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Abstract: In this paper, we consider the Cauchy problem for a three-component Novikov system on
the line. We give a construction of the initial data (py, tg,vg) € B;',;ol (R) X B} o (R) X By o (R) with

o> max{S + %, %}, 1 < p < oo, such that the corresponding solution to the three-component Novikov
system starting from (pg, 19, vg) is discontinuous at t = 0 in the metric of Bg;ol (R) X By oo (R) X By oo (R),

which implies the ill-posedness for this system in Bg;ol (R) X By oo (R) X BY oo (R).
Keywords: ill-posedness; three-component Novikov system; Besov spaces

MSC: 35Q53; 37K10

1. Introduction

In this paper, we investigate the Cauchy problem of a three-component Novikov
system which takes the form

pt + (ouv), =0,t>0, x € R,

mt+3muxv+mxuv+p2u:0, t>0 xeR,

nt+3nuvx+nxuv—pzv =0,t>0 x€R, (1)
M=1U—Uyxe, 1 =0 — Uyyx,

p(0,x) = po(x), u(0,x) = up(x), v(0,x) = vo(x), x € R.

System (1) was proposed by Li [1]; it can be derived from the following spectral problem:

P1 0 1 0
pxr=Up, ¢p=| ¢ |, M= 1+2p*> 0 m |,
(Pg, An 0 0

where A is a constant spectral parameter. The authors showed that system (1) is equivalent
to the zero-curvature equation

Uy — Vi + [U, V] =0,

where the spacial and temporal 3 x 3 matrices U and V are

u

0 1 0 Uy —uv 1
u= 1+ Ap2 0 m |, V=| uyw,— Apzuv 3%\ — Uy ”7‘ — muo
An 0 0 —ANnuv — vy v UxD — UDy — %

The authors also constructed a bi-Hamiltonian structure and infinitely many conserved
quantities. Li-Hu [2] established the local well-posedness of the system in Besov spaces

3
(B;,,(R)) (s > max{ %, %}, 1 < p,r < 00), and derived two blow-up criteria for the system.
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For p = 0, system (1) degenerates into the following Geng-Xue (GX) system:

n + 3nuvy + nyuv =0, (2)

ms + 3muuy + myuv =0,
M=1U—Uxx, 1 =70V — Uyx.

Mi-Mu-Tao [3] and Tang-Liu [4] established the local well-posedness of a GX system (2)
in the supercritical Besov spaces B} ,(R) x B} .(R) (s > max{2 + %, 3}, 1<p,r<co)

5 5
and the critical Besov space B;,(R) x Bj(R). Based on the local well-posedness
results of a GX system (2) in Besov spaces, Wang-Chong-Wu [5] further established
nonuniform continuous dependence on initial data for a GX system (2) in Besov spaces:

3 3
B;,,(T) x By, ,(T) (s > max{2+ ,3},1 < p,r < 00), B, (T) x B}(T) and B;,,(R) x B}, (R)
(s > max{2+%,%},l < p,r < o).
For v = 1, the GX system (2) degenerates into the following Degasperis—Procesi
(DP) equation:

my +3muny +mu =0, M = U — Uyy. 3)

The DP Equation (3) can be regarded as a nonlinear shallow water wave dynamics model,
and its asymptotic accuracy is the same as that of the Camassa—Holm (CH) shallow wa-
ter system [6]. By constructing the Lax pair [7], the formal integrability of DP equation
was proved, which has a bi-Hamiltonian structure and infinitely many conserved quan-
tities. The Cauchy problem of DP Equation (3) is locally well-posed in certain Sobolev
spaces and Besov spaces in [8-10]. Li-Yu-Zhu studied the local existence and unique-
ness of the solution of the DP Equation (3) on the critical Besov space Bl 1(R) in [11],
and further proved the nonuniform continuous dependence of the data-to-solution map.
Zhou [12] gave the local well-posedness of the CH-DP system in the nonhomogeneous
Besov spaces B} .(R) x By, .(R) (s > max{2 + %,% ,1 < p,r <c0) and the critical Besov

space BZ%, 1(R) x BZ%,1 (R) by using the transport equation theory and the classical Friedrichs
regularization method. Zhu-Li-Li [13] proved the ill-posedness of the two-component DP
system in the Besov space Bio,1 (R) x BY {(R).

