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Abstract: We present an integration condition ensuring that a stochastic differential equation
dX; = u(t, Xy)dt + o(t, X¢)dBs, where p and ¢ are sufficiently regular, has a solution of the form
Xy = Z(t, Bt). By generalizing the integration condition we obtain a class of stochastic differential
equations that again have a functional solution, now of the form X; = Z(t,Y;), with Y; an Ito process.
These integration conditions, which seem to be new, provide an a priori test for the existence of
functional solutions. Then path-independence holds for the trajectories of the process. By Green’s
Theorem, it holds also when integrating along any piece-wise differentiable path in the plane. To
determine Z at any point (¢, x), we may start at the initial condition and follow a path that is first
horizontal and then vertical. Then the value of Z can be determined by successively solving two
ordinary differential equations. Due to a Lipschitz condition, this value is unique. The differential
equations relate to an earlier path-dependent approach by H. Doss, which enables the expression of a
stochastic integral in terms of a differential process.

Keywords: stochastic differential equations; Ito’s Lemma; systems of partial differential equations;
path-independence
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1. Introduction

Consider a stochastic differential equation

ax; = ]l(t, Xt)dt + U'(t, Xt)dBt 0<t<T
" , )
0 X0

where B; is Brownian Motion, y# has continuous first-order partial derivatives, and ¢ # 0
has continuous partial derivatives of the first order in time and the second order in space.
The random variables X; : 3 — R should be defined on a sufficiently rich probability
space (), where the initial condition Xy = x( could be itself a random variable, or simply
a constant. We give a condition, involving partial derivatives of # and ¢ (Condition (2)
below) for the existence of a functional solution of the form X; = Z(t, B;), or more generally
of the form X; = Z(t,Y;), where Y} is an Ito process. Then such a solution may be found by
solving ordinary differential equations. The main results are stated in Theorems 3 and 4
of Section 3.

In case X; = Z(t, B), where Z has continuous partial derivatives up to the second
order, the necessity of the condition follows from the equality of mixed second-order
derivatives of Z. Indeed, Ito’s Lemma generates a system of two first-order partial differ-
ential equations for Z in terms of y# and o, and then it follows from the equality of mixed
derivatives that they are related by

r=r(tx)=c _ (aa 4+

0% 9%
= + ) —o0. @)

oX ' 2 0x2
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We show that (2) is also an integration condition, i.e., it is a sufficient condition for the
existence of a solution Z of (1), which is a function only of time t and of the value taken by
a trajectory of Brownian motion at time .

If (2) does not hold, the stochastic differential Equation (1) still may have a func-
tional solution, now of the form Z(t,Y;), where Y; is an Ito process. It is given by a
stochastic integral

Y =y + /Ot F(S)dt + /Ot G(S)st, 3)

with yo € R, where F and G are of class C! in time and G is supposed to be non-zero. In fact,
this is the case if I'(t, X)) /o (¢, X) only depends on t. Then we may take the integrating factor
G to be equal to

0o

6lt) = goexp(~ [ Z6)s),

with go # 0. The integrating factor does not depend on the drift F appearing in (3);
hence, (1) has a family of functional solutions. If we choose F = 0, the solution is a function
of a martingale. However, Section 5.2 contains an example for which it is convenient to
choose F # 0.

Our approach is a sort of converse to Ito’s Lemma. Given an Ito process Y;, Ito’s
Lemma derives a stochastic differential equation for a process of the form Z(t, Y;), such
that its trend p and conditional standard deviation ¢ are defined by two equalities in
terms of partial derivatives of the function Z. Here, we consider i and ¢ as given, and
the two equalities are now seen as a system of partial differential equations. In case an
integration condition holds, we look for a functional solution Z of time and an appropriate
Ito process. In a sense, this means that within the class of stochastic differential equations,
the applicability of Ito’s Lemma is not completely generic, as the existence of such a function
Z is subject to the validity of an integration condition.

Still, the method sketched above enables a general approach to solve a rather com-
prehensive class of stochastic differential equations, starting with a test in terms of partial
derivatives of its coefficients for the existence of such a functional solution. To deter-
mine the functional solution Z(t, Y;) at a value Y; = y, one may integrate along any path
{(s,A(s))|0 < s < t}, going from (0,y) to (t,y) such that A : [0,¢] — R is (piece-wise)
continuously differentiable; this property of path independence follows from Green’s Theo-
rem. In particular, we may integrate first along a horizontal path, and then a vertical path.
The theorems of Section 3 show that by this method, the value of Z can be determined by
successively solving two ordinary differential equations in a rather simple form.

Once one disposes of a functional expression Z(t, Y;) of a process, it may be easier to
determine important properties of the random variables of the process.

To start with, the process has the property of path-independence. This means that if
wy and w;y € O are such that at some time ¢ it holds that Y;(w1) = Yi(wz) = y, the value
taken by Z(t, y) solely depends on the value of y, and not on the history of the trajectories
at time t; i.e., it again holds that Z;(w1) = Z(wy).

