHM+MMm@ﬁWmﬂDEMJMMMWMﬂ®—MmQM

IN

IN

+V1(u,9) (]| F1 (w1, 81)(4) = fl(u,ﬁ)(f)}
1

+(N2|61] + Mz)‘f(bol54)6|‘f'(boz 72) {|}—2(u1/51)(f)||y2(u1/51)(f) = V2 (u,5)(1)]

1 92(,5) (0| Fa 1, 51) (1) = Fo(u,5) (1)

WWmhﬂm+mwm&wwWﬂwwmﬂMWmmwM

IN

x [y = ull + fls1 — s

1
H(Na 6]+ M) ¥ (00, ) 5% (00,72) [l + ¥ (oo, 35 e
x [y = ull + flo1 = ]

¥ (b, d2) [1 + (N2 + M2|92|)|é|‘f([’0/72)} {||‘7||||7T|| + ||5||‘Y(bof51)||¢||}

I
—

1
+(Na 6]+ Ma)¥ (b0, 63) 15 (b0, 72) [ [l + ]9 b0, )11
x [l = ull + flor = s]]]
Similarly we can find

[Uz2(u1,51)(t) — U2 (u,5)(1)]
s{wwmﬁﬂMqumawmewwwwwwwmmﬂ

+H(N: -+ M [62])¥ (00, 62) 57 60, 79) [l ]+ 1% o, S
[ lhur = ull + lls1 sl ].

Consequently, we obtain
1(U1,2, Uz2) (w1, 81) — (U1,2, Uz2) (w, 8) | < K([Jug —uf| + [|s1 —s]]),

which means that (Uj 5, Uy ) is a contraction.

Step 2. In the second step we will prove that the operator (U; 1, Uy 1) is completely
continuous on S. For continuity of Uj 1, take any sequence of points (u, s, ) in S converging
to a point (u,s) € S. Then, by Lebesgue dominated convergence theorem, we have

o7 (WIO=1#(00) (4 () _ p(qg) )72
P72 1T (72)

{2 i G 1) ) — fm i, 50) (00)|

J%UM (U, 80)(t) = nlgrolo Hi(un, 50)(t) +

M6 Jim s 50) E2)) — fim G, ) ()|}
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57 PO=(80) (4(4) _ p(gp))72-1
P72 1T (72)

N fen6i w00 @) - ) 0)]

= Hi(u,s)(t)+

M [ezﬂrzi(u,s)(az)) - Gj(fP/fi)(bo))] }
- Ul,l (u,s) (t)l

for all t € [ap,bg|. Similarly, we prove lim; o Up1(uy,5,)(t) = Upq(u,s)(t) for all
t € [ap, bo]. Thus (U 1 (un, $1), Upq(up, 5,)) converges to (Uq1(u,s), Uzq(u,8)) on [ag, bgl,
which shows that (U p, Up2) is continuous.

Next, we show that the operator (Uy 1, Uy 1) is uniformly bounded on S. For any
(u,5) € S we have

57 PO () _ ()72

Up1(ws)(t)] < [Hi(us)(t)]+ ©]p7 1T (1)
{11160 )@ + 74 ) o) |
M 6], 5) (€2)] 1 9) o0 |
< Z A (B0, i + 52) + —F (b, 72)

i=1 |®|

m n
X {N2|91| Y gl (bo, 7 + 64) + N2 Y 1Ai[[¥ (bo, 7; + 62)
=1 i=1

n m
+Ma|62] Y A:l¥ (bo, 17; + 62) + Ma ) [|p[['¥ (bo, 7; + 54)} = A
i =

Similarly we can prove that

m _ 1 m B
U2 (u,8)(t)] < X%IIMJIT(bo,ﬂi+54)+,®|‘P(bo/vz){1\hl91|X%IIVjIT(bo/ﬂi+54)
j= j=

n n
+N1 ) IA[¥ (bo, 75 + 02) + Ma|B2] ) Al[¥ (b, 7: + &2)
i=1 i=1

m
+My Y [l ]¥ (6o, 7; +54)} = Ao
=

Therefore ||Uy1]| + [|[Uz1]| < A1+ Ap, (1,8) € S, which shows that the operator
(Uy,1,Uz) is uniformly bounded on S. Finally we show that the operator (U1, Uy 1) is
equicontinuous. Let 71 < 7, and (u,s) € S. Then, we have

|Up1(x,5)(12) — Up1(w,5)(71)|
im /azl ¢/<S) |:(1P(Tz> — ¢(S))7]i+(52*1 _ (IP(TI) o lp(s))ﬂi+5zfl:|
x|Hy(s, u(s),s(s))|ds

L 1 2, 5y
+ L e e o VO =) s u(s) ()l
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) = w0 = (plm) — (e
@l TT(72)

I ) — (a0 = () — (o))