When u = v, the GX system (2) degénerates into the following Novikov equation:

my + 3mutiy + myu> =0, M = U — Uxy. 4)

Novikov Equation (4) is a new integrabe equation with cubic nonlinearities derived by
Novikov [14]. It has similar properties to the CH equation, such as a Lax pair in matrix form
and a bi-Hamiltonian structure, it is integrable in the with infinitely many conserved quanti-
ties, and admits peakon solutions given by the formula u(x, t) = ++/Celx—ct| [15]. The local
well-posedness, global existence, and asymptotic behavior of the Novikov Equation (4) in
Sobolev spaces and Besov spaces were established in [16-20]. Ni-Zhou established the local

3
well-posedness in the critical Besov space B; | (R) in [17]. Yan-Li-Zhang generalized well-

posed spaces to a larger class of Besov spaces B}, ,(R) (s > max{l + %, %}, 1<p<o,

1 <r < ), and the local well-posedness was proved to be invalid in Besov space BZ% o(R)
by using the peakon traveling wave solution in [20]. Li-Yu-Zhu [21] established the ill-
posedness of the Novikov equation (4) in Besov spaces B ,(R) (s > %) Subsequently,
Wu-Li extended the above results to the following two-component Novikov system in [22].

ot = pxuz +puuy, t >0, x €R,

my = Suyum + u’my — p(up)y, t >0, x €R,
Mm=1U— Uy,

0(0,x) = po, u(0,x) = ug, x € R.

(5)
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Wu-Li proved that the two- component Novikov system (5) is ill-posed in Besov spaces
B;;g (R) x By o(R) (s > max{l + = } 1 < p,r < o) by constructing the initial data

(po, up) in [22]. The result of the nonumform continuous dependence of the two-component
Novikov system (5) was established by Wu-Cao in [23].

The inverse scattering approach is a powerful tool to study the CH equation and
analyze its dynamics [24]. The inverse scattering transform (IST) problem of the CH
equation is a complicated issue [25]. An algorithm was proposed by Constantin and Lenells
in [26] and slightly modificated in [27] to solve the inverse scattering problem for the
CH equation; while other approaches were subsequently introduced [28], this method
turns out to be quite effective in giving a closed form to the CH solitary waves. The IST
method for the DP Equation (3) was presented in [29]; the basic aspects of the IST such as
the construction of fundamental analytic solutions, the formulation of a Riemann-Hilbert
(RH) problem, and the implementation of the dressing method were introduced. The
authors in [30] developed the IST method for the Novikov Equation (4) in the case of
nonzero constant background; the approach was based on the analysis of an associated RH
problem, which in this case was a 3 x 3 matrix problem. A new IST method corresponding
to a RH problem was also formulated for the two-component generalization of the CH
equation [31].

From the above discussion, it can be seen that the nonuniform dependence and well-
posedness results of the GX system (2), DP Equation (3), Novikov equation (4), and the
two-component Novikov system (5), have been established in Sobolev spaces and Besov
spaces. However, the ill-posedness for the three-component Novikov system (1) has yet to
be systematically addressed. Using the ideas in [22,32,33], based on the existing results, we
investigate ill-posedness of the solution for the system (1) in Besov spaces.

To facilitate the proof of the main result, we rewrite (1) into the following equivalent
nonlocal form:

Pt = uvpy + pouy + puvy, t >0, x ER,
uy = uovuy + Py (u,0) + Ry (u,p), t >0, x € R,

v = uvvy + P (u,v) + Rp(v,p0), t >0, x € R, ©)
p(0,x) = po(x), u(0,x) = ug(x), v(0,x) = vo(x), x € R,
where
Py(u,v) = P11(u,v) + Po(u,v) + Pi3(u,v) + Pia(u,v),
Py(u,v) = Py1(u,v) + Poo(u,v) 4 Poz(u,v) + Poy(u,v),
Py1(u,v) = P * (Buuyv), Pip(u,v) = P* (uazcvx) Pi3(1t,0) = P x (ttxvy), Pra(1t,0) = 0y P * (uy0y),
Py1(u,v) = P * (Buvvy), P (u,v) =P * (uxv ) Py (u,v) = (uxvvxx), Poy(1,0) = 0P * (uxvvy),

Ri(u,p) = P * (up?®), Ro(v,p) = —P = (p v).

where we denote by * the convolution, forall f € 12,

Pxf=(0-03%)""f P(x)=5e M.
We can now state our main result as follows.

