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Abstract: This paper is devoted to the general theory of systems of linear time-fractional differential-
operator equations. The representation formulas for solutions of systems of ordinary differential
equations with single (commensurate) fractional order is known through the matrix-valued Mittag-
Leffler function. Multi-order (incommensurate) systems with rational components can be reduced to
single-order systems, and, hence, representation formulas are also known. However, for arbitrary
fractional multi-order (not necessarily with rational components) systems of differential equations, the
representation formulas are still unknown, even in the case of fractional-order ordinary differential
equations. In this paper, we obtain representation formulas for the solutions of arbitrary fractional
multi-order systems of differential-operator equations. The existence and uniqueness theorems in
appropriate topological vector spaces are also provided. Moreover, we introduce vector-indexed
Mittag-Leffler functions and prove some of their properties.

Keywords: fractional derivatives; fractional-order systems of differential-operator equations; Cauchy
problem; matrix-valued Mittag-Leffler function; representation of solution

1. Introduction

Let X be a reflexive Banach space and A : D — X a closed linear operator with

a domain D C X. Consider the systems of m > 1 time-fractional differential operator
equations, which we will write in the form

DPU(t) = F(AU(E) +H(t), t>to, 1)

with the initial condition
BU(ty) = . (2)

In Equation (1), t > to; B = (B1,..-,Bm), 0 < Bj < 1, fractional orders of the system
: [to,0) — X x --- x X, is an abstract vector-valued function with components

u]-(t), j=1,...,m, tobe found, and
DBU = (DPruy(t),..., DPru(t)). 3)

Here, DFi, j=1,...,m,is the fractional-order derivative of order 0 < B; < 1 in the
sense of Riemann-Liouville or Caputo. The matrix-valued operator F (A) on the right-hand
side of Equation (1) has the form

f11(4) fim(A)
F(A) = ; 4)

ml (A) f mm (A)
H(t) : [to, 0] — X x --- x X is a given vector-valued function satisfying some conditions

clarified later. In initial condition (2), the operator B depends on whether D? is in the sense
of Riemann-Liouville or Caputo and @ is a given element of some topological vector space
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specified later. The operator F(A) has a matrix symbol F(z) = {fii(2)},k,j=1,...,m,
the entries of which may have singularities in the spectrum of the operator A. The exact
definitions of operators Dﬁ/, j=1,...,m,and fk]-(A), k,j=1,...,m,are given in Section 2.
It is well known (see, e.g., [1,2]) that if B = (1,...,1), then the solution is represented
in the form ,
U(t) =St A)P+ | S(t—1,A)H(T)dT,
to
where
S(t,A) = exp(—tF(A))

is the solution operator, which has an exponential form. It is also known [3-10] that, in the
case of various fractional-order differential equations (not systems), the solution can be
represented through the Mittag-Leffler (ML) function

%) N
Egy(z) = nZ:O TBn ) zeC, (5)

which generalizes the exponential function. Namely, if = v = 1, then we have Eg ,(z) =
exp(z). In the case of systems, when I3 has equal components, i.e., i = B,j=1,...,marep-
resentation formula for the solution is obtained via the matrix-valued ML function [11-15].
Namely, the solution operator emerges in the form

S(t,A) = Eg(tPF(A)),

where Eg(Z) for a matrix Z is defined by

n

°° 1
Eg(Z) = n;) WZ )

In the case where the components of the vector-order B in Equation (1) are rational,
ie, Bj = pj/q;, where p; and g; are co-prime numbers, the corresponding system can
be reduced to a system with a scalar order p € (0,1) [16-18]. However, the number of
equations in the reduced system may increase significantly. Let M be the lowest common
multiple of numbers g1, ...,q,, and B = 1/M. Then, the number of equations in the re-
duced system becomes N = M(B1 + - - - + Bn). For example, if the orders in the original
system of four equations are 1 = %,ﬁz = %,ﬁ3 = %, and B4 = %, then M = 210 and
N =210-(1/2+2/3+1/5+6/7) = 467. Thus, the reduced system will contain 467 equa-
tions of order 8 = 2%—0, although, originally, we had only four equations in the system. Even
numerical solutions of such reduced systems consume a significant amount of computing
and time resources; thus, the method of reducing to a scalar-order system should be con-
sidered ineffective. Therefore, developing direct general techniques for the solution and
qualitative analysis of systems of fractional-order differential equations with any positive
real order is important.

The representation formula for the solution of fractional-order systems in the sense
of Riemann-Liouville with equal orders ﬁj = B,j =1,...,m, (commensurate case) and
constant matrix F was first obtained in [11]. The authors of [19] derived representations
in the case of Riemann-Liouville, Caputo, and sequential Miller-Ross derivatives under
the same conditions for orders and matrix . Applications to multi-term commensurate
fractional-order ordinary differential equations, as well as various techniques for the calcu-
lation of the matrix-valued ML functions, are considered in [13]. In [16], the procedure for
the reduction of incommensurate rational orders §; to the commensurate case is discussed.
The authors of [17] use this technique to derive a representation formula for the solution.
Note that, in these works, also F is a constant matrix—that is, the corresponding systems
are of ordinary differential equations, and fractional derivatives are in the sense of Caputo.
The representation formulas for a fractional multi-order system of pseudo-differential equa-
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tions are found in [18], in both commensurate and incommensurate rational-order cases, for
Riemann-Liouville and Caputo derivatives. Moreover, in this work, representation formu-
las are obtained for systems of arbitrary positive time-fractional-order pseudo-differential
equations with upper or lower triangular matrix-valued pseudo-differential operators.

In the current paper, we obtain representation formulas for arbitrary multi-order
B with real components (not necessarily rational) and arbitrary matrix-valued operator
F(A). The results obtained in this paper are new even for time-fractional systems of linear
ordinary differential equations. We also introduce more general ML functions, called
vector-indexed matrix-valued ML functions. We show that the solution of systems (1) and (2)
is represented through an operator-dependent matrix-valued ML function.

We note that systems of fractional-order ordinary and partial differential equations
have rich applications. For example, they are used in the modeling of processes in bio-
systems [20-22], ecology [23,24], epidemiology [25,26], quantum systems [27-29], etc.

This paper is organized as follows. In Section 2, we provide some preliminary
facts about the ML functions, including matrix-valued versions. To our knowledge,
Lemmas 1 and 2 are new. Here, we also introduce the vector-indexed matrix-valued ML
functions and study some of their properties used in this paper. This section introduces the
basic topological vector spaces on which the corresponding matrix-valued operators with
singular symbols act. In Sections 3 and 4, we formulate the main results. The representation
formulas for the solution of the initial value problem (1), (2) are obtained in the general
case: for arbitrary multi-order B and matrix-valued operator F(A). The main idea of the
method used to obtain the representation formula is demonstrated for clarity, first in the
case m = 2, and then for arbitrary m > 2. Note that some particular representation formulas
were obtained in [18] in the case of systems of pseudo-differential operators. These results
are also extended to the differential-operator case. Finally, in Section 5, we discuss some
applications and examples.

2. Preliminaries
2.1. Fractional Derivatives

By definition, the Riemann-Liouville fractional derivative of order § € (0,1) of a
function f(t) defined on [0, c0), is the integral

_ 1 d [t f(r)dr
Dif() = r(1—ﬁ)ﬁ/o (t—T1)P (©)

subject to existence, where I'(s) is Euler’s gamma function. Similarly, if 0 < f < 1, then the
Caputo derivative is defined by the integral

Bripy— 1 tf(m)dT
uD*f(t>_ F(l—[-ﬂ) 0 (t—’l’)ﬁ‘ @)
subject to existence.
The Laplace transforms of the Riemann-Liouville and Caputo derivatives are
LD A)(s) = SPLIAY(S) = (P 1) 0), ®
LIDZf](s) = PLIf1(s) — f(0)s ", ©)

respectively. We will use these formulas in the vector form. Namely, for a vector-valued
function F(t) = (f1(t),..., fu(t)), we have

LIDEF())(s) = sPLIF(1)](5) — (TP F)(0)
= (SPLIA)S) ~ I PLAYO),
PoLf)(5) = (TP ) (0)), (10)
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where
(TEF) ) = (TP RO, TP ) (1)) (11
with fractional integrals
TR0 = gy [ DT =1, m
I[(1-B;j) Jo
Similarly,
LIDZF(1)](s) = sL[F(1)](s) — F(0)s"
= (PLIANS) ~ AOP .,
PoLfur)(s) = fn(0)sP» ). (12)
In these formulas,
LIDPE®)(s) = (L[DPAY(s), ..., LIDP" ful (s))
for both operators D = D and D = D..
2.2. Matrix-Valued Functions
Let Z be a square matrix of size m with the Jordan normal form
J=M1ZM = A+N, (13)

where M is an invertible transformation matrix, A is a diagonal matrix with eigenvalues on
the diagonal and N is the nilpotent matrix. Suppose that J;,, £ =1,..., L, are Jordan blocks
of Z and ||Z|| is the matrix norm of Z. Then, for a function g(z), analytic in a neighborhood
of |z| < ||Z||, one has the spectral representation

where the spectral measure dE, is formed by projection operators P, ,, determined by
eigenvalues Ay, ¢ =1, ..., L, of the matrix Z of multiplicity my, ¢ =1, ..., L. In the explicit
form, this means that

s) 0 .. 0
2(J) = 0. g(f) ... 0 ) (14)
0 0. ceee UL
where
r (A //()L ) (m[—z)()L ) (my—1) A')_
g(A) £ (1![) £ (2)!‘[) e g((sz)Z())\!é) g((mzz)lixé)
'\, ny— mp— ,
0 8(Ar) gTé ..o & (mrs)![ £ (m/fz)zé
)= -- e |, €=1...,L. (15
o 0 0 s g
0 0 0 0 gAe) |
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It follows from (13) and (14) that