Secondly, this property of path-independence may simplify the determination of
important properties of the random variables of the process. Indeed, its probability law
will be a function of the Gaussian distribution. So integrals of Gaussian type may be used
to determine expectations [1], moments [2], or conditional variance and volatility [3].

Thirdly, dynamical properties of the trajectories of a process X; = Z(t,Y;) could be
more easily studied, like local or asymptotic stability of the solutions. This may follow from
the study of partial derivatives [4], or even by studying the function Z(t, Y;) directly. The
Geometrical Brownian Motion S(t, B;) = exp((y — 02)t + 0¢B;), with ¢ > 0, is a striking
example. Note that, by the Law of the Iterated Logarithm [1], the growth of nearly every
trajectory of Brownian motion is at most of order /2tloglogt. Hence, even in the case
that = 0, almost surely S(t, B¢) is of exponential decay, i.e., a martingale with mean 1 can
have a concentration of trajectories exponentially close to 0.
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Fourthly, a functional representation has numerical relevance. Indeed, a numerical
simulation of the Brownian motion involves a discretization in time and a numerical
representation of the Gaussian distribution, such as the Monte-Carlo method [5]. This
may be adapted in a straightforward way to a process that is a deterministic function of
Brownian motion, and possibly of time. So, mutatis mutandis, a numerical simulation could
again use the properties of the common Gaussian distribution.

Of course most integrals along a path, or the ordinary differential equations figuring
in the Main Theorems, do not have solutions in closed form, and have to be approximated
by numerical discretizations. Still, there exist many approaches, like Euler-methods, trapez-
ium rules or Runge-Kutta methods [6]. In these deterministic cases, such methods are
susceptible to be more effective than corresponding numerical approaches to stochastic
differential equations, in particular the Euler-Maruyama method, as errors originating from
the chosen discretization method may intervene with the effects of randomizing [7]. The
above observations on the numerical relevance of functional solutions generally hold true
for processes that are functions of time and an Ito process, though additional complications
may arise from numerical approximations of such a process.

The integration Condition (2) has been derived earlier in first approximation for stochastic
difference equations with infinitesimal steps, with the use of Taylor-expansions [8]. Under this
condition it was shown that a solution is nearly equivalent, in the sense of [9], to a stochastic
process that is a function of time and the discrete Wiener Walk. In the context of stochastic
differential equations, to our knowledge, the integration Condition (2) corresponding to
functional solutions in terms of Brownian Motion, and the integrating factor leading to
functional solutions in terms of Ito processes are new.

The search for functional solutions may be compared to two other methods of solution
of certain classes of stochastic differential equations.

In [10], H. Doss shows that, under some conditions of regularity for the coefficients, a
solution of an autonomous stochastic differential equation can be given in the form of a
function h(Dy, M;) of a solution of a stochastic process D;(w), where w ranges over some
probability space (), with trajectories that are differentiable in the ordinary sense, and a
continuous semi-martingale M;; in particular he considers the case of Brownian Motion, i.e.,
solutions of the form h(Dy, B;). The results are extended to non-autonomous equations. By
leveraging the differentiability, he improves some properties of approximation of processes
derived earlier in, among other works, [11]. The stochastic variables D;(w) satisfy ordinary
differential equations, and the function & satisfies a partial differential equation, which
is similar to the differential equations along the horizontal and vertical paths used to
determine the functional solutions mentioned above. Similar to in our approach, they
are derived from Ito’s Lemma. In fact, our approach may be recognized as a special case,
where the process D; no longer depends on the random variable w, i.e., has become a
deterministic function, with the property that D;(w) = t holds uniformly. Consequently,
the integration Condition (2) may be derived as well.

Our method of searching for a functional solution is essentially relevant for some
classes of non-linear stochastic differential equations. There exists a general method for
the solution of linear stochastic differential equations; see, e.g., [2]. As with linear ordinary
differential equations, it is based on finding first a solution for the associated homogeneous
equation, which is then used to find a solution for the inhomogeneous equation. The
principal tool is Ito’s product Theorem. In Section 5.2, we will see that, generally speaking,
the solution is not functional.

Introductions to stochastic differential equations are found, for example, in [1,2,12];
in particular, ref. [2] discusses many special classes of stochastic differential equations
that are explicitly solvable. For introductions to systems of first-order partial differential
equations, we refer to [13,14]. Integration along paths in higher dimension is treated, for
instance, in [15].

Section 2 recalls Ito’s Lemma, some essential properties of systems of partial differential
equations and Green’s Theorem on path-independence. Section 3 presents the main results.
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Section 4 is devoted to the proofs of the main theorems. Section 5 contains some special
cases and examples. In Section 5.1, we consider the autonomous case, and in Section 5.2, a
class of linear stochastic differential equations. We treat the Geometric Brownian motion as
a special case of autonomous equations and the Ornstein—Uhlenbeck process as a special
case of linear equations. Section 5.3 presents two non-linear stochastic differential equations
that have a functional solution. Section 6 shows briefly how a stochastic process may be a
function of a particular path-dependent differentiable process. In Section 7, we resume the
principal results, and suggest some possible applications.

