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Abstract: In order to improve the yaw stability of a front-wheel dual-motor-driven driverless vehicle,
a yaw stability control strategy is proposed for a front-wheel dual-motor-driven formula student
driverless racing car. A hierarchical control structure is adopted to design the upper torque distributor
based on the integral sliding mode theory, which establishes a linear two-degree-of-freedom model
of the racing car to calculate the expected yaw angular velocity and the expected side slip angle
and calculates the additional yaw moments of the two front wheels. The lower layer is the torque
distributor, which optimally distributes the additional moments to the motors of the two front wheels
based on torque optimization objectives and torque distribution rules. Two typical test conditions
were selected to carry out simulation experiments. The results show that the driverless formula
racing car can track the expected yaw angular velocity and the expected side slip angle better after
adding the yaw stability controller designed in this paper, effectively improving driving stability.

Keywords: front-wheel dual-motor-driven; integral sliding mode theory; torque distributor; yaw stability

1. Introduction

In order to promote the continuous development of the intelligent automobile indus-
try and train and deliver high-quality professionals in the intelligent automobile industry,
the Chinese Society of Automotive Engineering organized the first Formula Student Au-
tonomous China (FSAC) competition in 2017. The competition requires participating teams
to design and build a driverless formula racing car within one year and to be able to
independently and autonomously complete acceleration and deceleration, turn, track the
track trajectory, and complete the race in the shortest possible time within the track sur-
rounded by cones and barrels [1,2]. With the rapid development of technology, the stability
control of driverless racing cars has gradually become a research hotspot. Especially under
extreme conditions, such as high-speed turning or low-traction road surfaces, ensuring
the stability of the racing car is crucial for safety. The current research mainly focuses on
rear-wheel-drive (RWD) and four-wheel distributed drive (4WD) racing cars. Four-wheel
distributed drive (4WD) racing cars improve stability and maneuverability by controlling
the driving force of each wheel independently. The advantage of this form of driving is
the ability to accurately control the dynamic response of the racing car and improve its
ability to adapt to different road conditions [3]. However, this method requires complex
control algorithms and high-performance hardware, resulting in a more complex system
with higher design and maintenance costs [4]. Rear-wheel-drive (RWD) racing cars have
a simpler transmission structure, which reduces the cost of design and maintenance [5].
However, RWD racing cars are prone to oversteer and loss of control due to rear-wheel slip,
especially at high speed and on low-traction surfaces such as wet roads, which greatly re-
duces the stability of the car [6]. Compared with four-wheel distributed drive (4WD) racing
cars, front-wheel dual-motor drive (FWDD) racing cars not only have a simple structure
and lower design and maintenance costs but also provide a better driving force for the car
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by generating additional yaw torque through the differential drive of the two front-wheel
motors compared with rear-wheel distributed drive (RWD) racing cars, which improves the
maneuverability and stability of the racing car under various track conditions and can be
used as a good vehicle for the development of driverless technology [7]. At present, there
are very few studies on how to further improve the yaw stability of front-wheel dual-motor
drive vehicles in high-speed cornering and driving on low-traction road surfaces, and more
in-depth research is needed.

