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Abstract: Since about 1997, the realisation that the finite Reynolds number (FRN) effect needs to be
carefully taken into account when assessing the behaviour of small-scale statistics came to the fore.
The FRN effect can be analysed either in the real domain or in the spectral domain via the scale-
by-scale energy budget equation or the transport equation for the energy spectrum. This analysis
indicates that the inertial range (IR) is established only when the Taylor microscale Reynolds number
Reλ is infinitely large, thus raising doubts about published power-law exponents at finite values

of Reλ, for either the second-order velocity structure function (δu)2 or the energy spectrum. Here,

we focus on the transport equation of (δu)2 in decaying grid turbulence, which represents a close
approximation to homogeneous isotropic turbulence. Regarding small-scale effects, the large-scale
forcing term associated with streamwise advection decreases as Reλ increases and finally disappears

when Reλ is sufficiently large. An approach based on the dual scaling of (δu)2, i.e., a scaling based on
the Kolmogorov scales (when the separation r is small) and another based on the integral scales (when

r is large), yields (δu)2 ∼ r2/3 when Reλ is infinitely large. This approach also yields (δu)n ∼ rn/3

when Reλ is infinitely large. These results seem to be supported by the trend as Reλ increases
according to the available experimental data. Overall, the results for decaying turbulence strongly
suggest that a tendency towards the predictions of K41 cannot be dismissed at least at Reynolds
numbers that are currently beyond the reach of experiments and direct numerical simulations.

Keywords: homogeneous isotropic turbulence; small-scale statistics; finite Reynolds number effect

1. Introduction

The study of small-scale turbulence is of significant theoretical and practical interest
(see the review by Sreenivasan and Antonia [1]). As an example, an improved knowledge
of the small-scale motion can lead to an improvement in turbulence models, e.g., the
k− ε model and large eddy simulations via the subgrid scale model. Since the review by
Sreenivasan and Antonia [1], significant research has been carried out on the effect of the
Reynolds number on small-scale statistics. The earliest research was by Qian [2,3] who
introduced the term finite Reynolds number (FRN) effect. This effect is best investigated
using either the Kármán–Howarth [4] or generalized Kolmogorov equation in a physical
space [5] and spectral space, which is Lin’s equation [6]. The framework provided by these
equations allows the constraints imposed on inertial range scales by both the large scales
and the dissipative scales to be readily assessed in the context of the FRN effect. This aspect
constitutes one objective of the present review.

Starting with the Kármán–Howarth (KH) equation [4], which the authors described as
the fundamental equation for the propagation of the two-point velocity correlation function
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in homogeneous isotropic turbulence (HIT), Kolmogorov [7] obtained the following relation

between (δu)2 and (δu)3, the second- and third-order velocity structure functions

(δu)3 = 6ν
∂

∂r
(δu)2 − 4

5
εr, (1)

where u is the longitudinal velocity fluctuation in the direction x, δu = u(x + r)− u(x), r
being the separation in the direction x; the overbar denotes time averaging; ε is the mean
dissipation rate of the turbulent kinetic energy; and ν is the fluid kinematic viscosity. To
arrive at (1), the non-stationary (∂/∂t) term in the KH equation was neglected. With the
further assumption that viscosity is not important in a range identified with the inertial
range (IR), where η � r � L (η = (ν3/ε)1/4 is the Kolmogorov length scale and L is the
integral length scale), (1) reduces to

(δu)3 = −4
5

εr, (2)

a relation that is generally referred to as the 4/5 law. As pointed out by McComb [8], the use
of the prefactor in naming this law is unusual since most laws are named after the exponent
of r. It does however highlight the fact that it is the only law, at least in the context of HIT,
where the prefactor is known exactly. The derivation of (1) has been the subject of much
scrutiny, e.g., [9–14]. Yaglom [15] noted that Kolmogorov’s proof of (1) is not rigorous since
the KH equation is valid for fully (global) homogeneous and isotropic turbulence, whereas
Kolmogorov’s physical arguments imply only local homogeneity and local isotropy at
large Reynolds numbers. In Hill’s [13] proof, (1) holds for a locally homogeneous and
isotropic velocity field that satisfies the N-S equation and incompressibility. Hill [13] also
obtained (2) without using the incompressibility conditions on the second- and third-order
structure functions.

It is worth emphasizing that (2) is an asymptotic result, valid only when Reλ (= u′λ/ν,
where λ = u′/(∂u/∂x)′ is the Taylor microscale and a prime denotes an r.m.s value) is very
large. It is evident that the issue of how (2) is approached as Reλ increases cannot be tackled
with the use of (1) since the latter ignores the effect of the large scales on the small scales.
To tackle this issue correctly, the non-stationarity needs to be reinstated in (1), as advocated
for example by Danaila et al. [5], allowing the behaviour of the small scales to be assessed
correctly at a finite value of Reλ. Equivalently, one could use the KH equation (in physical
space) or Lin’s equation (in spectral space) [6] (see also [16]). It is appropriate to highlight
the work of Qian [2,3], which has paved the way towards a clearer understanding of the
finite Reynolds number (FRN) effect. Kolmogorov [17] predicted that, in the IR, the nth-
order velocity structure function is given, after normalizing according to the Kolmogorov
scales, by