2. Background on Ito’s Lemma and Systems of Partial Differential Equations

To prove the main theorems, Ito’s Lemma is needed, as is a well-known condition [13,14]
on the existence of a common solution to a system of two partial differential equations. The
latter is stated in Proposition 1. We recall also Ito’s Lemma, where we single out the case of
processes depending on time and Brownian motion.

A system of partial differentiable equations is compatible if they have a common
solution. The following proposition states a condition for compatibility for a system of two
first-order partial differential equations; the condition is also called an integration condition.

Proposition 1. Let ty, xg,zg € R. Let f, g : R® — R be of class C'' and be uniformly Lipschitz
in the third variable. Consider the system of two first-order partial differential equations

Z(tg, x0) = 2
1. The system (4) has a unique solution Z : R* — R of class C*2 if and only if

of of 93 .08 _
ax 7897 "ot faz =0 ©®)

holds for all t, x € R.

2. Assume (5) holds forall t,x € R. Let t1,x1,b € Rwithb > 0,and ¢ : [0,b] — R? be a piece-
wise continuously differentiable simple curve such that ¢(0) = (to, xo), (b) = (t1,x7).
Then

Z(tl,xl) i’(],XO +/( dt-i-fd )
In particular, for (to, x0) = (0,0) and (t,x1) € R? with t; > 0 one has
Z(t,x1) = 29 (xy),

which is obtained by solving successively the ordinary differential equations

dzh)
b CLEA) B OREY ©

along the horizontal path from (0,0) to (t1,0), and

(v)
T = (nx) 200 =20, Q%

along the vertical path from (t1,0) to (t1,x1).

The necessity of the integration Condition (5) of Part 1 follows easily from the equality
of second-order mixed partial derivatives

0%Z(t,x)  92Z(t,x) ®)
oxot  otox
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Together with the regularity conditions imposed on f and g, the integration condition
is also sufficient for the existence and uniqueness of a solution for the system (4), noting that
the equations figuring in (4) may be seen as parameterized ordinary differential equations.

Part 2 states that the value of the solution at a particular point (1, x; ) may be calculated
along any sufficiently regular curve leading from the initial condition (o, xg) to this point;
this is a consequence of (8) and Green’s Theorem [15]. Indeed, with the usual notations for
an integral along a piece-wise continuously differentiable simple closed path ¢, and the
double integral over a domain A C R? delimited by the path, we have

0Z 02Z(t,x)  9*Z(t,x) 'l
f(atd”d) //( oxaf otox )dtdx_/AOdtdx_O'

In the special case given by (6) and (7), the integrals correspond to ordinary differential
equations. In fact, the equations figuring in (4) may be seen as parameterized ordinary
differential equations, first along a horizontal path, and then along a vertical path.

We now recall Ito’s Lemma, first for processes depending on Brownian motion.

Theorem 1 (Ito’s Lemma, processes of the form Z(t, By)). Let Z : [0, T] x R — R be of class
C'2. The stochastic process Z(t, By) satisfies the stochastic differential equation

©)

_ 9Z 10°Z J9Z
iz, — (W+2ax2)dt+ad8t 0<t<T
Z() = Z(O,XQ)

Theorem 2 (Ito’s Lemma, processes of the form Z(t,Y;)). Let Y; be an Ito process of the
form (3), with initial condition yo € R. Let Z : [0, T] x R — R be of class C'2. The stochastic
process Z(t,Yy) satisfies the stochastic differential equation

— (z 9Z 4 129°Z 9Z
{dzt = (% +F%+1G*2%)dt+ G%adB, 0<t<T
Zo Z(0,y0)

3. Main Theorems: Solutions by Functionals of Brownian Motion and of Ito Processes

Let T > 0. We will always work within an appropriate probability space (Q2, F, P),
where () is a sufficiently rich set, P is a probability and F =(F})c[o, ) is the natural filtration
associated to a Standard Brownian Motion B; on [0, T]. For w € Q) and x € R, we use the
notation of stochastic differential Equation (1) for the stochastic integral

X(T,w) =x9+ /OTy(t,Xt(w))dt + /OT o(t, X¢(w))dBi(w).

We recall that a stochastic process X; is an Ifo process with respect to B; if it is of
the form

X(T,w) = xo(w +/ twdt—l—/ (t,w)dB(w), (10)

where x is Fp-measurable, F and G are at any time t adapted to F;, and fOT\F (t,w)|dt and
fOT|G(t, w)|?dt exist almost surely.

Fori,j € N, a function ¢ : R*> — R is said to be of class C/ if all partial derivatives
exist and are continuous up to order i in the first variable, and j in the second variable. For
i,j,k € N, functions ¢ : R3 — R of class C//* are defined by analogy, also some indices may
take value at infinity.

