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Abstract: Offshore substations are important sustainable power infrastructures subjected to strong
vibrations induced by complex environmental excitations such as wind, waves, and currents. To
protect the structures and expensive facilities, lightweight vibration control devices are highly
desirable in offshore substations. With a high-performance energy dissipation device, the inerter, the
conventional Tuned Mass Damper (TMD) is upgraded for lightweight vibration control. The optimal
parametric design and performance evaluation of single- and double-tuned vibration control devices
is performed based on the H-norm criteria. The corresponding equivalent mass ratios of both single-
and double-tuned vibration control devices are summarized and formulated in a systematical manner.
Finally, the presented optimal design formulas, equivalent mass ratios, and control performances
are validated by vibration control analyses on a practical offshore substation. The results show that
inerter-based vibration control devices can be effectively equivalent to a TMD, with the equivalent
mass ratio. The double-tuned inerter-based device could save 25% mass compared to a TMD. With a
Tuned Mass Damper Inerter (TMDI), the responsibility for the mass could be shared with dual-end
connected inerters. Meanwhile, the Tuned Viscous Mass Damper (TVMD) completely replaces the
mass block with an inerter, which has a superior lightweight vibration control performance.

Keywords: offshore substation; lightweight design; vibration control; inerter; wind and wave

1. Introduction

Offshore substations are important sustainable power infrastructures in wind farms [1].
Many expensive and delicate instruments are used in offshore substations. As shown
in Figure 1, offshore substations are constructed to be supported by a jacket type or a
mono-pile type, with sustainable power instruments equipped to the frame structure
above sea level so that they are protected from sea intrusion [2]. However, located in a
complex environment, particularly excited by stochastic wind, wave, and current loadings,
they are often subjected to strong vibrations [3,4]. These long-time harmful vibrations
adversely impact the normal operation of instruments, which may tremendously increase
the operation and maintenance costs of sustainable power [5]. Additionally, vibrations
may also induce damage to the bearing structures, which would cause disastrous accidents
and serious economic losses [6]. Therefore, vibration control is highly desired to protect
the facilities of offshore substations [7–9]. As offshore substations are constructed in the
marine environment and bear many instruments, the space for vibration control devices is
particularly limited; therefore, lightweight vibration control devices are highly desirable
in offshore substations [10]. Therefore, vibration control devices with a light weight and
high performance would benefit the development and maintenance of wind farms, which
contribute to sustainable development.
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Conventional vibration control devices are referred to as Tuned Mass Dampers 
(TMDs) [11]. TMDs are acknowledged for their simple configuration, feasible installation, 
effective vibration suppression performance, and low cost. Conventional TMDs have 
gained much research attention during parametric optimal design and control perfor-
mance evaluations [12–16]. They have also been practically applied on various structures, 
such as buildings [17–19], bridges [20,21], wind turbines [22–24], etc., to resist different 
vibrations caused by seismic activity [19,21], wind [17,20], or waves [22–24], etc. However, 
the control performance of optimal designed TMDs is dependent on mass. In particular, 
with higher mass values (more weight), a better control performance can be achieved. This 
aspect may lead to an additional burden on the primary structure. Especially for offshore 
substations, a lightweight performance is highly desired. Therefore, the lightweight de-
sign of vibration control devices is an important practical issue to be addressed. 

Recently, with the development of advanced mechanical design, a high-performance 
mechanical element named “inerter” was proposed and developed [25]. It originates from 
an interdisciplinary analogy between electronics and mechanics. An inerter element is 
characterized as outputting forces fin in proportion to the relative translation accelerations 
between its two terminals ( 1u  and 2u ) [26], as shown in Equation (1). 

= ⋅ − in 2 1( )f b u u . (1) 

Here, ü1 and ü2 denote the displacement of the terminals. The overhead dots denote 
a derivation with respect to time. The inertance coefficient is b, which has the same dimen-
sion as mass. This property can be physically achieved with a mechanism (such as rack-
pinion [27], ball screw [28], living hinge [29], hydraulic mechanics [30], etc.) converting 
the translation deflection into rotation. With a flywheel, the rotation can produce a signif-
icant inertial effect. The schematic diagram of a general simplified symbol of an inerter 
element is shown in Figure 2. The circular plates indicate the flywheel used to generate 
the inertial-like force, as presented by Equation (1). The inertial effect is quantified by the 
inertance coefficient, which can be valued at hundreds of times the physical mass of the 
inerter device. With this feature, the lightweight design of a vibration control device may 
be realized. 
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Figure 1. Schematic diagrams of offshore substations. (a) Jacket-type offshore substation. (b) Mono-
pile-type offshore substation. 

  

Figure 1. Schematic diagrams of offshore substations. (a) Jacket-type offshore substation. (b) Mono-
pile-type offshore substation.

Conventional vibration control devices are referred to as Tuned Mass Dampers
(TMDs) [11]. TMDs are acknowledged for their simple configuration, feasible installa-
tion, effective vibration suppression performance, and low cost. Conventional TMDs have
gained much research attention during parametric optimal design and control performance
evaluations [12–16]. They have also been practically applied on various structures, such as
buildings [17–19], bridges [20,21], wind turbines [22–24], etc., to resist different vibrations
caused by seismic activity [19,21], wind [17,20], or waves [22–24], etc. However, the control
performance of optimal designed TMDs is dependent on mass. In particular, with higher
mass values (more weight), a better control performance can be achieved. This aspect may
lead to an additional burden on the primary structure. Especially for offshore substations,
a lightweight performance is highly desired. Therefore, the lightweight design of vibration
control devices is an important practical issue to be addressed.