8(2) = Mg(I)M ™.
2.3. Classical ML Functions

The classical two-parameter ML function is defined by

I’l

Eﬁv ; ,Bn—i—v) ze€C,

where C is the set of complex numbers and parameters § > 0,v > 0. This function plays
an important role in the theory of fractional-order differential equations. For various
properties of the ML function, we refer the reader to sources [30,31] and the references
therein. Here, we only mention some properties of Eg ,(z) used in the current paper. The
function Eg , (z) is an entire function of order 1/ and recovers the exponential function
exp(z) when B = v = 1. It is known [30,31] that for 0 < B < 2, v € C, the ML function
Eg,,(z) has asymptotic behavior

Egy(z) ~ ‘[132(11’)//3 exp(zl/ﬁ), |z| = oo, if ‘Bg < |arg(z)| < min{m, B}, (16)
and
Egy(z) ~1/lz],|z| = oo, if min{m, Brc} < |arg(z)| < 7. (17)
For derivatives of E 5,1/(2/5), the following formulas are valid:

dk

= 2 Epu(2)| = 2By i(2F), Re(v) >k k=1,2,.... (18)

Consider the function E ﬁ,v(ytﬁ), with a parameter ¢ € C. This function plays an
important role in the theory of fractional-order differential equations. For the Laplace
transform of this function and its derivatives, the following formulas hold [3,10,30]:

B—v

v—1 B — 5 1/p

L (uP))6) = 5> Reu), (19
thp+v—1 k gh—v
Ll i Eé,ﬂ(ufﬁ)] (s) = (F 1 s> [Re(u)]'F k=1,2,..., (20)
where Eéku( ) = %Eﬁ,v(z)- In particular, if v = 1, then one obtains
tkp p-1

EUEW (b -5 VB =

Ll 7z Eg’ (ut )] (s) F — )’ s> [Re(u)]'’P,k=0,1,..., (21)

and if v = B in (20),

kp+p—1 1
[t T Egp(ut )]U G ¢ R Pk=01 @)

The convolution of functions f(t), g(t), t > 0, is defined by

/f (t— 7)d (23)

The following lemmas will be used in our further analysis.
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Lemmal. For0 < 1 < Bz, v>0,and k =0,1,..., the following relations hold:
(a)
(1-ur)’ [tkﬁ;v_l Eg (utP)| = TP, (ut), (24)
(b)
(1781 = ) [ B, (utP)] = 2 i), 5)

where I is the identity operator and JP is the fractional integral of order p.

Proof. (a) To prove this statement, we show that the Laplace transforms of both sides in
(24) coincide. Indeed, applying the Laplace transform to the left side of (24), we have

k B—v B—v
H 5 _ 5 1/8
1— £ = , > |R .
( sﬁ> (F— )1~ (P gy [Re()]

This is obviously the Laplace transform of the right-hand side of (24), as well.
(b) Similarly, the Laplace transform of the left-hand side of (25) is

k _ _
1 sy i 1/p
(sﬁz—ﬁz N _c,ﬁz) (sP1— p)kt1 — kBa(sP1 — )’ s > [Re(u)]/ ™1,

which is the Laplace transform of the right-hand side of (25), as well. [

Lemma 2. For any 1 > 0,82 > 0,v > 0, and parameters yy,up € C, the following rela-
tions hold:

(i)
(I—ppJP2)! {tvflEﬁl,u(ﬂlfﬁl) - Hl]v(fﬁlflEﬁl,m (ﬂlf’gl)} = tvflE/sz,u(lizfﬁz), (26)

(ii)
(1= p2)P) P18 g, (uat9)] = (#7 By () ) 5 (#27 Epy , (n2t)), @7

where “x” is the convolution operation.

Proof. (i) Again, we show that the Laplace transforms of both sides in Equations (26) and (27)
coincide. For the Laplace transform of the left-hand side of (26), we have

L[(1= plP2) 7 [ Ep, u (atP) = 0] g, (at)]|

Bi—v
O N B M
47( sﬂz) (sﬁl-—»yl sV(sﬁl-— Vl))

5182 S.Bl — ]’ll 518271/

5.32 — U2 SV(Sﬁl — ‘1,[1) - 3/32 — #2’

where

s > max {[Re(pn)] /P, [Re(e2))/F2 .

This is obviously the Laplace transform of the right-hand side of (26), as well.
(ii) Similarly, the Laplace transform of the left-hand side of (27) is

B1—v
L0l B )] = (- B2 T

sﬁZ S,Bl v S,Bl v 1

- sﬁz — U2 552(5,51 — ‘ul) - 5/51 — M 5/32 — ‘uZ‘
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On the other hand, due to the convolution theorem, the Laplace transform of the
right-hand side of (27) also results in the same expression. [J

2.4. Matrix-Valued ML Functions

Since Eg,, (z) is an entire function, in accordance with (14) and (15), for a matrix Z, one
can introduce a matrix-valued version of the ML function as

Ep,(Z) = MEg,(J)M™! = MEg, (A + N)M ™, (28)
where
Eg,(J1) 0 0
0. E ... 0
Bev(D) =1 ﬁ'.v.(.h) U & (29)
0. 0. Eﬁ,v(]L)
with the block matrices
r , (my—2) (my—1) 7
Eg ,(Ae) Egt “(A)  EgS (M)
Eﬁ,v(/V) ﬁT f(WI[—)Z)! f(m[—)n!
Egt () Egnt T (M)
0 Eﬁ,v(/\f) ﬂ(m,fgz)! ﬁ('m[fz)!
Epo(J) = | ... R (30)
; .V.(}L |
0 0 Eg(Ar) Byt
0 o ... 0 Egy(Ar) |

corresponding to (algebraic) eigenvalues Ay, ¢ =1..., L, of the matrix Z. It is not difficult
to verify that, using Formulas (19), (20), and (30), one obtains the Laplace transforms of the
matrix-valued function '~ 'Eg, ( INE

sP—v sP—v _sP
sﬁf/\[ (Sﬁff\/)z ce (Sﬂ*)\()mf
0 S‘Biv 5'5771/
LI, (110)](5) = TN @A, t=1.L G
s
0 0 . Ey

2.5. Vector-Indexed Matrix-Valued ML Functions

Let B= (B1,...,Bm) and V = (vy,...,vy) be vector indices with components Bj >
0, v; >0, j=1,...,m. For a diagonal matrix D with diagonal entries dy, ..., d;;, we use
the notation
D = diag(dy,...,dm).

Definition 1. Let Z be a square matrix of size m x m with complex entries. A vector-indexed
matrix-valued ML function denoted by Ep(z), is defined by

Epy(Z) = i (IF(nB+ V))flz”, (32)
n=0

where IT(nB+ V) = diag(l"(nﬁl +v1),..., 1T (B + vm))

The vector-indexed matrix-valued ML function Eg 1) (Z) generalizes the classical and
above-considered matrix-valued ML functions. Below are some examples.

1. Letm = 1and B; = B,v; = v. Then, we obtain the classical two-parameter ML
function Eg , (2).
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2. LetB = (B,...,8) and V = (vy,...,v). Then, we obtain the matrix-valued ML
function [13,30]
2)= Y =2 33)
Egz,(Z) = -
P = T(np+v)

Indeed, in this case,

(IF(nB + V)) T
1

[diag(r(nﬁ +v),...,T

-1
(np+v))] Z"

= diag (F(n

T T(p )
Therefore, in this case, (32) reduces to (33).
LetAj,j = 1,...,

M(A+N)M~
sponding to A;. Then, it is not difficult to see that

B0y
! z".

1 n
I'(nB +v)>Z

L, be eigenvalues of (algebraic) multiplicity m; of the matrix Z =
1 and let J, be the Jordan block of the Jordan canonical form A + N corre-

Eg, v, (1) 0 0
0 E 0
Epy(A+N) = 5. (J2) , (34)
0 0 Eg, v, (JL)
where Bf = (:BMg-l-ll s /ﬁMg-‘rmg)/ Vf = (VMg-‘rl/ e /VM[-H’H()/ and Mﬂ =my 4 +my_q,
with blocks
r f (mp—1) 7
E (A) (Ae)
Bm, Flvpg,+1 B +l1/ +1
E,BM£+1,1/M[+1 (Ar) % = (méMl)
(mp—2)
E (/\1)
E = :BM +2vM +2 35
L 0 0 E,BMK"rm@,VMZ"Fm[ (/\f) i
Now, suppose that
B = (,Bl/ "/,Bllﬁ2/" -152/" -/ﬁL/' . '/ﬁL)/
——— —— ——
mq times my times mp, times
and
V= (1/1,. VU V0,0, VT, .,UL).
mq times my times my times
Then, it follows from (35) that, foreach ¢/ =1,...,L,
Eg,v, (It5 ;)
- tﬁfE’a " (AtP0) flmg— )ﬁ/E m/ 2) (/\ifﬁ") flmp— 1),3“S mg 1) (/\ tﬁ)
Eﬁwi()\ﬁtﬁ[) = 1 (mz 2) (me 1)
plmg— 3);;E(me 3)(/\ B0) plmg— 2);5E("le )()\ )
By, ¢ By, ¢
0 Ep,,, (AtP) = =y
= . , (36)
tPLE] V thﬁi)
0 0 Eg, v, (AetP?) Pt
[0 0 0 Eg, v, (AgtP?)
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where [t8¢ = diag(tPt, ..., tP¢) is a diagonal matrix of size n; x m,.
The latter implies
sPe—ve sPe—ve sPe—ve
sPe—r,  (sPe—ap2 T (sPe—ag)me
0 sPev _ Pt
L[ItBFV"EB/,Vé(fB‘]g)](S) = she—rg 0 (SPe—apme T, 0 =1,...L. (37)
sl
0 0 —

We note that, in general, MEg (A + N)M ™! is not the same as E (Z) unless vector
indices B and V have equal components. Indeed, using the equality

Z" = M(A+N)"M™,

one obtains

Egy(Z) = i (IF(nB + V)) Y (A+N)" M #£ MEgy(A+N)M™!
n=0

-1
since matrices (I I'(nB+ V)) and M do not commute. It is not difficult to verify that

these matrices commute if and only if vectors B and V have equal components. In this case,
the following theorem holds.