Theorem 3 (Functional solution in terms of Brownian Motion). Let T > 0 and xy € R.
Let p: [0, T] x R — R be of class C'!, and o : [0, T] x R — R be of class C'2, both uniformly
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Lipschitz in the second variable, and with o # 0, g—g{ bounded. Consider the stochastic differential
Equation (1).

1. If the integration condition (2) holds, there exists a unique function Z : [0,T] x R - R
of class C?3 such that Z(t, By) satisfies (1). Moreover, for all (t,%) € [0, T] x R the value
Z(t,X) may be determined by solving successively the ordinary differential equations

() oo (t,zM
G ) dela)
zM(©0) = xo

and

: - , (12)

d%ﬂ = U(EZ(”)(x))
zO(0) = zW()

with Z(£,%) = Z(0)(%).
2. If (1) has a solution of the form X; = Z(t, B), where Z : [0, T] x R — R is of class C3, the
integration condition (2) holds for all (t,X) such that 0 < t < T, X € Im(Z(t,.)).

The integration Condition (2) may be written in the form

_ o _
F—Uﬁ—DU—O, (13)

po(2,,0 &
~\ot THox T 2 ax2

the operator of Dynkin. As we will see, it is a consequence of the equality

with

2Z(t,x)  9%Z(x,t)
otox  oxot

where %—% and %—f are derived from Ito’s formula; in fact they are given by (11) and (12),
when written in the form of partial differential equations.

If I'/ o depends only on ¢ and is always non-zero, the stochastic differential equation
still has a functional solution, now of the form Z(t, Y;), where Y; is an Ito process given
by (10). In fact, G has the role of an “integrating factor”, and can be given in closed form,
as stated in Theorem 4.

Theorem 4 (Functional solution in terms of Ito processes). Let T > 0 and xo € R. Let
#:[0,T] x R — R be of class C1, and o : [0,T] x R — R be of class C'2, both uniformly

Lipschitz in the second variable, and with o # 0, g—g{ bounded. Let T (t, X) be given by (2).

1. AssumeT /o depends only on t on [0, T|. Let Y; be an Ito process given by (3), with

Gl =goewp(~ [ 0) s 20, (14)

where yg € Rand F : [0, T] — R is any function of class C1. Then there exists a unique
function Z : [0, T] x R — R of class C? such that Z(t,Y;) satisfies (1). Moreover, for all
(t,x) € [0, T] x R, the value Z(t, %) may be determined by solving successively the ordinary
differential equations

® oo t,Z(h)
zM) = x
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and
dz©) - (T(EZ(U)(X))
dx - GH (16)
7(v) 0) = 7 (h) (F)

with Z(£,%) = Z()(%).

2. Conwversely, if (1) has a solution of the form X; = Z(t,Y;), where Z : [0, T] x R — R is of
class C?® and Yy is an Ito process of the form (3) such that F,G : [0, T] — R are of class C1, it
holds that T / o depends only on t for all (t,X) such that 0 < t < T, X € Im(Z(t,.)), where
G is of the form (14).

The choice of F is free, and, of course, one may choose F = 0. However, it may be
convenient to choose F # 0, as will be seen in Section 5.2.

4. Proofs of the Main Theorems

Ito’s Lemma shows that a solution Z of the stochastic differential Equation (1) should
satisfy a system of partial differential equations. In particular, if a functional solution is
of the form Z(t, B;), noting that y, 0, F, and G all are supposed to be at least continuously
differentiable, by Theorem 1, the function Z should satisfy

L4182 = u(tZ(tx))
9 = o(tZ(tx)) (17)
Z( ) = X0

and in the general case of solutions of the form Z(t,Y;), with Y; given by (3), according to
Theorem 2, the function Z should satisfy the system of partial differential equations

2
% 4+ P +1GPEL = u(t,Z(tx))
G% = o(t,Z(t,x)) - (18)
Z(0,0) = X

With respect to system (17), the system (18) presents some additional complications.
This motivates a separate proof of Theorem 3.

Proof of Theorem 3. Let f: [0,T] x Rx R — Rand g:[0,T] x R x R — R be defined by

fbx,2) = utz)—lo(t,z) 2D (19)
gt,x,Z) = o(t2) .

Then f is of class C'*! and g is of class C'*? and both are uniformly Lipschitz in the third
variable.

1.  Assume (2) holds. Then

o yoof 3 i _ ol 1
w8z —w —faz = o—ar #) ( —2 a*)* 20
P 2 5
- o%———y*—vﬁ @
= I'=0.

Hence, according to Proposition 1(1), the system of two partial differential equations

o = f(tx2)
% = g(tx2Z) . (21)
7(0,0) = xo
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has a solution Z : [0, T] x R — R, which is at least of class C??>. Note that
?Z  ao(t,Z(t,x)) oo(t,Z(t,x))oZ oo (t, Z(t,x))
i = — =o0(t, Z(t — 22
x? ax z o (W7 @)

It follows that the function Z is at least of class C?*. By substituting (21) and (22)

into (19), we see that Z satisfies the system (17). Then Ito’s Lemma in the form of

Theorem 1 implies that the process Z(t, By ) solves the stochastic differential Equation (1).
By Proposition 1(2), at any point (f,%) with 0 < t < T, ¥ € R, the value Z(f,X) may

be determined by solving successively (11) and (12).