Recently, with the development of advanced mechanical design, a high-performance
mechanical element named “inerter” was proposed and developed [25]. It originates from
an interdisciplinary analogy between electronics and mechanics. An inerter element is
characterized as outputting forces f in in proportion to the relative translation accelerations
between its two terminals (

..
u1 and

..
u2) [26], as shown in Equation (1).

fin = b · ( ..
u2 −

..
u1). (1)

Here, ü1 and ü2 denote the displacement of the terminals. The overhead dots denote a
derivation with respect to time. The inertance coefficient is b, which has the same dimension
as mass. This property can be physically achieved with a mechanism (such as rack-
pinion [27], ball screw [28], living hinge [29], hydraulic mechanics [30], etc.) converting the
translation deflection into rotation. With a flywheel, the rotation can produce a significant
inertial effect. The schematic diagram of a general simplified symbol of an inerter element
is shown in Figure 2. The circular plates indicate the flywheel used to generate the inertial-
like force, as presented by Equation (1). The inertial effect is quantified by the inertance
coefficient, which can be valued at hundreds of times the physical mass of the inerter device.
With this feature, the lightweight design of a vibration control device may be realized.
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By adopting the inerter into conventional vibration control devices, many high-
performance vibration absorbers have been developed and investigated. Among these, the
Tuned Viscous Mass Damper was developed by Ikago’s laboratory using a ball screw mech-
anism [31]. With an excellent control performance, it became the first known inerter-based
vibration absorber in a practical building [32], and it has gained much research attention
recently [33–35]. A Tuned Mass Damper Inerter (TMDI) [36] and Tuned Inerter Damper
(TID) [37] have also been developed for vibration control, subsequently as single-tuned
vibration control devices. Their practical applicability has been further investigated and
addressed in recent years [38–42]. A variant design of a TMD is addressed in [43], referred
to as the V-TMD. It is found that TVMD and TID also follow such variant pairs. In this
way, a V-TMDI is also developed [44]. The family of inerter-based single-tuned vibration
control devices is shown as Figure 3a. A systematic investigation into inerter-based single-
tuned vibration control devices was performed in [45,46]. Alternatively, by replacing the
dashpot of the TMD with TVMD, a double-tuned vibration control device is developed,
known as the Rotational Inertial Double-Tuned Mass Damper (RIDTMD) [47], which is
also referred to as a tuned mass inerter system combining the advantages of both the TMD
and TVMD [48]. In addition, other inerter-based sub-networks have been adopted to form
double-tuned vibration control devices, which are investigated in [49–52]. According to
the literature [49,53], the inerter-based sub-networks marked C3, C5, and C6, as shown
in Figure 3b, exhibit stable and effective performances. The C6 configuration is merely
the RIDTMD.
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With the spring, dashpot, mass, and inerter elements, the lightweight design of
vibration control devices for offshore substations was addressed in this paper. The optimal
design and performance evaluation for different configurations, including various single-
and double-tuned types, are compared and discussed in this paper. The rest of this
paper is organized as follows. Firstly, the governing equations of the primary offshore
substation structure to be controlled and coupling with different vibration control devices
are displayed in Section 2. Subsequently, the optimal parameters of different vibration
control devices are determined in Section 3. With a practical case of an offshore substation
subjected to wave loads, the control performances of different vibration control devices are
compared in Section 4. Finally, the conclusions are summarized in Section 5.

2. Vibration Control Mechanisms

In this section, the vibration control mechanisms for the primary offshore substation
structure coupling vibration control devices are derived. Firstly, the primary offshore
substation structure is simplified and modeled in Section 2.1. Subsequently, the primary
structure coupling the conventional TMD and inerter-based single- and double-tuned
vibration control devices is modeled in Sections 2.2–2.4, respectively. Both the differential
governing equations in the time domain and the algebraic equation in the Laplace domain
are provided in this section. Here, a genetic representation form of the vibration mechanism
based on the Laplace equations is revealed.

2.1. Primary Offshore Substation Structure without Control

The primary offshore substation structure shown in Figure 1 is composed of a support-
ing truss or pile which arose from the sea floor, as well as the main frame of a substation
building. The supporting truss or pile can be simplified as a cantilevered column character-
ized by stiffness K and damping C, whereas the main frame of the substation building is
usually a low-rise steel frame, which is much stiffer than the supporting structure. It can
be simplified as the main mass of M in this dynamic system. Thus, the primary offshore
substation structure is simplified as a single-degree-of-freedom (SDOF) system, as shown
on the sight side of Figure 4. The input excitation on the SDOF system is noted as f (t).
Here, f (t) is the time history of the excitation force. It can be the resultant wave force acting
on the underwater part of the supporting structure. As a system output, the vibration
displacement response of the substation is denoted as x(t). The relationship between the
input f (t) and output x(t) can be established based on the structural dynamic vibration
analysis theory with a second-order differential equation.
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In order to solve the structural dynamic differential equation in an algebraic manner,
with Laplace transform, the relationship between the input f (t) and output x(t) is converted
to a simple algebraic form of F(s) = X(s)(Ms2 + Cs + K). Here, s is the Laplace complex
frequency, X(s) and F(s) are the Laplace transforms of x(t) and f (t). Although the SDOF
structure without control is a simple case, this approach is effective in analyzing complex
cases with complex vibration control devices, as shown in the follow sections.
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2.2. Vibration Control with Conventional TMD

The conventional TMD, as demonstrated in Figure 3a, was attached on the primary
mass of the primary offshore substation structure. The mass, damping, and stiffness
coefficients of the TMD are denoted as m, c, and k, respectively. The governing equations of
the primary structure coupling the TMD, as referred to [11–13], are written as{

M
..
x + C

.
x + Kx − f0 = f (t)

m
..
y + f0 = 0

. (2)

Here, ÿ denotes the displacement of the TMD mass relative to the ground. f 0 denotes
the output force of the TMD. The overhead dot means a derivation with respect to time. The
output force of the TMD is produced by the Kelvin–Voigt element composed of a spring
and dashpot in parallel connection [11], as provided by

f0 = k(y − x) + c(
.
y − .

x). (3)

Note that the expression of Equation (2) for the conventional TMD can be extended
to more complex devices by changing the output force to adapt different characteristic
vibration control devices.