Theorem 1. Let B=(B,...,B), 0<p<1,andV = (v,...,v),v > 0. Then,
1. for the matrix-valued ML function Egy,(Z), the following representation is valid

Epy(Z) = MEgy(A+N)M™Y;
2. the following Laplace transform formula holds
LIV Egy(1182))(s) = 1PV (1s2 — 7)1, (38)
whereV —1= (v—1,...,v—1) and It? = diag(tf,. .., tP).

Proof. We need to prove only part 2. Using the definition (32) of the ML function, we have
o0 -1
ﬁ[ltv e (1t52) } Z (IF (nB +V) ) L[It"BW—l}Z", (39)

-1
since matrices ItY 1 and IT (nBB + V)) commute under the conditions to B and V. Further,

using the well-known relation £[t?](s) = T'(p +1)/s**!, we obtain
L[ItV g (1t52)|( } =I5 Z { _"BZ”} = 1sBV(1sB - 7)Y, (40)

completing the proof. [

2.6. Matrix-Valued Operators with Singular Symbols

In this section, we describe matrix-valued operators F(A) on the right-hand side of
system (1). Let A be a closed linear operator with a domain D (A) dense in a reflexive
Banach space X and a nonempty spectrum ¢(A) C C. Assume that the entry fjx(A) of the
matrix-valued operator F(A) has the symbol fj(z), z € C, analytic in an open connected
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domain G C C.If ¢(A) is bounded and G contains ¢(A), then one can define the operator
f]-k(A) as (see, e.g., [1,32])

(A /f]k R, AL, jk=1,...,m, 41)

where 1 is a contour in G containing 0 (A), and R({, A), { € C\ o(A), is the resolvent op-
erator of A. Representation (41) is not valid if fj(z) has singularities on the spectrum c"(A).

In the case that f has singular points in the spectrum ¢(A) of the operator A, the
corresponding operator f(A) can be constructed as follows. Denote by sing(f) the set
of singular points of f on c(A). Let D be an open set in C containing ¢(A). In particular,
if 0(A) = C, then D = C as well. Consider an open set G C D\ sing(f). Let0 < r < +o0
and p < r. Denote by X, the set of elements x € My>1D(AX) satisfying the inequalities
| Akx|| < Cu¥||x|| for all k = 1,2, ..., with a constant C > 0 not depending on k. A sequence
of elements x, € X, n = 1,2,..., is said to converge to an element xg € X, if |x, — xo|| — O,
as n — oo. It is easy to see that X, C X,,, if u1 < pp, and this inclusion is continuous.
Denote by X 4 , the inductive limit of spaces Xyaspu—r,ie.,

X4, = ind-lim X,,,
Ar n—r H

meaning that X 4 , = Up<, <, X, with the strongest topology. For basic notions of topological
vector spaces including inductive and projective limits, we refer the reader to [33]. The
space X 4 , is called a space of exponential vectors of type r (see, e.g., [34,35]) associated
with the operator A.

Let Ay = A — Al where A € G, and denote by X4 ¢ the space whose elements
are locally finite sums of the elements in X4, ,, r < dist(A, 9G), with the corresponding
topology. Here, dist(A, 0G) is the minimal distance between the point A and the boundary
of the domain G. By definition, any u € X4 ¢ has a representation

my

u=Yy uy, uy € XAy 1

where A, € G, and m,, is a finite number.

Now, we can define operators f(A) with symbols f(z) analytic in the domain G.
Recall that f(z) may have singular points on the spectrum ¢(A), but G does not contain
singularities of f(z). As an analytic function in G, f(z) has the Taylor expansion

z) = i f(n;i'()\)(z—)\)”, AeG,
n=0 :

convergent in any open disc |z — A| < r, where r < dist(A, dG). Therefore, the operator
fa(A) defined as

(A
f(A)uy = Zf .()AA (42)

n=0

on elements u) € Xy, , is well defined. Indeed, we have

12 (A uA||<cZ U )

< Cllua| Z |f )| p'<oo, u<r. (43)
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Finally, for an arbitrary u € X, ¢ with the representation
u=Y uy, uy€Xa,r (44)
AeG
the operator f(A) is defined by the formula
f(Au= ) fa(Auy, (45)

AeG

where f) (A)u, is defined in (42). Using estimate (43) and representation (45), it is easy to
show that the operator f(A) is well defined on the space X4 ¢.

Further, suppose that there exists a one-parameter family of bounded invertible opera-
tors E) : X — X such that

Ay =E\AE', A€ G. (46)

Example 1. Let X = Ly = Ly(R) and A = —i% : Ly — Ly with domain D(A) = {v € Ly :
Av € Ly}. Then, for operators Ej : v(x) — e**v(x), we have

_ d iAx _ iAx - JIAX dv
AE)v(x) = i (e v(x)) = AeMv(x) —ie I
= AE u(x) + EyAv(x), x€R,
obtaining (46).
It follows from (46) that
Al = E\A"E,Y,
foralln =1,2,...,yielding
- f(n) (/\) nyr—1
f(A)u = AZG ZO AU g (47)
eGn= :

Recall that, here, the sum with respect to A is finite.
The operator f(A) defined in (45) maps X4 ¢ to itself. Namely, the mapping

f(A): Xac — Xac

is continuous. Indeed, let u € X ¢ have a representation u = Y ) u), uy € Xa, ,. Then, for
f(A)u, we have the estimate

4 < 3 EE - a1y A

< max |f(2)|[[A5urll < Cpfllual, (48)
|z—Al<r

with some constant C > 0 and y < r. The latter means that f)(A)u, € X4, ,. Therefore,
f(A)u has a representation }_, v, where vy = fy(A)uy € Xy, », implying f(A)u € X, c.
The estimate (48) also implies the continuity of the mapping f(A) in the topology of X4 ¢.

Remark 1. If the spectrum of the operator A is discrete, then X4, , consists of all linear combi-
nations of eigenvectors and associated eigenvectors corresponding to eigenvalues Ay in the disc
|A — Ax| < 1, and the space X 5 ¢ is their locally finite sum.
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Finally, it follows from the construction above that a matrix-valued operator F(A)
with the matrix symbol F(z) = {f;(z), k,j = 1,...,m}, analytic in the domain G, is well
defined on elements of the direct product space

X p— X . e X ,
A,G AGY - QXAG

m times

with the corresponding direct product topology. Moreover, the mapping
.F(A) : XA,G — XA,G (49)

is continuous.
We note that the space X ¢ is relatively narrow. For example, if A = (—ia%, e, %)

acting in the space Ly(R"), then the corresponding space X, ¢ is the direct product of the
space of functions analytic in G C R". However, the duality construction allows us to expand
the introduced spaces and consider wider classes of fractional-order systems. Let X* denote
the dual of X, and A* : X* — X* be the operator adjoint to A. We denote by X;l* o+ the
space of linear continuous functionals defined on X4 ¢, with respect to weak convergence.
In other words, X;x*,c;* is the projective limit of spaces X;\.;,r' which are dual to X4, , with
the coarsest topology. Continuing the example A = (_iaaTl' e —i%), Now, one can see

that the corresponding space Xiq* o+ gives rise to the space of analytic functionals (Sato’s
hyperfunctions; see, e.g., [36]). /

For an analytic matrix symbol F(z) defined on G* = {z € C : z € G}, we define a
matrix-valued operator F(A*) as follows:

< F(A"u*, v >=<u*, FI(A)v >, Yo € Xag, (50)

where FT(A) is the matrix-valued operator with the symbol F(z) analytic in G, and u* is
an element of the space X’ / « g+, dual to X . By construction, as a dual to the space of the

direct product, the space X ” o+ represents the direct sum

! / /
XA*,G* — XA*,G* @ e GBXA*,G*'
m times

with the corresponding topology. It follows from (49) that the mapping
F(AY) : Xy oo — X o (51)

is continuous. Indeed, assume that a sequence u;, € X " o+ converges to 0 in the topology

of X/, o+~ Then, for arbitrary v € X4 g, we have
< F(AYU, v >=<ul, FL(A)v >=< u},w >,

where w = FT(A)v € X4 ¢ due to (49). Hence, F(A*)u}; — 0,as n — oo, in the topology
of X « G+, Obtaining the continuity of mapping (51).

3. Main Results

Below, we derive representation formulas for the solutions of fractional-order systems
of differential-operator equations. We demonstrate the derivation in the case of the Caputo
fractional derivative. For the sake of clarity, we start with the case m = 2 and then
the general case. The case of the Riemann-Liouville fractional derivative can be treated
similarly (see Section 4).



Fractal Fract. 2024, 8, 254

13 of 37

3.1. Fractional Multi-Order Systems of Differential-Operator Equations: m = 2

In this section, we demonstrate the formal method of obtaining the representation
formula for the solution of time-fractional arbitrary multi-order systems of differential-
operator equations in the particular case of two equations. Namely, consider the system

DBU(t) = F(AU() + H(t), (52)
where B = (B1,2),0 < B1 < B2 < 1, H(t) = (hy(t), ha(t)) is a given vector-valued

function, and
_ [f1(A) fra(A)
r = [n(3) 7o) ®

with the initial condition
UO) == (¢1,92), (54)

where @ € X, ;. We assume that G does not contain the roots of the equation
Az) = fu(2)f2(2) = fa(2) fra(2)) = 0.

To find entries of the solution operator S(t,z), we consider the homogeneous counter-
part of system (52), writing it in the explicit form

{Dflul (1) = fu(A)ui(t) + fra(A)ua(t),
DP?uy(t) = far (A)ur () + fra(A)ua(t).