Theorem 1. Let o > max{3—|— } 1 < p < oo. Then the three-component Novikov sys-

tem (1) is ill-posed in the Besov spaces Bp,oo (R) X B oo (R) X By o (R). More precisely, there exists

(0o, 10, v0) € Bfj s (R) X B o (R)x B o (R) and a positive constant eg > 0 such that the data-to-
solution map (po, tg, vo) — (p, u, v) of the Cauchy problem (6) satisfies

th:lP(HP Poll g1 gy + 1 = toll By () + [[0 = ol by ., () 2 €0-
t—0
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Remark 1. Theorem 1 demonstrates the ill-posedness of the three-component Novikov system in
Bg;ol(R) X Bj o (R) X By oo (R). More  precisely,  there exists initial  data
(po, 1o, v0) € Bg;ol(R)ng,oo(R)ng,w(R) such that corresponding solution to the Cauchy
problem (6) that starts from (po, tg, vg) does not converge back to (po, tg, vy) in the metric of
Bg;ol (R) X B} oo (R) x By o (R) as time goes to zero.

This paper is structured as follows. In Section 2, we list some notations and known
results and recall some lemmas which will be used in the sequel. In Section 3, by establishing
some technical lemmas and propositions, we present the proof of Theorem 1.

2. Preliminaries

In this section, we list some basic concepts and useful lemmas, which will be frequently
used in proving our main results.

Denote F and F 1 by the Fourier transform and the Fourier inverse transform, re-
spectively, as follows:

Y
=
—
Nt
S~—
Il
=

@ = [, e ulxar,
u(x) = Fla(x) = % /R ea(g)de.

For any u € S’'(R%) and all j € Z, define Aju =0forj< -2, A qu = F Y (xFu);
Aju= F~Y(@(27)-)Fu) forj > 0;and Sju = Yy ; Aju.
Lets €¢ R, 1 < p, v < co. We define the nonhomogeneous Besov space B;,r(Rd ) as

By = By, (R = {u € SR : Jullay, = | @ 1ajulur) ], ) <o}

Lemma 1 (See [34]). The following estimates hold:

(1) Foranys > 0and any p,r € [1,00], the space L N B}, , is an algebra and a constant
C = C(s) exists such that

[uvllg;, < C(llulle=llvllsy, + llullB;, 0llLe)-

(2) If1<pr<oo s1<sy sp> %(sz > %1fr =1)and sy + s, > max{O,% — 1}, there
exists C = C(sy1,8p, p, 1), such that

ol < Cllull g 10l

Lemma 2 (See [34,35]). Let1 < p,r < oo, 0 > fmin(%,%

such that for all solutions f € L*(0, T; Bf,,,) of the following problem:

{ at +axf =&
f(0,x) = fo(x),

with initial data fy € Bg,, and g € L1(0,T; Bg,r), we have, for a.e. t € [0, T],

), Then there exists a constant C

t t
IFOllsg, < follgg, + [ gz, 0+ [ V/(EDLFE g

or
t !
Hf(t)”B?,r < V() <|f0|32,y + 0 e CV() ||g(t’)||Bg’rdt/),
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with
lloxo(t)|| 1 , if <1+ %,
, BJleoNL®
Vi(t) = l0xv(t)llgg, . if 0=1+1,r>1,
||axv(t)‘|3g;1' if 9>1+%0r9:1+%,r:1.

If6 > 0, then there exists a positive constant C = C(p, r,0) such that the following statement holds:

£y, < Wollgg, + [ Is(Dllgg a7+ C [ (1), 105000 1 + 10500l yoa 02 (0 )

In particular, if f = av+b, a,b € R, then forall § > 0,V'(t) = ||0x0(t)]| L.
Lemma 3 (See [22]). Lets >0, 1 < p < oo, then we have

218y, wdsoller | < CllBsullislollsp, + 950l 1l m3,),

[}

with
[Aj, u]oxv = Aj(u0xv) — ul;(9+0).

Next we present the local well-posedness result of system (1) which was given in [2].

Lemma 4 (See [2]). Let 0 > max{2+ %, %},1 <p<oo,1<r< oo and (pg,ug,vp) € B;,—rl
(R)xB;, ,(R) x By, . (R). Then, there exists some T > 0 such that system (1) has a unique solution

(o, u,0) in C([0, T]; B;,,* (R) x B; ,(R) x B;, ,(R)) N C'([0, T]; B}, ,*(R) x B}, ,* (R) x B3, .1 (R)).

Let ¢ € CF(R) be an even, real-valued and non-negative function and satisfy

Easy computations give that

—

supp ¢(-Jcos (132" ) © {51 A <ll<3 +A2"},
and
. — gn/ lf ]: n,
Aj(gn) = { 0, if j#n ?)

3. Proof of Theorem 1

In this section, we prove Theorem 1. Similar to the discussion in [21], the following
lemma can be illustrated.