By substituting Equation (3) into Equation (2), and performing Laplace transforma-
tion on both sides of the equations, the governing equations in the Laplace domain are
obtained as {

A1(s)X(s)− A2(s)Y(s) = F(s)

−A2(s)X(s) + A3(s)Y(s) = 0
. (4)

Here, Y(s) is the Laplace transform of y(t). Equation (4) can be regarded as a generic
formulation for vibration control devices, with A1,2,3(s) being the characteristic functions,
which are polynomial functions for single-tuned vibration control devices and are rational
functions for double-tuned vibration control devices. For the most conventional TMD,
they are obtained as Equation (5). Certainly, they are replaced with other forms for other
complex vibration control devices.

A1(s) = Ms2 + (C + c)s + (K + k)
A2(s) = cs + k
A3(s) = ms2 + cs + k

. (5)

2.3. Single-Tuned Vibration Control Devices

Single-tuned vibration control devices are categorized into two types, as displayed in
Figure 2, namely the conventional type and the variant type. The governing equations for
the abovementioned two types are displayed in this subsection.

As single-tuned vibration control devices are two-terminal-connected, as shown in
Figure 5, the general governing equations can be formulated as{

M
..
x + C

.
x + Kx − ( f1 + φ f2) = f (t)

m
..
y + f1 + f2 = 0

, (6)

Here, ÿ denotes the displacement of the mass (in TMD [11–13], V-TMD [43],
TMDI [36,40,42], or V-TMDI [44–46]) or massless node (TID [37,39,41], TVMD [31–35])
relative to the ground. φ is a location modification factor used to address location depen-
dence. f 1 and f 2 denote the output force of the two terminals, as displayed in the following.
Note that Equation (6) is an extended form of Equation (2), with the two force items f 1 and
f 2 for the two terminals, respectively.
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2.3.1. Conventional Type (TMDI)

The conventional type includes the TMD [11–13], TID [37,39,41], and TMDI [36,40,42].
Due to generality, the TMDI with mass, damping, stiffness, and inertance coefficients of
m, c, k, and b is represented for this type. When the mass is absent (m = 0), it degenerates
to the model of the TID. When the inertance is absent (b = 0), it becomes the model of the
TMD [11–13].

This type is characterized by a Kelvin–Voigt element in one terminal, encoded as
terminal 1, connected to the primary mass. Excluding the TMD [11–13] as a one-terminal-
connected device, the TID [37,39,41] and TMDI [36,40,42] have an inerter element connected
to the other end, encoded as terminal 2. It can be connected to the ground, or to a certain
location of the primary structure if a ground connection is not feasible. Thus, f 1 and f 2 are
written as {

f1 = k(y − x) + c(
.
y − .

x)

f2 = b(
..
y − φ

..
x)

. (7)

By substituting Equation (7) into Equation (6) and performing Laplace transformation
on both sides of the equations, the governing equations of the TMDI [36,40,42] in the
Laplace domain are obtained within the framework of Equation (4), with characteristic
polynomials provided by

A1(s) = (M + φ2b)s2 + (C + c)s + (K + k)
A2(s) = φbs2 + cs + k
A3(s) = (m + b)s2 + cs + k

. (8)

2.3.2. Variant Type (V-TMDI)

The other type is the variant type, including the V-TMD [43], TVMD [31–35], and
V-TMDI [44–46]. For the sake of generality, the V-TMDI [44–46] with mass, damping,
stiffness, and inertance coefficients of m, c, k, and b is represented. With an absent of mass
(m = 0) or inerter (b = 0), the model of the TVMD [31–35] or V-TMD [43] can be obtained.

For this type, terminal 1 connects a spring, whereas a dashpot–inerter system in
parallel connection is attached in terminal 2. Exclusively, the V-TMD [43] only has a
dashpot in terminal 2. Thus, f 1 and f 2 are written as{

f1 = k(y − x)

f2 = b(
..
y − φ

..
x) + c(

.
y − φ

.
x)

. (9)

By substituting Equation (9) into Equation (6) and performing Laplace transformation
on both sides of the equations, the governing equations of the V-TMDI [44–46] in the
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Laplace domain are obtained in the format of Equation (4), with characteristic polynomials
provided by 

A1(s) = (M + φ2b)s2 + (C + φ2c)s + (K + k)

A2(s) = φbs2 + φcs + k

A3(s) = (m + b)s2 + cs + k

. (10)

In Equations (6)–(10), the location modification factor φ is based on a Ritz–Galerkin
truncation according to the fundamental mode. It is taken as the modal value where
terminal 2 is connected. For a grounded connection, φ = 0.