Applying the Laplace transform and replacing A with the parameter z, we have

{(Isﬁ] — f11(2))L[u1)(s) — fro(z) L[uz)(s) = 1IsPr gy, 5
—fo1(2) L[uq] (s) + (IsP2 — fo(2)) Lluz](s) = IsP2 1y,

The solution of system (55) is

Llm)e) = grgy (mEDe +a(s2)02) 2€G> () 56)
Llus)(s) = ‘Y(:,z) (qz(s,2)<p1 + Pz(S,Z)(pz), z€G,s > r.(2). (57)
where
Y(s,z) = shrtbz _ s/“o’zfn(z) — S‘Blfzz(Z) + A(z), (58)
p1(s,z) = PPl —sProlpn(z),  gi(s,z) = P21 fia(2), (59)
pa(s,z) = PPl — Pl (), ga(s,2) = P17 o (2), (60)

and r,(z) is the real part of the roots of the equation ¥ (s, z) = 0. This solution is uniquely
defined, since, by assumption, GNQ = @, where Q = {z : ¥(s,z) = 0}. We have
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1 1
Y(s,z) N 52 (5ﬁ1 — f11(2) _fzz(z)sﬁﬁﬁz + A(z)s*ﬁz)
B 1
- fo(2)sP17P2—A(z)s P2
o2 (01— fu(a)) (1 - BT )

_ 5 (P () - A"
k=0 sh2 (5/51 _fll( ))k+1

= i ( >f22( )( (Z))kij (S;kﬁzf+jilz);2k+1' (61)
= T—Jn

For s > r,(z) large enough, the inequality
s~ kB2+jB1—p2
st — fu(z)

is verified, and, therefore, the series in (61) is convergent. Now, for the solution of sys-
tem (55), we have

<1

o K —j g kP2tiP1—p2
9= 1Y (5) ke (-a@) s e G20, 62
k=0j=0 (sﬁl —fll(z))

s~ kBa+jp1—p2
o7 192(5,2) @1 + pa(s, z) 2] (63)
(P - fu(2))

- EEC)(-ne)

Consider the expressions

s_kﬁ2+jﬁl_ﬁ2 S,z
Pi(s,z) = pl(kﬂ)r Qi(s,z) =

(Sﬁ] —f11(2)>

S_k.B2+j‘Bl_.52ql (S/Z)
k+1 7
(Sﬁl —fu (Z))

and , ;
kaﬁZ“’]ﬁl*ﬁsz(slz) sfkﬁZ‘H:Bl*,BZqz(Slz)

DPr(s,z) = , Qo(s,z) = .
e (5&*](11(2))]“rl o (Sﬁlffn(z))lwrl

Further, let
ij = kﬁg - ],31

Since B, > B1 and k > j, we have vk > 0, if k > 1, and vy = 0. Taking this into
account, we obtain

1 5/31_1 f22(z) 5/31—1
Pi(s,z) = s k1 vt k+1
j (sﬁl fll(Z)) sVkith2 <5ﬁ1 _fu(z))

Now, taking the inverse Laplace transform, due to formula (21), we obtain

kP kg1
LR 2] (0) = 195 R fi1(2)) — fon2) P LD (681 (2).
Similarly,

4 tRPrHP— K

QD0 = @B, (101 (2)),
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o tRPITAT k)

k! E[glrﬁl (71 fus (Z))}

-1 . — Vki B1 _ JVii
L7 [Py(-,2)|(t) = ] E (f f11(2)) — fui(z)]"%

and

5
(4 2)](t) = fan(z)] witpal i (f’glfu( ),

It follows from (62) and (63) that the entries S;(t,z),j,1 = 1,2, of the matrix symbol
S(t,z) have representations

s = £ 103 () hto (-2 ™ [ (27 5 o)
— f(@) ] P (HBER (11 £y (2)) )|
= <I—f22(z)]ﬁ2)k§) (fzz(z)]ﬁrﬁ1 —A(z )]ﬁ2> [ I;f] Eg, (P fu (2 ))}, (64)

st = o) £ (£) (- 60) e (4986, 1)
= fi2(z é(fzz (z)]F>~ P — A(Z)fﬁz) (tﬁl;ﬁl Eé?ﬁl(tﬁlfn(z)))f (65)
5n(t,2) —fz1(2)§0,3,§< ) rlala) (= (@) (9 i 2)

[ee] kﬁl
= @ Y (farP 0 - a@P) 2 (LLED ), 6o

St = YA Y (5o (@) [ (PP e )

0
— fu@) P (FEPIER, (P £ (2)) )],

© tkB1
= L (@) s @17) [ B 0P (=)
kB1+pB1
— @ (R, (£ (2)) | (67)

Thus, we prove the following theorem.
Theorem 2. The formal solution to system (52), (54) has the representation
t
U(t) = S(t, A)d +/ S(t—1, A)DYBH(1)dT
0

where S(t, A) is the matrix-valued solution operator with the matrix symbol S(t,z), the entries of
which are defined in (64)—(67).
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Theorem 3. Let f15(z) = 0. Then, the solution operator S(t, A) has the matrix symbol with

entries
Su(t,z) = Eg, (71 fi1(2)), Sia(t,z) =0, (68)
Sou(t,2) = for (z)(Eﬁl(tﬁl fn(z))> * (tﬁz—lgﬁZ,ﬁz(tﬁz f22(z))), (69)
Sn(t,z) = Ep, (7 f(2)), (70)

“u

where “x” is the convolution operation.

Proof. The fact that S15(t,z) = 0 obviously follows from (65). Now, we show the equality
for S11(t,z). First, we notice that fip(z) = 0 implies A(z) = f11(2z) f2(z). Taking this
fact into account and utilizing the semigroup property [3,10] of the fractional integration
operator JP, we can express Sy (t,z) in the form

Sult2) = (1= ()% 5 (PP — fue) @)1 [ B 1 i)

k=0

= (1= fo(=2))) z(fzz< )P (1= fug?) [—ﬂ# (th1fn(2))], 71)

where [ is the identity operator. Now, due to Lemma 1 with v = 1 and y = f11(z), one has

<I—f11( )]ﬂ1> {kiﬁ' Eg, (P fua (2 ))} = J*P1Eg, (t7 fu1(2)), (72)

valid forallk =0,1,.... Thus, (71) reduces to
© k
Sul(tz) = (1 *fzz(Z)]ﬁz) ) (f22(2)]ﬁ2_ﬁ1) ]kﬁlEﬁl(tﬁlfn(Z))
k=0

= (1= f2@1%) X (Fa@ P 018) By, (1 fun(2)), (73)

k=0

Since . . »
I;) (f22(2)1ﬁ2> = (1 —fzz(Z)]ﬁz)

it follows from (73) the desired equality for Sy (t,z) in (68).
Now, we show the validity of (69). Taking into account A(z) = f11(z) f22(z), we rewrite
S»1(t,z) in (66) in the form

S21(t,z) = f21(2) (fzz( )JPh *fn(z)fzz(z)]ﬁz)k]ﬁz(%Eg)(fﬁlfn(z)))

= fal(z ) (fzz( )fﬁz_ﬁl)kfﬁz(l —fnfﬁl)k(%Eg)(tﬁlfn(z))),

I Mg 7[\18

Using the relation (72), we have

$n(42) =fn () (I~ f2(2)]") " 12Ep, (9 fu (2))

Further, due to Lemma 2 (see Equation (27)) with 1y = f11(z) and p» = fan(z), we
obtain relation (69).
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Similarly, Sy, (t,z) in (67) can be written as

) k
Sp(tz) =Y (fzz(z)]’grﬁl — Az )]ﬂ2> [ ]j (tﬁlfll( )

k=0

kB
—fll(Z)f( ﬂ1ﬁ1( L(z )))}
= Z (fzz (z)]P2~ ﬁl) ( fnfﬁl) ( i ,31 5 (1 f11(2))

thB1+p1-1 £®)

~ (@] ——Efp, (P fu(2).

Finally, using Lemma 1, we obtain

$2(t,2) = (1- fal2)]f2) " (Epy (%1 1(2)) ~ fn (=) By, (1 f (2)))
= Ep, (t7f2(2)).

In the last step, we used relation (27) with 1y = f11(z) and pp = fo(z). O

Remark 2. Theorem 3 states that the representation formula presented in Theorem 2 coincides with
the representation formula obtained in [18] for the solution of fractional-order systems with a lower
triangular matrix-valued operator.

3.2. Fractional Multi-Order Systems of Differential-Operator Equations: m > 2

The method demonstrated in the previous section for m = 2 works, in fact, for an
arbitrary number of equations. To derive the solution operator, consider the homogeneous

system
DBU(t) = F(AU(t), t>0, (74)

with the initial condition
U(O) =P c XA,G‘ (75)

Here, B = (B1,...,Bm),0 < ﬁj <1,j=1,...,m,is an arbitrary vector order. We
can assume, without loss of generality, that f; = min{Bs, ..., B }. Applying the Laplace
transform and replacing A with a parameter z € G, we obtain

(IsB — F(2)L[U](s) = IS5 1o, (76)

where Is? = diag(sf1,...,sP). This is a system of linear algebraic equations dependent
on parameters s € C and z € G. The determinant of the matrix on the left has the structure

¥(s,z) = det(Is® — F(z)) = slFl + G(s,2) + (—1)"A(2),
where |B| = B1+ -+ + Bm, A(z) = det F(z) and G (s, z) has the form
G(s,2) = g1(2)sP1 + - - - 4 gu(2)sPm + g12sP1 P2 4 qi3sP1HPs o o(z)sP2t P (77)
In other words, G(s, z) is the sum of functions of the form

Zgﬂé (Z)sﬁap+"'+ﬁaq’
14

where & = (ocp, .. .,aq), 1 < p < g < m, is a multi-index taking values in the subsets
of the set {1,...,m} except (1,...,m); the function g,(z) is the sum and multiplication
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combination of entrees f};(z) of the matrix symbol JF(z). Let 7. be the real part of the largest
root of the equation ¥ (s, z) = 0. Then, for s > r,, system (76) has a unique solution

L[U)(s) = (Is® — F(2)) '1s® o, (78)
It follows that the solution operator has the matrix-valued symbol
S(tz) =L, [(IsB - f(z))—lrsﬁ—l}. (79)

The components of the solution have the structure (as an implication of the well-known
Cramer’s rule)

Pj(s, z)
Y (s,z)’
where u; = u;(t) is the j-th component of U/ (t) and P;(s, z) is the determinant of the matrix

obtained by replacing the j-th column of the matrix Is® — F(z) with the vector Is5~1®. The
latter can be rewritten in the form