(δu)n

un
K

= An

(
r
η

)n/3
, (3)

where An are universal constants and uK (=(νε)1/4) is the Kolmogorov velocity scale.
Since about 1997, significant evidence, e.g., [2,3,18–32], has accumulated indicating that
particular attention needs to be paid to the FRN effect when assessing the scaling behaviour
of the velocity structure functions. These studies indicate that (2) and, more generally, the
n-thirds law in (3) are in fact approached very slowly; thus, a very large value of Reλ may
be required before the IR is unambiguously established. It is worth mentioning that, in
order to achieve relatively large values of Reλ in laboratory experiments, several strategies
have been used by the experimentalist such as the use of an active grid, e.g., [33–35] or
low temperature helium gas [20], or by varying the density of the fluid, e.g., [36–40].
Kolmogorov [41] or K62 (see also Oboukhov [42]) made an important modification to (3),
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which has been widely interpreted as the effect of the spatio-temporal intermittency of ε [1].
(3) was replaced by

(δu)n

u′n
∼
( r

L

)ζn
, (4)

where u′ ≡ u21/2
and ζn departs from n/3 except when n = 3, e.g., [1,43–45]. However, as

pointed out above, the studies in the last 25 years or so, e.g., [2,3,18–32], indicate that the
FRN effect on (δu)n seriously calls into question the validity of the published estimates
of ζn. The first objective of this paper is to review recent advances in understanding the
FRN effect on (δu)n. These advances have been underpinned by the use of the transport

equations for (δu)2 and (δu)3.
As described by Antonia et al. [46] and Tang et al. [32] in the context of the trans-

port equation for (δu)2 (or scale-by-scale energy budget), the scaling based on (uK, η)
is effective when the effect of the large-scale term is neglected. This was first pointed

out by Batchelor [9]. Also, the transport equation for (δu)2, when the viscous term is
neglected and the large-scale term retained, satisfies similarity when the scaling based
on (u′, L) applies. This dual scaling is expected to apply, albeit in an approximate fash-
ion, at finite values of Reλ. As Reλ continues to increase, there should be a region of
overlap between the two different normalizations. When Reλ → ∞, the IR should be
established rigorously, and the two sets of scales should become interchangeable in this
range. Tennekes and Lumley [47] and Gamard and George [48] examined the dual scaling
in the context of the energy spectrum in a shear flow and grid turbulence, respectively.
Their results indicate that IR is likely to emerge at a very large Reλ. Tang et al. [32] further

examined the dual scaling of (δu)n in the context of both the transport equation for (δu)2

and experimental grid turbulence data over a significant range of Reλ. They show that dual
scaling leads to a power-law relation (δu)n ∼ rn/3 when the inertial range is rigorously
established. The latter is likely to occur only when Reλ → ∞. Therefore, the second objec-
tive of the present paper is to review the constraints imposed by the dual-scaling approach
on the behaviour of (δu)n and energy spectra as Reλ → ∞. It is worth mentioning that
Antonia et al. [49], Tang et al. [50] reviewed the FRN effect on small-scale statistics in the
dissipative and scaling ranges; the scaling range comprises a range of scales that becomes
identifiable with the IR when Reλ → ∞. Research related to the FRN effect, including
that by Qian [2,3,18,51], was reviewed in McComb’s [8] monograph, which deals exclu-
sively with HIT. Shi [52] reviewed Qian’s various contributions to small-scale turbulence,
including the FRN effect.

2. Small-Scale FRN Effects

The FRN effect on (δu)3 and (δu)4 can be quantified via the following equations of
grid turbulence [53]:

−(δu∗)3 =
4
5

r∗ − 6 f ′ − 2
r∗4

√
15

Reλ
(Γ1 +

1
2

Γ2), (5)

and

(δu∗)4 = 6Γ3 − Γ4 + 2Γ5 + 2Γ6 +

{
1
3

√
15

Reλ
(3Γ7 + Γ8)

}
, (6)
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where Γ1, Γ2, Γ3, Γ4, Γ5, Γ6, Γ7, and Γ8 are given by

Γ1 =
∫ r∗

0
s∗4 f (s∗)ds∗, Γ2 =

∫ r∗

0
s∗5 f ′(s∗)ds∗ (7)

Γ3 =
1

r∗2

∫ r∗

0
s∗Fuv f 2ds∗, Γ4 =

1
r∗2

∫ r∗

0
s∗2T111ds∗. (8)

Γ5 =
1

r∗2

∫ r∗

0
s∗2E111ds∗, Γ6 =

1
r∗2

∫ r∗

0

(
−4 + 4s∗

∂

∂s∗
+ s∗2

∂2

∂s∗2

)
S f 3/2ds∗ (9)

Γ7 =
1

r∗2

∫ r∗

0
s∗2S f 3/2ds∗, Γ8 =

1
r∗2

∫ r∗

0
s∗3

∂(S f 3/2)

∂s∗
ds∗. (10)

In (7)–(10), S = (δu)3/(δu)23/2
; Fuv = (δu)2(δv)2/(δu)22

; T111 = 3(δu∗)2(∂δp∗/∂X∗);
E111 = 6(δu∗)[(∂u∗/∂x∗)2 + 2(∂u∗/∂y∗)2]; f = (δu∗)2; and the asterisk denotes normaliza-
tion by the Kolmogorov scales. In deriving (5) and (6), complete similarity was assumed (for
convenience) so that similarity applies at all scales of motion, i.e., the exponent m in u2 ∼ xm

must be −1. In this case, Reλ must remain constant during the decay, e.g., [25,54–56]. Con-
sequently, and provided Reλ is sufficiently large, the scaling based on (u′, L) is equivalent
to a scaling based on (u′, λ) or (uK, η), thus justifying the normalization for (5) and (6).

