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Abstract: In this paper, we address the inverse of a true fourth-degree permutation polynomial (4-PP),
modulo a positive integer of the form 32k; ¥, where k; € {1,3} and ¥ is a product of different prime
numbers greater than three. Some constraints are considered for the 4-PPs to avoid some complicated
coefficients’ conditions. With the fourth- and third-degree coefficients of the form kg (¥ and k3 ¥,
respectively, we prove that the inverse PP is (I) a 4-PP when kg F€ {1,3} and k3, F€ {1,3,5,7} or
when k4,f = 2 and (II) a 5-PP when k4,f € {1,3} and k3,f € {0,2,4,6}.
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1. Introduction

Permutation polynomials (PPs) have been studied for a long time [1]. Possible appli-
cations of PPs include those in cryptography, those used for sequence generation, or those
used for interleavers in turbo codes [2-5].

A well-known result is that a permutation induced by a PP, 77(x), modulo a positive
integer L, has an inverse permutation induced also by a PP, p(x), modulo L. The PP p(x)
that generates the inverse permutation is named the inverse PP modulo L of PP 77(x). The
inverse of a PP is particularly useful for deriving upper bounds of the minimum distance
of a turbo code when using a PP interleaver [6].

1.1. Main Contributions
In the following, we list the main contributions of this paper:

*  We derive the inverse PPs for fourth-degree PPs (4-PPs) modulo a positive integer of
the form 32Y¥ or 96Y, with ¥ as a product of different prime numbers greater than
three. To avoid some complicated conditions on the coefficients, we impose some
restrictions when the condition 3 { (p; — 1) or p; = 7 is fulfilled for a prime p; | ¥. In
these cases, we consider only the fourth-, third-, and second-degree coefficients that are
multiples of p;. If ¥ is a product of different prime numbers p; > 7 so that 3 | (p; — 1),
the result in this paper is fully general with respect to the possible coefficients of the
4-PP.

*  We give examples showing how to compute the inverse of a 4-PP. If the fourth-,
third-, and second-degree coefficients of the 4-PP are of the forms ky ¥, ks, Y, and
ky,¢'¥, respectively, the second-to-the highest-degree coefficients of the inverse PP are
immediately found using the results obtained depending on the values of k¢, k3 f,
and ky ¢. The first-degree coefficient of the inverse PP can be found from a first-degree
congruence equation involving the first-degree coefficient of the 4-PP.

¢ Inthe “Remarks” section, we show how the inverse of a 4-PP can be found by means
of the inverse normalized PPs modulo each factor from the prime decomposition of
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L. We have made remarks regarding the facilities of finding the inverse PP using the
results derived in this paper.

1.2. Structure of This Paper

The structure of this paper is as follows. Some basic results about 4-PPs are given in
Section 2. The main results are obtained in Section 3. Four examples illustrating how we
can find the inverse of 4-PP are given in Section 4, and some remarks are made in Section 5.

2. Preliminaries
2.1. Notations

The following notations are used in the paper:

e N* stands for the set of positive integers (i.e., the set of natural numbers greater than
Z€ro).

* (mod L), with L € N*, stands for the modulo L operation.

e 4| b, witha,b e N* stands for a divides b.

e a1b,witha,b € N¥, stands for a does not divide b.

e gcd(a,b), witha, b € N*, stands for the greatest common divisor of a and b.

e gl with a € N*, stands for the factorial of a (i.e., the product1-2-3 .- .. a).

2.2. Results about 4-PPs
A fourth-degree polynomial

7'[(3() = (flx +f2X2 + f3x3 —l—f4x4) (mod L), (1)

is 4-PP modulo L if for x € {0,1,...,L — 1}, values 7(x) (mod L) produce a permutation
of the set {0,1,--- ,L —1}.

A 4-PP is true if the permutation it performs cannot be accomplished by a permutation
polynomial of a degree smaller than four.

Two 4-PPs with different coefficients are called different if they perform different
permutations.

