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Abstract

:

The characteristics of linear hydroelastic waves propagating in a channel covered with compressed ice are investigated. The channel has a rectangular cross-section and is assumed to be infinite in length. The fluid in the channel is non-viscous and incompressible; its flow is potential. The ice cover is modelled by an elastic plate of constant thickness frozen to the channel walls. Principal attention is paid to the investigation of the influence of ice compression on the parameters of hydroelastic waves. The problem is solved in a coupled hydroelastic formulation. The profiles of propagating waves in the channel are sought in the form of series on the normal modes of a dry plate. The modes are defined analytically through trigonometric and hyperbolic functions. It is shown that compression in the longitudinal and transverse directions has different effects on the dispersion relations of these hydroelastic waves, their shape and phase, as well as on the critical velocities and strains distribution.






Keywords:


hydroelastic waves; compressed ice; frozen channel; ice deflections; strains












1. Introduction


The problem of flexural-gravity waves in ice sheets has been actively studied in recent decades in connection with climate warming, which has caused the melting of ice at high latitudes and opened up the possibility of using the Northern Sea Route during several months of the year (see [1], for example). The majority of papers on flexural-gravity wave propagation, starting with Greenhill [2], Kheysin [3,4] and Nevel [5], have been conducted for ice sheets of infinite extent. The flow beneath the ice plate was assumed potential. The deflection of the ice cover was described by the linear equation of elastic plate. The thickness of the plate was constant and negligible compared with the depth of the fluid. A detailed review of research on wave loads on a floating ice plate carried out up to 1996 is given in [6]. The investigation of waves in an unbounded ice sheet has continued to the present day. The effects of steady or accelerated load motion over or under the ice sheet was investigated in [7,8,9,10,11,12,13,14,15,16,17,18]. The presence of underwater obstacles, walls, legs of bridges or oil platforms and other engineering structures was considered in [19,20,21,22,23,24,25]. The influence on propagation of flexural-gravity waves and formation of cracks are studied in [26,27,28,29]. In addition, ice sheet models are becoming more complex. Visco-elastic or poro-elastic floating plate models are being considered [30,31,32,33,34]. Nonlinear models are also being developed [35,36,37,38,39].



However, most ice tanks in which scientific and technical experiments with floating ice cover are conducted have a finite size and rectangular cross-section. The hydroelastic waves in such a channel are combinations of waves propagating along the channel and sloshing waves across the channel, due to multiple reflections from the channel walls. Hence, the study of the wave characteristics in channels and their distinction from waves in infinite sheets seems to be very relevant. In addition, channels are a simplified model of rivers. In the northern countries, rivers are frozen in winter and can be used for the transportation of peoples and goods, providing accessibility to remote areas. This leads to many questions related to the conditions of preservation and/or destruction of the ice cover, including under the influence of propagating waves and moving loads [40,41,42,43]. It is well known that boundary conditions on the channel walls significantly affect the results of these studies (see [19,21,24], for example).



It was shown in papers [44,45,46,47] that the presence of the channel walls leads to the formation of waves of various forms across the channel. The number of these propagating waves is countable in linear theory, but in reality only the first few are visible, due to energy dissipation on the ice sheet or in the fluid. Each of these forms depends on the channel size, ice thickness and boundary conditions and has its own dispersion curve, phase and group, and, consequently, critical velocities. In the papers (except for [46]), the solution to the problem was constructed by the method of normal modes, which were determined analytically. Using this method, the problem of periodic waves was reduced to an infinite system of linear equations with zero right-hand side. By reduction, the eigenvalues of this system were found and the dispersion relations, forms of waves, their group and phase velocities were determined with their help.



In papers [48,49,50], the motion of a load along an ice-covered channel was considered for a viscoelastic ice plate. The wave field from a moving load at large times was determined in the framework of the elastic plate model [51]. These papers showed the importance of the presence of several dispersion curves and critical velocities for each of them on the formation of the hydroelastic wave response to the moving load. In these pieces of research, the problems after the Fourier transform at each time instant was also solved using the normal mode method. The deflection of the ice cover and the bending stresses in it were obtained numerically by inverse Fourier transform. The influence of the physical parameters of the problem, such as the speed of moving load, the width and depth of the channel, the damping coefficient and others on the hydroelastic response of the ice plate was studied.



In papers [52,53,54,55,56,57,58,59], the effect of ice compressibility on a boundless ice cover was studied. In papers [4,53], it was mentioned that the ice cover can be compressed by wind or currents. Although the values of this compression in nature are not very large, the mathematical model of compressed ice at high values of compression leads to interesting effects, such as the existence of not just one but two or even three waves of different lengths with the same frequency. In this situation, the case of zero group velocity, and hence the velocity of energy propagation from the load with such a frequency, called Blocking waves, is possible. The limiting compression leads to the dispersion curve and phase velocity becomes zero at a certain wave number. Kheisin, 1967, described that after exceeding the compression limit the ice plate shatters [4]. In the paper by Kerr [52], this critical value of compression was called the "buckling limit", and following Kerr many authors referred to this name in problems on compressed floating plates investigating and describing the peculiarities of these phenomena [29,60].