2.4. Double-Tuned Vibration Control Devices

Double-tuned vibration control devices are replacing the dashpot of TMDs [11–13]
with inerter-based sub-networks. The installations of double-tuned vibration control
devices are similar to those of the TMD [11–13]. Only one terminal is connected to the
primary mass, which exhibits a better installation feasibility. Thus, the governing equations
of one-terminal-based double-tuned vibration control devices [49–53] are within the generic
format of Equation (2), with a more complex output force of Equation (11) in place of a
simple one in Equation (3):

f0 = k(y − x) + fC3, 4, or 6. (11)

Here, f C3,4, or 6 is the output force generated by the inerter-based sub-network. For
configurations C3, C4, and C6 [49,50], with inerter, damping, and stiffness coefficients of b2,
c2, and k2, it is governed as follows.

2.4.1. C6 Type (RIDTMD)

The C6 type double-tuned vibration control device is the most known RIDTMD [47].
Based on the equilibrium criterion, the output force f C6 in the time domain is derived as

fC6 = b2(
..
y − ..

y1) + c2(
.
y − .

y1) = k2(y1 − x). (12)

Here, y1 is the displacement of the node in the C6 sub-network [49]. This dummy
displacement variable can be eliminated algebraically with Laplace transforms, obtained as

FC6(s) =
Y(s)− X(s)

(b2s2 + c2s)−1 + (k2)
−1 . (13)

Here, FC6(s) is the Laplace transform of f C6(t).

2.4.2. C4 Type

Like the C6 type, for the C4 sub-network [49], the time domain f C4 is written as

fC4 = b2(
..
y − ..

y1) = k2(y1 − x) + c2(
.
y1 −

.
x). (14)

With Laplace transforms, the dummy displacement variable y1 is eliminated alge-
braically, as written by

FC4(s) =
Y(s)− X(s)

(b2s2)−1 + (c2s + k2)
−1 . (15)

2.4.3. C3 Type

In the C3 type sub-network [49,50], two dummy displacements on the connection joints
of different elements are induced, y1 and y2. The f C3 in the time domain is
governed by

fC3 = c2(
.
y − .

y1) = b2(
..
y1 −

..
y2) = k2(y2 − x). (16)
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With Laplace transforms, the dummy displacement variables y1 and y2 are eliminated,
as written by

FC3(s) =
Y(s)− X(s)

(b2s2)−1 + (c2s)−1 + (k2)
−1 . (17)

2.4.4. Mechanical Impedance Function

The above one-terminal vibration control devices connected on the primary mass,
as displayed by Figure 6, can be generically formatted. The governing equations can be
written in the general format of Equation (4), with characteristic functions provided by

A1(s) = Ms2 + Cs + K + k + Ψ(s)

A2(s) = k + Ψ(s)

A3(s) = ms2 + k + Ψ(s)
. (18)
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Figure 6. A schematic diagram of a primary structure coupling a one-terminal-connected vibra-
tion control device (a TMD or a double-tuned vibration control device) generically expressed by a
mechanical impedance function.

Here, Ψ(s) is defined as a mechanical impedance function, denoted as

Ψ(s) =


cs for TMD

[(b2s2)
−1

+ (c2s)−1 + (k2)
−1]

−1
for C3

[(b2s2)
−1

+ (c2s + k2)
−1]

−1
for C4

[(b2s2 + c2s)−1
+ (k2)

−1]
−1

for C6

. (19)

3. Determination of Optimal Parameters of Vibration Control Devices

In order to determine the optimal parameters to maximize the performances of vi-
bration control devices, parametric optimization is performed in this section. Firstly, the
methodology for parametric optimization is addressed in Section 3.1. Subsequently, the
optimal parameters of single- and double-tuned vibration control devices are obtained and
discussed in Sections 3.2 and 3.3, respectively.

3.1. Parametric Optimization Method
3.1.1. Dynamic Amplification Function

The transfer function H(s) = X(s)
F(s) is defined as the quotient between the output re-

sponse X(s) and the input excitation F(s). In the frequency domain, the frequency response
function H(iω) is used to solve the variance of the dynamic response
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σ2
x =

∫ ∞
0 S f (ω)|H(iω)|2dω via the stochastic vibration theory. Here, the frequency re-

sponse function H(iω) is taking s = iω for the transfer function, where i2 = −1. Sf(ω) is a
spectral density function of the excitation f (t), where ω denotes the frequency.

In order to perform the analysis in a generic manner, the transfer functions are
expressed in a dimensionless format. Like the analysis for many vibration control de-
vices [43–46,49–53], the dynamic characteristic parameters for vibration control devices are
demonstrated in Table 1.

Table 1. Dynamic characteristic parameters for vibration control devices.

Symbol Expression Physical Meaning

ωn
√

K/M The natural frequency of the primary offshore substation structure.
ζn

C
2
√

KM
The damping ratio of the primary offshore substation structure.

µ m/M The tuning mass ratio of the vibration control device.

β b+b2
M

The tuning inertance ratio of the vibration control device. Note that for a
single-tuned vibration control device, b2 = 0, whereas for a double-tuned
vibration control device, b = 0.

ωd
√

k
m+b

The nominal frequency of the vibration control device. Note that for a
double-tuned vibration control device, b = 0.

ν ωd/ωn The tuning frequency ratio of the vibration control device.

ωd2
√

k2/b2

The secondary nominal frequency of the sub-network of the double-tuned
vibration
control device.

γ ωd2/ωd
The secondary tuning frequency ratio of the double-tuned vibration control
device.

ζd
c

2
√

k(m+b)

The nominal damping ratio of the vibration control device. Note that for a
double-tuned vibration control device, b = 0.