(@)~ (a0)™ " — ((n) ~ plao) ™|
©lp” (12

W

n
1
i; PitoT (174 6 + 1)

W,

F2((r2) — (@))% +

where

m n

W = No|61] ) [I#j¥ (0o, 77; + 65) + Na ) | Ai[ ¥ (bo, 7; + 02)
= i=
n

m
+Mp|02] ) [[Ail[¥ (bo, 17; + 62) + Mo ) || ][ (bo, 77; + Oa).

i=1 j=1

As 5 — 11 — 0, the right-hand side of the above inequality tends to zero, indepen-
dently of (u,s). Similarly we have [Up1(u,5)(12) — Uz1(u,8)(11)| = 0Oas m — 15 — 0.
Thus (Uj 1, Uy 1) is equicontinuous. Therefore, it follows by Aezeld-Ascoli theorem that
(Uy,1,Up,1) is a completely continuous operator on S.

Step 3. In the third step we will prove that condition (iii) of Lemma 3 is fulfilled. Let
(u,5) € Y x Y be such that, for all (uy,up) € S

(w,5) = (U1(w,5), U1 (u,5)) + (Ur2(u1,51), Uz p(ug,51)).
Then, we have

u(®)] < Ui, s)(0)]+[Ura(ug,51) ()]

7 PO=1(80)) () _ p(ag)) 721
[©]p7271T (72)

. {Nz [wngi(u,s)ua) n |Hi<u,s>|<bo>]

< Hi(ws)l(4) +

M [wznwu,sﬂ(@z)) 11G;(19)](bo)) }

7 HO=Y(00) () _ p(ap))72-1

FPI2PY | Fy (ug,51) ] (4)| V1 (ug, 51) | (8) +
| 1( 1 1)|( )| 1( 1 1)|() |®|p72*1r(’72)

X{Nz [wlprw/ﬂfz(uhsl)|<cl>|y2<u1,sl>|<cl>
IRV a0, 0) | (0) DA, ) ()|
My | Bl 52| 50| €2 93 s, 1) 2
APESO| F 0] ) Do, 50 00|
< ; (|| (bo, 77; + 62) + |(1%‘1’(60, 72){N2|91|j:i1 ([ (bo, 77; + 64)

n n
+N2 Y 1IAil[¥ (bo, 1i + 62) 4+ Ma|6a| Y [|Aill¥ (bo, 7; + 62)
i=1 i=1
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m
+Mo ) |1 (o, 7; + 54)} + ¥ (bo, &2) ||| [|€]['¥ (bo, 01)
=

1
+@‘I’(boﬂz){Nz|91|‘1’(50ﬁ4)||TH [IL2[[¥ (bo, 83) + N2¥ (o, 62) e[| £][%F (bo, 61)
+M|60 ¥ (6o, 62) ||| £][F (bo, 61) + Ma'¥ (bo, 4)[|l[ [ L2[[¥F (bo, 53)}

1 n
=:ﬁ+@f%WMM+%%MDHMW%%+M
i=1

(0,72 | Y ¥ (o0, 7+ 85)

I 1211¥ (b0, 61)¥ (b0, 62) ] + (Mol | + M) 70
j=1

5
(b0, )17/ L2 ¥ (b0, &5)] = R

By a similar way we found

s < [U21(u,8)(O)] + [U22(u1,51)(1)]
< i+ |é|‘I’(bo,74)(N1 2]+ M| | Y 1% b0, 7+ 84)

j=1

n
[ 1m[[ ¥ (bo, 64) ¥ (b0, 05) | + um+M@m@<mMNZWWWMm+m
i=1

¥ (b0, 62) 1L [ ¥ (b0, 61)] = Rz
Adding the previous inequalities, we obtain
[ull +[ls]l < Ri+Rp = r.

As ||(w,8)]| = ||u|| + ||s]|, we have that || (1, 5)|| < rand so condition (iii) of Lemma 3 holds.
By Lemma 3, the ¢-Hilfer proportional coupled system (3) and (4) has at least one
solution on [ag, by]. The proof is finished. [J

4. An Example

This section demonstrates the application to a given nonlocal coupled system of
sequential -Hilfer-type proportional fractional differential equations of the form:

3,
HDL;,%,%,Hﬁu(t) -y P]#r%f“f\ﬁHi(t,u(t),s(t))

Hp} 3L "
F(tu(t),s(t))
= P(tu(t),s(t),  te [% ?3}
Hp3 4.3tV i G (4 u(0), (1)
Hp3.5 it+\ﬂ[ (: u(t), s (t ] .