2. Formulation of the Problem


The propagation of steady-state hydroelastic waves in an ice cover channel of infinite extent is considered. Ice is compressed. The channel is of rectangular cross-section with width   2 b   and depth H. The scheme of the problem and the coordinate axes directions are shown in Figure 1. The liquid in the channel is homogeneous, ideal and incompressible with density   ρ l  . The ice cover is of constant thickness   h i   and density   ρ i  . The ice cover is modelled by a thin homogeneous Kirchhoff–Love elastic plate. The ice thickness is assumed to be much less than the channel depth,    h i  ≪ H  . The edges of the plate are clamped to the walls of the channel. It is assumed that the plate is uniformly compressed by transverse (from the channel walls) and/or longitudinal (along the channel) constant compressive forces.



The problem is considered within the framework of linear hydroelastic wave theory. It is assumed that flexural-gravity waves with frequency  ω  propagate along the ice-covered channel. The maximum of the ice plate deflection is taken as the wave amplitude, A. The liquid flow is assumed to be potential. The liquid velocity and the ice deflection are small. The lower surface of the ice plate is always in contact with the liquid.



The motion of the median ice plate surface,   w ( x , y , t )  , under compression and hydrodynamic loads is described by the linear plate equation [52],


  D      ∂ 4  w   ∂  x 4     + 2     ∂ 4  w   ∂  x 2  ∂  y 2     +     ∂ 4  w   ∂  y 4      +  Q x      ∂ 2  w   ∂  x 2     +  Q y      ∂ 2  w   ∂  y 2     +  ρ i   h i      ∂ 2  w   ∂  t 2     = p  ( x , y , t )   



(1)




with clamped boundary conditions along the channel sides,


  w = 0 ,     ∂ w   ∂ y    = 0   ( y = ± b )  .  



(2)







Here,   D = E  h i 3  /  [ 12  ( 1 −  ν 2  )  ]   , where E,   h i  ,   ρ i  ,  ν  is the Young’s modulus, thickness, density and Poisson’s ratio of the elastic plate.   Q x   and   Q y   are the longitudinal and transverse stress, (   Q x  ,  Q y  > 0   corresponds to compression and    Q x  ,  Q y  > 0   to stretching in x and y directions);  ρ  is the water density, g is the acceleration due to gravity and   p ( x , y , t )   is the hydrodynamic pressure determined by the linearized Bernoulli equation:


    p  ρ l    = −    ∂ φ   ∂ t    − g · w   ( z = 0 )  .  



(3)







The fluid flow is described by velocity potential  φ , which satisfies Laplace’s equation


      ∂ 2  φ   ∂  x 2     +     ∂ 2  φ   ∂  y 2     +     ∂ 2  φ   ∂  z 2     = 0  



(4)




and boundary conditions


     ∂ φ   ∂ z    =    ∂ w   ∂ t      ( z = 0 )  ,     ∂ φ   ∂ y    = 0   ( y = ± b )  ,     ∂ φ   ∂ z    = 0   ( z = − H )  .  



(5)







Furthermore, dimensionless variables are used with the notation being preserved. The length scale is taken as half of the channel width, b, the ratio   1 / ω   is the time scale, the amplitude, A, is the scale of ice cover displacements,   A b ω   is the scale of velocity potential. The dimensionless depth of the channel is denoted as h (  h = H / b  ), and the dimensions of the channel cross-section are   − 1 ⩽ y ⩽ 1 ,  − h ⩽ z ⩽ 0  .



Taking into account (3), Equation (1) in dimensionless variables take the form


   D ¯       ∂ 4  w   ∂  x 4     + 2     ∂ 4  w   ∂  x 2  ∂  y 2     +     ∂ 4  w   ∂  y 4      +   Q ¯  x      ∂ 2  w   ∂  x 2     +   Q ¯  y      ∂ 2  w   ∂  y 2     + α γ     ∂ 2  w   ∂  t 2     + w + γ    ∂ φ   ∂ t    = 0 ,  



(6)




where


  α =     h i   ρ i    b  ρ l     ,  γ =    b  ω 2   g   ,   D ¯  =   D   ρ l  g  b 4     ,   (   Q ¯  x  ,   Q ¯  y  )  =   1   ρ l  g  b 2      (  Q x  ,  Q y  )  .  











The others relations (2), (4), (5) in dimensionless variables keep their form.



Solutions to problem (6), (2), (4), (5) are sought in the form of a waves propagating along the channel,


  w ( x , y , t ) = F ( y ) cos ( κ x − t ) ,  φ ( x , y , z , t ) = Φ ( y , z ) sin ( κ x − t ) ,  



(7)




where  κ  is a dimensionless wave number (  κ = k b  , k is the dimension wave number), then the dimensional length of the wave is   2 π b / k  .