λ s/ωn The dimensionless Laplace complex frequency.

In this way, with a generic governing equation as per Equation (4), the transfer function
in a dimensionless form is obtained as

H̃(λ) =
KX(s)
F(s)

=
Ã3(λ)

Ã1(λ)Ã3(λ)− Ã2
2(λ)

. (20)

Here, Ã1,2,3(λ) = A1,2,3(s)/K is a dimensionless form of the characteristic functions.
For single-tuned vibration control devices, based on Equations (8) and (10), Equations (21)
and (22) are for the TMDI and V-TMDI, respectively.

Ã1(λ) = (1 + φ2β)λ2 + 2[ζn + ζdν(µ + β)]λ + [1 + ν2(µ + β)]

Ã2(λ) = φβλ2 + 2ζdν(µ + β)λ + ν2(µ + β)

Ã3(λ) = (µ + β)(λ2 + 2ζdνλ + ν2)

; (21)


Ã1(λ) = (1 + φ2β)λ2 + 2[ζn + φ2ζdν(µ + β)]λ + [1 + ν2(µ + β)]

Ã2(λ) = φβλ2 + 2φζdν(µ + β)λ + ν2(µ + β)

Ã3(λ) = (µ + β)(λ2 + 2ζdνλ + ν2)

. (22)

For double-tuned vibration control devices, Equation (18) is reformatted as
Ã1(λ) = λ2 + 2ζnλ + 1 + ν2µ + Ψ̃(λ)

Ã2(λ) = ν2µ + Ψ̃(λ)

Ã3(λ) = µλ2 + ν2µ + Ψ̃(λ)

. (23)
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Here, Ψ̃(λ) = Ψ(s)/K is the dimensionless mechanical impedance function, as pro-
vided by

Ψ̃(λ) =



ζdνµ for TMD

[(βλ2)
−1

+ (2ζdνµλ)−1 + (γ2ν2β)
−1

]
−1

for C3

[(βλ2)
−1

+ (2ζdνµλ + γ2ν2β)
−1

]
−1

for C4

[(βλ2 + 2ζdνµλ)
−1

+ (γ2ν2β)
−1

]
−1

for C6

. (24)

The dynamic amplification function D(Ω) =
∣∣∣H̃(iΩ)

∣∣∣ is defined as the modulus of the
dimensionless transfer function. Here, the dimensionless excitation frequency is defined as
Ω = ω

ωn
. The dynamic amplification function denotes the dynamic factor of the response

based on the static one at an excitation frequency of ω = Ωωn.

3.1.2. H-Norm-Based Optimization

The parameters of vibration control devices should be determined for optimization
targets. The parameters of vibration control devices are divided into predetermined pa-
rameters denoted by a vector of π, and underdetermined parameters are represented
by a vector of θ. The predetermined parameters are ones determined before parametric
optimization as known parameters to be substituted into the optimization, like the mass
ratio µ and the installation parameter φ. They are usually determined based on some
presumptions and installation restrictions, whereas the underdetermined parameters are
ones to be determined based on predetermined parameters to achieve better control perfor-
mances, like the parameters (ν, ζd) for single-tuned cases, and (ν, γ, ζd) for double-tuned
cases. The parametric optimization is to determine θopt(π) with an optimal target. Targeted
on the norms of dynamic amplification functions, H-norm-based optimization criteria
are presented.

H∞ optimization [11] is targeted by minimizing the infinity norm (maximum value)
Dmax of the dynamic amplification function, as per

find θopt-∞(π)

minimize Dmax = ∥D(Ω;π,θ)∥∞ = max{D(Ω;π,θ)}
s. t. θmin ≤ θ ≤ θmax

. (25)

Here, θopt-∞(π) represents the optimal underdetermined parameters determined by
H∞ optimization. θmin,max denote the lower and upper boundary of the parameter vector
θ. H∞ optimization can be analytically approximated by the fixed-point approach, as
presented in [1]. H∞ optimization is targeted by minimizing the maximum possible
dynamic amplification factor over the whole frequency domain. This is particularly effective
for harmonically or stochastically excited structures with various frequencies.

Alternatively, H2 optimization [13] is targeted on minimizing the second norm I of the
dynamic amplification function, as per

find θopt-2(π)

minimize I = ∥D(Ω;π,θ)∥2 =
√∫ ∞

0 D2(Ω;π,θ)dΩ

s. t. θmin ≤ θ ≤ θmax

. (26)

Here, θopt-2(π) represents the optimal parameters determined by H2 optimization. The
H2-norm I can be analytically obtained by the filter approach or Cauchy’s residue theorem.
However, the H2 optimization results can be non-analytical for complicated cases. As the
H2-norm corresponds to the standard deviation value of a dynamic response subjected to a
white noise with a unit intensity (Sf(ω) = 1), it is particularly effective for broad-banded
stochastically excitations.
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3.2. Single-Tuned Vibration Control Devices

For single-tuned vibration control devices, the predetermined parameter vector is
π = {µ, β, φ}, and the underdetermined parameter vector is θ = {ν, ζd}.

3.2.1. Conventional TMD

The solution of optimal parameters for the conventional TMD has been addressed
extensively. Many analytical H-norm-based solutions are proposed [1–3,36]. The dynamic
amplification functions under different optimal parameters for a conventional TMD with
µ = 0.05 are calculated and illustratively demonstrated in Figure 7. The H2-norm for each
solution is shown in the legend. Among these, the hybrid H∞–H2 solution [36] combines
the advantages of the fixed-point approach for the H∞-norm and filter-based approach for
the H2-norm. Thus, this method is adopted in the present investigation.
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Moreover, in order to estimate the control performance, the H2-norm for the TMD
with hybrid H∞–H2 solutions is obtained as

Iopt =

√∫ ∞

0
D2(Ω; µ, νopt, ζdopt)dΩ =

√
π
√

µ
. (27)

This result can be used as a standard to estimate the lightweight performances of
double-tuned vibration control devices in Section 3.3.