Lemma 5. Let | >4, n € N, and define the function h, , (x) by

hin,n(x) = ¢(x) cos (%(21” :I:ZZ’")x>, 0<m<n-1.

Then we have
hl

s if j=In,

(L —
A ) = { 0, if j#In.
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The proof of the above lemma is similar to that of [21], which is omitted here.
For 1 < p,r < oo, define the initial data (o, ug, vo) as
up(x) = vo(x) := i 277 p(x) cos (gZI"x) (8)
0 0 . = 12 ’
- —In(c—1) 17 i
po(x):=)_ 2 ¢(x) cos (52 x). )
n=0
In order to prove Theorem 1, we first give some estimation results.
Lemma 6. Let o > 0. Then for the above constructed initial data (po, 1o, vo), we have
100002 Apuor > 27, (10)
l10v03x A0 Lp > C27MY), (11)
110003 Agpo | 1p > C27(2), (12)

for some large enough n.

Proof. We just show (10) here, since (11) and (12) can be performed in a similar way. Firstly,

according to Lemma 5, we derive that

17
Apitg(x) = 27" (x) cos (EZZ”x),

therefore,

17

OxApttg(x) =279/ (x) cos (EZZ"x) 2= p(x) sin (g2l”x).

12 12 12

Thus, we have

17 17 17
g Aptio (x) = 27" uguog’ (x) cos (—ZZ”x) — 227Dy 0004 (x) sin (—ZZ"x).

12 12

12

Since up(x) and vg(x) are real-valued continuous functions on R, then there exists some

6 > 0, such that

2 _ 210—1¢2(0)

uo()o0(x)| = [id()] = 312(0)] = 5 io 2"9(0)" = e

Thus, we have from (13)

HLlovoaxAlnuOHLp >Cp-In(e=1) Hq;(x) sin (%Zlnx) HLP(B(;(O))

— 27719/ (x) cos (gzl”x

12 )HLP(B(S(O))

> (Czln _ Cl)zflna‘

We choose 1 large enough such that C; < %21” and then finish the proof of (10).

(13)
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Proposition 1. Let s = o — 2, (po,up,vp) € Bg,;}(R)ng/m(R)ngloo(R) with ¢ >
max{3 + %,%},1 < p < oo. Assume that (p,u,v) € L® (O, T; BZ,;} (R)xBj o (R) nglw(R))
is the solution to the Cauchy problem (6); we have
lo(t) = poll g5 1 <Ct(lluoll gs 1 voll s 1lleoll 5., + 0l g5 tllpoll s 1 0oll85,.,
+llooll gs-1lvoll g1 llwoll ;..)- (14)
Ju(t) — VOHB;;g SCt(H“oHB;;g ||”0||BS,OOHUO||B;;; + ||”0||B;;g [[uollgs,. 100l Bs,.,
+ ||Po||§;;3|\uollgzgg + HuolléﬂHvoHB;m), (15)
[0(8) = ol gs-1 <Ct([|voll st 100l B3 e 110l 51 + 120l 51 100ll B3 o 4035,
+ ||P0||§;;3HUO||B;; + Hvo\léﬁg luollB, ). (16)
lo(t) = pollBs,., <Ct(llttollgs 1 o0l ps-1 llpoll gsta + llutoll gs 1 looll g5t o0l 511
+llooll g1 lvoll g1 lltoll g1 + lluoll -1 lloll ;... ool 55,

+leoll g5 1 1ol ss,.. 00ll85,., + llooll B3 o w0l s 1 1015, ), (17)

[[u(t) = wollp,., SCt(H”oHB;,;g||M0||BS,OOHUO||B;;; + ||M0||2;,,w||710||3;;g
+ ||“0||Bl§,;}>||uo||B;,,(,<,||Uo\|B~;,,oo + ||P0||é;;3 ||Mo||B;;g), (18)
[o(t) — vollB,., SCt(HUoHB;;g ||UO||BS,OQ||”0HB;;3 + ||Uo||2;m\|u0|\g;;g

+lvoll s 1 00ll B3 o 1101l 85, + ||Po||%;;3 lvollgs 1), (19)
lu(8) = woll gss1 <Ct(llutol g1 lluoll psz2llvoll g1 + luoll gt 10135 o 1201 s

+[luoll s 1 llwoll B, 10| g1 + ol Ivolls;,.