For uniqueness, let ¢ : [0, T] x R — R be of class C2 such that (t, By) is a stochastic

process satisfying (1). Then ( satisfies the system (17). This system is equivalent to

the system
2
ZT% = y(t,Z(t,X))—%aaT%
9z = o(t,Z(tx)) ,
Z(0,0) = xo

and we derive from (22) that it is also equivalent to the system (21). The latter has a
unique solution by Proposition 1(1). Hence, { = Z.

2. Assume (1) has a solution of the form X; = Z(t, B¢), such that Z : [0,T] x R - R
is of class C?%. Then (8) holds for all (t,x) with 0 < t < T,x € R. Similarly to the
uniqueness part of the proof of Theorem 3(1), we derive that (21) holds, with f and g
defined by (19). Differentiating as in (20), we derive that (2) holds for all (¢, X) such
that0 <t < T,X € ImZ.

O

Proof of Theorem 4. Let the functions f: [0, T| x RxR - Rand g:[0,T] xRxR = R
be defined by

. 23
g(t, x, Z) — U'ét(,g) ( )

{f(t,x,Z) = u(t,2) — o(t,2)°%7 — Ko (1,7)

Due to the conditions on F and G, the function f is of class C leol the function g is of class
C!*2 and both functions are uniformly Lipschitz in the third variable.

1. It follows from (14) that

I'G
= ——. 24
G == 4)
Then the conditions for the integration of the system
aa% = f(t,x,Z)
&= gltxz) (25)
Z(0,0) = xo

are satisfied, as we derive from (2) and (24) that

1 _d0c F
of | ,of g g _  gon-3055-50)  a(/G) 1 a0 F_\3/G)
wxt8z—w—faz = ¢ 37 ——ar- —\H—2957 — ¢ )=z
— g% _ 109 _ Fi _ 2 P¢y G
- G oZ G ot Go 2G 972 G2
_ I'-I __
- LI_p

(26)
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Hence, (25) has a solution Z of class C?2. It follows from (13) that
0Z  o(t,Z(t,x))
Fr e (27)
Hence,
827Z _o(t,Z(t,x)) 9o (t, Z(t,x)) 8)

ox2  G2(t) 9Z ’

which implies that Z is in fact of class C?. According to Proposition 1(2), for (,x)
with 0 <t < T,X € R, we may determine Z(f,¥) by solving successively (15) and
(16). It follows from (23) and (28) that Z satisfies (18), and then Theorem 2 ensures
that the process Z; = Z(t, Y}) satisfies the stochastic differential Equation (1).

To prove the uniqueness part, let { : [0, T| x R — R be of class C2 such that Z(t,Yy)
is a stochastic process satisfying (1). Then  satisfies the system (18). This system is
equivalent to the system

2
2 =, Z(tx) - FE - 16292
?Ti = o(t,Z(tx)) , (29)
70000 = x

By (27) and (28), the system (29) reduces to the system (25), which has a unique
solution by Proposition 1(1). From this, we derive that { = Z.

2. Assume (1) has a solution of the form X; = Z(t,Y;), such that Z : [0, T] x R — Ris of

class C?3, and Y; is given by (3), with F and G of class C! in time. Then (8) holds for all
(t,x) with0 < t < T,x € R. As in the proof of the uniqueness part of Theorem 4 (1),
we see that also (25) holds, with f and g defined by (23). Then we differentiate as in
(26). We derive that for all (£, X) with 0 < t < T, X € ImZ, it holds that

G/
I+ %o _o
G 7
hence, also
r..¢
c G’
We conclude that I' /o depends only on t and G is of the form (14).

O

5. Special Cases and Examples

The Sections 5.1 and 5.3 concern stochastic differentiable equations with functional
solutions in terms of Brownian Motion. Section 5.1 considers the autonomous case and
Section 5.3 two specific non-linear equations. Section 5.2 considers a class of linear equations.
They may have solutions that are a function of a stochastic integral with respect to Brownian
motion, where it is convenient to take the trend non-zero. A specific example of this class is
the Ornstein—Uhlenbeck process.

5.1. Autonomous Case

We will only study solutions of the form Z(t, B;). Then the integration condition is
given by (2), and we will see that it may be solved explicitly for . A special case is given
by Geometric Brownian Motion, which satisfies a linear autonomous equation.