3.2.2. Ground Connected Single-Tuned Vibration Control Devices

For ground connected single-tuned vibration control devices (φ = 0), based on the
hybrid H∞–H2 optimization approach, the analytical optimal parameters are solved as
Equation (28) for the conventional type and Equation (29) for the variant type.

νopt =
1

1 + µ + β
; ζdopt =

1
2

√
µ + β. (28)

νopt =

√
1

1 − µ − β
; ζdopt =

1
2

√
µ + β

1 − µ − β
. (29)

It should be addressed that the H2 solutions for the variant type single-tuned vibration
control devices cannot exist when the inertance coefficient is sufficiently large. Thus, the
H∞–H2 optimization approach could provide a stable solution to adapt this situation.
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3.2.3. Equivalent Mass Ratio Approach to Address the Installation Location

Considering the installation location with an arbitrary parameter φ, the exact analytical
solutions can be derived as Equations (30) and (31) based on the H∞–H2 optimization
criterion [46].

νopt =

√
2Γ4

Γ3(Γ3 + Γ2 − Γ1)− 2Γ1Γ4
; (30)

ζdopt =
1
2

√
4Γ2

4(Γ2Γ3 − Γ1Γ4) + [Γ3(Γ3 + Γ2 − Γ1)− 2Γ1Γ4][Γ3(Γ3 + Γ2 − Γ1)− 2Γ4(Γ3 + Γ4)]

2Γ3Γ4[Γ3(Γ3 + Γ2 − Γ1)− 2Γ1Γ4]
. (31)

Here, the coefficients Γ1,2,3,4 are determined as Equation (32) for the conventional type
and Equation (33) for the variant type.

Γ1 = 0
Γ2 = Γ3 = 1 + µ + β(1 − φ)2

Γ4 = 1 + µβ
µ+β φ2

; (32)


Γ1 = (µ + β)(1 − φ)2

Γ2 = 1 + µ + β(1 − φ)2

Γ3 = 1 + µφ2

Γ4 = 1 + µβ
µ+β φ2

. (33)

By ignoring high-order tiny items, the solutions for these general cases can be simpli-
fied as Equations (34) and (35) for the conventional and variant types, respectively.

νopt =
1

1 + µeq
; ζdopt =

1
2
√

µeq. (34)

νopt =

√
1

1 − µeq
; ζdopt =

1
2

√
µeq

1 − µeq
. (35)

Here, an important parameter, the equivalent mass ratio µeq, is introduced, as defined
by µeq = µ + β(1 − φ)2. The equivalent mass ratio can be used to estimate the lightweight
performance of vibration control devices. The simplification Equations (34) and (35) are
exactly the same as the exact solution Equations (30)–(33) when the product µβφ = 0. To
be specific, when φ = 0, Equations (34) and (35) degenerate to Equations (28) and (29),
respectively. When β = 0, Equation (34) degenerates to the solution of the TMD. The
comparison between the exact and simplified solutions for different types and installation
locations is shown in Figure 8. The simplified results are observed to be in good agreement
with the exact solutions.

Particularly, the scope of application for the equivalent mass ratio approach should
be addressed as β(1 − φ)2 ≥ 0.3µ. Beyond this scope, the adoption of an inerter does not
effectively enhance the vibration control performance [35]. This criterion provides a limit
for the installation of the inerter element. The concept of the equivalent mass ratio indicates
the contribution of inertance with an installation on the vibration control as a mass in
the TMD (or V-TMD). Also, with this approach, the weight reduction for inerter-based
single-tuned vibration control devices can be estimated from a theoretical perspective.
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3.3. Double-Tuned Vibration Control Devices

The parametric optimization problem of double-tuned vibration control devices is de-
fined by the predetermined parameter vector as π = µ and the underdetermined parameter
vector as θ = {β, ν, γ, ζd}. Different from single-tuned vibration control devices, the inerter
in double-tuned vibration control devices is viewed as a sub-element of the inerter-based
sub-network. Therefore, the inertance parameter β here is an underdetermined parameter
rather than a predetermined parameter.

3.3.1. Optimal Parameters

As the transfer function of double-tuned vibration control devices is more complicated
than the previously addressed single-tuned vibration control devices, the analytical optimal
parameters are more cumbersome, as derived from [49,50]. For the convenience of a
practical application, the optimal parameters for double-tuned vibration control devices are
empirically formulated in [53] with simple formulations. With these empirical formulations,
the dynamic amplification functions for a conventional TMD and double-tuned vibration
control devices with µ = 0.05 are calculated, as shown in Figure 9. It is noticed that
the control performances (H-norms) of optimal designed double-tuned vibration control
devices with C3, C4, and C6 sub-networks are similar, which are lower than a TMD with
the same mass.
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3.3.2. Equivalent Mass Ratio

• In order to further quantify the lightweight vibration control performance, with the
formant of the conventional TMD in Equation (27), an equivalent mass ratio for
double-tuned vibration control devices is defined as µeq = αµ, with α being a mass
magnification effect factor. The factor α is determined by equalizing the optimal
H2-norms of double-tuned vibration control devices with those of the conventional
TMD, as per Equation (36), via a least square technique.