In [7], conditions on coefficients f1, f, f3, and f; are derived so that the fourth-degree
polynomial in (1) is a 4-PP modulo L. As we are interested in positive integers, L, of the
form 32 - Hf\i’l pi or 96 - Hf\i’l pi, with N;, as a positive integer, we give in Table 1 conditions
for the coefficients only for the primes 2, 3, and p;, i = 1,2,..., Ny, when L is of the form

NP
[ =2"L2.3"L3 . Hpi, with npoy > 1, nrs3 < {O, 1}, %)
i=1

pi >3,i:1,2,...,Np,p1 Ipr << pr.

Table 1. Conditions for coefficients f1, f2, f3, f4 so that 7t(x) in (1) is a 4-PP modulo L of the form (2).

p=2 npy > 1 fi #0,(f2+ f4) =0, f3 = 0 (mod 2)
p=>3 npz =1 (fi+f3) #0,(f2+ fa) = 0 (mod 3)
3[(pi—1)(pi>7) npp =1 fi#0,f2=0,f3=0,f; =0 (mod p;)
._ , _ fi#0,f2=0,f3=0,f; =0 (mod p;) or
Mo V@2d =1 g 255 (mod pi), 3 £ 0,3 = 0 (mod py)

A d-PP modulo L
o(x) = (1% + p2x2 4 - - - + pgx?) (mod L), d € N* 3)
is an inverse of the 4-PP in (1) if

n(p(x)) = x (mod L),Vx € {0,1,--- ,L —1}. (4)
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3. Main Results
The positive integers L will be considered of the form
N, N, Np N,
L=32-T[pi=2T]piorL=9 []pi=2"-3-T]ps (6)
i=1 i=1 i=1 i=1

with py, pa, ..., PN, different prime numbers so that3 < p; < pp < --- < PN,-
To avoid some complicated conditions for the coefficients, if p; is a prime such that
3t(pi—1)and p; > 5,i € {1,2,...,Np}, orif p; = 7, only the following conditions

f] #OleZO/fBr:Orf4:0(m0dpi)' (6)
will be considered for the 4-PPs’ coefficients.
We denote
Np
H pi="1Y. ()

3.1. Coefficients of 4-PPs Modulo a Positive Integer of the Form 32 or 96¥

The next lemma gives the possible values of the coefficients for a 4-PP modulo a
positive integer of the form (5).

Lemma 1. Let a positive integer L be of the form given in (5). Then, the possible values for
coefficients fy, f3, and f, for a true different 4-PP fulfilling conditions (6) when 3 { (p; — 1) or
when p; = 7 are equivalent to those given in Table 2. Coefficient f1 will always be odd.

Table 2. Possible values for coefficients fy, f3, and f so that 71(x) in (1) is a true 4-PP modulo L of the
form (5) (¥ is as in (7)).

L fa f3 f2
¥ or 3¥ OQor2¥ or4Y¥ or6Y or8Y or Y or 3¥ or 5Y or 7¥ or 9Y or
30y 10¥ or 12¥ or 14¥Y 11Y or 13¥ or 15¥Y
P 0 or2¥ or 4¥ or 6Y¥ or 8Y or 0 or2¥ or 4¥ or 6Y or 8Y¥ or
10¥ or 12¥ or 14¥ 10¥ or 12¥ or 14¥Y
¥ 0 or2¥ or 4¥ or 6Y¥ or 8Y or 5% or 11Y¥ or 17¥ or 23¥ or
10¥ or 12¥ or 14¥ 29Y or 35Y or 41¥ or 47Y
0 or2¥ or 4¥ or 6Y or 8Y¥ or 4% or 10Y or 16Y¥ or 22Y¥ or
96Y 2¥ 10Y¥ or 12¥ or 14¥ 28Y or 34Y or 40Y¥ or 46¥
3y 0 or2¥ or 4% or 6Y or 8Y or 3Y¥ or 9Y or 15Y or 21Y¥ or
10Y or 12¥ or 14¥Y 27% or 33¥ or 39Y or 45Y