In recent years, a large number of scholars at home and abroad have conducted in-
depth research on this in order to improve the stability of the traverse of unmanned vehicles.
Z. Liang et al. proposed an adaptive sliding mode fault-tolerant control (ASM-FTC) strategy
to stabilize the error by taking into account the tire force saturation in the vehicle motion [8].
S. Aleksandr and Y. Song et al. comprehensively analyzed the influence of tires on the
stability of the vehicle under different working conditions by taking into full consideration
tires and road characteristics, which represent the next generation of control systems [9,10].
Currently, the most common control algorithms are still based on the control algorithm
of the sway stability control methods, including traditional PID-based control [11], model
predictive control (MPC) [12], fuzzy logic control [13], neural network control [14], sliding
mode control (SMC) [15], and so on. Traditional PID control, as one of the classical control
theories, was first applied to stability control. L. Cai et al. used fuzzy PID to design the
upper controller for tracking the vehicle’s traverse angular velocity [16]. However, as a
linear controller, PID control cannot adapt to complex and variable nonlinear operating
conditions [17]. D. Kong et al. established a four-wheel torque-based vehicle dynamics
model, used nonlinear model predictive control (NMPC) to predict the vehicle trajectory,
and searched for optimal control inputs through optimization calculations [18]. Due to
the complex structure of the model predictive control algorithm and the large amount of
computation, it often leads to poor real-time control performance. In order to improve the
real-time performance of the control system, S. Wang et al. designed a four-wheel swing
moment cooperative controller by using fuzzy logic control theory to solve the problem
of four-wheel distributed drive vehicles that are prone to understeer at high speeds [19].
Although the robustness and real-time performance of the fuzzy logic controller were
improved, this control method relies too much on the fuzzy rules formulated, resulting
in its control accuracy being greatly limited. Neural network control has strong adaptive
and generalization abilities, which can capture the complex dynamic characteristics of the
system and adjust the network parameters in real time to achieve vehicle yaw stability [20].
Y. Li et al. designed an adaptive RBF neural network control method with both feed-
forward and feedback functions which improves the yaw stability of the vehicle through
the composite control of the direct yawing torque and active forward steering [21]. Due
to the strong dependence of neural networks on data and the need for a large number
of data for training, there is still a large obstacle in practical applications. Sliding mode
control is a classical nonlinear control method, and its ability to show robustness to external
disturbances and model uncertainty makes it the first choice for vehicle yaw stability
control [22]. The core idea of sliding mode control is to transform the dynamic properties of
a system into a sliding mode with deterministic properties by introducing a sliding mode
surface, on which control can be achieved for stability and robust control of the system [23].
T. Ahn et al. used sliding mode control in a four-wheel distributed drive automobile chassis
controller to find an additional transverse swing moment for maintaining the stability of
the vehicle and, by solving a constrained least squares problem, distribute the optimized
additional moments to each wheel to improve the stability of the vehicle [24]. J. Zhao et al.
established a body attitude tracking controller based on a sliding mode control algorithm
for a distributed drive electric vehicle to accurately analyze the driving intention and track
the longitudinal velocity, lateral velocity, and yaw velocity of the vehicle [25]. Compared
with other control methods, sliding mode control is not only responsive but also adaptable
to system parameter variations and unknown perturbations because its design does not
rely on detailed models, which makes the sliding mode controller easy to implement and
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regulate in practical applications and greatly reduces the difficulties in control system
design and maintenance [26]. Although sliding mode control (SMC) has been widely
used in the control of vehicle swing stability, due to the irrational design of the sliding
mode surface or inappropriate selection of control parameters, the controller produces
high-frequency oscillations on the sliding mode surface, which leads to the phenomenon of
jitter vibration of the vehicle swing angle, affecting the control accuracy of the vehicle swing
stability [27]. Therefore, more in-depth research on the sliding mode controller is needed to
eliminate the vibration phenomenon and further improve the stability and robustness of
the control algorithm.

In order to improve the pendulum stability of front-wheel dual-motor-driven driver-
less vehicle driving, based on a front-wheel dual-motor-driven formula student driverless
racing car, this paper proposes a pendulum stability control strategy based on the theory
of integral sliding mode control (ISMC). The advantage of this control strategy is that it
improves the accuracy and robustness of the system and, at the same time, has strong
robustness to parameter changes and external disturbances. Integral sliding mode control
(ISMC) is based on the original sliding mode control with the introduction of an integral
term to eliminate the system’s high-frequency steady-state error and improve the stability
of the system. The main contributions of this paper are as follows: (1) A cross-swing
stability control strategy is proposed based on a front-wheel dual-motor-driven formula
student driverless racing car. (2) The control strategy adopts a hierarchical structure, and
the upper controller is designed to calculate the expected yaw angular velocity and the ex-
pected center of mass side slip angle through the racing car two-degree-of-freedom (2-DOF)
model; the integral term is introduced through the integral sliding mode control (ISMC),
and the additional yaw moment of the front wheels is calculated through the expected
yaw angular velocity and the expected center-of-mass side slip angle; the stability of the
control is verified through the Lyapunov function. (3) Aiming at the additional torque
generated when the racing car turns, the lower torque distribution controller is designed,
and the torque distribution of the two motors of the inner and outer wheels is optimized
by taking the torque optimization target of the racing car and the torque distribution rule
as the evaluation criteria. Finally, the control strategy proposed in this paper is verified
through simulation tests to effectively improve the cross-swing stability of the racing car.

The rest of the paper is organized as follows: Section 2 describes the principle of the
whole control strategy. Section 3 develops a two-degree-of-freedom (2-DOF) reference
model of a formula student driverless racing car and calculates the expected yaw velocity
and the expected side slip angle of the center of mass. In Section 4, an integral sliding mode
controller (ISMC) is designed to calculate the additional torque of the vehicle and perform
torque distribution. Section 5 performs joint simulation by using MATLAB/Simulink and
Carsim software. Section 6 summarizes the full paper.