The hydroelastic waves (7) in a channel are described by the function   F ( y )  , the so-called waveform, which is the amplitude function of the plate deflection. Due to the linearity of the problem under consideration, the normalisation condition on the function is chosen as   F ( y )  ,


   max  − 1 < y < 1    | F  ( y )  |  = 1 .  











From the Laplace Equation (4), the function   Φ ( y , z )   satisfies the Helmholtz equation,


   Φ  y y   +  Φ  z z   =  κ 2  Φ   ( − 1 < y < 1 ,  − h < z < 0 )  ,  



(8)




and edge conditions


   Φ z  = F   ( z = 0 )  ,    Φ y  = 0   ( y = ± 1 )  ,    Φ z  = 0   ( z = − h )  .  



(9)







Substitution (7) in (6) lead us to the equation


   D ¯    F IV  − 2  κ 2   F  ′ ′   +  κ 4  F  −  κ 2    Q ¯  x  F +   Q ¯  y   F  ′ ′   − α γ F + F − γ Φ  ( y , 0 )  = 0 ,  



(10)




where the primes stand for derivatives with respect to y. Then, the boundary conditions of (2) are


  F = 0 ,   F ′  = 0   ( y = ± 1 )  .  











Therefore, the problem under investigation is formulated as follows: for the known inertia-elastic characteristics of the ice cover and channel parameters, describe the influence of longitudinal and transverse compression   (   Q ¯  x  ,   Q ¯  y  )   of the ice on the hydroelastic waveform   F ( y )  , their corresponding dispersion relations, phase and group velocities, as well as deformations and stresses in the ice cover.




3. Solution to the Problem by Normal Modes Method


The solution to the problem is constructed using the method of normal modes, which was described, for example, in [44]. In this method, the deflection of the plate   F ( y )   is presented in the form of a series,


  F  ( y )  =   ∑  n = 1  ∞    a n   ψ n   ( y )  ,  



(11)




where coefficients   a n   are to be defined and functions   ψ n   are solutions of the spectral problem,


   ψ n IV  =  λ n 4   ψ n    ( − 1 < y < 1 )  ,   ψ n  =  ψ n ′  = 0   ( y = ± 1 )  ,  








with orthonormality conditions


    ∫  − 1  1    ψ n   ψ m  d y =  δ  n m   .  



(12)







The analytical solution to this problem is given in [44]. The functions   ψ n   are either even or odd, which allows us to divide the solution to the problem into two independent parts. The function   Φ ( x , y )   is found in the form of


  Φ  ( y , z )  =   ∑  n = 1  ∞    a n   Φ n   ( y , z )  ,  



(13)




where the functions    Φ n   ( y , z )    are solutions of the problems


      ∂ 2   Φ n    ∂  y 2     +     ∂ 2   Φ n    ∂  z 2     =  κ 2   Φ n   










     ∂  Φ n    ∂ z    =  ψ n    ( z = 0 )  ,     ∂  Φ n    ∂ y    = 0   ( y = ± 1 )  ,     ∂  Φ n    ∂ z    = 0   ( z = − h )  .  











In turn, the    Φ n   ( y , z )    functions are defined by separation of variables using the dependence on the transverse coordinate y in the form of even/odd Fourier series, according to the   ψ n   functions.



After substituting (11) and (13) into the Equation (10), multiplying by   ψ m   and integrating by   y ∈ [ − 1 , 1 ]  , taking into account (12), we obtain a homogeneous system of linear algebraic equations for the =coefficients   a n  ,


    D ¯   T − 2  κ 2  C  +    Q ¯  y  C −  κ 2    Q ¯  x  I  − γ  M + α I   a = 0 ,  



(14)




where all matrices are symmetric,


   T = diag  { 1 /  D ¯  +  κ 4  +  λ n 4  }  ,   C  m n   =  ∫  − 1  1   ψ n ″   ψ m  d y ,   M  m n   =  ∫  − 1  1   Φ n   ( y , 0 )   ψ m  d y .   











The coefficients of matrices  C  and  M  are obtained by analytical formulae in [44] (Formulas (20)–(29)).



The second term in square brackets is due to the compression of the ice cover across the channel   (   Q ¯  y  )   and along the channel   (   Q ¯  x  )  . A nontrivial solution to the obtained system of linear Equation (14) exists only when the determinant of the matrix is zero. It depends on the parameter  γ . There is a countable set of such values of   γ n  , and hence of frequencies    ω n  =    γ n  g / b    , for each value of  κ ; see [44,45]. This leads to the set of dispersion curves for hydroelastic waves    ω n  =  ω n   ( κ )   . To each frequency   ω n   corresponds the vector   a n   (14), which specifies the shape of the oscillations    F n   ( y )    with this frequency in the decomposition of (11). The components of   a n   are normalised so that the absolute maximum value of the function    F n   ( y )    is equal to one. The physical characteristics of the ice cover and channel dimensions are included in the coefficients of all matrices and parameters   D ¯  ,  α .