Proof of Lemma 1. According to Section 3 from [8], a true 4-PP is equivalent to a 4-PP

which has the coefficient f; < ocd

_ L
(LK’

k = 2,3, 4. Thus, for the positive integer L of the form

L = 32Y, a true 4-PP is equivalent to a 4-PP for which f, < L/2 =16Y, f3 < L/2 = 16Y,
and fy; < L/8 = 4Y. For the positive integer L of the form L = 96Y, a true 4-PP is equivalent
to a 4-PP for which f, < L/2 = 48Y, f3 < L/6 = 16¥Y, and f4 < L/24 = 4¥. From the
coefficient conditions of a 4-PP in Table 1 and because Y is odd, we obtain coefficients f,
f3, and f4 from Table 2.

We note that when L = 32% or L = 96Y, from condition 1) in Table 1, f; isodd. O

Because 71(x) is a true 4-PP, from Lemma 1, we have that

f4 = k4,f -Y¥, with k4,f S {1,2,3}

fz= k3,f -2¥, with k3,f €{0,1,2,3,4,5,6,7}

f2 :kzrf-‘fr, Withkzrf :C2'kL+k4,f,L,kL e {1,3},
c € {1,3,5,7,9,11,13,15}
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The values of ky ¢ | from (8) are as follows:

kyfr =0, whenk; = 1and kg € {1,3},
kyfr=-1, when kp = Tand ks = 2, ©9)
kyfr =3 —kyr, whenk, =3.

Because p;isodd Vi € {1,2,..., Ny }, ¥ from (7) is also odd.

From Table 1 in reference [7], we can see that, if for a prime p; | ¥ with 3 { (p; — 1)
and p; > 3, coefficient f3 # 0 (mod p;), condition (f2)®> = 3f1fs (mod p;) has to be
fulfilled. A similar remark is valid for p; = 7 when f; # 0 (mod 7). Thus, in these cases,
coefficients f, and f3 are not multiples of ¥ and the results derived in the next subsection
are not applicable.

3.2. The Inverse PP of a 4-PP Modulo a Positive Integer of the Form 32 or 96%¥

The next lemma gives the coefficients of an inverse true 4-PP or 5-PP for a true 4-PP,
fulfilling conditions (6) when 3 t (p; — 1) or when p; = 7, modulo an integer of the form
given in (5). In a previous result, we proved that a 4-PP modulo a positive integer of the
form 16Y or 48Y always has an inverse true 4-PP. It is interesting that, unlike this previous
result, for a 4-PP modulo, a positive integer of the form 32 or 96Y¥, the inverse can be a
true 4-PP or a true 5-PP.

In this lemma, an inverse true 4-PP is denoted as in Equation (3), with d = 4, and it
has the possible coefficients

P4 = k4/p - ¥, with k4,p S {1, 2,3}
03 =kap-2¥, withks, € {0,1,2,3,4,5,6,7}

. 10
02 =k2/p~‘Y, Wlthkzrp =C2-kL+k4,p’L,kL S {1,3}, (10)
c €41,3,5,7,9,11,13,15}
and the values of ky ;1 from (10) as follows:
kapr =0, when kp = 1and kg, € {1,3},
kapr = —1, when kp = 1and kg, =2, 11
k4,p,L =3- k4,p, when kL = 3.

Similarly, an inverse true 5-PP is denoted as in Equation (3), with d = 5, and has the
following possible coefficients:

05 = k5,p -¥, with k5,p € {1, 2,3}

04 = k4/p -¥, with k4/p € {0, 1,2, 3}

p3 =kz, ¥, withks, € {1,3,5,...,15} when ks, € {1,3}
and k3, € {0,2,4,...,14} when ksp =2

P2 = kz,p -¥, with kz,p € {1, 3,5,..., 15} when k4,P € {1, 3}
and ko p € {0,2,4,...,14} when ky , € {0,2}

(12)

We note that a 5-PP modulo a positive integer of the form (5) has more possible
coefficients, but as we will see, the inverse 5-PP of a 4-PP has coefficients only of the form
in (12). The particular conditions for coefficients of a 5-PP, as in (12), are given in Table 3.