where

iwe) = o (rot ) * e (s )+ 3
" (8t+3)2\ 2+ |u] (8t+5)2\ 1+ |s| 16’
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1 |ul 1 |s] 1
slbws) = TerED (3+ |u|) 6t 15 (2+ |5|> t 17
Hiltws) = 8ti+itan_1 Jul + 8tqiL2i sins| + 5.
Giltws) = 8ti3j j Hun + 8tj—4j (jf||s|) * %
Plows) = 8(4t1+ 3) (1 —|:L||u|) + 4(8t—1i-27'£) tan™" o] + 1%
Q(tus) = Msinu| + STy <Zf||5|> n %

In the given system (21), 61 =3/7,0, =11/7,63 =5/7,04 =9/7,91 =8/9,0, =7/9,
83 =5/9,0,=4/9,0=3/4,¢(t) =t +t, a9 =1/8,by = 13/8,0; = 3/11, 6, = 4/11,
61 =5/8,8=9/8 1 = (2i+1)/4, 7 = 2(j+1)/5,i =1,2,3, j+1,2. These settings
lead to compute constants as y; = 59/63, v, = 120/63, y3 = 55/63, y4 = 101/63, M; ~
1.337156409, M, ~ 0.2553420381, N1 ~ 0.4496860114, N, ~ 1.012080564, ® ~ 1.238486270.
In addition, some terms in assumption (H3) can be computed as ¥ (by, 1) ~ 1.864913369,
Y(bg,d2) ~ 4.506335230, ¥ (bg,d3) =~ 2.534134245, ¥ (bg, d4) ~ 3.900538887, ¥ (bg, v2) =~
5.079441906, ¥ (bg, v4) ~ 4.567817507. For the functions § and g we have

1

S R
< ezl ol + s =0,

|f(tr u’s) - f(f, ﬁr§)|

and

1

< - o S

la(t u,5) —g(t,,5)|

and thus ¢(t) = 1/(2(8t+3)?) and x(t) = 1/(2(16t+ 15)). Then we receive ||¢|| = 1/32
and ||| = 1/34. The bound of these two functions can be shown that

1 1 1 1

<= 4= < - 4
ftwsl s grmptie ad Fbwal < g 75+ 17

(22)
Then we obtain ||¢|| = 1/8 and ||t|| = 2/17 by choosing ¢ (t) = 1/(8t+3)? + (1/16) and
T(t) =1/(16t+15) + (1/17).

For the two nonlinear functions H; and G; we obtain

1 /m i 2 j
i < — (= — = A; ; < = = U; .
[Hi(tu,s)] < go (5 1) + 5 5= Ai(t) and |Gyt u,5)] < s3T5

Both of them satisfy the Lipschitz condition as

2i
H; — H;(t,1,8 < —1{i —3
Hilbw,s) = Hi(t8,8)] < o= (lu—al + s =51,
and
2
' NN c A .
Gj(t,u,s) — G;(t,0,5)] < j(8t+3j)(\|u afl + lIs —5[)),

by setting h;(t) = 2i/(8t+ i) and z;(t) = 2/(j(8t + 3j)). Finally for the functions appeared
in right hand-sides of nonlinear functions in (21), we see that

1

P ~P(40,8)] < —
| (t,u,ﬁ) (t’u’5)| — 8(4t+3)

(=&l +[ls = 5[)),
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References

and
u, S e '
with bounds
RS . N S
"1 8(at+3) T 8(8t+2m) | 18
and 1 1 1
t < — = t .
1Q(tu,5)] —2(8t+15)+8f+14+25 m(t)

Therefore, we set 7t(t) = 1/(8(4t+3)), w(t) = 1/(2(8t+ 14)) and then we have ||7t|| = 1/28,
lw| = 1/30, [|€]] = (1/28) + (7r)/(8(1 + 27)) + (1/18) and [|m| = (1/32) + (1/15) +
(1/25). These information leads to compute the constant K in assumption (Hz) by

K ~ 0.9976072624 < 1.

Hence the nonlocal sequential Hilfer-type coupled system of nonlinear proportional
fractional differential quations (21) satisfies all conditions in Theorem 1, and thus it has at
least one solution (u,s) on [1/8,13/8].

5. Conclusions

In this research, we have presented the existence result for a new class of coupled
systems of sequential y-Hilfer proportional fractional differential equations with nonlocal
boundary conditions. The main existence result was proved via a Burton’s generalization
of Krasnosel’skii’s fixed point theorem. The main result was illustrated by a numerical
constructed example. Our results are new and enrich the existing literature on coupled
systems of ip-Hilfer proportional fractional differential equations. For special values of the
parameters involved in the system at hand, we cover many new problems. Thus, by taking
P(t) = t, our problem reduces to a coupled system of Hilfer generalized proportional frac-
tional differential equations with boundary conditions, while if p = 1, reduces to a coupled
system of yp-Hilfer fractional differential equations. In future work, we can implement
these techniques on different boundary value problems equipped with complicated integral
multi-point boundary conditions.
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