+ o g1 lluoll g lloolls; o, + ||Po||§;;3 ol gs-1). (20)
[o(t) — UOHB%}) SCt(HUoHB;;}, ||UOHB;,;§||M0||B;53 + ||Uo|\3;,,tg|\Uo||3;,w||u0||3;,;g

+ 190l 51 1901183, 101 s + ool 1ol 5.,

+ ool gs-1llooll s 10l 35, + HPOH%;;% ool gs-1)- (21)

Proof. For § > 0, according to the local existence result [33], the Cauchy problem (6) has a
unique solution:

(p,u,v) € L*(0,T; Bg,w(R) X Bi,oo (R)x Bf,,oo(]R)),
and satisfies the following estimate:

sup ([lo(t)llgy,, + ()i, +llo(®)llpg ) < Cllipollgy , + [0l + llollps,,)- (22)
0<t<T ! ’ ! . . .
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Using the differential mean value theorem, the Minkowski inequality, (1) and (2) of
Lemma 1, we deduce that

t
o) = pollg 3 < [ 0eplgg 27
ot
S/O (HuvapoB;;g + HupavaB;;g + ||PvaquB;;3)dT

< [l o030l g + g 0Pu e+ ] l9222]
el gt 93l + 0l 0Dl s + ] 3] . )

< [ Ul Vol Dol g g + s ol ol
ol gl 121+ ol 1ol il + s 1 o g D

t
SC/O (el gy 1 lloll s s llo 15 o0 + 1l s a1l s 1 101850, + ol gyt 01 s s 1]l 35, )T

<Ct([luoll g5 1 o0l g5 1 llooll By, + lItt0ll ps-1lle0ll -1 0l 85, + ll0ll st llo0ll st 101 5.0 )-

Thus, we complete the proof of (14). Next we will present the proof of (15).
t
Ju(t) = ol gy s < [ 9l ade
t
< [ udeol g -+ dsieol s + kol g+ 1030050l s + Pl o + 221501 gy 2
t
2 2

SC/O e e e e e e P L
<Ct([[uoll ps 1 l[uoll By o 10l g5 1 + lltt0ll g5 1 1101 35,.. 0085, + HPOH%;;%HMOHB;; + ||Mo\|§;;1) o0l 5,0, )-

Thus, (15) is proved and (16) can be proved in a similar manner. Next, we will give the
proof of (17).

t
||p(t) _POHB;m S/O ||8Tp||B%,OOdT

t
<C [l ol gy ol g+ 1l g Nl g 01 gt + st 1l g
g 9 15 0l 35 5+ il 01 15, ),
<CHutoll g1 1201l 10 22 + 0l gt 190l s ool s + 1ol gt o0 s ol e

+ [luoll s 1llpoll ;... 00185, + llooll ps 1 [0l B3 o 120135, + lleollBs,.. 1001l g5 1 [[10]l 5, )-

Thereafter, we shall present the proof of (18).

t
lu(t) — woll g g/o 9] g, dv
t
S/0 (||u8xuv||3%m + ||uaxuv||3%2) + ||(ax”)2axv||gzg + ||ua§u8xv||3i£§ + ||p2u||B;;g + HuaxuaxUHB;—o}))dT

t
2 2
<C [l gyl ol g+ By Nl + il g ol + 1 gy

<Ct(|luo| g1 1u0ll5s,. 1201 1 + N0l 1ol g1 + luoll g1 llmol g5, 120l 53, + ||P0||‘Z;;;3 ol ps1)-

Similarly, we can obtain (19). Following this, we will furnish the evidence for (20).
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t
Jua(t) — ol g S/O [t 51T
t
S/0 ([[udxtuv]] ps:1 + [|u0x10]| sy + ||(axu)23xv||3;;.g + ||ua§uaxv||3% + Hp2u||3§7>3 + [|udsudyol| ;. )T

t
<C [ gl g2y g g ol g + g ol g
el 1o lgs o, + el el gesa 0l o, + HPIIZ;;%HMHB;;)EZT
SCt(HMoHB;;g||”o||B;g|\Uo||B;;g + ||M0||B;;},||uo|\B;/m||Uo||B;,;3 + Hu0||3;;;g||uo||B;,,ooHUOHB;j;

2 2
+ [[uolls; , lloollss,., + ||M0||B;,;;||u0||B;t_g [o0ls,., + ||P0||B;:.3||u0||g;;;)-
Equation (21) can be verified similarly. Thus, we complete the proof of Proposition 1. O

Proposition 2. Let s = o — 2, (po,ug,vp) € Bg;ol(R)ngloo(R)ng/m(]R) with ¢ >
max{3—|— %,%},1 < p < oo. Assume that (p,u,v) € L% (0, T; BZ,;}(R)XBZ,OO(R)XBZ,OO(R))

is the solution of the Cauchy problem (6); we have

o) = po — tpoll 1 <CE (1ol 10051 + ol s 1ol

+ [luoll gs 1 ool B, + llttoll 5. looll s 1

+ ool 55 ool gt + 20l g1 llpolls;,.. ). (23)
1) — 0 — o5, <CE(uol3, . + leoll3, .+ ol
+ H”OHB;;E, ||UO||B;;§ + H“O”B;;}) ||UOHB;;})r (24)