Strains in the Ice Cover


Since ice is a rather brittle material, the stress values leading to ice plate failure are reached before the plate deformations go beyond the linear theory for small amplitude waves. In the linear theory of the plate, the stresses are proportional to the strain and vary linearly through the ice thickness and are zero at the middle of the plate thickness. At any location, the maximum strain is achieved at the surface of the ice plate.



The solution to the problem is sought in the form of waves propagating along the channel (7), so it is a periodic function with respect to phase   θ ( x , t ) = κ x − t  ,


  w ( x , y , t ) = F ( y ) cos θ .  











The absolute maximum of strain in the plate is a function of the dimensionless parameters   α ,  γ ,  κ ,    D ˜  ,     Q ˜  x  ,     Q ˜  y    and can be calculated by the formula


   ε  A B S   =  max  − 1 ⩽ y ⩽ 1     ε max   ( y )   ,  



(15)




where


   ε max  =  max  0 ⩽ θ ⩽ 2 π   ε  ( y , θ )  .  



(16)







The scale of the strains is taken as    h i  A / 2  b 2   .



The strains field in the ice plate is described in terms of the strain tensor [44], which is given by the form


   T ε  = − ζ      w  x x      w  x y        w  x y      w  y y       ,  








where  ζ  is a non-dimensional variable across the ice thickness,   − 1 ⩽ ζ ⩽ 1  . To evaluate the maximum strain at the point   ( x , y )   of the ice sheet, we need to identify the principal strain and find its absolute maximum. The principal strain,  ε , can be found through the eigenvalues of the strain tensor,   T ε  , by the formula


   ε ±   ( y , θ )  =   ζ 2    − a cos θ ±    (  b 2  −  c 2  )   cos 2  θ +  c 2      ,  



(17)




where


  a  ( y )  =  F ″   ( y )  −  κ 2  F  ( y )  ,  b  ( y )  =  F ″   ( y )  +  κ 2  F  ( y )  ,  c  ( y )  = 2 κ  F ′   ( y )  .  











As mentioned above, in the framework of linear theory the maximum strains are reached at the ice surface, at   | ζ | = 1  . The functions (17) are smooth functions on the variable  θ , so the maximum of (16) is reached at one of their extremum points and are determined from the condition


     d  ε ±    d θ    =   ζ 2    a ∓    (  b 2  −  c 2  ) cos θ     (  b 2  −  c 2  )   cos 2  θ +  c 2       sin θ = 0 .  



(18)







The maximum principal strain modules along the wavelength are determined from the solution of Equation (18) as (see [47])


   ε max  =      ε  max   ( 1 )       for    c 2  −  b 2  ⩽  | a b |        ε  max   ( 2 )       for    c 2  −  b 2  ⩾  | a b |       ,  








where


   ε  max   ( 1 )   =   1 2    | a | + | b |  ,   ε  max   ( 2 )   =    | c |  2        b 2  −  c 2  −  a 2     b 2  −  c 2      .  











Note that, in fact


   ε  max   ( 1 )   = max   |   F ″   | ,   κ 2   | F |    








and corresponds to the maximum transverse    |   w  y y    | = |   F ″   |    or longitudinal    |   w  x x    | =   κ 2   | F |    strains with respect to the channel axis. The value   ε  max   ( 2 )    corresponds to maximum strains that are neither longitudinal nor transverse and form a non-zero angle with the channel axis.





4. Numerical Results


Calculations of linear hydroelastic waves in the channel are performed for freshwater ice with density    ρ i  = 917    kg / m  3   , Young’s modulus   E = 4.2 ·  10 9     N / m  2    and Poisson’s ratio   ν = 0.3  . The thickness of the ice cover is   h = 0.1   m, the channel width is   2 b = 20   m and the channel depth is   H = 2   m. The results of calculations for waves with lengths greater than 6 m (  0 < k < 1   m  − 1    ) and periods greater than 0.3 s are presented below. Under these conditions,   0 < ω < 20   c  − 1    .



The solution to the algebraic system (14) was constructed by the reduction method. The results of calculations show that the usage of 20 modes,    ψ n   ( y )   , in the decomposition of the cross-sectional deflection forms (11), is enough to obtain dispersion relations, elastic strain and strain distributions with a high degree of accuracy in the considered ranges of wave numbers, k, and frequencies,  ω .