Taking r → 0, the relations that quantified the FRN effect on the skewness and
flatness factors of ∂u/∂x can obtained for decaying HIT [53,57,58]. Similar relations for the
skewness of ∂u/∂x have been obtained in other flows, i.e., along the axis in the far-field
of a round jet, the centerline of a fully developed channel flow, the axis in the far-wake
of a circular cylinder and forced HIT, e.g., [57]. Reλ & 300 is sufficient for the skewness
of ∂u/∂x to reach a constant for the flows mentioned above (see for example Figure 2
of Antonia et al. [49]). The magnitude of the flatness of ∂u/∂x increases with Reλ in grid
turbulence and approaches a constant whose magnitude is in approximate agreement with
that along the axis in the far-field of the plane and round jets when Reλ & 600 [58]. The last
term on the right side of (5) is the large-scale term, which involves a cumulative effect (i.e.,
integration) over all scales ranging from 0 up to r and leads to the deviation from the four-
fifths law at FRN. Similarly, (6) highlights the effect of the large-scale motions, represented
by the last term on the right side. Increasing the Reynolds number would help to reduce
this effect, as demonstrated by Antonia and Burattini [23], Antonia et al. [30] who showed
that (δu)3 approaches 4

5 εr with increasing Reλ in homogeneous isotropic turbulence.
Figure 1 shows the variation in the last term on the right side of Equations (5) and (6),

divided by r∗ and r∗4/3, respectively. Strictly, the effect of the large scales should be zero
before testing K41 and K62. We can observe from this figure that these terms decrease
slowly with increasing Reλ, highlighting the lingering effect of the large-scale motion

responsible for the lack of a power-law behaviour for (δu)3 and (δu)4. In particular, values
of Reλ between 104 and 105 are required before the effect of the large scales (or, equivalently,
the FRN effect) disappears. This constraint is entirely consistent with the findings of
Tang et al. [32] that dual scaling applies to (δu)n (n = 2, 3, 4, 6) and that an overlap range
begins to emerge when Reλ > 104; this will be discussed in the next section.

As discussed above, only when the effect of the large scales becomes negligible over
a sufficiently large range of r, which requires Reλ → ∞, can the 4/5 law (or Equation (2))
be observed convincingly. We recall that Sagaut and Cambon [25] summarized the pre-

dictions of Qian [3], Lindborg [19], Moisy et al. [20], Lundgren [21,22] for (δu)3 (see their
Tables 4.4 and 4.5 where a few empirical models that account for the Reynolds dependency

of −(δu)3/εr and the maximum of −(δu)3 are displayed). These models, together with
the Eddy-Damped Quasi-Normal Markovian (EDQNM) result, the prediction of Antonia
and Burattini [23], and experimental and numerical data, are shown in their Figure 4.6.
This latter figure was discussed by Meldi et al. [31]. In particular, results based on the
EDQNM model of Bos and Bertoglio [59] were presented for both free decaying and forced
HIT. These are shown in Figure 2. For the reasons discussed in Meldi et al. [31], we have
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not included the grid turbulence data of Comte-Bellot and Corrsin [60] and the EDQNM
results of Briard et al. [61] (as reported in Sagaut and Cambon [25]). There is almost per-
fect agreement between the prediction based on the scale-by-scale budget [23] and the
EDQNM [31] in decaying HIT. This is rather impressive in view of the different approaches
adopted by Antonia and Burattini [23] and Meldi et al. [31]. Antonia and Burattini [23] used
Equation (5) with an empirical model for f (see their Equation (2.8) , which contains a typo:
the power-law exponent 2c− 2 in (1 + βr∗), viz. (1 + βr∗)2c−2, was left out) and a power
law for u2, viz. u2 ∼ xm with m = −1.25. For Meldi et al. [31], Lin’s transport equation
for E(κ) is solved, the initial spectrum having a slope (κ → 0) of 2 (i.e., σ = 2, which is
generally associated with Saffman turbulence [62]), which corresponds to m = −1.20 (note
that m = −2(σ + 1)/(σ + 3)). One expects that the green curve in Figure 2 will depend on
the choice of σ, at least at small to moderate Reλ. Similarly, for experimental data, the black
curve will depend on the choice of initial conditions; this is confirmed by the trend of the
Mydlarski and Warhaft [33] data in Figure 2. As pointed out by Sagaut and Cambon [25],
“Reλ ≥ 50,000 is required to recover the 4/5 value in freely decaying turbulence, while
Reλ ≥ 5000 is enough in forced turbulence” (see Figure 2). These results reinforce Antonia
and Burattini’s [23] finding that, for decaying HIT, Reλ should probably exceed 106 before

the IR for (δu)3 is established unequivocally, Qian’s [2] prediction that Reλ should be

higher than 104 in order to have an IR wider than one decade for (δu)3, and the predictions
of Antonia et al. [30] and Tang et al. [32] that the values of Reλ between 104 and 105 are
required before one can claim an IR for (δu)n (n = 2, 3, 4, 6) of modest extent. Evidently, the
values of Reλ for the establishment of an IR suggested by the above authors are currently
beyond the reach of the experiments and direct numerical simulations. Although there

is no doubt that, for forced turbulence, −(δu)3/εr reaches 4/5 at a smaller Reλ than for

decaying turbulence, a clear plateau for (δu)2/(εr)2/3 cannot be observed. In particular,
the distribution for this quantity exhibits a relatively sharp rise towards the upper end of

the scaling range when forcing is applied. This clearly affects the slope d log((δu)2)/d log r,
as can be seen in Figure 9 of Meldi et al. [31] where the largest Reλ is 106. Mainly, on the
basis of this result, Meldi et al. [31] inferred that conclusions drawn from forced turbulence
studies do not necessarily apply to decaying turbulence and vice versa.
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Figure 1. Reλ variation in the last term on the right side of Equation (5) (red curve) and the last
term on the right side of (6) (blue curve), divided by r/η and (r/η)4/3, respectively, at r = λ in grid
turbulence. The red curve has already been reported in Tang et al. [29] (see their Figure 7). This figure
is reproduced from Figure 5 of Djenidi et al. [53] with permission.
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Figure 2. Maximum values of −(δu)3/εr in decaying (solid symbols) and forced (open symbols) HIT.
(r), Moisy et al. [20]; (r) [63]; (n) Gagne et al. [64]; (l), Mydlarski and Warhaft [33]; (l), estimated
from Figure 12 of Tang et al. [32], which was originally measured by Bodenschatz et al. [36]. The
black curve was calculated from the scale-by-scale budget [23]. The red and green curves correspond
to the EDQNM results of Meldi et al. [31].