Llu;](s) = j=1,...,m,

cluls) = 32

=1

j=1,...,m, (80)

where ¢;,1 = 1,...,m, are components of @, and functions pﬂ(s, z) have form (77). Let
B« = B2+ -+ Bm. We have

1 1
Y(s,z) o (sﬁl +g(z) — g(s,z)s P+ + (-UmA(Z)Sfﬁ*)

where g(z) is the coefficient in the term g(z)sP2++Pm in (77) and
g(s,2) = —G(s,z) + g(z)shP2tFhm,
Further, similar to the case m = 2, we represent 1/¥ (s, z) in the infinite functional

series form

1 1

= S,z S_ﬁ* -nm z S_IS*
Y(s,z) B (sﬁl +g(2)) (1 — &) 5;&;()2)& : )

k
o (g(s,2) + (=1)"A(z)) s~HP+—P-
s s

(81)
= (Sﬁl N g(z)) k1

For s > r,(z) large enough, the inequality

8(s,2)s 7P + (“1)"AR)s P | _
sP1+ ¢(z)
is valid, and, therefore, the series in (81) is convergent.
Further, it follows from (80) that
m
_ p]'l(s/A) .
(t) = ! Loj=1,...,m.
i =Fe (B o 1=t

Hence, the matrix symbol of the solution operator S(t, A) has entries

[sz(srz)

_ r—1 N
Sjl(trz)*‘cs%t T(S,Z)](t)’ ],l—l,...,m.
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Now, using (81), we have

k
o pii(s,z)(8(s,z) + (—1)"A(z) ) skb<F-
sit(s,z) = Llsu(t,2)](s) = ) ! ( = ) .
k=0 (5/31 +g(z))

Taking into account the fact that g(s, z) and functions pj; (s, z) can be represented in
form (77), we can write the expressions pji (s, z)(g(s, z) + (—=1)"A(z))X, j, I =1,...,m, as

Y Qujik(z)sTil%, (82)
o

where Q, ;1 x(z) are the sum and product combinations of f;(z) and exponents v ;;x
depend on the sum combinations of B, ..., B and their multiples. Therefore,

gVejitk— (K1)
k+1°
(5 +2(2)

Further, let v, ;1 = (k+1)B« + B1 — 1 — 74,1k By construction, v, ;;x > 0 for all
indices «, j, I, k. Then,

sii(s,z) = ZZQa}lk

e P11
Sjl(tlz) = ZQa]lk s*)t k1
0« Vil (sﬁl + g(z))

kf
© ) tklgl )

= Y Y Qujpk(z)] itk lk,Eg?(—tﬁlg(z))}, jl=1,...,m  (83)
k=0 « :

Hence, the solution to Cauchy problem (74), (75) has the form
U(t) =St A, (84)

where S(t, A) is the matrix-valued solution operator with the matrix symbol S(t,z) defined
by (83).

Theorem 4. Let B = (B1,...,Bm), where Bj € (0,1),j =1,...,m,arbitrary numbers and p, =
min{By,...,Bm}. Let A bea closed operator defined on a Banach space X, and the set G satisfies
the condition G N Qo = @, where Qp = {z : ¥(s,z) =0}, € X4, H(t) € AC[Ry; Xa ),
and D~ BH(t,x) € C[Ry; Xa gl

Then ,forany T > 0, Cauchy problem (1), (2) has a unique solution U(t) € C*[(0, T]; Xa,c] N
Cl[0, T}; X4 ), having the representation

t
Ut = S(t,A)CD—l—/S(t — 1, A)DYBH(1)dr, t>0, (85)
0

where S(t, A) is the solution matrix operator with the matrix symbol S(t,z) defined in (83).

Proof. The representation (85) follows from (84) and the fractional Duhamel principle [10,37].
Let

v(t)

S(t,A)®, (86)

t
/St—TAD1 BH(t)dt, t>0. 87)
0
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It follows from (49) that V(t) € X, for every fixed t > 0, continuous on [0, T],
and infinitely differentiable on (0, T) in the topology of X4 ¢ due to the construction of
the solution operator S(t, A). Similarly, by virtue of the continuity in X4 ; of operators
with symbols analytic in G (see (49)), for each fixed ¢, we have W(t) € X4 ¢ for each fixed
t € [0, T]. The continuity of W(t) on [0, T] in the variable t and its infinite differentiability on
(0, T) follow from the construction of the solution operator S(t, D) in the standard way. [

Theorem 5. Let X be a reflexive Banach space with the conjugate X*, A be a closed operator
with a domain D C X, and F(A) be a matrix operator with the symbol F(z) continuous on G
and satisfying condition G U Qy = @, where Qy is defined in (115). Assume that ¥ € X, G
H(t) € AC[Ry; X} ], and DI BH(t) € C[R; X): gl Then, for any T > 0, Cauchy
problem

DBV (1) = F(A)V(t) +H(t), t>0, (88)
V() =Y, (89)

has a unique solution V (t) € C[(0, T]; X}, .] N C[[0, T]; X}« -], having the representation

t
V(t) = S(t, A*)¥ + / S(t—7,A")DY PH(t)dr, >0, ©0)
0

where S(t, A*) is the operator with the matrix symbol S(t,z) defined in (158).

Proof. We note that elements DBV (t) and F(A*)V(t) belong to the space X', Lo if V() €
X A*,G* for each fixed t > 0. This fact follows from the definition of the fractional derivative
DB and Theorem 4.

We show that V(t) defined in (90) satisfies the following conditions:

(DBV (1), ®) = (V(1), FT(A)®) + (H(t),®), t>0, (91)
(V(0), @) = (¥(x), D), (92)

where FT(A) is the conjugate transpose of F(A*), for an arbitrary element @ in the space
X,G- Indeed, to prove this fact, let us first assume that H(t) = 0 (as an element of X, .)
for all t > 0. Then, (91) takes the form

<[D§5(t,A*) - f(A*)] V(t),cb> = <V(t), [DfS(t,A) - f(A)]qu> =0, (%)

for each fixed t > 0. The operator S(t, A) is constructed so that DBS(t, A) — F(A) =
0, which implies [DBS(t, A) — F(A)]T = 0, as well. Indeed, if V(t) is a solution to
Equation (74), then it follows from representation (84) that DBV (t) = DBS(t,A)® =
F(A)® for any fixed @ € X, . This implies the equality D5S(t, A) = F(A). Thus,
Equation (91) is valid for all @ € X4 ;.

Further, it follows from the construction of the operator S(t, A) that the symbol S(t, z)
att = 0 reduces to the identity matrix. Therefore, the operator corresponding to the matrix
symbol §(0,z) is the identity operator. Hence, V(0) = S(0, A*)® = @. Thus, equality (92)
is also verified.

In the general case, for non-zero H(t), representation (90) is an implication of the
fractional Duhamel principle [10,37]. O

Remark 3. Obtaining closed-form representations for Qu 1 x and vy x in the general case is
possible, but it is very cumbersome. In the case of m = 2, see (64)—(67).
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3.3. Fractional Multi-Order Systems of Differential-Operator Equations with Triangular
Matrix-Valued Operators

If the matrix symbol F(z) in system (1) is a lower or upper triangular matrix, then
representation (83) is significantly simplified. See Theorem 3 in the case of a lower triangular
matrix for m = 2. In this section, we derive representation formulas for the solution for
arbitrary m > 2. For fractional systems of pseudo-differential equations with lower or
upper triangular matrix symbols, the representation formulas are presented in paper [18].

Assume that B is an arbitrary multi-order with components f; € (0,1), k=1,...,m
and F(z) is a lower triangular matrix symbol. Then, system (76) takes the form

sP1— fi(z) 0 L[uq](s) sPile
—fa(z) P2 fzz( z) ... 0 Llug](s) | _ | sP g
@) —f(®) o P fun(@)] (Ll )] 5P

The latter implies the following recurrent relations:

5131*1
Linl(s) = o (94)
LB,

In order to represent the solution (95) through ¢y, ..., ¢u, we introduce the following
notations. Let 7 = {k,k —1,...,k — j}, where k and j are integers satisfying conditions
1<k<mand1 <j <k, respectively. By 7;, 1 <1 < j—1, we denote the set of subsets
of T such that, from 7T, exactly I numbers except k and k — j are removed. Then, for
L{ugl(s), k =2,...,m, in (95), we have

sPi1 L
Liud(s) = 35— ﬁZZ / Qe k=2,...,m, (%)
sPe— fu( j=1i=1 T1 (sﬁr—fn(z))
TeT;
where P, k =2,...,m, j =1,...,k—1, are the multiplication and sum combinations
of functlons fru, T= ko= 1 ,v — 1. Now, making use of formula (19) and the
convolution formula for the Laplace transform, it follows from (94) and (96) that
u1(t) = Eg, (fir (A)tP1) gy, (97)
u(t) = Eg, (fiac(A)tPF) gy
k=1j-1 _ .
+ Z Pk]l( )Eﬁk /(fk —jk— ]( )tﬁk*]) *( HtﬁT Eﬁrﬁr(fr'r( )t'Br)> Pr—js (98)
j=11=1 Trii
k=2,...,m,

where |7 is the fractional integration operator (see (11)) of order v > 0, “x” is the convolu-
tion operation, and ”*[]” is the convolution product. Thus, the solution of homogeneous
Cauchy problem (74), (75) has the representation

Ut) = S(t, A)o, (99)
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where S(t, A) is the solution matrix operator with the matrix symbol S(t,z) with entries

0, ifj >k,
(t2) Eg, (fix(z)tPr), ifj=k, (100
Skjlb,2) =41 , oy
L P (2)Eg (i ()P (T 7  Epp (fre(2)tB)), i <k
= TET
T#Ek—j

Similarly, if the matrix symbol F(z) is upper triangular, then the components of the
solution U (t) take the form

wm(t) = Eg,, (fr (AP ) oy, (101)
u(t) = Eg, (fie(A)tP%) gy
m m—j—1
+ ; 12 Qxji(A)Eg, (fij (AP ) (* [Tt "Ep,p, (fw(A)tﬂ”)) @;, (102)
j=k+1 =1 VVEZ;

k=m-1,...,1,

where Qk]-(A) are operators obtained from f,,(A),v =k,...,m =1,y = k+1,...,m,via the
product and sum combinations and P, is the set of subsets of the set P = {k,k+1,...,m}
such that exactly I (1 < [ < m — k — 1) numbers except k and m are removed from P.
In turn, the matrix symbol of the solution operator in representation formula (99) takes

the form
0, ifj <k,
Eg, (fix(2)tP), itj=k
Skj(t,Z) = § m—j-1 8; 1 . (103)
L Qui(2)Ep, (f(2)tF1) = (o T #97 Epp, (fun(2)t™)), i) > k.
= vETP)
vE

3.4. Commensurate and Non-Commensurate Rational-Order Systems

If all components of the vector-order 5 are equal, then the transformation of the matrix
symbol F(z) to the Jordan canonical form can be effectively utilized in the derivation of
representation formulas for the solution. Theorem 1 serves as an important mathematical
basis for such an approach. If all components of B3 are rational (not necessarily being equal),
then this case can be reduced to the case with equal components, but at the cost of an
increased number of equations (see [18]). We note that both these cases were presented
in [18] for time-fractional systems of pseudo-differential equations. Below, applying the
same technique presented in [18], but not providing explicit details, we generalize it for
fractional-order systems of differential-operator equations, which significantly expands the
scope of application.