Table 3. Particular conditions for coefficients p1, p2, 03, 04, 05 so that p(x) in (3), with d = 5, is a 5-PP
modulo L of the form (2).

p=2 npp > 1 p1 # 0, (p2 +p4) =0, (o3 + p5) = 0 (mod 2)
p=3 npz =1 (01 +p3+p5) #0, (02 + pg) = 0 (mod 3)
p=>5 nps =1 (p1+p5) # 0,02 = 0,03 = 0,04 = 0 (mod 5)

pi >5 nLp =1 p1 # 0,02 =0,03 =0,04 = 0,p5 = 0 (mod p;)
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We note that, when 5|¥, a true 5-PP is equivalent to a 5-PP which has the coefficient
05 < m For L =32 -k ¥, kp € {1,3}, this means that p5 < 4 - % But, from (12),
o5 = ks, - ¥, with ks, € {1,2,3}, and thus, we have p5 > 4 - % However, from Section 3
in [8], an equivalent PP with p(x), with the coefficient ps < 4 - %, can be obtained if we
subtract from p(x) a null polynomial modulo L, z(x), with the coefficient z5 = ks, - 4 - £.
Then, the resulting 5-PP has the coefficient p5 = ks, - %, with ks, € {1,2,3}, and thus, it is
a true 5-PP.

Lemma 2. Let a positive integer be of the form L = 32 -k - ¥, with kp € {1,3} and ¥ as in (7).

Then, a true 4-PP 1t(x) = fix + fox? + f3x° + fyx* (mod L), fulfilling conditions (6) when

31 (pi—1) or when p; =7, has

1. Atrue inverse 4-PP p(x) = p1x + pox? + p3x° 4 pgx* (mod L) when ky ¢ € {1,3} and
ks € {1,3,5,7} or when kyf=2

2. Atrueinverse 5-PP p(x) = p1x + p2x% + p3x> + p4x* + p5x° (mod L) when ky ¢ € {1,3}
and k3 y € {0,2,4,6}.

Proof of Lemma 2. 7(x) has the inverse PP p(x) if
(p(x)) =x (mod L),Vx € {0,1,...,L —1}. (13)

With Lemma 1, for p(x) a 5-PP, after some algebraic manipulations, Equation (13) is
equivalent to

(fipr—1)-x+0O(x) =0(mod L),Vx € {0,1,...,L—1}, (14)

where

O(x) = (fip2 + f201) - * + (f103 + 2fap201 + f307) - >+
(fapi + 330302 +2f2p301 + 203 + fipa) - x*+
(4110302 + 330103 + 3f30105 + 2f2pap1 + 2f2p302 + f105) - ¥°+
(4f1p303 + 6f20703 4 3f3pap} + 6f3010203 + 220501 + f303 + 2f2pap2 + f203) - X0+
(4f1pap3 + 12f1030203 + 3f30507 + 4fap105 + 6f3pap102+
3f30103 + 3130303 + 2f20502 + 2f20403) - 7+

(4120507 + 12f203 0204 + 6f20703 + 12f2010303 + 63050102 + 6f3010304+
f103 + 330304 + 3f30205 + 2f20503 + f203) - x5+

(124050302 + 124030304 + 123010304 + 124010203 + 6 f30501 03+
3f3p105 +4fap303 + 3f3p505 + 6f3p20304 + f303 + 220504) - 20+
(124020305 + 610202 + 12£4010%05 + 24£401020304 + 4£10103 + 6 £3010405+
4f10304 + 6f1p505 + 63020305 + 3f30205 + 330304 + f203) - x'0+
(12fap3paps + 24fap1020305 + 122050304 + 4f20203 + 12fap1p205+
124010304 + 3f30103 + 6f3020405 -+ 330305 + 3f3p303) - ¥+
(6£20703 + 24101020405 + 121010305 + 620303 + 12fap20304+
fap3 + 122010307 + 12f2030305 + 3f3020% + 6f3p30405 + f3p3) - X2+
(12f4p5pap5 + 12f4020305 + 4f10304 + 12f202030F + 12fap1p205+
24fap103p4p5 + 3f3p303 + 4fap1p3 + 3f3p3p5) - ¥+
(6/1030% + 24110203015 + 6f1030] + 4fap20} + 410305+
124010303 + 124010305 + 3f30403) - x4+
(12f4p304p5 + 4fap303 + 12f4p20305 + 12fap2pips + 121010405 + fop3) - X1+
(610303 +12f4p30305 + fapy + 12fap2pap3 + 4fsp103) - X0+
(410305 + 12fap3pap3 + 4f10203) - X"+
(6f30305 +4fa03p3) - x'® + (4fapspd) - " + (faps) - 2.