3. Dual Scaling and Its Constraints

It is now well established that the requirements for complete similarity or complete
self-preservation of decaying HIT via the KH equation or the Lin equation are quite
stringent, e.g., [25,56,65,66]. The only way to achieve complete self-preservation, i.e., self-
preservation at all scales, is for Reλ to remain constant during the decay and for the slope σ
of the spectrum in the infrared range of the spectrum, i.e., E(κ → 0) ∼ κσ (the prefactor
does not depend on time t), to be equal to 1. The corresponding requirement in physical
space is that, e.g., [67] f (r → ∞) ∼ r−2 ( f is the two-point velocity correlation; the prefactor
does not depend on t). It follows that the invariant is u2λ2, which simply reflects the
requirement that Reλ must remain constant during the decay. Using EDQNM closure,
Meldi and Sagaut [56] provided excellent support for the “−1” rate of decay (i.e., u2 ∼ t−1)
when σ = 1 and Reλ is constant (starting from the initial time), regardless of the initial value
of Reλ, i.e., independently of whether the decay is in its initial period or its final period.

Since the above requirements are not physically realizable, a more reasonable ap-
proach is to consider incomplete or partial self-preservation. This leads almost naturally to
considering a dual-scaling approach, which is physically realizable, where self-preservation
is now satisfied at either small κ or large κ for the Lin equation or small r or large r for
the KH equation. We discuss this in (Section 3.1) in the context of the Lin equation and in
(Section 3.2) in the context of the scale-by-scale energy budget, which corresponds to the
KH equation.

3.1. Dual Scaling of the Energy Spectrum

Tennekes and Lumley [47] first examined a dual scaling of the energy spectrum
E(κ), i.e., a scaling based on the Kolmogorov scales (uK, η) and another based on (u′, L)
representative of the large-scale motion in a shear flow. The starting point is the recognition
that the small and large wavenumber portions of E(κ), the 3D energy spectrum, scale
differently. The high wavenumber end of the spectrum should scale on Kolmogorov
scales, viz.

E(κ)
ν5/4ε1/4 =

E(κ)
u2

Kη
= f (κη). (11)
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For small wavenumbers, the principal parameters are the mean strain rate S, assumed to
be u′/L, and the rate, assumed to be ε (≡ u′3/L), at which energy is transferred from large
to small scales, i.e., E(κ) is now described by

E(κ)
ε3/2S−5/2

=
E(κ)
u′2L

= F(κL), (12)

where S = u′/L. Equating (11) and (12) leads to a solution

E(κ) = αε2/3κ−5/3, (13)

where α is the Kolmogorov (Obukhov) constant. Tennekes and Lumley [47] use κL = 367
and κη ≈ 0.05 to delineate the boundaries of the inertial range. Their Figure 8.6 is replotted
in Figure 3 where we have used Reλ (≡ 151/2R1/2

L ) instead of RL, mainly because, from an
experimental perspective, λ can be determined more accurately than L. The intersection
of the two lines is at Reλ = 1425. Reλ would need to be at least one order of magnitude
larger than this value before one could claim to have an inertial range of significant extent.
We realise there is unavoidable arbitrariness in constructing Figure 3. Nonetheless, the
delineated region is not implausible and, as concluded by Tennekes and Lumley [47],
highlights the difficulty in encountering an inertial range in laboratory flows. Gamard
and George [48] used this dual-scaling approach to describe how the longitudinal velocity
spectrum, as measured by Mydlarski and Warhaft [33] in grid turbulence, evolves with
Reλ in the overlap region. They observe that the scaling based on (uK, η) extends to
increasingly smaller values of κ1η. In contrast, the scaling based on (u′, L) extends to
increasingly more significant values of κ1L as Reλ increases (see, for example, Figure 3 of
Gamard and George [48]). Such a feature can also be observed in Figure 4, which shows
distributions of the one-dimensional energy spectra, normalized by (u′, L) and (uK, η), in
grid turbulence at Reλ= 110–1450. Here, the maximum Reλ is much larger than that of
Gamard and George [48] where the maximum Reλ is 470. More importantly, both scalings
should eventually overlap in the inertial range over which Equation (13) is valid as Reλ

continues to increase. This can be confirmed by Figure 5, which shows the (u′, L) and (uK,
η) normalized energy spectra in decaying isotropic turbulence using the EDQNM model
at Reλ = 103, 104, and 105, respectively. In particular, at Reλ = 104 and 105, the upper
value of κL exceeds 104, whilst the lower value of κη lies below 10−4. Taking Reλ = 5× 104