2. Control Principle

As shown in Figure 1, the driverless formula racing car yaw moment control strategy
proposed in this paper consists of three parts, which are a two-degree-of-freedom vehicle
dynamics model, a hierarchical yaw moment controller, and a driverless formula racing
car model. The yaw moment controller consists of an upper integral sliding mode yaw
moment distributor and a lower torque distributor. The two-degree-of-freedom vehicle
dynamics model calculates the expected yaw velocity and the expected side slip angle
based on the vehicle speed and the front-wheel angle output from the driverless formula
racing car model and then obtains the yaw velocity error and the center-of-mass side slip
angle error and inputs them to the yaw moment controller. The upper integral sliding
mode controller establishes the state space equations and designs the sliding mode surface
to calculate the additional yaw moment, which is input to the lower torque distributor.
The torque distributor optimizes the additional yaw moment and outputs it to the two
motors of the front wheels by setting the optimization target and formulating the rules of
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torque distribution, so as to achieve the control of yaw stability for the driverless racing car
through the different torque outputs of the two motors.
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3. Two-Degree-of-Freedom Vehicle Reference Model

The ability to quickly and realistically respond to the ideal state of the racing car at
every moment of motion during driving is the basis and prerequisite for the design of
the yaw stability controller. The two-degree-of-freedom vehicle model can describe the
racing car’s motion state and maneuvering performance in the linear region. The model is
relatively simple and involves fewer parameters, so the side slip angle and yaw velocity
for the ideal state of motion can be obtained by inputting only the front-wheel rotation
angle and the vehicle speed of the racing car. Before building the two-degree-of-freedom
model, some ideal assumptions are made as follows [28]: (1) Only the transverse motion
of the racing car is considered, not taking into account the steering system of the racing
car or the effect of air resistance on the racing car. (2) The longitudinal velocity is constant.
(3) The suspension system is ignored, and the road is flat. (4) The vehicle body is rigid,
and the transmission ratio between steering wheel and front wheels is constant. (5) The
left and right wheels have the same lateral deflection stiffness, and the lateral deflection
characteristics of the tires are linear and unaffected by ground tangential forces.

Considering these assumptions, the two-degree-of-freedom linear dynamics model of
the racing car is shown in Figure 2.

From Figure 2, the combined force as well as the yaw moment on the racing car can be
obtained as {

ΣFY = m(
.
v + uωr) = Fx f cos δ f + Fyr

ΣMZ = IZ
.

ωr = aFx f cos δ f − bFyr
(1)

where Fxf and Fyr are the directional forces applied to the front and rear wheels and δ is the
front-wheel turning angle of the racing car.

Fx f = k1α1, Fyr = k2α2 (2)

So, Equation (1) can be simplified as{
ΣFY = m(

.
v + uωr) = k1α1 cos δ f + k2α2

ΣMZ = IZ
.

ωr = ak1α1 cos δ f − bk2α2
(3)
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The front- and rear-wheel slip angles are{
α1 = β +

l f ωr
Vx

− δ f

α2 = β − lrωr
Vx

(4)

Bringing Equation (4) into Equation (3) results in the two-degree-of-freedom linear
dynamics equation for the racing car:m(

.
vy + γ · vx) = (Cc f + Ccr) · β +

(a·Cc f −b·Ccr)

vx
· γ − Cc f · δf

Iz ·
.
γ = (a · Cc f − b · Ccr) · β +

(a2·Cc f −b2·Ccr)

vx
· γ − a · Ccr · δf

(5)

where m is the mass of the vehicle; a and b denote the distance from the center of mass of
the racing car to the front axle and the rear axle, respectively; Cf denotes the longitudinal
stiffness of the front wheels; Cr denotes the longitudinal stiffness of the rear wheels; δf
denotes the angle of turn of the front wheels; β denotes the side slip angle of the racing car;
and γ denotes the transverse pendulum angular velocity of the racing car.
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When the vehicle is in steady-state steering time condition,
.
v = 0,

.
γ = 0, which can be

obtained based on Equation (5):

γd =
vx · δf

(1 + Kvx
2) · L

(6)

βd = γd · vx · (
b
v2

x
+

ma
CcrL

) (7)

where K = m
L2

(
a

Ccr
− b

Ccf

)
is the stability coefficient.

The two factors that have a large influence on the expected yaw velocity are the vehicle
speed and the road surface attachment conditions [29]. Subject to these two factors, the
lateral acceleration of a racing car should not be greater than the maximum acceleration
that the ground can provide. ∣∣ay

∣∣ ≤ µg (8)
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The kinematic properties of the vehicle can be expressed as{
ay =

.
v + uγ

v = u tan β
(9)

Bringing (9) into (8) gives

.
u tan β + u

.
β

cos2 β
+ uγ ≤ µg (10)

When the vehicle is in steady-state motion, the side slip angle of the center of mass is
close to 0. The sum of the first two terms in (10) accounts for about 15% of the maximum
lateral acceleration [30].

So, the maximum expected yaw velocity of the racing car is

γmax =

∣∣∣∣0.85
µ · g
vx

∣∣∣∣ (11)

where µ, g, and γmax denote the roadway adhesion coefficient, gravitational acceleration,
and maximum expected traverse angular velocity, respectively.