To determine the dispersion relations relating the frequency of the bending-gravity-tatation wave,  ω , and the wave number, k, we calculated the values   γ =  ω 2  b / g   at fixed   κ = k b  , for which the determinant of the system matrix (14) turned to zero. Then, for each root of this algebraic equation, the dependences    ω n   ( k )    for the corresponding form    F n   ( y )    were determined. Note that the dispersion relations are obtained separately for even and odd forms of    F n   ( y )   . The two first forms of each type were considered. The following numeration by form is then used: the first form,   F 1  , is the first even form, the second form,   F 2  , is the first odd form, the third form,   F 3  , is the second even form and the fourth form,   F 4  , is the second odd form. The same numeration is applied to the dispersion relations    ω n   ( k )    for each form.



It is convenient to introduce compression parameters     Q ˜  x  =   Q ¯  x  /   D ¯   =  Q x  /    ρ l  g D    ,     Q ˜  y  =   Q ¯  y  /   D ¯   =  Q y  /    ρ l  g D    , similarly as it was done in [57].



Three separate cases of plate compression are considered. The first of them is for longitudinal compression, along the channel, with     Q ˜  x  ≠ 0  ,     Q ˜  y  = 0  , the second one is for transverse compression, from the channel walls with     Q ˜  x  = 0  ,     Q ˜  y  ≠ 0   and the third one is for uniform compression with     Q ˜  x  =   Q ˜  y  ≠ 0  .



4.1. Compression along the Channel (Longitudinal Compression)


In this subsection, the influence of increasing    Q ˜  x   at     Q ˜  y  = 0   on parameters of flexural-gravity waves is investigated. As in the case of waves in the ice cover of a channel without ice compression [44], the dispersion relation for each k has a countable set of solutions. Each branch of the solution represents a wave of a certain form across the channel, with its own dispersion curve. Figure 2 shows the dispersion relations,    ω n   ( k )   , for the four first forms,   F n  , of hydroelastic vibrations of ice at four different values of longitudinal compression,    Q ˜  x  . The red lines for the case without compression are the same as in [44]. It is easy to see that, for any value of compression considered here, the curves with number n are lower than the curves with number    n 1  > n  , as it was in [44]. Figure 2 demonstrates that as compression increases, the frequencies of all forms become smaller for shorter wavelengths, while for long wavelengths (small k) the frequency values do not change significantly and have the same limit as in the absence of compression.



Figure 3 compares the forms of oscillations across the channel   F n   under two conditions: without compression and with compression (    Q ˜  x  = 2.477  ). The case without compression is referenced in Figure 7 [44]. In both cases, the wave number   k = 0.3   and the data have been normalized so that the highest value is 1. For this particular case of longitudinal compression, no significant changes in the form of the oscillations were observed.



The behaviour of the dispersion curves,    ω 1   ( k )   , for the first waveform,   F 1  , in Figure 2a is of special interest. It corresponds to the behaviour of dispersion curves for unbounded ice (see, for example, [57,60]). At small compression   (   Q ˜  x  < 2.12 )  , the dispersion curves increase and their derivative of k is positive. This case corresponds to the normal behaviour of the dispersion curves. At the value     Q ˜  x  = 2.12   (blue curve), an inflection point of the curve appears on it   ( k ≈ 0.3 ,   ω 1  ≈ 0.9 )  , which is defined as the threshold of “blocking”. At that point, the group velocity,    c g  = d ω / d k  , and its derivative of k turn to zero (see Figure 4c).



With further increase of compression, for   2.12 <   Q ˜  x  < 2.477   a non-monotonic behaviour of the dispersion curve, indicating anomalous dispersion with the existence of three waves of different wave numbers and the same frequency. At     Q ˜  x  = 2.477   on the dispersion curve there is a specific point with wave number    k *  ≈ 0.415   m  − 1    , when the frequency   ω 1   turn to zero, than phase velocity   c = ω / k   also turn to zero and no oscillations with this wave number exist. In the paper by Kerr [52], the value of compressible force for which phase velocity becomes zero was indicate as the “buckling limit” of the floating structure. It is also specified by Kheysin [4] as “static force which causes the loss of stability of the ice plate”. These critical values of the longitudinal compression of the channel ice cover along which the hydroelastic wave propagates   ( 2.12  and  2.477 )   are slightly higher than the corresponding values for the unbounded plate (   20  / 3 ≈ 1.5   and 2, respectively; see [4,7]), which can be explained by the influence of clamped boundary conditions on the channel walls. Further increases of compression lead to an interval of wave numbers for which there are no hydroelastic waves with positive frequencies. According to Kheysin [4], such regimes are called “unstable regimes”. Note that this effect exist for the first form of hydroelastic waves only and does not occur for other waveforms; see Figure 2b–d.



The phase and group velocities for the first and second hydroelastic waveforms at longitudinal compression for     Q ˜  x  = 0 ,  1 ,  2.12 ,  2.477   are shown in Figure 4. It can be seen that with increasing compression, all velocities of both waveforms decrease. We found similar behaviour for higher modes as well. For the long waves, at   k < 0.05   the velocities are almost independent of compression. For medium wavelengths, at   0.05 < k < 0.45  , the effect of compression on the velocity change is the strongest and increases with increasing k. For short waves, at   k > 0.45   compression also leads to a decrease in velocities, but the relative difference in values for compressed and uncompressed plates is smaller than for medium-length waves.