and using the isotropic relation L
η = Cε

Re3/2
λ

153/4 with Cε = 0.8 [32], we can estimate that the

overlap region is given by 10−4 . κη . 8.5× 10−3. Evidently, a distinct “(κ−5/3)” range of
overlap, smaller than two decades, between the (u′, L) and (uK, η) scalings can be observed
at Reλ = 104 and 105. A similar behaviour can be observed in Figure 3 at a comparable
Reλ. The overlap region in Figure 5 is unlikely to depend on the choice of the spectrum
slope parameter σ (E(κ → 0) ∼ κσ), at least for σ= 1 to 4; the choice of σ only affects the
distributions in the range 0 . κL . 1. Note that σ = 2 corresponds to what is described as
Saffman turbulence [62], whilst σ = 4, which is based on the Loitsiansky invariant [68], is
generally referred to as Batchelor turbulence (see Batchelor [55]). Gamard and George [48]
used this dual-scaling approach to describe how the longitudinal velocity spectrum, as
measured by Mydlarski and Warhaft [33] in grid turbulence, evolves with Reλ in the
overlap region. In the scale range of Gamard and George [48] at finite Reynolds numbers,
the spectrum was assumed to vary, albeit approximately, as ακ

−5/3+β
1 , where α and β

depend on Reλ. In the limit Reλ → ∞, β→ 0 and α→ constant, and thus (13) is established.
Figure 6 shows the dependence of the difference (5/3− β) on Reλ in grid turbulence. The
“−5/3” power-law scaling is approached slowly as Reλ increases. This is further confirmed
by the local slope (LSE = d log(E(κ))/d log κ) in decaying isotropic turbulence using the
EDQNM model at Reλ = 204, 471, 1131, 104, 105, and 106, respectively (Figure 7a).
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Figure 3. The emergence of an inertial subrange (red region) in the context of the energy spectrum
with increasing Reλ. The two lines correspond to κL = 367 and κη = 0.052, respectively. This figure
is similar to Figure 8.6 of Tennekes and Lumley [47] except we have used Reλ instead of RL.
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Figure 4. (a) Distributions of one-dimensional energy spectra φu(κ1), normalized by (u′, L), in grid
turbulence at Reλ= 110–1450; they are plotted using the data in Figure 1a of Tang et al. [32], originally
measured by Bodenschatz et al. [36]. (b) Corresponding distributions normalized by (uK , η).
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Figure 5. (a) Distributions of three-dimensional energy spectra E(κ), normalized by (u′, L), in
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of Meldi and Sagaut [56]. The curves correspond to σ = 2.
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Figure 6. 5/3− β (φu(κ1) ∼ κ
−(5/3−β)
1 ) in grid turbulence (n [33]; l [34]). Dashed horizontal line:

5/3. Black empirical curve, 5/3− 8Re−3/4
λ [34].
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Figure 7. (a) Local slope (LSE = d log(E(κ))/d log κ) in decaying isotropic turbulence using the
EDQNM model at Reλ = 204, 471, 1131, 104, 105, and 106, respectively. Dashed horizontal line: −5/3.

(b) Local slope (LS2 = d log((δu)2)/d log r) corresponding to (a). Dashed horizontal line: 2/3. They
are plotted using the data in Figures 2 and 9a of Meldi et al. [31].

3.2. Dual Scaling of the Scale-by-Scale Energy Budget

The transport equation for (δu)2 is given by

4
5

εr = −(δu)3 + 6ν
∂

∂r
(δu)2 − 3

r4

∫ r

0
s4

[
U

∂(δu)2

∂x

]
ds, (14)

where U is the mean (constant) velocity in the x direction and the last term reflects the

contribution from the large scales to the transport of (δu)2 in homogeneous and isotropic
turbulence, e.g., [5,69]. Normalizing Equation (14) by Kolmogorov scales and assuming
u2 ∼ xm with m = −1 lead to Equation (5).

Tang et al. [32], Antonia et al. [46] examined the conditions for which Kolmogorov
scaling (uK, η) satisfies the similarity of Equation (14). Briefly, when the effect of the large-
scale term (the last term in Equation (14)) is neglected, Equation (14) can be rewritten as

4
5

r
l0

=
6νu2

0
εl2

0
f ′ −

u3
0

εl0
g
(

r
l0

)
, (15)
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when the (uK = u0, η = l0) scaling applies (here, the prime signifies a derivative with
respect to r/l0), so that εl0/u3

0 and εl2
0/νu2

0 (or εl0/u3
0, u0l0/ν) are constants. Clearly, (uK, η)

is a possible solution since

εη

u3
K
= 1 and

uKη

ν
= 1. (16)

Tang et al. [32] also examined the conditions for which the scaling based on (u′,
L) satisfies the similarity of Equation (14). When the large-scale term (the last term in
Equation (14)) is retained and the viscous term is neglected, Equation (14) can be rewritten as

4
5

r
l0

= −
u3

0
εl0

g
(

r
l0

)
+

3

(r/l0)
4

(∫ r/l0

0

(
s
l0

)4
f
(

r
l0

)
ds
l0

)[
U
ε

∂u2
0

∂x
−

Uu2
0

ε

(
r
l0

)2 f ′

l0
dl0
dx

]
. (17)

The first term within square brackets is constant since ε̄ = − 3
2 U ∂u2

0
∂x is the turbulent energy

budget (when u0 ≡ u′). The coefficient of the second term, i.e., Uu2
0

ε
dl0
dx , is also constant with

the (u′, L) scaling since the normalized dissipation rate εL/u′3 is constant and 1
u′

dL
dx is also

constant as both u′ and dL/dx vary as xm/2 when the energy decays according to a power
law, viz. u2 ∼ xm and ε ∼ xm−1. It is worth mentioning that the (u′, L) scaling may depend
on the flow types since εL/u′3 differs from flow to flow (see for example Figure 2 of [32]).
Even in a given flow such as grid turbulence, the (u′, L) scaling may also depend on the
initial conditions.