Therefore, the expected transverse pendulum angular velocity, considering the
constraints, is

γdb = min(
∣∣∣∣ vx · δf

(1 + Kvx
2) · L

∣∣∣∣, ∣∣∣∣0.85
µ · g
vx

∣∣∣∣) · sign(δf) (12)

where γdb is the expected yaw velocity when constrained.
The expected side slip angle of the racing car is

βd =
v2

x/L
1 + Kv2

x
(

b
v2

x
+

ma
CcrL

)δf = γd · vx · (
b
v2

x
+

ma
CcrL

) (13)

In general, on good asphalt pavements, severe instability occurs when the vehicle
side slip angle exceeds 10◦; instability occurs when the side slip angle reaches 4◦ on icy
pavements, and the maximum side slip angle is obtained empirically as

βmax = arctan(0.02µg) (14)

The expected side slip angle is obtained as follows:

βdb = −min
{∣∣∣∣γd · vx · (

b
v2

x
+

ma
krL

)

∣∣∣∣ , |arctan(0.02µg)|} · sign(δf) (15)

4. Yaw Moment Controller
4.1. Integral Sliding Mode Yaw Moment Controller

Sliding mode control (SMC) is a special nonlinear control method proposed by Ameri-
can scholar Vadim Utkin in the 1960s that is applicable to the control of various linear and
nonlinear systems. Sliding mode control is well known for its good performance under the
uncertainty of system parameters and external disturbances. The core idea is to effectively
control the system’s dynamic characteristics by introducing a sliding mode surface so
that the system state slides rapidly on the surface [31]. A sliding mode surface refers to a
dynamically changing special control surface that divides the state space into two regions:
the region on the sliding mode surface and the region outside the sliding mode surface.
Its purpose is to guide the system state to the defined ideal trajectory and to achieve the
stable control of the system by adjusting the control parameters to make the system state
converge rapidly on the sliding mode surface [32]. Sliding mode control is characterized
by solid robustness and fast response, making it widely used in engineering control. The
basic principle consists of designing a suitable sliding mold surface and making the system
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state slide rapidly along this sliding mold surface through the control law. This control
strategy enables the system to maintain stability in different operating modes, thus showing
adaptability to system parameter changes and external perturbations. In addition, sliding
mode control is robust to system nonlinearities and uncertainties, making it suitable for
complex and variable engineering systems [33].

The core content of traditional sliding mode variable structure control is divided into
two steps: one is to design the sliding mode region, so that the system has certain expected
characteristics along the sliding mode trajectory; second, discontinuous control is designed
so that the trajectory of the system can reach the sliding mode region in finite time. In
general, the state space equation of the system can be expressed as [34,35]

.
x = f (x, u, t), x ∈ Rn, u ∈ Rm, t ∈ R (16)

In the state space, there is a switching surface s(x) = s(x1, x2, · · · , xn) = 0, as shown
in Figure 3, which divides the state space into three parts: s > 0, s < 0, and s = 0.

World Electr. Veh. J. 2024, 15, x FOR PEER REVIEW 7 of 19 
 

In general, on good asphalt pavements, severe instability occurs when the vehicle 
side slip angle exceeds 10°; instability occurs when the side slip angle reaches 4° on icy 
pavements, and the maximum side slip angle is obtained empirically as 

max arctan(0.02μg)β =  (14) 

The expected side slip angle is obtained as follows: 

} ( )db d x f2
x r

min ( ) , arctan(0.02μg) signb mav
v k L

β γ δ
= − ⋅ ⋅ + ⋅


 (15) 

4. Yaw Moment Controller 
4.1. Integral Sliding Mode Yaw Moment Controller 

Sliding mode control (SMC) is a special nonlinear control method proposed by Amer-
ican scholar Vadim Utkin in the 1960s that is applicable to the control of various linear and 
nonlinear systems. Sliding mode control is well known for its good performance under 
the uncertainty of system parameters and external disturbances. The core idea is to effec-
tively control the system’s dynamic characteristics by introducing a sliding mode surface 
so that the system state slides rapidly on the surface [31]. A sliding mode surface refers to 
a dynamically changing special control surface that divides the state space into two re-
gions: the region on the sliding mode surface and the region outside the sliding mode 
surface. Its purpose is to guide the system state to the defined ideal trajectory and to 
achieve the stable control of the system by adjusting the control parameters to make the 
system state converge rapidly on the sliding mode surface [32]. Sliding mode control is 
characterized by solid robustness and fast response, making it widely used in engineering 
control. The basic principle consists of designing a suitable sliding mold surface and mak-
ing the system state slide rapidly along this sliding mold surface through the control law. 
This control strategy enables the system to maintain stability in different operating modes, 
thus showing adaptability to system parameter changes and external perturbations. In 
addition, sliding mode control is robust to system nonlinearities and uncertainties, mak-
ing it suitable for complex and variable engineering systems [33]. 