Let F(A) be the matrix-valued operator with the matrix symbol F(z), z € G, whose
Jordan normal form is

J1(2) 0 0
M7 (D) F@M@E) =A@ +N=| © J{@ L (104)
0 0 Ji(2)

where M(z) is a transformation matrix invertible at each z € G, and J,(z), £ =1,...,L, are
Jordan blocks corresponding to eigenvalues Aq(z),..., AL (z) of the matrix

F(z) = M(z) (A(z) + N)M—l(z).
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First, we derive a representation formula for the solution operator of the initial value
problem for system (1) in the homogeneous case

DBU(t) = F(A)U(t), t>0, (105)
uo) = o, (106)
or due to (104) equivalently
DBU(t) = M(A) (A(A) + N) MY AU, t>0, (107)
u(0) = &, (108)

where M(A) is the transformation matrix operator with the matrix symbol M(z).

In order to solve problem (107), (108), we use the operator approach, considering
the following system of ordinary fractional-order differential equations dependent on the
parameter z € G :

DBU(t,2) = M(z) (A(z) + N) M l(z)U(t,z), t>0,z€G, (109)
u,z) = ¥, (110)

assuming that ¥ is a vector of length m. Since all components of B are equal, the matrix-

valued operator I DB = diag(Df e, D’f ) commutes with M(z), and therefore system (109)
can be expressed as

M(z) IDB M~1(z)U(t,z) = M(z) (A(z) + N) M Y(z)U(tz), t>0,z€G, (111
Denote V(t,z) = M~!(z)U(t,z). Then, we have the Cauchy problem

DEV(L,2) = (A(z) +N)V(tz), t>0,z€G, (112)

V(0,2) = M(2)¥. (113)

Now, applying the Laplace transform in the vector form (12) to both sides of sys-
tem (112), we obtain

IsBL[V](s) = IsB~I1M(2)¥ + (A(z) + N)ﬁ[V] (5), $>0,&€C.

where I8 , IsB-1 are diagonal matrices with diagonal entries sPi , sPi1 j=1,...,m, respec-

tively. The latter implies a system of algebraic equations with parameter z € G :
[153 - (A(z) - N)] L[V](s) = IsB1M(2)¥. (114)

Let
Qo = {z € C: det [IsB — (A(z) - N)] =0,¥s > 0}. (115)

If GN Qo = @, then system (114) has a unique solution
L[V](s) = N(s,z)M(2)¥, (116)

where

-1

N(s,2) = [153 - (A(z) - N)] Is8-1, 117)
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This matrix has the block diagonal form

S1(s,2) 0 0
N(s,z) = 0 Sa(s,z) ... 0 )
0 0 .. Si(s,2)

with the blocks Sy(s,z),¢ = 1,...,L, of size my corresponding to the eigenvalue A, of
multiplicity m, :

5/571 sﬂ71 5/571
sP=Ap(z)  (sP=Ap(2))2 T (sP—Ag(2))™
O S‘B71 Slﬂ*1
Sy = sP=Ae(z) T (P-A)™ |, £=1,...L.
.ﬁ;.l
0 0 T

Further, applying the inverse Laplace transform, taking into account (19) and (21),
and returning to U(t,z) = M(z)V(t,z), in accordance with Theorem 1, we have

U(t,z) = Eg(ItBF(2))® = M(Z)EB((A(Z) + N)tB)M_l(z)cb, t>0, (118)

where Eg ((A(z) + N)t8 ) is the block diagonal matrix of the form

EB((A(Z)+N)tB) — ) (119)
0 E‘g(tﬁ]L(Z))
with blocks
[ tBEL (A, (2)tF) tme=DBE (3, ()18 ]
Eg(Ag(2)tF) —2or—— ... (fj%_l;! :
tm=2BEC" ) (3 (2)16)
B 4
Eg(tfrz)=| O Es(@f) .. T . (20)
i 0 0 Eg(Ae(2)tF) |
for/{=1,...,L.
Thus, the solution of problem (105)-(106) has the representation
U(t) = S(L AP, >0, (121)

where 5(t, A) is the solution matrix operator with the matrix symbol
S(t,z) = Eg(It°F(2)) = M(z) Eg(F(Az) + N) ) M7'(z), t>0,z€G.  (122)

Now, let us consider the incommensurate case B = (B4, ..., Bm), with rational com-
ponents B; = g;/p; € (0,1), where p;, q; are positive co-prime integers. Let p be the
least common divisor of numbers py, ..., pm. Then, one can write p; as f; = n;/p, where
n; = (q;p)/p; is an integer. Therefore, the operator D5 can be presented in the form

1
D*B = (Dfl/-”/Dfm) = ((Df)nl”(Df)nm>
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It follows that, foreach j = 1,...,m, we have

1 1
Df’uj:Df o---o Dluj.

n; times
Introduce a vector function U(t) of length N = ny + - - - 4 11, :

U(t) = (ug(8), ud (£), -, w8, oo (8), (1), ul ™),

1

1
1 . L oni—1 .
where ujl. =D/} Uy u;l’ =D/ u?’ , j=1,...,m.Now, system (105) can be reduced to a

system of N equations with equal fractional-order 1/p derivatives on the left-hand side.
The reduced system has the form

D! U(t) = F(A)U(H), (123)

where [F(A) is the matrix operator with the matrix symbol

F11(z) Fra(z) ... Fiu(2)
R = | T FRlE e el
Fii(z) Fuo(z) ... Fum(z)

whose diagonal block matrices are of sizes n; X n;

0 1 0 ... O
0 0 1 ... 0
]F]](z): el e e e ], j=1,000m,
0 o o0 ... 1
]](Z) 0 0 0

and non-diagonal block matrices are of sizes 1; X 1y

0 o o0 ... O
0 o o0 ... O
F]k(z): I ],k:1,,m
0 0 0 ... O
%(z) 0 0 ... 0

The initial condition for system (123) takes the form

U0) = (91, 0,--,0,92,0,...,0,...,¢m, 0,...,0 ). (124)
ny—1 times np—1 times ny—1 times

Now, we derive a representation formula for the solution of Cauchy problem (105),
(106). We notice that that the characteristic polynomial of F(z),

Py(Az) =det(IAN—F(z)), A€C, zegG,

and the function /i (s, z) = det(Is® — F(z)) are connected through the relationship

h(s,z) = PN(S%,Z), z € G. (125)
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Let A1(z),...,AL(z) be eigenvalues of the matrix F(z) with respective multiplicities
Ui, ..., ur. Then,
L

=TI - Az
1

(=

which implies
L

det (IsB — ]-"(z)) =11 (s% - Ag(Z))W.

(=1
Similarly, we can write the determinant of the matrix F;(s, z), obtained by replacing
the j-th column of the matrix Is5 — F(z) with the column vector Is8~1®, in the form

det(F, Z k sP z) sﬁk 1(pk

where Pji(A,z) is a polynomial in the variable A of order N — n;. Hence, for the j-th
component u;(t) of the Laplace transform of the solution vector /(t), we have

det(Fj(s,z))

Hil(s) = det (IsB — .7:(2))

1
m Py (s?,
-y (7, 2) Frlg,, (126)

L i ) i .
TOEDY ZV; ﬁ# Y (202 @r j=1,.00m

It follows that the solution operator S(t, A) has the matrix symbol S(t,z), whose
entries are

_ ) |
si(tbz2) =Y Y, hﬂ” 1—),Bk+1 (mg(z)), ik=1,...,m (127)

Summarizing, we obtain the following theorem on formal representations of the
solutions.

Theorem 6. Let the eigenvalues Ay(E), £ = 1,...,L, of the matrix symbol F (&) of the matrix-
valued operator F(A) in system (1) have respective multiplicities my, £ = 1,...,L, where my +
-« +mp = m. Then, the solution to system (1), (2) has the representation
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U(t) = S(t,A)® + /Ot S(t—1, A)DL B (T)dr

where S(t, A) is the matrix-valued solution operator with the matrix symbol S(t, z) defined

(a) in(122)if B= (B,...,B) with equal components p € (0,1], and
(b) in(127)if B = (B1,-- -, Bm) with rational components B; = q;/p; € (0,1].

4. The Riemann-Liouville Case

Similar results hold in the case that the fractional derivatives in system (1) are in the
Riemann-Liouville sense. Therefore, below, we briefly formulate the corresponding asser-
tions.