The above considerations indicate that similarity based on (uK, η) can satisfy (15) when
r is sufficiently small. This is supported by the grid turbulence data in Figure 8a over a
significant range of Reλ. Equally, (17) admits a similarity solution based on (u′, L) when
r is sufficiently large, which is supported by the grid turbulence data in Figure 8b. Since
both scalings must eventually overlap as Reλ → ∞, the overlap region should include the
inertial range. Regardless of the scaling used, this overlap region should satisfy similarity

and hence be independent of Reλ, which leads to a ‘2/3’ power-law scaling for (δu)2 [32].
This result was also derived by Lundgren [21] from the Karman–Howarth equation using
matched asymptotic expansions when Reλ → ∞. A similar result was derived earlier by
Gamard and George [48] in the context of the u spectrum; the approach adopted in this
paper is consistent with the asymptotic invariance principle and the methodology of near-
asymptotics, introduced by George [70,71]. We recall that Ni and Xia [27] examined the

prefactors of (δu)2 (A2) and the one-dimensional energy spectrum (α) in the scaling range
for various flows, e.g., in the central region of a cylindrical Rayleigh–Benard turbulent
convection cell, an axisymmetric jet, a turbulent boundary layer and a stationary forced
periodic box turbulence over a large range of Reλ (=55∼1450). They found that all prefactors

of (δu)2 and spectra in these flows depend on Reλ and the type of flow. In particular, they
found that α/A2 − 0.25 = 1.95Re−0.68

λ and the widely used relation A2 = 4.02α holds only
when Reλ & 105. These results are consistent with the dual-scaling approach outlined in
this paper. It is worth mentioning that the IR in real space should be much shorter than
that in wavenumber space [27]. This can also be inferred from the local slopes for E(κ)

(Figure 7a) and for (δu)2 (Figure 7b) in decaying isotropic turbulence using the EDQNM
model at Reλ = 204, 471, 1131, 104, 105, and 106, respectively. In a recent paper, Kuchler

et al. [40] examined the behaviour of (δu)2 and (δu)3 in grid turbulence at very large Reλ

(=2680–5779). One important conclusion is that they do not observe power laws for (δu)2,

even at Reλ = 5779. Actually, their −(δu)3/(εr) distributions also do not show a plateau
(see their figure 1) at the same Reλ. Such a behaviour is fully consistent with the above
observations in the context of Figures 2 and 7b that much larger values of Reλ, beyond the
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reach of the present experiments, are required to establish the power laws for (δu)2 and

(δu)3 in freely decaying turbulence.
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Figure 8. (a) Distributions of (δu)2, normalized by (uK , η) in grid turbulence. (b) Corresponding
distributions normalized by (u′, L). This figure is reproduced from Figure 6 of Tang et al. [32] with
permission; the data are originally measured by Kaminsky et al. [39].

We stress that the above dual-scaling approach can be extended to higher orders,
which leads to a power-law relation (δu)n ∼ rn/3 when Reλ → ∞ [32]. In particular,
Tang et al. [32] compared an empirical model for (δu)n (n = 2, 3, 4, 6), i.e.,

(δu)n

un
K

=
1

15n/2 Fn
( r

η )
n(1 + Dn(

r
L )
)2Cn−n(

1 + Bn(
r
η )

2
)Cn

, (18)

where Bn, Cn, Dn, and Fn are constants (they are given in Tables 2 and 3 of Tang et al. [32]
except for Cn(=n/3), which is justified in Tang et al. [32]) with grid turbulence data over
a significant range of Reλ. The model, which is consistent with (δu)n ∼ rn/3 as Reλ → ∞,
is in reasonable accord with the data for values of Reλ up to about 1500, thus allowing
extrapolation of the model-based results to larger values of Reλ. As an example, we

show in Figure 9a the distributions of (δu)4/(εr)4/3 based on an empirical model for

(δu)4 at Reλ = 110, 264, 508, 1000, 1450, 104, and 105, respectively. Also shown are the
corresponding grid turbulence data, measured by Kaminsky et al. [39]. Figure 9b shows the

corresponding local slope LS4 (=d log((δu)4)/d log r). There is strictly no power-law range

for the experimental data of (δu)4, even at Reλ ∼ 1500. It is evident that the local slope LS4
continues to evolve with Reλ (Figure 9b) and begins to exhibit a small plateau only when
Reλ exceeds 104. An important inference from this trend is that the grid turbulence data
are consistent with (3).

Using the Hölder inequality, Djenidi et al. [72] derived a constraint for (δu)n, i.e.,

(p3 − p1)ζ2p2 = (p3 − p2)ζ2p1 = (p2 − p1)ζ2p3 , (19)

where (δu)n ∼ rζn and p1 ≤ p2 ≤ p3 are any three positive numbers. Equation (19) leads
to ζ2n = nζ2 when taking p1 = 0, p2 = 1, and p3 = n. This indicates that the power-law
exponents of an even order increase linearly with n. More importantly, using the Cauchy–
Schwarz inequality, which is a special case of the Hölder inequality, and the 4/5-law, they
further derived ζn = n/3 when Reλ → ∞, i.e., the prediction of K41.
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Figure 9. (a) Distributions of (δu)4/(εr)4/3 based on an empirical model for (δu)4 at Reλ = 110, 264,
508, 1000, 1450, 104, and 105, respectively [32]. Symbols with the same color are the corresponding grid

turbulence data [39]. (b) Local slope (LS4 = d log((δu)4)/d log r) corresponding to the distributions
in (a). Dashed horizontal line: 4/3. This figure is reproduced from Figure 13 of Tang et al. [32]
with permission.