The core content of traditional sliding mode variable structure control is divided into 
two steps: one is to design the sliding mode region, so that the system has certain expected 
characteristics along the sliding mode trajectory; second, discontinuous control is de-
signed so that the trajectory of the system can reach the sliding mode region in finite time. 
In general, the state space equation of the system can be expressed as [34,35] 

( , , ), , ,n mx f x u t x R u R t R= ∈ ∈ ∈  (16) 

In the state space, there is a switching surface 1 2( ) ( , , , ) 0ns x s x x x= = , as shown 
in Figure 3, which divides the state space into three parts: 𝑠 > 0, 𝑠 < 0, and 𝑠 = 0. 

 
Figure 3. Characterization of the three points on the switching plane. Figure 3. Characterization of the three points on the switching plane.

In the figure, A represents the normal point, B represents the starting point, and C is
the termination point. Only the termination point is meaningful in sliding mode variable
structure control. According to the definition of sliding mode variable structure control, all
motion points in the sliding mode region need to reach the termination point condition,
and we can obtain

lim
s→0+

.
s ≤ 0

lim
s→0−

.
s ≥ 0

(17)

However, conventional sliding mode control could perform better despite systematic
static errors. When the state trajectory reaches the sliding mode surface, it is not easy
to slide strictly along the sliding mode surface to the equilibrium point, but rather one
traverses back and forth on both sides of it to converge to the equilibrium point, thus
generating jitter vibration, which cannot be eliminated and does not guarantee that the
initial state of the system is on the sliding mode surface, which is often determined by
external conditions. To overcome this problem, integral sliding mode control (ISMC) is
used to introduce an integral term, which eliminates the initial state error and improves
the accuracy and stability of the system so that the initial position of the system is on the
sliding mode surface, thus eliminating the convergence phase.

The integral sliding mode yaw moment controller establishes the integral sliding
mode control state space equation through the two-degree-of-freedom dynamics equation,
constructs the sliding mode surface and verifies the stability of the system through the Li
Yapunov equation, and finally produces an additional yaw moment acting on the front
axle to improve the driving stability of the vehicle and the stability of the car at high speed
when cornering.
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The two-degree-of-freedom dynamic equations of the vehicle after adding the addi-
tional yaw moment are expressed as follows: m(

.
vy + γ · vx) = (Cc f + Ccr) · β +

(a·Cc f −b·Ccr)

vx
· γ − Cc f · δf

Iz ·
.
γ = (a · Cc f − b · Ccr) · β +

(a2·Cc f −b2·Ccr)

vx
· γ − a · Ccr · δf + ∆M

(18)

where ∆M is the additional yaw moment generated by the integral sliding mode yaw
moment distributor.

The above formula (Equation (18)) is transformed into a spatial state expression
as follows:

.
x = Ax + Bu + Eδ f (19)

where
.
x =

[
β
γ

]
. After organizing it, we can obtain A, B, E, and u:

A =

[
A11 A12
A21 A22

]
=

 −2(Cc f +Ccr)
mvx

(bCcr−aCc f )
mv2

x
− 1

2(bCcr−aCc f )
Iz

− 2(a2Cc f +b2Ccr)
vx Iz

 (20)

B =

[
0
B2

]
=

[
0
1
Iz

]
(21)

E =

[
E1
E2

]
=

[ Cc f
mvx
aCc f

Iz

]
(22)

u = ∆M (23)

Let the yaw angular velocity and the side slip angle gain values e1 = ∆β, e2 = ∆γ.
The parameters in Equations (20)–(23) can be obtained by bringing them into the space

equation of state and organizing them as follows:[ .
β
.
γ

]
−

[
A11 A12
A21 A22

][
β
γ

]
=

[
0
B2

]
u +

[
E1
E2

]
δ f (24)

The gain values of the yaw velocity and the side slip angle are used as control variables
to design the sliding mode surface as follows:

s = e2 − e2(0)−
∫ t

0
v(τ)dτ (25)

The derivation of Equation (25) gives

.
s =

.
e2 − v(t) = 0 (26)

Rewriting Equation (26) as a state space expression results in

.
e =

[
A11 A12
0 0

]
e +

[
0
1

]
v +

[
E1
0

]
δ f (27)

From Equation (27), the control objective is transformed from the actual transverse
pendulum angular velocity (γ) and side slip angle (β) converging to the ideal values (γdb
and βdb) to the gain (e) of both transverse pendulum angular velocity and side slip angle
converging to zero.