2 2 2 2
Jo(e) — 0 — tuollg, <CE (ol . + llool; . + ol
+ ||”0||3;,+°g ||UO||B;;3 + H”O”B;;g ||UOHB;;}))- (25)
where
Po = UgUoAx00 + UoPOxVo + PoVeOx Lo,

ug = ugodxto + Py (uo, vo) + Ry (uo, po),
V(o = UgUOxVg + Pz(uo, Z)o) + Rz(Uo,po).

Proof. For simplicity, denote

p = p(t) = po — tpo,
u = M(t) — ug — tug,
V= Z)(t) — 0o — tvg.

Combining the differential mean value theorem and the Minkowski inequality, we arrive at

t
lpollgs.s < [ 180 — poll gy st
ot
< /0 (l[u0dxp — 19v00xpoll gs 1 + [|400x0 — 1ov0dxp0 | g5 1 + [lPvOx1 — povodztol| s 1)dT

2 [ (@) + B(e) + (o) (26)



Mathematics 2024, 12, 1387 10 of 16
Note that
UVIxPp — UVYOxP) = UTVIxP — UVeOxP + UTex0 — UgT0OxP0
= (uv — 1vg)dxp + 1pVe0x (0 — po)
= (uv — ugv + UV — Vg )dxp + UoVdx (0 — Po)
= (U — up)vdxp + (v — vg)0xp + UV (0 — Po)-
We can deduce
Li(7) <|[(t — 1) vdxpl| gs 1 + [[1t0 (0 = v0)9xpll ps 1 + [[0v00x (P — po) | s
A [t
:/0 (h1(7) + ha(7) + ha(7))dT, (27)
1 (2) <t — s 10Bepll gy + 14— ol 3 Iouplo
<llu— ol g1 (0ll=l|Oxpll 51 + [0l s 1 10xpllr>)
+ [l = w0l g1 (ol v l|9xpll ps-1 + 01l st 1901l 1)
<l = ol g [0l s 55 < ol 01t 1 = s
<Cllpoll;,.. l[oll gs-1 7- (28)
Analogously,
Lo () <lJuoll s 11l 5.0 10— voll gs-1 < llttoll g1 lleoll; . 70 (29)
h3(7) <lluoll gs-1llvoll ps-alle — polls; o < llutoll ps-allvollpsa T (30)
For the second term I, (), since
POV — UgPYOxVy =UPOxV — UgPOxT + UPYOxT — UPIx V)
=(up — upp)0xv + tpPodx(v — vg)
=(u — 1u9)pdxv + g(p — P0)9xv + tpPedx (v — vp),
there holds
12(t) <ol g1 ol e — voll g3 + 0l 31215, o — ol
+ ol 2 ool g1 0 — vo 1.
<Cllpoll gs 1 voll8s,., + llttoll ps 112015 o, + llut0ll s 1 llo0ll s 1) T (31)
For the third term I3(7), since
pvxtt — povodxiy = (p — po)v0xit + po (v — V)Oxit + PO (U — Up).
We obtain
13(2) <l ol gy o — poll gy + ol g il 1o = 201l
+lleolls; .. llvoll s 11l = uoll s,
<C(l[uoll s llvoll g5 1 + llooll g5 1 llwollBs,., + lleolls . l[o0ll s 1) T- (32)
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Substituting (28)—(30) into (26), we derive
lpoll ;-1 SCt2(||”0||B§,,vao||B;;g + ||Mo||3;;g||vo||35,m + ||uo||3;;g|\Po||B$,w
+ [luolls; o llPoll g1 + 10l g1 ol 5o, + ll0ll83,. N0l gt )-
Thus, we finish the proof of (23). Next, we intend to establish the proof of (24).
t
Ivollgs. < [ 1901 = woll g b+
t t
< /0 |uuyo — uoaxuovo|\3;wd'r +/O 1Py (1, 0) — Py (up, Uo)HB;/de
t
+ [ IR (,0) = Ru(uo,po) 35, 47
t
A
& [(h@ + 1) + o). (33)
For the first term [, (), since
UDOxU — UQUOx Uy =UVOxU — UGVOxU + UGVOxU — UgVOx U
=(u — ug)vdxu — uy(voxu — VIxUy + VIxUy — VOxlUg)
=(u — ug)vdxu — ugvdx (1 — ug) — ug(v — vy)dxUp.
We can perform the following estimate:
Ji(t) <|[(u = ug)voxul[; , + l|luogvdx(u —uo)llg;,, + l[uo(v — v0)dxuol| s,
A [t
& [ () + () + (). (34)
By applying Lemma 1, one obtains
J11 (1) <[Ju —ugl|L=|[0dxu g ., + [[unto|| gy, [|00xu|
<lu — uo|[=[|oxte[ L[| By, + 10 — wollze (| 9xuel| B, 10l o + [t — o]l By, [[Ox ]| o [[ 0| o
<lullg, 1018, 1t = vt0ll ps + llutll a0l gy e = vt0ll g + [luell s o [[01] s M1t = o35,
<C(lluoll; . llvollBs,., + lltt0ll g1 00l ps-1) T, (35)
J12(7) <lluo[re[|00x (1 — uo) || 3s,, + lluollBy o [09x (1 = 140) || o
<l[uoll ps-1119:x (1 — uo)l| = [0l 8y, + l[tt0ll ps-1 110 (1 — 0) |5, ol e + N[1t0ll 5, |14 = 0 [ 5 [0
<0 ol 5 18 = 5, + 14l 11211 1t — il g
o il gy I = il
<Clluollgs 1 ool 5., T (36)
J13(7) <lluol|r=|(v — vo)dxuolls;,, + [luoll g, | (0 — v0)Ixusg]| e
<l[uollz=([0xol[Le |l — vollg;,., + [19xtol|g;,., o = vollne) + [luoll ;... 1101l B, 10 — 20l s
§||“0||B;;}, HMOHB;}/OQHU - Z70||B,-‘;,m + ||u0||3;]fog HMOHB;}} [o— Uo||B;jog + \|u0||2;/w\|v - Uo||B;;},
<Cllluoll;,, + lluoll gsalluoll gs-1) T (37)