It is worth mentioning that, based on the assumption of local homogeneity and local
isotropy, the pressure structure function can be written solely in terms of the fourth-order
velocity structure functions [73]

Dp(r) = − 1
3 D1111(r) + 4

3 r2
∫ ∞

r y−3[D1111(y)
+Dχχχχ(y)− 6D11γγ(y)]dy
4
3

∫ r
0 y−1[Dχχχχ(y)− 3D11γγ(y)]dy,

(20)

where Dp(r) is the pressure structure function, D1111(r) =(δu)4, and χ and γ stand for 2 or
3. Since dual scaling applies to the fourth-order velocity structure functions [32], one would
expect, based on Equation (20), that dual scaling will also apply to Dp(r) and, concomitantly,
the pressure spectrum Ep(κ). This would lead to Dp(r) ∼ r4/3 and Ep(κ) ∼ κ−7/3 in the
overlap region when Reλ → ∞. Indeed, the EDQNM results of Meldi and Sagaut [74] in
decaying HIT confirmed that there are about three decades of IR in the pressure spectrum
with a K41 −7/3 [75] scaling at Reλ = 106 (see their Figure 2).

4. Dual Scaling for Higher-Order Even Moments of δu

A final comment is devoted to the scaling of higher-order, even longitudinal structure
functions (δu)n, for n = 4, 6, 8, . . ., in the context of the dual scaling approach. Transport
equations of these higher-order structure functions were developed by Peters et al. [76]
and showed that dissipative effects are reflected in complex terms, involving correlations
between the energy dissipation rate and lower-order moments of velocity increments.
Furthermore, Boschung et al. [77] introduced exact dissipative scales for the even-order
longitudinal structure functions. The derivation was based on exact relations between even-
order moments of the longitudinal velocity gradient (∂u/∂x)n and εn/2. Boschung [78]
related moments of the dissipation rate to moments of the longitudinal velocity derivatives,
which simplifies to some extent the assessment of different terms in the transport equations.

The similarity length scale was shown to be ηg,n = (ν3/εn/22/n
)1/4, where the sub-

scripts ‘g’ and ‘n’ stand for ‘generalized’ and ‘n’-th order, respectively. The velocity scale

is ug,n = (νεn/22/n
)1/4, i.e., the dissipative scales depend on the moments of εn/2 and not

on the mean value of the dissipation rate itself. The derivations are exact for longitudinal
even-ordered structure functions under the assumptions of (local) isotropy, (local) homo-
geneity, and incompressibility. Direct numerical simulations (DNS) for Reynolds numbers
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up to Reλ = 754 were used to validate the generalized scalings. The generalized, order-
dependent viscous scales ηg,n are cut-off length scales that are smaller than η and decrease
with increasing order and Reynolds number [77]. Gauding et al. [79] have extended the
approach for the scalar field fed by a large-scale mean scalar gradient and revealed that the
appropriate similarity scales for the dissipative range are based on the n-th power of the
scalar dissipation rate.

In the following, we show that the dual-scaling approach, combined with the similarity
scales ηg,n and ug,n previously defined, are consistent with a scaling for the n-th-order
structure function of the longitudinal velocity component (δu)n ∼ rn/3. In other words,
the n/3 scaling, although conditioned by extremely high values of the Reynolds number, is
robust with respect to the particular choice of the small-scale similarity scales. Specifically,
the dual scaling requires small scales to be universal when appropriately normalized with
respect to ηg,n, ug,n, whereas for very large scales, the characteristic scale is L (to be defined)
and u′, a typical velocity. The final result is

u′n

ug,nn
∼
(
L

ηg,n

)Cn

(21)

We now need to ascertain the dependence of Cn on n. Specific to higher-order moments,
the definition of L should comply with the large-scale limit of the transport equation of
(δu)n, which is

u′n+1

L ∼ u′n−2ε, (22)

which is obviously consistent for n = 2 with the definition of Cε. Note that there is no
reason to use the classical normalized dissipation rate Cε = 1 in the context of higher-order
moments. Indeed, ε is the destruction rate of the kinetic energy (i.e., the second-order
moments), whereas we need the destruction rate of the n-th-order moment, which is u′n−2ε
(the transport equation of u is multiplied by u′n−1 resulting finally in a dissipative term
u′n−2ε). This appears to be a distinct point with respect to other previous approaches.
Furthermore, the right-hand side of Equation (22) can be written as

u′n−2ε ∼ ε
n−2

2 +1
(
L
u′

) n−2
2

(23)

The one-point budget of un scales as

u′n−2ε ∼ u′n+1

L . (24)

Equations (23) and (24) lead to

L ∼ u′3

εn/22/n , (25)

which fully complies for n = 2 with the classical Cε definition. Injecting (25) into Equa-
tion (21) results in Cn = n/3, which is fully robust with respect to the choice we made
for both small and large scales. The basic assumptions made stand in selecting scales that
comply with the definition per se of the n-th-order moment at very small scales (therefore
based upon the n/2-th order of the dissipation), and with the large-scale limits of the
transport equation for the n-th-order structure functions, i.e., the one-point budget of the
n-th-order moment.

5. Concluding Remarks

We have reviewed relatively recent work in connection with the effect of Reλ on a
range of scales, which eventually becomes identifiable with the inertial range, when Reλ
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reaches very large values. The focus has been mainly on HIT and the various constraints
that act on this range of scales.

The main conclusions that can be drawn from this review are as follows:

(i) K41 and K62 require the effect of the large scales on the small scales to be negligible.