Let the v function be

v = −
[
k1 k2

]
·
[

e1
e2

]
−

[
E1
0

]
δ f (28)
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where k1 and k2 are constants.
For the stability of the control system, the Li Yapunov function is chosen:

V =
1
2

s2 (29)

By employing the design control rate (u(t)), we obtain

.
V = s

.
s ≤ −ks2 (30)

The final additional yaw moment can be obtained as follows:

∆M = −Iz

2
(

bCcr − aCc f

)
Iz

β −
2
(

a2Cc f + b2Ccr

)
vx Iz

γ +
aCc f

Iz
δ f − v

 (31)

4.2. Torque Distribution Controller

When the front-wheel drive vehicle is driving on a road with a low adhesion coefficient
or turning at high speed, understeer occurs when the wheel slip rate is too large, causing the
vehicle to lose maneuverability and stability. It can be seen from the curve of the adhesion
coefficient and slip rate that understeer easily occurs when the lateral adhesion coefficient is
minimal. Therefore, the goal of stability control is to ensure that the longitudinal coefficient
of adhesion and lateral coefficient of adhesion are as significant as possible without losing
the vehicle’s stability. As shown in Figure 4, when the slip rate reaches point A, the
longitudinal adhesion coefficient reaches its maximum value. In contrast, the lateral
adhesion coefficient corresponding to point A is small. If it continues to increase the slip
rate, it will increase the risk of the vehicle losing stability.
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4.2.1. Optimized Target Design

In order to ensure that the tires of a racing car have sufficient lateral stability margin
to ensure the stability of the vehicle at high speeds and when cornering, minimum tire
utilization is the control objective. Tire adhesion utilization refers to the ratio of the ground
adhesion utilized by the tire to the maximum adhesion that the ground can provide, which
can reflect the degree of stability of the vehicle. The higher the tire adhesion utilization rate,
the higher the road adhesion rate utilized by the tire, and the lower the adhesion margin.
When the adhesion utilization ratio is 1, it indicates that the tire is at the limit of adhesion,
and the vehicle is at risk of destabilization at any time. On the contrary, the lower the
tire adhesion utilization rate, indicating that the tire has more adhesion margin to resist
external interference, the more stable the vehicle is.
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At this time, the tire adhesion efficiency of the racing car is expressed as follows:

ηi =

√
F2

xi + F2
yi

µiFzi
(32)

where Fxi, Fyi, and Fzi are the longitudinal, lateral, and vertical forces on the ith wheel of
the racing car, respectively, and µi is the ground adhesion coefficient of the ith wheel.

Then, the stability margin of the tire can be expressed as

ψi = 1 − ηi = 1 −

√
F2

xi + F2
yi

µiFzi
(33)

According to the tire friction ellipse principle, the lateral force available to the tire
increases when the tire’s longitudinal force decreases. As shown in Figure 5, point a is the
initial state working point of the tire; at this time, point a is inside the adhesion ellipse; the
specific boundary has a certain distance; at this time, the tire longitudinal force and lateral
force have more margin, and the vehicle is in a stable state of motion. The tire margin
gradually decreases when moving from point a to point b. When reaching point b, the
longitudinal and lateral forces of the tire reach the adhesion limit, and the vehicle is in a
stable critical state. As the longitudinal force continues to increase until point c, the lateral
force gradually decreases to 0. The available tire adhesion margin is tiny, and the vehicle is
prone to understeer and oversteer.
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With minimum tire utilization as the control objective, the objective function is shown
in Equation (34):

Jm = min ∑
ij=fl, fr, rl, rr

F2
xij + F2

yij(
µFzij

)2 (34)

where Jm represents the tire utilization rate; µ represents the adhesion coefficient between
the tire and the ground; ij = fl, fr, rl, rr represent the number of the four wheels of the
racing car, i.e., left front, right front, left rear, and right rear, respectively; Fxij represents the
longitudinal force of the tire; Fyij represents the lateral force of the tire; and Fzij represents
the vertical load of the tire.
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The estimation equation for the tire vertical load (Fzij) is [36]

Fzfl = mg b
2(a+b) −

.
vx

h
2(a+b) − m

.
vy

h
d f

Fzfr = mg b
2(a+b) −

.
vx

h
2(a+b) + m

.
vy

h
d f

Fzrl = mg b
2(a+b) +

.
vx

h
2(a+b) − m

.
vy

h
d f

Fzrr = mg b
2(a+b) +

.
vx

h
2(a+b) + m

.
vy

h
d f

(35)

From Equation (35), it can be seen that when it is smaller, it represents the minimum
amount of change required for the racing car to reach the target value from the current
wheel longitudinal force under the same driving conditions, which in turn reduces the time
for the vehicle to reach the target yaw moment and the motion response characteristics, so
that the yaw motion response of the racing car is improved.