The dependence of group and phase velocities changes most significantly for the first waveform. For them, at maximum compression,    Q x  = 2.477  , the critical velocity (minimum phase velocity) goes to zero at    k ∗  ≈ 0.415   m  − 1     (Figure 4a). For the group velocity, at a slightly lower compression,     Q ˜  x  = 2.12  , also reaches zero for the first waveform with   k ≈ 0.3   and becomes negative for the whole range of k when the compression is further increased (Figure 4c), which indicates the abnormal behaviour of this curves. The group and phase velocities for the first waveform on Figure 4a,c, their minima and discontinuities are consistent with the specific behaviour of the dispersion curves for this waveform on Figure 2a.



The phase velocity minima, marked in Figure 4a,b, indicate the critical velocities of flexural-gravity wave propagation for the corresponding forms and values of compression. For these values of k, the group and phase velocities are equal and waves propagate without radiating energy. Therefore, when the load moves with a velocity equal to the critical velocity, the amplitude of deflections for the system without dispersion increases to infinity, and in the presence of dispersion the amplitudes of deflections and stresses in the floating plate have well pronounced maxima (see [48,49,50,51]). Since the dispersion curves for the first waveform at large compression have abnormal behaviour, we can indicate the critical velocities only if     Q ˜  x  ⩽ 2.12  . A detailed analysis of such a phenomenon is given, for example, in [60].




4.2. Compression across the Channel (Transverse Compression)


In this subsection, we consider the case of transverse compression from the channel walls with     Q ˜  x  = 0  ,     Q ˜  y  ≠ 0  . This compression can arise, for example, due to the expansion of the ice volume when the channel freezes.



Figure 5 shows the dispersion relations,    ω n   ( k )   , for four first forms of hydroelastic oscillations of ice at different values of transverse compression,     Q ˜  y  =   Q ¯  y  /   D ¯    . As in the case of longitudinal compression, in this case there is a reduction of frequencies for all forms with increasing compression. It is weakest for the first form. However, for the other forms a significant decrease of frequencies with increasing compression can be observed. However, unlike in the case of longitudinal compression, the frequencies of all forms become significantly smaller for the long wavelength (small values of wave numbers k).



In Figure 6a, the dispersion curves for the first and second forms of compressed waves are plotted on an enlarged scale for     Q ˜  y  = 2.5  . It can be seen that the frequency values for the second form on a short interval,   0.036 < k < 0.16  , are smaller than for the first form,    ω 1   ( k )  >  ω 2   ( k )   . Thus, at transverse compression, waves of the first form can propagate along the ice cover of the channel with the same or higher frequency as waves of the second form. This is different from their usual behaviour in the absence of compression or in the case of compression.



Figure 7 shows the amplitudes of oscillation across the channel for the first four hydroelastic waves,    F n   ( y )   , under transverse compression of the ice cover,    Q ˜  y  , at wave number   k = 0.1   m  − 1    .



It can be seen that with increasing transverse compression, the curvature of forms near the clamped edges of the plate   ( y = ± 1 )   decreases, and near the peaks it increases. These changes are mainly observed for the first two forms,   F 1  , and   F 2  . The other forms are little affected by compression. Calculations have shown that with increasing wave number, k, the influence of compression becomes even less. As noted above, longitudinal compression of the ice cover has practically no effect on the forms of ice cover oscillations.



In Figure 8, the phase and group velocities for the first and second forms of hydroelastic waveforms at transverse compression for     Q ˜  y  = 0 ,  1 ,  2 ,  2.5   are shown. For this case, the phase velocities of the waves of both waveforms also decrease with increasing compression (Figure 8a,b). This effect is especially strong for the second form. Moreover, the phase velocity of the second form in the interval   0.036 < k < 0.16  , for compression     Q ˜  y  = 2.5  , is smaller than that of the first one (see Figure 6b for details). Thus, at such transverse compression, waves of the first form can propagate along the ice cover of the channel faster than waves of the second form, which differs from their usual behaviour without compression. Note that the critical velocities (phase velocity minima) for the first waveform change slightly during transverse compression of ice, whereas for the second form the changes in critical velocities are significant. The group velocities for transverse compression (Figure 8c,d) are slightly different from the group velocities in the uncompressed case, unlike that for longitudinal compression (see Figure 4c,d).



Figure 9 shows the distributions of the dimensionless strains    ε max   ( y )    (see (16)) for the hydroelastic waves of the first two waveforms,   F 1   and   F 2   (see Figure 7a,b), with wave numbers   k = 0.1 ,  0.2 ,  0.3   m  − 1     under transverse compression     Q ˜  y  = 0 ,  1 ,  2.0 ,  2.5  . The reason for choosing these values of the calculation parameters is due to the fact that the compression forces have the greatest influence on the shape of waveforms in transverse compression, especially for the first and second forms (see Figure 3 and Figure 7). In addition, the forces of transverse compression have a particularly strong effect on frequencies for long wavelengths (small k) (see Figure 5). The performed calculations have shown that for other forms and wave numbers, k, the strain distributions for compressed ice are not significantly different from the uncompressed ice case.