Consider the initial value problem

DRU(t) = F(AU(t) + H(t), t>0, (128)
(T5U)(0) = @, (129)

where DBU(t) = (Dﬁlul t),..., Di’"um (t)), and the matrix operator F(A), vector-valued
elements H(t), and @ are specified below. Using the same technique that was used in the
case of Caputo derivatives, one can show that, in the case of Riemann-Liouville derivatives,
the solution matrix operator S; (, A) has the symbol

S+ (t,Z) = Lil

s—t

{[IsB - ]—"(z)] 1}, t>0,z€GCC. (130)

The following theorems hold.

Theorem 7. Let A be a closed operator defined on a Banach space X, and the set G satisfies the
condition G N Qo = @, where Qq is defined in (115), ® € Exp4 ¢, and H(t) € AC[R4;Exp 4 ]-

Then, for any T > 0, Cauchy problem (128) and (129) has a unique solution U(t) €
C*[(0, T];Exp 4 ] N C[[0, T]; Exp 4 g, having the representation

t
U(t) = S (t, A)D + /S+(t — 1, A)H(7)dt, t>0, (131)
0

where S (t, A) is the solution matrix operator with the matrix symbol S (t,z) defined in (130).

Theorem 8. Let X be a reflexive Banach space with the conjugate X*, A be a closed operator with
a domain D C X, and F(A) be a matrix operator with the symbol F(z) continuous on G and
satisfying condition G U Qo = @, where Qg is defined in (115). Assume that ¥ € 5:4*,(;*/ and
H(t) € AC[R4; &) -
Then, for any T > 0, Cauchy problem
DEV(t) = F(A")V(t)+ H(t), t>0, (132)
JBv(0) =¥, (133)

has a unique solution V (t) € C[(0, T]; £} 5] N C[[0, T]; €} 5], having the representation

t
V(H) = S(t, A*)¥ + / Si(t—1,AH(T)dT, >0, (134)
0

where S (t, A*) is the operator with the matrix symbol S (t,z) defined in (130).
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Concerning representation formulas for the solution in the case of Riemann-Liouville
derivatives, their derivation is similar to the Caputo derivative case. Therefore, we demon-
strate the detailed derivation of the representation formula only in the case m = 2 with
arbitrary multi-order B and matrix symbol F(z), providing the final result for arbitrary
m > 2.

4.1. The Case m = 2 and B1 # B2
Consider the system

DBU(t) = F(A)U(t) + H(L), (135)
where B = (B1,2),0 < B1 < B2 <1, H(t) = (hi(t), ha(t)) is a given vector function, and
fin f2(A
F(a) = Lm A) fo(A (136)
with the initial condition
(' 5U)(0) = @ = (g1,92), (137)

where @ € X, ;. We assume that G does not contain the roots of the equation

A(z) = f11(2) f22(z) — fa1(z) f12(z)) = 0

To find entries of the solution operator S(t,z), we consider the homogeneous counter-
part of system (52), writing it in the explicit form

{Dflm(f) = fu(A)ur(t) + fr2(A)ua(t),
DPuy(t) = for (A)us () + far (A)ua(t).

Applying the Laplace transform and replacing A with the parameter z, we have

{(Isﬁl — fu(2)) L[] (s) — fra(2) L] (5) = 1, (138)
—fa1(2) Lu1] (5) + (IsP2 — faa(2)) L[u2] (5) =
The solution of system (55) is
Llu](s) = ‘I’(;,z) (m(s,z)gm + ql(s,z)goz) z € G,s > 14(2) (139)
Llu](s) = 1},(;/2) (qz(s,z)(p1 + pz(s,z)q)z), z € G,s > r.(2). (140)
where ¥ (s, z) is defined in (58) and
pi(s,2) =P — fn(2), qu(s,2) = fra(2), (141)
pa(s,2) =P = fuu(z), qa(s,2) = fan(2), (142)

and r.(z) is the real part of the roots of the equation ¥ (s, z) = 0. This solution is uniquely
defined, since, by assumption, GNQ = @, where Q = {z : ¥(s,z) = 0}.

Introduce pjx = j(B2 — B1) + (k — j) 2. Obviously, pgo = 0 and pj > 0ifk >0, 0 <
j < k. The entries s; 1(t,2),j,1 = 1,2, of the matrix symbol S, (t,z) have representations

shi(t2) = (1= fu(2)7) Y (Fo(2)1PFr = A2) 152)kw,gl,ﬁl(t,z), (143)

k=0
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sh(t,2) = fa@) (1~ @) Y (fa@ PP - A@E) Wy (12, (44)

k=0

51(62) = fn(2) (1= fa ()12 y (fa(2) /P21 = A(z) ]ﬁz)k]ﬁzwﬁl,ﬁl(t,z), (145)

k=0

Htz) =Y (fo(2)]PPr = A2) ]ﬂz)k[wﬁl,ﬁz(t,z) ~ ()W, 5, (12)],  (146)

k=0

where K1
PRITRITE .
Wp,p,(t2) = ——Egs (F1fu(z), j=12

Theorem 9. The solution to system (128), (129) has the representation
t
U(E) = Sy (t, A)D + / Sy (t—7, A)DY- B (1)dT
0

where S (t, A) is the matrix-valued solution operator with the matrix symbol S (t,z), the entries
of which are defined in (143)—(146).

Theorem 10. Let f15(z) = 0. Then, the symbol of the solution operator has entries

sii(tz) =t 1Eg g (F1f11(2)), S1a(t,z) =0, (147)
s31(t2) = far(t,2) (tﬁl_lEﬁl(fﬁlfn(Z)D * (tﬁz_lEﬁz,ﬁz(fﬁzfzz(z))), (148)
S;Z(tlz) = t/g271E,52,ﬂ2(t'Bzf22<Z))/ (149)

where “+"” is the convolution operation.

The proof is similar to the proof of Theorem 3.

4.2. The Case m > 2 and Arbitrary B

In the case of arbitrary m > 2, following the same approach demonstrated in Section 3.2,
one can derive the representation formula. Namely, instead of Equation (76), one has

(Is® — F(2)) LU](s) = @, (150)
and, therefore, instead of Equation (79), one obtains
S(t,2) = £, ][5 = F(2)) 7, (151)

the symbol of the solution operator. The entries of the latter are

ad 1

Z ZRa k(2L .

s SVailk (sﬁ1 + g(Z))

© | ¢kBrtp '

k;ﬂ; a]lk ) J itk [k!Eg:ﬁl ( — tﬁlg(z)ﬂ, jl=1,...,m (152)

where R, ;) x(z) are the sum and product combinations of the entries of F(z).
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Gp(tP](2))

4.3. The Case m > 2and B = (B, ...,B)

If the components of B are equal, then, again, we can use the Jordan normal form to
derive a representation formula for the solution. In this case, following the method used
in Section 3.4, we consider the system of ordinary fractional-order differential equations
depending on the parameter z € G

DEV(tz) = (A(z) + N)V(t2), t>0, (153)

where the symbol A(z) + N of the matrix operator A(A) + N has a representation in the
Jordan block form (104). Then, for the Laplace transform of V (t), we obtain a linear system
of algebraic equations

(IsB “Az) - N) L[V](s) = M~1o. (154)
If Qo N G = @, then the latter has a unique solution represented through the inverse
-1
matrix N (s,z) = (IsB —A(z) — N) , which has the block diagonal form

S1(s,z) 0 0
S(s,z) = 0 Sa(s,z) ... 0 ,
0 0 .. Si(s,z)

with the blocks Sy(s,z),¢ = 1,...,L, of size my corresponding to the eigenvalue A, of
multiplicity my :

1 1 1
FN@ AR T A
1 1
Sp = 0 Pz T Pyt t=1...L
O O ... m

Now, using formula (22), one can find the inverse Laplace transform of each entry of
matrices Sy, ¢ = 1,...,L. Hence, the solution matrix operator has the block
matrix representation

S(t,A) = M(A)Gg ((A(A) + N)F) M (4),

where the block matrix operator G ((A(A) + N) tB ) has the matrix symbol

GB((A(Z) + N)tB) - ) (155)
0 Gﬁ(tﬁ]L(Z))
with blocks
[ 2B1EL (Ag(2)tF) tme=DB-1EME (3, (2)¢8) ]
BIEgp(A()tF) et T
~ Hme=2BTET (0 (2)1)
_ 0 tP=1Eg g(Ag(2)tF) oy , (156)
i 0 .. 0 f‘BilE‘B,/g(/\g(Z)l‘ﬁ)
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Concluding, the solution matrix operator has the representation

Ut) =S(t, A)®, t>0, (157)
where S(t, A) is the solution matrix operator with the matrix symbol

S(t,z) = M(z) GB((A(z) +N) tB) M (z), t>0,z€G. (158)

5. Some Applications and Examples

Example 2. Time-fractional systems of ordinary differential equations.

Consider the following initial-value problem for a time-fractional system of ordinary
differential equations

DBU(t) = AU(t) + H(t), t>0,
u(0) = U,

where A is a (constant) m x m matrix, Uy = (u9,...,ul) € R™, and H(t) is an absolute
continuous vector function. The theorems obtained above are applicable to this case with
the proper interpretation.

Let B=(B1,.-.,Bm), 0< ,B]- < 1, be arbitrary numbers, Ajk, j,k=1,...,m,be entries
of the matrix A, and d = det(A). Suppose that 1 = min{p, ..., Bn }. Consider first the
corresponding homogeneous system

DBU(t) = AU(t), U(0) = U.
Define the function
Y(s) = det(IsP —F) = sPrtFPu y ggPrtthu 1

The solution to the latter has the form U(t) = S(#)Uy, where S(t), t > 0, is the solution
matrix. The components of S(t) due to Theorem 4 have entries

()

. tkP1 k .