For the term Py5(u, v) — P1o(ug, vg), it can be resolved into

(9x14)20x0 — (i) 2000 = (dxtt + Dxthg)dx (1 — 1)y + (dxt)?dx (v — V).
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We can find that
1 (x1t)?0x0 — (axuo)zaxUOHB;;g
<0 (1 +110)9x (1t — 110) 92| o2 + | (9x10)*0x (0 — o) s 2

<10 (1 + )00 o110 (1t — 110) | 52 + [[(9x140)* [ -1 10 (0 — v0) I s 2

<(llulls;,., + ll0llBs,0 ) 12153, |

<C(lluolg,, + llooll3; )7 (38)

u— MOHB;;}) + ””OH%;M [o— UOHB;;;

For the term Py3(u, v) — Pi3(u9, vg), since
U udyv — UpdaUgd vy = (U — 1) 2Udxv + Ugdxvd> (U — tg) + 1pd>1edx (v — vy),
we arrive at
| udud v — uoaiuoaxvon%
< (a0l g + 12208t — o) g2 + [0Bt09 (0 — 0) 2
SHa:zc“axUHB;;gHu - M0||B;;g + ||u08xv||B;;3 [ — “OHBgm + ||u08§u0||3;7;3 lo— UOHB;;
§||”||B;,w||v||3;,,w||” - UOHB;;X} + ||M0HB;;3 o[l 55, Ml — ”OHB;/OO + ||M0HB;;; H”O”B;’g o — Uo||3§,,+og
<C(lluoll By, llvoll B, + ||”0||B;;g ||Uo||B;j;g)T~ (39)
For the term Ry (1, p) — Ry (uo, po), it can be decomposed as
p*u = pjg = (p + po)up — po) + p(u — t),
which gives us that
lo*u — pguollps-2
<o+ po) (o — o)l g2 + B (a — 0) 2
<l1o+ po)ullgs 2llo — pollgs s + llollgs 2lloll g 11— woll g
<(lellgs,., + ool ) lullps-1llo = poll g + lloollg; 1 = woll s
<C(llpoll ;e 1ol ps 1 + loolls )T (40)
Finally, for the term Pj4(u, v) — P14(up, vp), since
Uy UV — UgOx Vg = (U — U)0xUIxV + U vy (U — 1) + UdxUdx(V — 1),
we can derive
||[udxuo v — uoaxuoaxvoﬂB;;&
<[1(# — 110)Axudx0l| o1 + [|1400x0x (1 = 1) | -1 + [[140x1409x (0 = 20) [ s
SH”OHB;OOHUOHB;,OQ”” - M0||B;,w + HuOHB;;}, ||u0||B;,,OOHU - Uo||B;,,m
<Cl[uoll s 1 luoll ;... + [luoll;,., lIooll ;... ) T- (41)
Inserting (35)—(41) into (33), we obtain

lullgs. < €2 (Jluoll3y , + llool . + looli3y,. + ol gt 0]t + ol 0l ).
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Thus, the proof of (24) is complete. Similarly, we can prove (25). O

With Lemma 5, Proposition 1, and Proposition 2 at hand, we will proceed to verify
Theorem 1.