(15)
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For p(x) a 4-PP, Equation (13) is equivalent to Equation (14) with p5 = 0 in ©(x).

We note that the polynomial of degree 20 from the left-hand side of (14) (i.e., (fip1 — 1) - x+
©(x)) can be easily found by means of a symbolic calculus software.

Because all the coefficients of PPs f(x) and p(x), except for fi and p1, are multiples of
¥, we have that ¥|O(x). Therefore, from (14), we have that

(fipr—1)-x=0(mod ¥),Vx € {0,1,...,32k; —1}. (16)
From (16), we have that
fipr =1 (mod ¥) & f101 =¥ -k +1 (mod 32k ¥), withky € {0,1,2,...,32k; — 1} (17)

If k; = 1, then ged(f1,32¥) = 1. From Theorem 57 in [9], we see that congruence (17)
has only one solution in variable p;. If ki = 3, then ged(f;,96¥) = 3. In this case,
congruence (17) has three solutions. From these three solutions, only one of them will
be valid.

With (17), Equation (14) is fulfilled if and only if

k- x +©(x)/¥ = 0 (mod 32k;),Vx € {0,1,...,32k, — 1}, (18)

We denote ¥ (mod 32k; ) = ky and write the coefficients f5, f3, and fy as in (8) and
the coefficients py, p3, 4, and ps as in (10) or (12). The solutions of Equation (18) in terms
of ksp, ka0, k3,0, k2,0, 01 (mod 32k ), and k; can be found by means of software exhaustive
searching for each set of values for kp, ky, ky, fr ks, fr ko, iz and f; (mod 32k ). These solutions
are given in the file available at the link in [10] for L = 32Y¥ and at the link in [11] for
L =96Y. As we can see from these files, the inverse PP of a 4-PP modulo a positive integer
of the form (5) is a true 4-PP when ky ¢ € {1,3} and ks s € {1,3,5,7} or when kyf=2,and
a true 5-PP when ky ¢ € {1,3} and k3 ¢ € {0,2,4,6}.

We note that if at least one of the coefficients f», f3, and f, is not a multiple of ¥, we
cannot derive Equation (18). Thus, in this case, the solutions of Equation (15) in terms of
01,02, 03, P4, and ps are much more complicated. O

4. Examples

In this section, we give two examples showing how we can find the inverse 4-PP or
5-PP for a 4-PP modulo a positive integer of the form (5) with k; = 1 (Examples 1 and 2)
and two examples for a positive integer of the form (5) with k; = 3 (Examples 3 and 4).

Example 1. Let 7t(x) = 187x* + 1122x3 + 2431x2 + 5975x (mod 5984) be the 4-PP. Because
L =5984 = 2°-11-17, we have k; = 1, ¥ = 11-17 = 187, ky = 187 (mod 32) = 27,
k4,f = f4/T =1, k3,f = f3/(2\1’) =3, kZ,f = fz/‘Y =13, and fl (mod 32) = 23. From the
file available at the link in [10], we see that the inverse PP is a 4-PP p(x) = p1x + p2x% + p3x° +
pax* (mod L), with the coefficients derived from kyp = p4/Y =1, k3 = p3/(2¥) =1, kpp =
p2/¥ =5, p1 (mod 32) =7, and ky = 0. Thus, we have that py =¥ = 187, p3 = 2¥ = 374,
and py = 5Y = 935. The coefficient pq results from Equation (17), with f; = 5975, ¥ = 187,
and k1 = 0, i.e., 5975 - p1 = 1 (mod 5984). This equation has only the solution modulo 5984,
01 = 5319. So, the inverse 4-PP is p(x) = 187x* + 374x% + 935x2 4 5319x (mod 5984).