Consider the stochastic differential equation

, (30)

dX; = }l(Xt)dt +U(Xt)dBt 0<t<T
Xo X0
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with xg € R, p of class C! and ¢ # 0 of class C2. The functions y and ¢ have only ordinary
derivatives with respect to X, which we indicate by primes.
The integration condition (2) takes the form

T=op —po' — %(720” =0. (31)

Observe that only linear equations can have a solution that is a martingale, as y = 0
amounts to ¢’ = 0.
One may reduce (31) to an ordinary linear differential equation for y, i.e.,
/
/

_ 1 /!
Wo=_pt 5o (32)

Solving (32) for y, we see that in order for a functional solution Z(t, B;) of class C'? to
exist, the trend y should satisfy

H(Xi) = (ggig; o (x0) - U’(xo))>(7(Xt). (33)

For0 <t < Tand By = ¥, the ordinary differential equations used to determine Z (f, X)
also become autonomous. Equation (11) takes the form

(h) do(z®
d%it = V(Z(h))_%a(z(h))% (34)
zM©) = x
and is of separable variables. Equation (12) becomes
Y CAC) (35)
z®) = zMWa@

and then Z (£, %) = 2 (%).

Example 1. As a simple example, we consider the linear stochastic differential equation with
constant coefficients

(36)

dS; = JSi+7S:dB;
SO = 5 !

with 4,0,s0 € R, # 0. It is well-known that the solution is a Geometric Brownian Motion. In
fact, it can be expressed as

7
S(t,Bt) = exp[(y— 2> t+0By|. (37)

Indeed, if we substitute S(t, By) into (9), it follows directly from Ito’s Lemma that S(t, B)
satisfies (36).

We give here a more a priori derivation of (37). We show first that u(S) = uS and o(S) =S
satisfy the integration condition (33) and then determine the solution by solving the differential
Equations (34) and (35).

The integration condition (33) amounts to the identity

UuS = =0S.

Qll=|
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With abuse of language, the first-order differential Equation (34) becomes
_ =2
% = (F-%)s
S(0) = so
and (35) becomes
as
E — US
_ R . (38)
{ 5(0) = soexp{(y - %)t}

Then (37) is obtained by solving (38), where we put x = B.

A nonlinear autonomous equation with a functional solution is presented in Example 4
of Section 5.3.

5.2. Linear Stochastic Differential Equations
We consider linear stochastic differential equations with variable coefficients of the form

{dXt = (a(t)+B(O)Xe)dt+ (y(t) +0(t)Xe)dBy  0<t<T (39)

Xo = Xo

where «, 8,7,9 : [0, T] — R are of class C!, and xp € R. Like ordinary linear stochastic dif-
ferential equations they can be solved in general. We present conditions on the coefficients
ensuring that the solution is a function of time and an Ito process, in particular this is the
case for homogeneous equations. However, in most cases the solution is not a function of
an Ito process. We will illustrate this with the help of linear stochastic differential equations
with constant coefficients.

Theorem 5 gives the solution formula for (39), which is a special case of [2] Theorem 8.4.2.

Theorem 5. Consider the linear stochastic differential Equation (39).

1. The solution of the associated homogeneous equation

{ ay; = ﬁ(i’)Ytdt +(5(f)YtdBt 0<t<LT (40)
Y, = 1
is given by
2
Y; = exp </0t (/s(s) 9 és)>ds+/0t(5(s)st>. (41)
2. The solution of (39) is given by
t t
Xi =Y <x0 —i—/o Y, (a(s) — v(s)d(s))ds —|—/O Ysl'y(s)dBS>. (42)

The solution of the homogeneous Equation (40) of Theorem 5(1) is an Ito process.
Observe that if B, § are constant, Equation (40) reduces to (36). The proof of (41) is similar
to the proof of (37). The proof of Theorem 5(1) uses Ito’s product formula [1].

We study now whether (42) represents a functional solution. For simplicity, we
consider the case where «, 3, ¥, § are constants.

Proposition 2. Consider the linear stochastic differential equation with constant coefficients

{ axX; = (0( + ﬁXt)dt + (”y + 5Xt)dBt 0<t<T 43)

XO = X0

where w, B,7v,6 € R, and vy, § are not both zero.
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1. Ifad — By =0, the solution of (43) is a function of time and Brownian Motion. We have the
following subcases:

(a) 6=pB=0.Then X; = xo+a + yB;.
(b) v =a=0. Then X; = exp K,S — %2) t+ 5Bt} , i.e., Xt is a Geometrical Brownian

Motion.
(c) «,B,7v,6 # 0. Again the solution is a Geometrical Brownian Motion.

2. IfB,v # 0,0 = 0, the solution may be written as a function Z(t,Y;) of time and the Ito

pT’OCESS
t
Y, = / exp B(f — 5)dBs. (44)
JO
In fact,
t
X; = xoeP + 5 (1—eF) + / eB(=9) 4B, (45)
B 0

In particular, if & # 0, the solution is an Ornstein-Uhlenbeck process.
3. Ifé #0and ad — By # 0, the Equation (43) does not have a functional solution in terms of
time and an Ito process.