The solid parts of the curves on Figure 9 correspond to transverse strains,    ε  max   ( 1 )   =  |  w  y y   |   , dashed lines are for longitudinal strains,    ε  max   ( 1 )   =  |  w  x x   |   , dotted lines are for combined strains,   ε  max   ( 2 )   . With the channel dimensions and ice thickness used in the calculations, the scale of strains is    h i  A / 2  b 2  = 0.0005 A  .



It can be seen that the maximum strain along the dimensionless channel width   − 1 < y < 1   for both forms at uncompressed ice,     Q ˜  y  = 0  , are achieved at the edges of the ice cover,   y = ± 1  , and correspond to transverse strains. With increasing compression,     Q ˜  y  = 1.0 ,  2.0  , the strains at the edges decrease but increase inside the channel. At     Q ˜  y  = 2.5  , there is a sharp change in the strains distribution pattern; specifically, the maximum strains are reached inside the channel, at the points of local extrema of the forms   F 1   and   F 2   (see Figure 7a,b). For small   k = 0.1   and   0.2     m  − 1   , these internal maxima correspond to transverse strains (Figure 9a–d). As k increases, the internal maxima at some values start to correspond to longitudinal strains. For the first form it will be at   k ≈ 0.3   m  − 1     (Figure 9e), for the second form at   k ≈ 0.4   m  − 1    . Then, as well as for uncompressed ice, as k increases the internal longitudinal strain in the ice cover increases rapidly, exceeding the transverse strain at the edges. Note that the combined strains (dotted lines) do not become absolutely maximum in any of the graphs.



Figure 10 shows the distributions of the absolute strain maxima,   ε  A B S    (15), in the ice sheet as functions of the wave number, k, of the first four forms of hydroelastic waves at different values of transverse compression,     Q ˜  y  = 0 ,  1 ,  2.0 ,  2.5  . The solid parts of the curves correspond to transverse strains,    ε  A B S   =  |  w  y y   |   , dashed lines are for longitudinal strains,    ε  A B S   =  |  w  x x   |   . It can be seen that with increasing transverse compression all absolute strains decrease, which corresponds to the well-known fact that an elastic plate becomes stiffer under compression. At small compression,     Q ˜  y  = 1 ,  2.0  , all curves are similar to those for uncompressed ice,     Q ˜  y  = 0  ; specifically, at small k there are parts of the curves where the absolute maximum strains are transverse and are reached at the edges of the plate (solid lines). For the first and second waveforms, Figure 10a,b, as k increases all curves join into one common curve corresponding to longitudinal strains inside the plate (dashed line). For strong compression,     Q ˜  y  = 2.5  , at small values of wave number k, special regions corresponding to transverse elongations inside the plate at the points of waveforms extrema are observed on the curves, Figure 10a,b. However, as k increases the curves tend to return to the normal regime with a maximum of transverse elongations at the edges followed by a maximum of longitudinal strains inside the plate. The absolute maxima for the higher forms, Figure 10c,d, decrease monotonically with increasing compression, without any special behaviour at small k.



In investigating the maximum stresses, one should keep in mind the yield strength of the material, generally defined as the strain,   ε =  ε  c r    , at which the material begins to deform plastically. It is required that the strain in the ice sheet is below the yield strain,   ε  c r   , of ice, to prevent our elastic model from being unrealistic. In this study, we take an estimate of    ε  c r   = 8 ×  10  − 5     (see [19]) and limit the wave amplitude, A, for given   0 < k < 0.4   and    ε max  ≈ 15   for the first mode is   A · 0.0005 × 15 < 8 ×  10  − 5     then   A < 0.106  ( 6 )  ×  10  − 1   ≈ 0.01  m = 1  cm  . When transverse compression is increased, the strain,   ε  A B S   , is reduced, Figure 10a, so a large wave amplitude is allowed, which does not lead to ice plastic deformations and breakup.




4.3. Compression with Longitudinal and Transverse Components


To investigate the effect of ice cover compression on hydroelastic wave propagation, modelling calculations were performed for the case of identical longitudinal and transverse compression. Figure 11 shows the results of calculating the dispersion curves, phase and group velocities for the first two waveforms, because they are the most sensitive to ice compression.