Example 2. Now, let 7t(x) = 561x* + 748x> + 935x% + 3059x (mod 5984) be the 4-PP. We
have again k; = 1, ¥ = 187, and ky = 27, but k4,f = fu/¥Y =3, k3,f = f3/(2¥Y) = 2,
kaf = f2/¥ =5, and f; (mod 32) = 19. From the file available at the link in [10], we have that
the inverse PP is a 5-PP p(x) = p1x + p2x% + p3x> + pgx* + p5x° (mod L), with the coefficients
derived from k5/p =ps/¥Y =2, k4,p =ps/¥Y =3, k3/p = p3/¥Y =10, kZ,p =p/¥Y =5,
p1 (mod 32) = 11, and ky = 16. Thus, we have that p5s = 2¥ = 374, ps = 3¥ = 561,
p3 = 10Y = 1870, and po = 5Y = 935. The coefficient p1 results from Equation (17), with
f1 =3059, ¥ = 187, and k; = 16, i.e., 3059 - p; = 2993 (mod 5984). This equation has only
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the solution modulo 5984, p1 = 4555. So, the inverse 5-PP is p(x) = 374x° + 561x% + 1870x3 +
935x% + 4555x (mod 5984).

Example 3. Let 7t(x) = 759x* 4 2530x% +2277x2 + 10,815x (mod 24,288) be the 4-PP. Because
L =24288 =25.3-11-23, we have k;, = 3, ¥ = 11-23 = 253, ky = 253 (mod 96) = 61,
k4,f = fu/¥ =3, k3,f = f3/(2¥) = 5, kz,f = fo/¥ =9, and f; (mod 96) = 63. From
the file available at the link in [11], we have that the inverse PP is a 4-PP p(x) = p1x + p2x? +
03x% + pyx* (mod L), with the coefficients derived from ks = pa/¥ =3, k3o = p3/(2¥) =1,
kzp = p2/¥ = 33, p1 (mod 96) = 47, and ki = 80. Thus, we have that py = 3¥ = 759,
p3 = 2¥ = 506, and py = 33Y = 8349. The coefficient py results from Equation (17), with
f1=10,815,Y = 253, and ky = 80, i.e., 10,815 - p; = 20,241 (mod 24,288). This equation has
the next three solutions modulo 24,288, p1 € {3119;11,215;19,311}. But, from the file available at
the link [11], we have that p1 (mod 96) = 47. Thus, the only valid solution is py = 3119. So, the
inverse 4-PP is p(x) = 759x* + 506x° + 8349x2 + 3119x (mod 24,288).

Example 4. Now, let 7r(x) = 253x* + 2024x3 + 11,891x2 + 12,087x (mod 24,288) be the 4-PP.
We have again k; = 3, ¥ = 253, and kv = 61, but k4/f =fu/¥Y =1, k3’f = f3/(2¥) = 4,
kZ,f = fo/Y =47, and f1 (mod 96) = 87. From the file available at the link in [11], we have that
the inverse PP is a 5-PP p(x) = p1x + p2x% + p3x° + pgx* + p5x° (mod L), with the coefficients
derived from k5,p =p5/¥ =2, k4,P =ps/¥Y =1, kglp =p3/¥Y = 14, kz,p = /Y =47,
01 (mod 96) = 79, and k1 = 56. Thus, we have p5 = 2¥ = 506, p4 = ¥ = 253, p3 = 14¥ =
3542, and py = 47Y = 11,891. The coefficient py results from Equation (17), with f; = 12,087,
Y = 253, and ky = 56, i.e., 12,087 - p; = 14,169 (mod 24,288). This equation has the next three
solutions modulo 24,288, p1 € {2095;10,191;18,287}. But, from the file available at the link [11],
we have that p; (mod 96) = 79. Thus, the only valid solution is p; = 2095. So, the inverse 5-PP
is p(x) = 506x° + 253x* + 3542x3 + 11,891x2 + 2095x (mod 24,288).