5it(1) = 3 3 Qujitk] ™' [,{,Efﬁ) ( - gtﬁl)] ;o pl=1m, (159)
k=0 « :

where Q, ;1 x are defined similarly to Q, ;; x(z) in (82), replacing f;(z) with a;. In particular,

if m = 2, then

s (t) = (1 —ﬂzzfﬁz)ki (ﬂ?_z]ﬂz_ﬂl —d]ﬁz)k[tl;%Eg? (ulltﬂl)},
-0 :

ad - k tk,Bl +p1—1
S R )
k=0 :

o - k . kB
so(t) = an Y. (a22]ﬁz Br _ d]ﬁz) ]ﬁz(?Eéﬁ)(alltﬁl))/
k=0 :

© 3 krtkBr o thBr+pi—1
sn2(t) = k;) (1122]52 P d]ﬁz) {FEél)(ﬂnfﬁl) - ‘111]<TE/(31),/51(tﬁ1a11))]
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Additionally, if a1, = 0, then
s11(t) = Eg, (antP'), spa(t) =0,
521(t) = ax Eg, (a11tP1) = (fﬁz*lEﬁl/ﬁz(ﬂﬂfﬁz))/ 8§22 = E,sz(ﬂzzfﬁz)-
Example 3. Blood alcohol level problem.

The authors of paper [38] considered the following blood alcohol problem using
fractional-order derivatives in the sense of Caputo-Djrbashian:

{DﬁA(t) = —mA(t),

DFB(t) = 1 A(t) — xB(t), (160)

where A represents the concentration of alcohol in the stomach and B is the concentration
of alcohol in the blood, and «7, x; are some real constants, which indicate transition rates.
The initial conditions are given by

A(0) = Ap, B(0) = By. (By = 0 if initially there is no alcohol in the blood.)

This problem can be presented as DBU(t) = FU(t), where U(t) = (A(t), B(t)),
B = (a,B) and
F= [_"1 0 ]

K1 —K2

In accordance with Theorem 2, the solution ¢/ () has the representation
A(t) = AgEa(—11t"), (161)
B(t) =114y (E,A—Kﬂ.“)) * (tlgilE/g”B(—Kzfﬁ)) + B()E‘B(—Kzfﬁ). (162)

We note that the authors of [38] found the solution in the form A(t) = AgE,(—x1t*)
and (with By = 0)

B(O) = B [ k1 ABu(—ra(t — 1) Ep(—rasP)s,

which is the same as (161), (162), due to the equality ﬁE/’g(z) = Egp(2).

Example 4. Fractional-order systems for a relativistically free particle.

The wave function of a relativistically free particle of mass m is described by the
Klein-Gordon equation

1 92 ,  mAc? 3
(Czaf_‘z_v + hz )T(t,x)ZO,XE]R,

where c is the speed of light, 7 is Planck’s constant, and V = (%, 3%2, %), the gradient

operator. Dirac’s equation for relativistically free particles, in fact, is a system of the form

L 0¥ (x,t)

ih T (icha -V + Bmc?) ¥ (x, t),
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where & and B are 4 x 4 matrices satisfying certain conditions, and ¥(x,t) is a multi-
component wave function. Using the adopted units ¢ = i = 1, the latter can be written in
the explicit form [39]

9 : 9 ;0 o
G m 0 “iae  lag Taa | [
%2 0 m —i0 4 O 9
/ ot — ax1 E)x2 aJC3 17b2 (163)
Ll oy _j9 9 _ 9 —m 0 ¥
E)BT 5 dx3 5 8%18 9x 3
% —IE + By l% 0 —m lIJ4
Multiplying this by —i, we can rewrite system (163) in the form (1)
%ﬁ”‘) =F(A)¥(t,x), t>0, xecR? (164)
where F(A), A= —iV = —i(a%, 8‘372, %), is the matrix-valued operator with the symbol
—im 0 & i1+ G2
0 —im  —iG1+& 3 3
F(&) = - ) , i = (&,8&,83) e R, (165
(g) 7Z§3 7151 _ 62 im 0 C (gl 62 63) ( )
—ig1 + &2 i¢3 0 im

Replacing d/9t on the left of (164) with D!/, we obtain a Dirac-like fractional-order
system. Note that some Dirac-like systems are considered in papers [27,28,40,41].
Thus, consider the system

DIY¥(t,x) = F(—iV)¥(t,x),

where 1/2 < ¢ < 1and F(—iV) has the symbol F (&, >, §3) defined in (165). The matrix
F(z) has eigenvalues

Moale) = 2y -me 2@+ B2l

If  # O, then all eigenvalues are of multiplicity one, and hence diagonalizable.
Consequently, there exists an invertible matrix M(&), such that F(&) = M(&)A(E)M1(E),
with A({) = diag(A1(E), ..., A4(E)). Thus, in accordance with Theorem 6, the solution is
represented in the form ¥ (¢, x) = S(t, —iV)'¥ (0, x), where the solution pseudo-differential
operator S(t, —iV) has the matrix symbol

S(4,8) = M(@)diag (Ey(11)A1(2)), -, By (E724(8)) )M (2),

and components i (x),k = 1,...,4, of ¥(0,x) have Fourier transforms with compact
supports in G = R3 \ {0}.

Example 5. A commensurate system of pseudo-differential equations.

Let the matrix-valued operator F(A) be given by the matrix symbol

—|z|2 %z
z 2]

.7-"(2):[ }, z # 0.

Consider the system with the matrix-valued operator on the right corresponding to
the symbol F(z) :
—A? a2A¥

D*Bu(t) = |: A _AZ

}u(t), t>0, (166)
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with B = (B,B), 0 < B <1, A* as the adjoint of A, and the initial condition
U0) = (91, 92). (167)

Assume that a # 0. Then, one can easily verify that the eigenvalues of F(z) are

AMz) = |z|? £ a|z|. Therefore, F(z) = M(z)A(z)M~1(z), where

|z|* — alz| 0 ] [ az az]
A(z) = . M(z) = )
@ =TS ) Me= 0
Then, due to Theorem 6, the solution operator S(t, A) has the matrix symbol
stz = [ 22 o] [Eal R St 0 ]ﬁz—ﬁ
B 0 Ep((— |z +alzD# )] [ 2
[ (Een+Een) g5 (B -Er )
_—% (E*(Z/f) = E*(Z,t)) %(E (z, t) + §E+(z t))

where E*(z, 1) = E/g((—|z|2 ia|z|)tﬁ_1).
Suppose that A = v/ —A, where A is the Laplace operator, with the domain

[+ 1R IFIF@) P < oo}

Dom(A) = H(R") = {f € L,(R") :
R

Here, F[f] is the Fourier transform of f(x). It is known that the spectrum of A is
the positive semi-axis, and hence we can accept G = [0,0). Then, the symbol S(t,z)

o)

+ 1B+ ))

simplifies to
HE (z,t) +ET(z,t) 2
S(t,z) = [_21((]5( t) — E*(z, t)) %E

2a

If a = 0, then F(z) has a double eigenvalue A(z) = |z|? and has the Jordan form

F(z) = M(z) (A(z) + N) M~1(z), where
o= ) wa- g w2

Assume for simplicity that B = (1/2,1/2). Then, in accordance with Theorem 6,
the solution operator S(t, A) has the matrix symbol

0 1/2] [E1ja(—|z|?t7/?) tl/ZEi/z(—|z]2t1/2) —z 1
S(t,z) = 11 Eyon(—12[241/2 0
0 12(=12[t7%) ]|z

:{Emvﬁ%m> 0 }
201/2E] ) (~[2P172) By~ |22172)

Thus, the solution ¢ (t) has components
(168)

ur(t) = E1 o (t20) 1,
(169)

up(t) = V2V =NEf 5 (£720) g1 + Eq /2 (t/2A) s

Example 6. An incommensurate system of pseudo-differential equations.
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Now, assume that B = (1/2,1/3), A = \/—A, and F(z) is as in Example 5 with
a = 0. Then, since f; = 1/2 and B, = 1/3 are rational numbers, we can use the technique
described in Section 3.4 and reduce problem (166), (167) to a system of five equations with
equal orders ,B;‘ =1/6,j=1,...,5. The reduced system has the form

DYouy (t, x) 0 1 0 0 0][U(tx)
DYeU,(t, x) 0 01 0 0f|U(t,x)
DYeus(t,x)|=| A 0 0 0 0| |Us(tx)|, t>0,xcR",  (170)
DYoUy(t, x) 0 0 0 0 1| |Utx)
DYoUs(t, x) V=A 1 0 A 0] [Us(tx)

with the initial condition
(Ul(O,x),Uz(O,x),U3(O,x),U4(O,x),U5(O,x)) = (¢1(x),0,0, (pz(x),O).

The components U (¢, x) = uy(t, x) and Uy(t, x) = uy(t, x) correspond to the solution
of (166), (167) with B = (1/2,1/3). Applying the Fourier and Laplace transforms, we can
transform system (170) into the following algebraic equations:

s'/LIF[th])(s,2) = LIF[U2])(s,2) +5>/°Flgn](2),
s'/CLIF[U]] (s, 2) = LIF[Us])(s,2),

s'/°L[F[Us]](s,2) = — |zl L[F[th]](s,2),
s'/LIF[U4])(s,2) = L[F[Us]](s,2) +5>/*F[g2](2),
s'/OL[F[Us]](s, z) = zL[F[U]] (s, 2) — |2I>L[F[Ua]] (5, 2)

It follows that
s~ V/2F[g1](2)

LIFIth])(s:2) = — 7 |22

7

and

s~2F[g1](2) s~*/°Flg2](2)
AR+ T S

Thus, the solution U(¢, x) of problem (166), (167) in accordance with Theorem 6 has
the following components:

LIF[U4](s,z) = z

u1(t,x) = Eq /(A 2) gy (x),
ua(t,x) = \/TA(EUZ(NUZ) . t72/3E1/3,1/3(At1/3))q01 (x) + Ey3(At3) o ().

Note that Theorem 3 is applicable to this problem as well, resulting in the same solution.

6. Discussion

In this paper, the representation formula for the solution of the Cauchy problem for
arbitrary time-fractional multi-order linear systems of differential-operator equations is
obtained. Heretofore, the representation formulas were known in particular cases of com-
mensurate multi-order and in incommensurate multi-order cases with rational components.
The latter can be reduced to the former. The results obtained in this paper are new, even in
the case of linear time-fractional multi-order ordinary differential equations with a constant
matrix. The existence of a solution and its uniqueness is proven in some appropriate
topological vector spaces. Examples illustrating the obtained results are provided.
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