4.2.2. Torque Distribution Rules

In order to improve the stability of the front-wheel dual-motor-driven driverless racing
car’s yaw stability during high-speed cornering, the formulation of a reasonable torque
allocation rule is a critical and essential part [37]. Firstly, it is necessary to determine
whether the current driving state of the racing car is an understeer state; secondly, it is
essential to decide how to deal with the racing car when it is determined to be in the
understeer state; and finally, it is required to distribute the torque according to the designed
torque distribution rule. The direction of the additional yaw moment solved by the yaw
moment controller, the direction of the actual front-wheel angle of the racing car, and
the transverse angular velocity deviation are jointly used as the conditions for judging
the driving state of a racing car. The yaw torque distribution method based on motor
characteristics is used to convert the additional yaw torque required by the vehicle into
driving or braking torque and control the car’s front wheel to increase the torque on one
side of the motor and reduce the torque on the other. The torque distribution rules for the
drive wheels are shown in Table 1:

Table 1. Wheel torque distribution rules.

Steering Front-Wheel
Steering Angle

Yaw Velocity
Deviation

Additional Yaw
Moment

Steering
Characteristic Torque Distribution

Left turn δ f > 0 er > 0 ∆M < 0 Oversteer Tf l > 0, Tf r < 0
Left turn δ f > 0 er > 0 ∆M > 0 Understeer Tf l < 0, Tf r > 0

Right turn δ f < 0 er < 0 ∆M < 0 Understeer Tf l > 0, Tf r < 0
Right turn δ f < 0 er < 0 ∆M > 0 Oversteer Tf l < 0, Tf r > 0

The equation for the rotational dynamics of the wheel without considering the rolling
resistance of the tire is

Tij = FxijR (36)

The constraints to be satisfied for each wheel drive torque are
Txfl cos δ f + Txfr cos δ f = Tcmd
B f
2R

(
Tx f r − Tx f r

)
cos δ f +

l f
R (Txfl + Txfr) sin δ f = ∆M∣∣Txij

∣∣ ≤ min
∣∣(µijFzij, Tmax

)∣∣ (37)

where Tcmd is the total demand torque; Tmax is the maximum torque output from the motor;
and Txfl and Txfr are the left-front-wheel drive torque and right-front-wheel drive torque,
respectively.

As a distributed drive structure, the torque of the front two drive wheels can be inde-
pendently controlled, and the torque can be distributed and controlled in any proportion
within the range of their torque capacity. This distributed drive arrangement structure
provides feasibility for improving the stability and smoothness of the racing car when
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driving. According to the method of yaw moment distribution, when the racing car is
steering, the inner wheel decreases the torque ∆T based on the average distribution torque,
and the outer wheel increases the torque ∆T based on the average distribution torque.

The final outputs of the front inner and outer wheels after distribution can be obtained
as follows:  Tf in = Tf i − ∆T = Tf i −

∣∣∣∆MR
2B f

∣∣∣
Tf out = Tf i + ∆T = Tf i +

∣∣∣∆MR
2B f

∣∣∣ (38)

where Tfin is the inner wheel torque of the front axle and Tfout is the outer wheel torque of
the front axle.

5. Simulation and Result Analysis

A racing car stability control algorithm was built in MATLAB/Simulink, a racing
car model was established in CarSim, and two typical test conditions were built. A joint
simulation experiment platform of MATLAB/Simulink and CarSim was established to
validate the driverless formula racing car yaw stability control strategy proposed in this
paper. The particular parameters of the driverless formula racing car are shown in Table 2.

Table 2. Basic parameters of the racing car.

Symbol Definition Value

m Vehicle mass 260 kg
a Distance of CG from front axle 760.5 mm
b Distance of CG from rear axle 852.5 mm
c Wheelbase 1210 mm
l Axle base 1550 mm
h Height of CG 300 mm
Iz Vehicle yaw moment of inertia 1325 kg/m2

J Wheel yaw moment of inertia 0.9 kg/m2

5.1. Double-Lane-Change (DLC) Simulation

The first simulation condition is the double-lane-change (DLC) condition. According
to the driverless system recognizing the double-lane-change path trajectory as the steering
wheel angle input, in order to simulate the race track road conditions, we selected the
adhesion coefficient (µ) for 1.0, and according to the double-lane-change trajectory planning
for the driving speed of the car’s expected speed, in Carsim, we set the expected speed to
60 km/h. The joint simulation results are shown in Figure 6.

From Figure 6, the stability of the driverless formula racing car during the double-
lane-change test can be more significantly improved by adding the yaw moment controller.