5. Remarks
We note that the inverse of a PP can be found by means of the Chinese Remainder

Theorem (CRT), finding, firstly, the inverses of the PPs modulo p, Ni for each factor plN’p !

from the prime decomposition of the positive integer L. For L decomposed as in (2),
we denote the following;:

7@ (x) = 7r(x) (mod 2".2)
73 (x) = 7(x) (mod 3"L3) (19)
7P (x) = 7t(x) (mod p;),Vi = 1,2,...,Np

Then, if the inverses of the PPs in (19) are
-1 ‘
P = (7P(w) = E?“é pl?) ! (mod 22)
-1
PO (@) = (@) =25 (mod 312) (20)
- d .
pPi)(x) = (”(”")<x)) = Y20 o af (mod py), Vi=1,2,...,N,
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and the maximum degree of the inverse PPs is d = max{dplz,dplg, do,prr Aoprre -+ dp,pr 1,

the coefficients of the inverse PP modulo L are derived by means of the solutions of the
next system:

0; = p'? (mod 2".2)
0i = pl@ (mod 3"L3)
L (Pl) d
Pi pl(pz) (mo Pl) (21)
pi =p;""" (mod p)
(o)
pi=p; " (mod p;)

foreveryi=0,1,...,d. In(21),if d, ;, < d, then the coefficients pgp") =0,Vi>dpy,.
In the following, we explain how the inverse PPs of the 4-PPs can be found from
Examples 1 and 4.

Example 1 (continued). For the 4-PP 7r(x) = 187x* + 1122x3 + 2431x% + 5975x (mod 5984),
because 5984 = 2° - 11 - 17, we have the following:

7@ (x) = 7(x) (mod 25) = 27x* + 2x3 + 31x2 + 23x (mod 32)
(M) (x) = 7(x) (mod 11) = 2x (mod 11) (22)
717 (x) = 7(x) (mod 17) = 8x (mod 17)

The inverses of the PPs from (22) are as follows:

-1
0@ (x) = (n<2> (x)) = 324 + 6x3 + 15x2 + 7x (mod 32)

o) (x) = (nm)(x))*l =2"1x (mod 11) = 6x (mod 11) (23)
p17) (x) = (71'(17)(x))_1 =87 1x (mod 17) = 15x (mod 17)

Then, the degree of the inverse PP modulo 5984 is d = max{4,1,1} = 4, and the coefficients
of this PP (p(x)) result from the following systems:

o1 = pgz) (mod 32) = 7 (mod 32)
1= pgll) (mod 11) = 6 (mod 11) ,with solution p; = 5319 (mod 5984) (24)
p1 = o) (mod 17) = 15 (mod 17)

P2 = Péz) (mod 32) = 15 (mod 32)
02 = Péll) (mod 11) = 0 (mod 11)
)

02 = p8'”) (mod 17) = 0 (mod 17

, with solution p, = 5423 (mod 5984) (25)

03 = p) (mod 32) = 6 (mod 32)
03 = o) (mod 11) = 0 (mod 11) , with solution p3 = 3366 (mod 5984)  (26)
03 = pgm (mod 17) = 0 (mod 17)

and

ps = py” (mod 32) = 3 (mod 32)
P4 = p§11) (mod 11) = 0 (mod 11) , with solution py = 4675 (mod 5984). 27)

ps=py"”) (mod 17) = 0 (mod 17)

Thus, the inverse PP is p(x) = 4675x* + 3366x> + 5423x? + 5319x (mod 5984). This
polynomial is different from that in Section 4, but the permutation induced by it modulo 5984 is the
same. If we add to it the null polynomial z(x) = 1496x* +2992x> + 1496x* + 0x (mod 5984)
(ie,z(x) =0,Yx =0,1,...,5983), we obtain the same polynomial: p(x) + z(x) (mod 5984) =
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187x* + 374x> 4 935x2 + 5319x (mod 5984).