Proof. The value of I as defined by (2) is given by

T = (7+0X)B— (a+ BX)S6 = By — ad. (46)

1.  Assume that ad — By = 0. Then it follows from (46) that I' = 0. According to Theo-

rem 3, the Equation (43) has a solution that is a function of time and Brownian Motion.
If 6 = By = 0, only the cases (1a) and (1b) are relevant, else (43) is not a stochastic
differential equation. In both cases the solution formulas follow in a straightforward
way from Theorem 5.
If w6 # 0, also By # 0. Then we have indeed &, B, v, # 0. Then there exists ¢ # 0
such that « = ¢B,y = ¢d. By the change of variable Y; = (¢ + 1)X;, one obtains
a homogeneous linear stochastic differential equation with constant coefficients. It
follows that the solution is a Geometrical Brownian Motion.

2. Formula (45) easily follows from Theorem 5. It shows that the solution is a function of
time and the Ito process (44). In Example 2 below, we establish the relation with the
common formulation of the Ornstein—Uhlenbeck process.

3. Itholds that

r By—ad

o y+6X’

Hence, I'/oc does not only depend on time. According to Theorem 4(2), the
Equation (43) cannot have a solution that is a function of time and an Ito process.
O

Example 2. The well-known Ornstein—Uhlenbeck process corresponds to Part 2 of Proposition 2.
Indeed, by putting 0 = —pB, 1 = a/0,0 = v and Ry = X, the stochastic differential Equation (43)
takes the more common form

4

dRy = Q(ﬁ* Rt)dt+EdBt 0<t<T
RO = 1o

where 0,71,0 # 0,19 € R. Its solution is given by the well-known formula
t
Ry =roe " + (1 —e7%) + / e?=DdB. (47)
J0

Below, we derive (47) by applying Theorem 4(1).
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The integrating factor takes the form
G(t) = ce,

for some ¢ € R; hence, Ry = Z(t,Yy), where Yy is of the form

t t
Yy =1yo —i—/ F(s)ds + c/ e’ dB,,
0 0

with yo € R and F of class C! on [0, T). To simplify, we assume that yo = 0 and ¢ = 1.

The differential Equations (15) and (16) become

dﬁih) = 0u— EF(s)e_GS —9zM
zM0) = 1

and
d%;” L
z@0) = zM@) -
To simplify, we take F to be non-zero; in fact,

F(s) = %”ees.

Then the differential equation for Z\") becomes homogeneous. The solution Z is given by

Z(t, Yt) = 70679t +E€79th,
where Y; = ? fot efsds + fot e%dB; = g(eet -1)+ fot e%5dBs. This reduces to (47).
Example 3. The stochastic process

Xy = exp(Bt)(fOtexp(—Bs)ds—l—fotexp(—Bs)st).

does not have the property of path-independence with respect to the trajectories of an Ito process.
Indeed, it follows from (42) that it is the solution of the linear stochastic differential equation with
constant coefficients (43),asa =2, =1/2,y =1, =land xg = 0. Then a6 — By =3/2 # 0.

By Proposition 2(3), the process X; cannot be a function of time and an Ito process.

5.3. On Nonlinear Stochastic Differential Equations

The most obvious non-linear equations are polynomial equations. However, they are
not appropriate in our context, because they do not satisfy the Lipschitz condition. This
particularity remains if the powers are fractional. The coefficients of Example 4 below are
rational functions with quadratic decay and the coefficients of Example 5 have quadratic

exponential decay.

Example 4. Consider the autonomous stochastic differential equation

_ X 1
Xy = - (1+)§t2)3 dt + 1+Xt2dBt 0<t<T '
Xo =0
We put
X
V(Xl‘) = _(1+)£t2)3
o(Xi) = ﬁ
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In a straightforward way, one verifies that u and o satisfy (33). Hence, according to Theorem
3, the stochastic differential Equation (1) has a functional solution of the form Z(t, B).

We will see that Z depends only on B;. The function Z may be determined by solving
successively the ordinary differential Equations (34) and (35). The solution of (34) is simply
ZW =0 Let 0<F<Tandx = B;. The Equation (35) becomes

dz©) _ 1
dx 14z

z@0) = 0

One finds Z + Z3/3 = By. Then Cardano’s formula [16] yields

3| 3B;+ (/9B2+4 3| 3B;— ,/9B2+4
Z(B)—\Jt “ +\l i

t 2 2

Example 5. Consider the stochastic differential Equation (1) with

exp _x2 2 2
w(t, Xp) = %foxexp%dc—%exp(—xz)
o(tXi) = (t+1)exp(-%)

All the terms are infinitely differentiable. Using the fact that they have a factor with exponential
decay, one verifies that the functions o and g—g{ are uniformly bounded and yu(t, X) is uniformly
Lipschitz in X. One verifies also that y and o satisfy the integration condition (2). Hence, according
to Theorem 3, the stochastic differential Equation (1) has a solution Z (¥, By), which may be found
by solving the ordinary differential equations with separable variables

(h) Z0)\ .z 2
g = ren(<5) [ ew Saz
zM(©0) = xo
and .
v — (0)
dgi) = (t—l—l)exp(—(zz) )
z@(0) = zW()

6. On Path-Dependent Functional Solutions

In general, it seems not to be very relevant to study a general condition enabling the
expression of the solution of the stochastic differential Equation (1) as a function of time
and a continuous semi-martingale, i.e., a process given by another stochastic differential
equation. Indeed, the equality of mixed derivatives (8) would lead to a system of coupled
partial differential equations involving two processes.