Figure 6a, b show the expected traverse yaw angular velocity as the observation target.
The performance of the transverse yaw moment controller is evaluated by judging the
deviation of the vehicle’s actual transverse yaw angular velocity from the expected yaw
velocity. It can be seen that the yaw moment controller can control the vehicle tracking on
the expected yaw angular velocity to minimize the resulting yaw angular velocity error
when the vehicle yaw angular velocity changes abruptly. Figure 6a shows that when the
vehicle moves under double-shift working conditions, the maximum value of the expected
yaw angular velocity is 2.082 dag/s. Without yaw torque control, the absolute value
of the maximum yaw angular velocity generated is 2.808 dag/s. After adding the yaw
torque controller, the absolute value of the maximum yaw torque generated is reduced to
2.285 dag/s. Meanwhile, according to Figure 6b, it can be seen that when no yaw moment
control is performed, the resulting maximum yaw moment error is 1.663 dag/s. In contrast,
the maximum yaw moment error is reduced to 0.602 dag/s after adding yaw moment
control, and the yaw moment error is reduced by 63%.

The performance of the yaw moment controller is evaluated by judging the deviation
of the vehicle’s actual side slip angle from the expected side slip angle. It can be seen that
the yaw moment controller plays a specific role in controlling the vehicle’s side slip angle,
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which helps improve the vehicle’s stability during cornering. From Figure 6c, d, it can be
seen that the maximum side slip angle error generated without yaw moment control is
0.1256 dag. In contrast, the maximum yaw moment error is reduced to 0.0418 dag after
adding yaw moment control, and the yaw moment error is reduced by 66.7%.
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In summary, it can be seen that the vehicle with the function of yaw torque control is
better than the vehicle without yaw torque control in the control of yaw angular velocity
and side slip angle, and the designed yaw torque controller can improve the driving
stability of the vehicle under this working condition.

5.2. Autocross Traction Simulation

In order to more intuitively see the operating effect of the yaw moment controller
designed in this paper in an actual race situation, a part of the high-speed tracking program
track with many curves is intercepted as the target path, as shown in Figure 7. The road
trajectory recognized by the unmanned system is used as the steering wheel angle input,
and the road surface adhesion coefficient is set to 0.4 to simulate wet race track road surface
after rainfall. The simulation speed should also be the driving speed planned according
to the double-shift trajectory, and the expected speed of the uncrewed racing car is set to
60 km/h. The simulation results are shown in Figure 8.
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The simulation results are shown in Figure 8. The driverless formula car with yaw
stability controller has good stability control ability on the high-speed tracking multi-curve
road under the condition of ground adhesion coefficient, and it can effectively control the
yaw angle and the center of mass side deviation angle to ensure the smooth driving of
the car.

As can be seen in Figure 8a, when the car enters this autocross tracking course at
a speed of 60 km/h on the curved section, the yaw angle of the car can be closer to
the expected yaw angle after adding yaw torque control than when it is not controlled.
However, as can be seen in Figure 8b, when the car does not have yaw torque control, the
maximum yaw angle error is 0.1262 dag, while the maximum yaw angle error is reduced
to 0.0847 dag/s after adding yaw torque control, and the yaw angle error is reduced by
32%, which is a significant reduction in error. Figure 8c, d takes the side slip angle and
the side slip angle error as the tracking targets, and it can be seen in the two subfigures
that after adding the yaw moment controller, the max side slip angle error is reduced
from 1.341 to 0.048, which is a 63.6% reduction, when the racing car is driving on this
low-adhesion-coefficient section. It shows that the yaw moment controller designed in this
paper can improve the yaw stability of the driverless formula racing car while driving on
the actual low-adhesion-coefficient autocross track, which also proves the effectiveness of
the yaw stability controller.

6. Conclusions

This paper proposes a stability control strategy for a front-wheel dual-motor-driven
driverless formula racing car. The following conclusions are drawn:

1. Taking the yaw stability of the racing car as the control objective, the upper layer is
designed based on integral sliding mode theory, which solves the jitter problem of the
traditional sliding mode control by introducing an integral term based on the original
sliding mode control principle. The linear two-degree-of-freedom model of the racing
car is established to calculate the expected yaw angular velocity, the expected side
slip angle, and the additional yaw moment.

2. Aiming at the additional torque generated when the racing car turns, the lower torque
distribution controller is designed, and the torque optimization goal and torque
distribution rules of the car are used as the evaluation criteria to optimize the torque
distribution of the two motors of the inner and outer wheels.

3. The results of simulation experiments under two different working conditions show
that the yaw stability of the driverless formula racing car with the yaw stability control
strategy proposed in this paper is significantly improved when traveling and turning
under different road conditions, which verifies the effectiveness of the yaw stability
control strategy proposed in this paper. It improves the yaw stability of the car when
turning at high speed and driving on low-adhesion-coefficient roads.
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