Example 4 (continued). For the 4-PP m(x) = 253x* + 2024x® + 11,891x2 + 12,087x
(mod 24,288), because 24,288 = 2° - 3 - 11 - 23, we have the following:

and

7@ (x) = 7(x) (mod 25) = 29x* + 8x3 + 19x2 + 23x (mod 32)
73 (x) = 7(x) (mod 3) = x* + 2x% 4 242 (mod 3) = 2x (mod 3)
7 (x) = 71(x) (mod 11) = 9x (mod 11)

73 (x) = 7r(x) (mod 23) = 12x (mod 23)

The inverses of the PPs from (28) are as follows:

o (x) = (n(z) (x)) T 225 + x* + 6x3 4 15x% 4 23x (mod 32)
-1

0B (x) = (n(3) (x)) = 271x (mod 3) = 2x (mod 3)

P (x) = (1 (x)) ' = 971x (mod 11) = 5x (mod 11)

0®)(x) = (n(23)(x))_1 = 127'x (mod 23) = 2x (mod 23)

(28)

(29)

Then, the degree of the inverse PP modulo 24,288 is d = max{5,1,1,1} = 5, and the
coefficients of this PP (p(x)) result from the following systems:

1= sz) (mod 32) = 23 (mod 32)

_ 0 _
pr=py (mod3) =2(mod3) o ion oy = 12,215 (mod 24,288)

p1= p?” (mod 11) = 5 (mod 11)
o1 = p{*) (mod 23) = 2 (mod 23)
P2 = Péz) (mod 32) = 15 (mod 32)
02 = i) (mod 3) = 0 (mod 3)

, with solution p; = 6831 (mod 24,288
02 = piV (mod 11) = 0 (mod 11) P2 ( )

P2 = p§23) (mod 23) = 0 (mod 23)

03 = péz) (mod 32) = 6 (mod 32)
03 = pég) (mod 3) = 0 (mod 3)

03 = pgn) (mod 11) = 0 (mod 11)
03 = pé23) (mod 23) = 0 (mod 23)

, with solution p3 = 7590 (mod 24,288)

04 = pf) (mod 32) =1 (mod 32)
04 = pf’) (mod 3) = 0 (mod 3)

04 = pflll) (mod 11) = 0 (mod 11)
ps = p) (mod 23) = 0 (mod 23)

, with solution py = 5313 (mod 24,288)

05 = péz) (mod 32) = 2 (mod 32)
05 = pég') (mod 3) = 0 (mod 3)
05 = pén) (mod 11) = 0 (mod 11)

P5 = péB) (mod 23) = 0 (mod 23)

, with solution py = 10,626 (mod 24,288).

(30)

(31)

(32)

(33)

(34)

Thus, the inverse PP is p(x) = 10,626x + 5313x* -+ 7590x> + 6831x2 4 12,215x (mod 24,288).
This polynomial is different from that in Section 4, but the permutation induced by it modulo 24,288
is the same. If we add to it the null polynomial z(x) = 14,168x° + 19,228x* + 20,240x% +
5060x2 4 14,168x (mod 24,288), we obtain the same polynomial: p(x) + z(x) (mod 24,288) =
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506x° + 253x* + 3542x3 + 11,891x2 + 2095x (mod 24,288).

In [12], Table I shows the inverses of the normalized PPs of degree < 5. For the positive
integers of the form in (2), the normalized PP modulo p;, with p; > 3, is x (mod p;) with
the simple inverse x (mod p;). Additionally, the PP a - x (mod p;), a # 0, has the inverse
PPa~! - x (mod p;). However, the normalized PP modulo 32 is x* + cx® + bx? + ax, where
a (mod 2) = b (mod 2) = 1 and ¢ (mod 2) = 0, and it is not given in that table. Further,
finding the inverse PPs by means of normalized PPs and the CRT is not appropriate
for deriving the upper bounds of the minimum distance of the turbo codes using PP
interleavers, which is the main goal of the results obtained in this paper.
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