Analytical considerations in the context of the transport equations of (δu)2 and (δu)3

in decaying grid turbulence (Equations (5) and (6) and Figure 1) indicate that values
of Reλ between 104 and 105 are required before the effect of the large scales (or
equivalently, the FRN effect) disappears. Consequently, Equation (2), i.e., the 4/5
law, will be validated when the large-scale (or non-stationary) term in (5) is no longer
important. This is confirmed by the experimental data and EDQNM results in Figure 2.

(ii) The results, inferred from the dual-scaling approach, based on either the energy
spectra or the scale-by-scale energy budget are consistent with those in (i). For the
scale-by-scale energy budget in decaying HIT, the (uK, η) scaling at small scales should
be effective since the two dimensionless parameters in Equation (16) are universal (by
definition). The (u′, L) scaling should also be tenable for both large scales and scales
within the scaling range since both εL/u′3 and 1

u′
dL
dx should approach constant values

as Reλ increases. The dual-scaling approach, which satisfies incomplete similarity of
(5), is supported by the experimental data and the EDQNM results (Figures 4 and 5);
it is also supported by the (δu)n (n = 2, 3, 4, 6) distributions in grid turbulence over
a significant range, in the context of laboratory measurements, of Reλ [32]. When
Reλ is sufficiently large, both scalings should overlap, thus leading to the power-law
relations (δu)n ∼ rn/3 and E(κ) ∼ κ−5/3 in the overlap region over which the inertial
range is established. This is consistent with the constraints imposed by the Hölder and
Cauchy–Schwarz inequalities [72]. The EDQNM results of Meldi et al. [31] (Figure 7),
the empirical fit of Mydlarski and Warhaft [33,34] for the energy spectra (Figure 6),
and the extrapolation of Tang et al. [32] for (δu)n (n = 2, 3, 4, 6) (Equation (18); see
also Figure 9 for n = 4) indicate that values of Reλ between 104 and 105 are required
before an overlap range begins to emerge. Evidently, the maximum values of Reλ that
are achievable in laboratory experiments and direct numerical simulations are, as yet,
insufficient to observe a power-law behavior of significant extent in energy spectra
and, more especially, (δu)n. McComb [8] concluded the discussion in chapter 6 of his
monograph with “our view is that K41 is basically correct and that, in particular, the
work of Gamard and George [48] and of Lundgren [21], when taken together, leave
little room for doubt on this matter”. The EDQNM results (Figure 7) at very high Reλ

and those obtained by extrapolation, via Equation (18) to comparably high values Reλ

(Figure 9), reinforce McComb’s conclusion.

It is worth mentioning that there has been strong support for (uK, η) scaling in the con-
text of the energy spectra in the dissipative range in various flows (see for example Figure 9
of Saddoughi and Veeravalli [80], Figure 6.14 of Pope [81], Figure 3 of Gotoh et al. [63],
Figure 5 of Larssen and Devenport [82], Figures 1 and 2 of Antonia et al. [46], and Figure 1a
of Tang et al. [83]). However, a departure from this scaling has been noted in stationary
forced periodic box turbulence at relatively high Reλ [84–87], the Kolmogorov-normalized
energy spectra increasing systematically (for κ & 0.5) with increasing Reλ. Concomitantly,
although the skewness of ∂u/∂x (S∂u/∂x) in this flow is constant for Reλ = 70∼300, it starts
to increase slowly with Reλ, when the latter exceeds a value of about 300 (see Figure 4
of Antonia et al. [57]). This is in contrast to the significant amount of experimental sup-
port in the context of the Reλ independence of S∂u/∂x in various flows when Reλ & 300,
as discussed in Section 2. We have already commented [57,58] on the behaviour of the
Kolmogorov-normalized spectra and S∂u/∂x for forced periodic box turbulence. Briefly,
they are not consistent with the following:

(i) the (uK, η) scaling, inferred from the N-S equation, e.g., [46] (see also Section 3.2);



Atmosphere 2024, 15, 540 15 of 18

(ii) the support for the (uK, η) scaling from earlier DNS studies in forced periodic box turbu-
lence, e.g., [63,88–90], for Reλ up to 700 (see for example the Figure 1 of Yeung et al. [90]
which show that S∂u/∂x is constant for Reλ ≈ 240–700);

(iii) the overwhelming support for the (uK, η) scaling from experimental and EDQNM
data in various other flows, as reviewed in this paper.

Also, the scaling range exponent ζ2 for (δu)2 in forced periodic box turbulence is about
0.72 [91–93]. However, in the same flow, McComb et al. [94,95] found that ζ2 decreases with
increasing Reλ and ζ2 → 0.679 as Reλ → ∞. This is consistent with the EDQNM results of
Meldi et al. [31] which show that, when Reλ = 106, ζ2 approaches a value of about 0.674 in
the scaling range.

Finally, it is worth recalling that the intermittency of the velocity field, which is intrinsic
to the N-S equations, is reflected in quantities such as S∂u/∂x and the flatness of ∂u/∂x
(F∂u/∂x). For the flows considered in Antonia et al. [49], Djenidi et al. [53], Tang et al. [58],
these quantities saturate beyond a certain value of Reλ. Intermittency is also intrinsic to the
heat transport equation. It is well known that the passive scalar field is more intermittent
than the velocity field, e.g., [1,96]. Even so, the available DNS data for forced periodic box
turbulence show that both the Kolmogorov–Batchelor-normalized scalar spectra in the
dissipative range collapse reasonably well and the mixed velocity derivative–temperature
derivative skewness is approximately constant when the Prandtl number is close to 1 [97].
Evidently, it is desirable to do a thorough review of the small-scale statistics in forced
periodic box turbulence for velocity and passive scalar fields; this is beyond the scope of
our review.
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