Iopt =

√
π

√
µeq

=

√
π

√
αµ

. (36)

• The optimal H2-norms of double-tuned vibration control devices and the conventional
TMD are plotted in Figure 10. It is noticed that Equation (36) can fit well with the
data, indicating the effectiveness of the equivalent mass approach. The resulting factor
α is determined as 1.25, which indicates that the optimally designed double-tuned
vibration control device may save 25% of the mass compared to a conventional TMD.
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4. Vibration Control on a Practical Offshore Substation

In this section, the vibration control on a practical offshore station is subjected to wind,
wave, and current loads. The basic calculation conditions are demonstrated in Section 4.1.
The control performances of different vibration control devices are shown in Section 4.2.
Finally, comparisons and discussions are displayed in Section 4.3.

4.1. Vibration Response Analysis
4.1.1. Finite Element Model of the Offshore Substation

A practical 220 kV offshore substation from a wind farm is taken as an example for
this case study. It is composed of a four-story steel structure supported on a jacket structure,
as shown in Figure 11. The finite element model is established with ANSYS software;
PIPE 16 elements are used to simulate the truss members. BEAM188 elements are used to
simulate the frames of the upper structure. Like many engineering validation cases [42,53],
the steel material is characterized as a density of 7850 kg/m3, a passion ratio of 0.3, and a
Young’s modulus of 206 GPa.
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Based on the modal analysis, the fundamental modal frequency of the offshore substa-
tion structure is calculated as 0.79 Hz. As shown in Figure 11b, the mode is characterized as
a horizontal vibration. The inherent damping of the structure is taken as Rayleigh damping
with a damping ratio of 0.04.

4.1.2. Environmental Excitations

In order to provide calculation inputs for readers to follow, the determination of
environmental excitations is provided in this section.

(1) Wind load

The wind velocity Vz and the turbulence intensity Iz are assumed to follow a power
law along the height z, with a power index of 0.12 for a marine terrain [4], as shown in
Equation (37). {

Vz = V10(z/10)0.12

Iz = 0.12(10/z)0.12 . (37)

Here, V10 is a basic wind speed at a standard reference height of 10 m. The stochastic
wind velocity spectrum Swind(ω) is taken as the Davenport spectrum as

Swind(ω) = (Vz Iz)
2 4πn2

3ω(1 + n2)4/3 . (38)

Here, n = 600ω/(πV10) is the reduced frequency. With a spectral representation
method [54], the stochastic wind speed Vz(t) can be obtained. Then, the wind load on each
structural node f wind(t) can be obtained as

fwind(t) = Cp ·
1
2

ρairV2
z (t) · A, (39)

where Cp is the wind pressure coefficient, ρair is the air density, and A is the tributary area
of the node.

(2) Wave and current loads

The wave is assumed based on a linear airy wave. The horizontal velocity and
acceleration of the water particles vx(z, t) and ax(z, t) are expressed by
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
vx(z, t) = ∂Φ

∂x =
N
∑

i=1

√
2Swave(ωi)∆ω

ωi cosh[κi(d+z)]
sinh(κid)

cos(ωit + εi)

ax(z, t) = ∂vx
∂t =

N
∑

i=1

√
2Swave(ωi)∆ω

ω2
i cosh[κi(d+z)]

sinh(κid)
sin(ωit + εi)

. (40)

Here, Φ is the velocity potential function. ωi, κi, and εi (i = 1, 2, . . ., N) are the frequency,
wave number, and stochastic phase of the ith wave. d is the water depth. Swave(ω) is the
wave height spectrum, which is taken as the JONSWAP spectrum as per Equation (41) [55].
∆ω is the frequency interval.

Swave(ω) =
Ag2

ω5 exp

[
−5

4

(
2π

TPω

)4
]

υ
exp [− 1

2σ2 (
TPω
2π −1)

2
]. (41)

Here, A is a normalized factor, taken as 0.076; TP is the characteristic period of the
wave; υ is a spectral peak factor, taken as 3.3; and σ is the spectral shape factor, taken as
0.07 for ω ≤ 2π/TP and 0.09 for ω > 2π/TP. With Morison’s formula, the wave and current
loads on an underwater pipe element f w&c(t) are calculated by

fw&c(t) =
1
2

CDρseav2
c A +

1
2

CDDhρsea|vx|vx +
π

4
CMD2hρseaax, (42)

where CD is a drag coefficient, taken as 1.2; CM is an inertial coefficient, taken as 2.0; vc is
the mean current velocity; ρsea is the density of sea water; D and h are the diameter and
tributary height of the pipe element, respectively; and A is the tributary area of the element.

4.2. Vibration Control Performance
4.2.1. Vibration Control Devices

Vibration control devices are selected as conventional TMDs with a mass ratio of
µ = 0.05, which is assumed to be the maximum acceptable proportion for engineering
structures. For single-tuned vibration control devices, the TMDI and TVMD are selected as
illustrations. Considering that the installation is between the top of the lowest jacket and
the floor of the upper platform, φ is calculated as 0.5 based on the modal analysis, as shown
in Figure 11b. The TMDI is illustrated with µ = 0.01, β = 0.16, and φ = 0.5. The TVMD is
illustrated with β = 0.20 and φ = 0.5. The illustrated single-tuned vibration control devices
are characterized with µeq = 0.05. For the double-tuned vibration control device, a RIDTMD
with µeq = 0.05 is selected, which is characterized as µ = 0.04. The underdetermined
parameters are calculated with simplified formulas, as presented in Section 3. The details
of the calculation cases are shown in Table 2.