Proof of Theorem 1. By the definition of the Besov norm, we have

llo — Po||Bz:.o1 >2M=V ) AL (p — po) [y = 2" V| A (p + tpo) || v

> 12!V || Ay, (90090 + top0dx00 + Pov0dxtio) ||y — 2™V | Appl|
> 12! Ay, (10v09x00) || Lr — 12777 Ay (00109200 || L

— 12"V | Ay (povodstio) || 1r — 23 - 22| Ay pl |1
> 12" V| Ay, (19003xp0) |10 — Hlpotodxvoll g 1

_ thovoaxuoHBz’;} _n2ln HPHBZ;S’ (42)

Since
A1y (19009x00) =41, (10009xP0) — UoV0OxA1nP0 + UoVIx A1, 00
=[Apy, ov09x] 00 + 1oV0Ax Ay 00-

With the aid of Lemma 3, we infer that

12771 [ Ay, 1uguody] oo | 1o SCHax(uovo)HLw||Po||3;;} + C||axP0|\L°°||uoUO||B;;;

<Clluollg llvoll g, ool pg 1 < €, (43)
lleot0dxvoll g1 <llpoll g1 |40l gy llvoll g, < C (44)
llpovodxtioll o1 <llpoll pg_1llvoll g1 lluollpg,, =< C- (45)

Inserting (43)—(45) into (42), we obtain
o —pollgg s = -2 llugoodsAapoll — Cit = 22" lpll gy 5.
Making full use of (12) of Lemma 6, and (23) of Proposition 2, we draw the conclusion that
lo = pollgg 3 > Cat 2™ — Cat — C22"£2.
For | > 4, choosing n large enough such that C3 - 2/" > 2C;, we have
Cs In 2ln 42
llo — POHB;’,/;} >t 27— G255,

As time t tends to zero, picking ¢ sufficiently small such that t - 2" ~ §y < 4%*2, one can
easily check that

Cs
— 1 > —00.
o PO”BP/OC}_ 2 %0

Similarly, by the definition of the Besov norm, we have
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[l —uol|pg ., >2"7 || Ay (1 = 10) | Ly = 27| Apy (0 + tug) | o
>t 217 || Ay, {ugvodxtty + P * [Buguodyiin + (dxit) >0 + 1od210dxv0 + 03]
+0x P * (1gdx10dx00) H 1r — 217 || Apyu]|
> 127 || Ay (1000@xtto) || Lr — t - 2 || Ap [P (3uuguodziio)]|| Ly
— £+ 21| A [P ((9x140)20x00)] | 1r — £+ 277 || Ay [P # (1400%1u0x00)] | 1y
— £+ 2| A [P+ (fuo)] ||y — t- 2" || Apy [0 P # (14gDx14002v0)] ||
— 22 =2 || Ayl (46)
Since
27| Agu [P (3ugv0dxo)] [y <P (3u0v0dstio) g5, < Cllttovodyvo) gy 2
SCH“0|\§2;}||UO||B;§,OO <C. 47)
By the same token, we have
217 || Apy [P ((9xtg)*9x0] || 1 §C||(axuo)23x00)||gg;3
<luolls,, ool gy s < C, (48)
27| A [P (1003 10dxv0)] | r <C|l11093100xv0 552
<Clluoll gg_1 l[uoll g 11|20l 3., = C, (49)
27| Ay [P (pGu0)] || L SCHP%“OH;;;;g
2
SCHPOHBZ’;} HuOHBZ’;} <C, (50)
2lna”Aln [0xP * (uodx10dx0)]||Lr SCHanxanxUO”Bg;}
<Clluollgg_1lt0ll g lv0 I 55, < C. (51)

References

Integrating (47)—(51) into (46), and repeating the discussion on [|p — pg|| gr-1, there then
p,o0
exist Cy4, C5 > 0 such that
Cy Cs
[l —wuol[Bg., = 00, [o—vollBg., = - 0-

Picking &y = min{ %, %, %}(50, this completes the proof of Theorem 1. [
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