It can be seen that for the first waveform the strongest influence on the hydroelastic characteristics is caused by the longitudinal compression of the ice, because the behaviour of all the curves shown in Figure 11a,c,e generally repeats similar results for the case of longitudinal compression only (Figure 2a and Figure 4a,c). However, the longitudinal compression forces corresponding to the “blocking” phenomenon and “buckling limit” have slightly lower values in the presence of transverse compression than in its absence:     Q ˜  x  = 1.85   vs.     Q ˜  x  = 2.12   and     Q ˜  x  = 2.08   vs.     Q ˜  x  = 2.477  . The influence of transverse compression has a stronger effect on the characteristics of the second form, Figure 11b,d,f, especially for long wavelengths at small values of wave number k.





5. Conclusions


The present study is concerned with the propagation of flexural-gravity waves in ice channels. The main attention was paid to the effect of ice compression forces on the propagating wave parameters, namely, on the dispersion relations of these hydroelastic waves, their form, phase and the critical velocities, as well as on the strain in the plate. Three cases were investigated: compression in the longitudinal or transverse direction and uniform compression. The problem was solved in the framework of the linear theory of hydroelasticity. The solution to the considered problem is obtained in the form of a series of the vibration modes of an elastic beam without compression. The obtained system of algebraic equations for the mode decomposition coefficients was solved numerically.



It was shown that the compression forces and their direction significantly affect the propagation of flexural-gravity waves. In all considered cases, the dispersion curves showing the value of frequencies as a function of wave number decrease with increasing compression. However, specific features are found in each case. Thus, at compression along the channel the main effect is related to the propagation of the first waveform. Abnormal behaviour of the dispersion curves, as well as “buckling” and “blocking” phenomenon, previously obtained for waves in unbounded ice [4,52] and described in more detail in later work, (see, for example, [57,60]), have been observed. In this case, the “buckling limit” and the magnitude of compression at the point where the “blocking phenomenon” appears became higher due to the increased stiffness of the ice cover caused by the clamped conditions at the channel walls. At the same time, the forms of propagating waves themselves remained practically unchanged. The dispersion curves for all forms for long waves also did not change, but they decreased for short waves. The abnormal behaviour of the dispersion curves caused a decrease in the group and hence in the critical velocities.



For the case of transverse compression, abnormal behaviour of the dispersion curves was not detected. The dispersion curves for all forms decreased not only for short waves but also for long waves. In particular, this leads to the fact that at strong compression the values of frequencies and phase velocities for the second form became slightly lower than for the first form. That is, waves of the first form can propagate through the ice cover of the channel with the same or higher frequency and velocity than waves of the second form.



In the case of uniform compression, the main effects are obtained and seen to be the similar to compression along the channel. That is, the dispersion curves for the first mode are close to those in the case of longitudinal compression, but the “buckling limit” and the magnitude of compression at the point where the “blocking phenomenon” occurs are slightly lowered and approached the values for unbounded ice. At the same time, transverse compression affected the curves for the higher forms.



The greatest influence of compression forces on the strain distribution was observed in transverse compression, especially for the first and second waveforms and long waves. It is shown that for very long waves the maximum strains are achieved at the channel walls at low compression, and they correspond to transversal strains, i.e., cracks in the ice can form along the channel walls. With decreasing wavelength and increasing compression, the maxima move to the centre of the channel and correspond to longitudinal strains, i.e., cracks in the ice can form across the channel. It was observed that the combined strains did not become absolutely maximal in any of the cases considered.



The results of the study show that the force of compression and compression direction both have a major effect on the propagation of the first two forms of waves, on both the shape and speed of propagation and on the strain distribution within the ice plate.
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Figure 1. Scheme of the channel. 
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Figure 2. Dispersion curves    ω n   ( k )    in the case of longitudinal compression for four values,     Q ˜  x  = 0 ,  1 ,  2.12 ,  2.477  , and for the first four waveforms,   F n  , n = 1–4, plots (a–d), correspondingly. 
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Figure 3. Deflection of the plate across the channel for even hydroelastic wave forms   F 1  ,   F 3   (a) and odd waveforms   F 2  ,   F 4   (b) without longitudinal compression (solid lines) and with compression (dashed lines) in dimensionless variables. 
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Figure 4. Phase velocities (a,b) and group velocities (c,d) for the first (a,c) and second (b,d) waveforms in longitudinal compression, for     Q ˜  x  = 0 ,  1 ,  2.12 ,  2.477  . Symbols show the critical velocities. 
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Figure 5. Dispersion curves,    ω n   ( k )   , in the case of transverse compression for four values,     Q ˜  y  = 0 ,  1 ,  2.0 ,  2.5  , and for first four forms,   F n  , n = 1–4, plots (a–d), correspondingly. 
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Figure 6. Dispersion curves (a) and phase velocities (b) in the case of transverse compression for first and second waveforms at     Q ˜  y  = 2.5  . 
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Figure 7. Deflection of the plate across the channel for hydroelastic waveforms   F n  , n = 1–4, plots (a–d), correspondingly, under transverse compression, for     Q ˜  y  = 0 ,  1 ,  2 ,  2.5   in dimensionless variables. 
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Figure 8. Phase velocities (a,b) and group velocities (c,d) for the