Table 2. Details of vibration control devices for each case.

Case # Device Predetermined Parameter Underdetermined Parameter

0 None — —
1 TMD µ = 0.05 ν = 0.9524, ζd = 0.1118
2 TMDI µ = 0.01, β = 0.16, φ = 0.5 ν = 0.9524, ζd = 0.1118
3 TVMD β = 0.20, φ = 0.5 ν = 1.0260, ζd = 0.1147

4 RIDTMD µ = 0.04 β = 0.0046, ν = 0.9259,
γ = 1.1200, ζd = 0.0234

4.2.2. Vibration Responses and Control Rates

The dynamic responses of the offshore substation are analyzed with a transient time
history analysis method. The top displacement and acceleration responses of the offshore
substation for different cases are shown in Figure 12.
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It can be observed from Figure 12 that with vibration control devices, the vibration
responses, including both displacement and acceleration, are significantly suppressed. This
shows the effectiveness of the vibration control device. Moreover, with the same equivalent
ratio, despite the difference in the configurations of vibration control devices, the reduction
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effect may be similar. This further validates the effectiveness of lightweight performance
estimated with the equivalent mass ratio, as presented in Sections 3.2.3 and 3.3.2. This
aspect will be further addressed in Section 4.3.

In order to further quantify the control performances, the reduction rate of the dynamic
and maximum responses Jdyn and Jtot is defined, as expressed by

Jdyn =
SD[qUC(t)]− SD[qC(t)]

SD[qUC(t)]
× 100%, (43)

Jtot =
Max[qUC(t)]− Max[qC(t)]

Max[qUC(t)]
× 100%. (44)

Here, qUC(t) and qC(t) are the uncontrolled and controlled responses, respectively.
SD[·] denotes the standard deviation value of the dynamic responses. Max[·] denotes the
maximum of the absolute value of the total responses.

The statistics of the obtained responses and the corresponding control rates are sum-
marized and listed in Table 3. It is obtained that the maximum displacement is reduced by
over 24%, and the maximum acceleration is reduced by up to 37%, which are beneficial to
both prohibit the supporting structure from unfavorable dynamic loadings and protect the
devices from harmful vibrations.

Table 3. The statistics of the obtained responses and the corresponding control rates.

Response Case # Device SD[q(t)] Jdyn (%) Max[q(t)] Jtot (%)

Displacement
(mm)

0 None 11.1 — 61.5 —
1 TMD 8.4 24.4 46.2 24.9
2 TMDI 8.5 24.0 46.3 24.7
3 TVMD 8.1 26.9 46.2 24.8
4 RIDTMD 8.2 26.7 46.3 24.8

Acceleration
(m/s2)

0 None 0.253 — 1.000 —
1 TMD 0.167 33.9 0.603 39.7
2 TMDI 0.168 33.5 0.606 39.4
3 TVMD 0.164 35.1 0.615 38.5
4 RIDTMD 0.163 35.7 0.630 37.0

4.3. Comparisons of Different Vibration Control Devices

It can be observed from Table 3 that with a properly designed single- or double-tuned
vibration control device, the control performance of the inerter-based vibration control
device is similar to a conventional TMD with a same equivalent mass ratio. Moreover, it
can be observed from Figure 12 that the time histories for vibration control devices with
the same equivalent mass ratio are also similar. These results provide strong evidence for
the effectiveness of the equivalent mass ratio, as presented in Section 3.

However, inerter-based devices exhibit a better lightweight performance. Specifically,
the double-tuned inerter-based device could save 25% of the mass compared to the TMD.
With the TMDI, the responsibility for the mass could be shared with dual-end connected
inerters. The presented TMDI conserved only 20% of the mass of the TMD, whereas the
TVMD completely replaced the mass block with an inerter, which has a superior lightweight
vibration control performance. Thus, we strongly recommend that the TVMD is practically
applied on offshore substations as a lightweight vibration control device.

5. Conclusions

Offshore substations are important sustainable power infrastructures subjected to
strong vibrations induced by wind, waves, and currents. In order to protect the structure
and facilities from vibration, vibration control devices are required.

In this paper, the lightweight design issue of vibration control devices for offshore
substations is addressed with an inerter element. Inerter-based single-tuned vibration
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control devices are usually dual-end connected. The ground connection usually exhibits
excellent lightweight vibration control performance. When ground connection is prohibited,
it can be installed on the primary structure. However, the contribution of an inerter is
discounted with the modal parameter. Double-tuned vibration control devices with a single
terminal exhibit good installation feasibility. Although they use different inerter-based
sub-networks, the optimal control performances are similar.

Through a practical example of a practical offshore substation, properly designed
vibration control devices are proven to be effective in controlling the vibration induced by
the marine environment of wind, waves, and currents. Inerter-based devices exhibit a better
lightweight performance. Specifically, the double-tuned inerter-based device could save
approximately 25% of the mass compared to the conventional TMD. With the TMDI, the
responsibility for the mass could be shared with dual-end connected inerters, whereas the
TVMD completely replaces the mass block with an inerter, which has a superior lightweight
vibration control performance.

Inerter-based vibration control devices are characterized by a high performance and
being lightweight. They have the potential to be applied for use in vibration control and
energy harvesting in sustainable power industries. To adapt complex scenarios (such as
multi-hazards, including seismic, wind, waves, ice, etc.), various primary structures (off-
shore platforms, wind turbines, low-carbon building structures, etc.), and multi-functions
(such as balancing stability, recycling mechanical, ocean energy, etc.), further investigations
are required.
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