However, in [10], H. Doss expresses the solution of a stochastic differential equation
successfully as a function

Xt = h(Dt, My) (48)

of a stochastic process with differential trajectories D; and a continuous semi-martingale M;.
In general, these processes are path-dependent. It is shown that the function / satisfies a
partial differential equation, and the random variables D;(w) satisfy an ordinary differential
equation, where w € Q) for some probability space (2. Though the approach of [10] is valid
for time-dependent stochastic differential equations, it is treated in detail for autonomous
equations, i.e., equations of the form (30). Below, we sketch briefly this approach. For
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simplicity we take M; to be equal to Brownian motion By, corresponding to [10] (Theorem 3),
i.e., (48) becomes
Xt = h(Dy, By).

As in [10], we denote the derivative a function f by f’, and also, with some abuse of
language, for every w € (), the derivative of the random variable D;(w) with respect to
time will be written Dj(w). Like in the Main Theorems, we assume that y and o, figuring
in (30), are of class C?, and satisfy the Lipschitz condition.

The function & : R? — R is defined by

M = o(h(u,x))
{mim = u | ;

We recognize the differential equation for Z(®) as given in (12), with a different initial
condition. It is shown in [10] (Theorem 3.i, Equation (V)) that the random variables D}(w)
satisfy almost surely

H(w)
Di(w) = exp(~ [ o/ (Du(@) )i (D (Brl@) - JwthD (Bi@)))-  (60)

In the special case of path-independence corresponding to
Di(w) =t Vw € Q, (51)

we will derive from the differential Equation (50) a partial differential equation for the
solution 1, i.e.,

oh(t, x 1
B2 — it 2)) — 2o lh(e ). 62)
We will see that also the integration condition (31) is satisfied.
As indicated in [10] (Lemme 2), the function % is of class C?2. Then the equality of
mixed derivatives

0%h(u,x)  9%h(u,x)
oudx  0xou

holds. Then also

M) 5o (h(u, x)) h(u, x)
ou _ 7 o 7
ox ou = (A, x)) ou '
hence,
X
ahg;’ x) _ exp(/ U’(h(u,v))dv>. (53)
Jo
One derives from Ito’s Lemma, (49), (53) and (30) that
dh(Dy,By) = 2Dyt + dB,+ LTt

= (exp( o ' (h(Ds,s))ds) Dj + %U’o’)dt—i-adBt

= }ldt + U'dBt.

It follows that .
X
Dj exp (/ a’(h(DS,s))ds) + EO”O’ =
0

This implies (50).
Finally, we assume that D is given by (51), and derive (52) and the integration
condition (31). Observe that D; = 1, so (52) follows from (53) and (50). Hence, using (49)

9%h(t, x)

) — o (h(t,3)) — 5P (4, ) = 300" k(1))
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Also, again using (49) and (52)
PA) — o it 20) (e, 3)) — 301, 3) ).
Hence, (31) holds, for
o1 (h(t,x)) — o (e, ) et ) — 20”02 () = a2§ig,tx) - aZSt(at,x ) _y,

7. Conclusions

A necessary and sufficient criterion was given for the existence and uniqueness of a
solution of a stochastic differential equation, which is a function of time and an Ito process.
This criterion determines the martingale part of the Ito process, and seems to be new. The
deterministic part of the Ito process may be chosen by convenience. The solution being
functional, path-independence holds for the trajectories of the process, and because it is
given in terms of a twice continuously differentiable function, path-independence also
holds when determining its value along a piece-wise differentiable curve starting at an
inijtial condition. Choosing a horizontal path, followed by a vertical path, this value can be
determined by solving successively two ordinary differential equations. The special case
where the Ito process reduces to Brownian motion leads to some simplifications.

A functional solution, in particular in the case of Brownian motion with its Gaussian
probability distribution, can be used as a tool to study the properties of the random
variables of the process, like expectation and variance. A well-known application in this
sense concerns the Black-Scholes model [17], in economics. This model states that the price
of an option on an asset is determined by a self-financing stochastic process, which has
the form of a stochastic differential equation. Its solution is a Geometric Brownian Motion,
hence is a function of time and Brownian Motion. In particular the Black-Scholes formula
for the price of a European option is given by an expectation, in terms of an integral of this
function. This motivates research for applications of functional solutions in other areas
outside mathematics. In particular functional solutions facilitate the study of the behavior
of trajectories, which is relevant for, say, population dynamics. The presence of formulas for
densities and distribution functions may also be interesting from a numerical point-of-view.
For instance, usually it is easier to estimate the conditional variance of a process than its
trend. As a primary guess, one could choose a trend satisfying an integration condition,
and test whether the corresponding distribution function leads to a reasonable fit.
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