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Abstract: We give a definition of Green’s function of the general boundary value problems for
non-self-adjoint second order differential equation with involution. The sufficient conditions for the
basis property of system of eigenfunctions are established in the terms of the boundary conditions.
Uniform equiconvergence of spectral expansions related to the second-order differential equations
with involution:—y” (x) + ay” (—x) 4+ q(x)y(x) = Ay(x), —1 < x < 1, with the boundary conditions
Y'(=1) +by(=1) =0, y'(1) 4+ by(1) = 0, is obtained. As a corollary, it is proved that the eigenfunc-
tions of the perturbed boundary value problems form the basis in Ly(—1,1) for any complex-valued
coefficient q(x) € L1(—1,1).

Keywords: differential equation; involution; boundary value problem; Green’s function; eigenvalue;
eigenfunction; basis

1. Introduction

In this paper we consider in the Hilbert space L,(—1,1) a second-order differential
operator L defined by differential expression

Ly = —y"(x) + ay (=x) +q(x)y(x), 1 < x < 1, M

with domain D(L) C Lp(—1,1), where g(x) € L1(—1,1) is a complex-valued function. The
parameter « satisfies the condition —1 < a < 1. Then, this operator is a semi-bonded
operator. The differential expression (1) contains an involution transformation of the form
Sy = y(—x) for any function y(x) € Ly(—1,1). The graph of each f such f(f(x)) = x is
symmetric about the line x = f in the (x, t) plane.

We denote by AC[—1, 1] the space of absolute continuous functions on [—1,1] and
denoted

AC[-1,1] = {y(x) € C![-1,1]|y/(x) € AC[-1,1] }. The functions y(x) € D(L) sat-
isfy the conditions: y(x) belongs to AC'[—1,1] and

y(=1) +by(=1) =0, ¥'(1) + boy(1) =0, 2

where b; are complex constants.
Along with operator L, we also consider an operator Ly defined by differential expression

loy = —y" (%) + ay" (—x) ®3)

with domain D(Lg) = D(L) C Ly(—1,1), and an operatorLg defined by expression (3) and
boundary conditions

y(=1)=0, y'(1)=0. €
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Uniform equiconvergence of spectral expansions related to the operators Ly and L
given by (3), (1), respectively, is studied.

Differential equations with involution form a special class of linear functional-differential
equations, with their theory having been developed since the middle of the last century.
Among a variety of studies in this direction, one can mention the books [1-3]. The existence
of a solution of the partial differential equation with involution has been studied in [2] by the
separation of variables method. As in the case of classical equations, applying the Fourier
method to partial differential equations with involution leads to the related spectral problems
for differential operators with involution. The study of spectral problems for differential
operators with involution started relatively recently. In [4-7], the spectral problems for
the first-order differential operators with an involution have been studied. In [8] (see also
references therein), Ref. [9], the spectral problems for differential operators with involution
in the lower terms have been considered. The spectral problems related to the second-order
differential operators with involution have been studied in [10-14]. The Green’s function
of the boundary value problems for the first order equations (and a system of equations)
with involution have been derived in [3,15-17]. In [12,13,18], the Green’s functions of the
second-order differential operators with involution have been investigated and theorems
on basicity of eigenfunctions are proved. Theorems on basicity of eigenfunctions of the
second order differential operators with involution [14] have been used to solving inverse
problems in [19-21]. Solvability of problems for partial and ordinary differential equations
with involution is discussed in [22-26].

The operator L defined by (1), (2) generalizes Sturm-Liouville operators, which
have been studied fairly completely (see, for example, [27,28]). Spectral properties of
the operator L with non self-adjoint boundary conditions in the form (2) have not been
so well-studied yet, since this case is more complex for investigation. The first results
about the basis property of eigenfunctions of boundary value problems for equation
—y"(—=x) +q(x)y(x) = Ay(x), —1 < x < 1, have been obtained in [12,18]. In [29], the basis
property of eigenfunctions of operators (1) with periodic boundary conditions have been
studied.

In this paper, the integral Cauchy method [27] (well-known in the spectral theory
of ordinary differential operators) is modified for the case of differential operators with
involution (1), (2) (and (3), (2)). The method is based on proving the equiconvergence of the
known expansion with the eigenfunction expansion of the considered problem. We obtain
our main results by developing the integral Cauchy method and by using the estimates for
Green’s functions.

The paper is organized as follows. In Section 2, we define the Green’s function of the
general boundary value problems. We give the formula for the Green’s function of the
operator Lo defined by (3), (4), and achieve the estimate for the Green’s function. Section 3
is devoted to the estimate of the Green’s function of the operator L given by (3), (2). Finally,
we discuss the basicity of eigenfunctions in Section 4.

2. Green’s Function of the Operator £.o — AT

Let us introduce the definition of the Green’s function of the general boundary value
problem I;y = Ay with boundary conditions

Ui(y) = any' (1) + apy(—1) + agy' (1) + ay(1) =0,(i = 1,2), )

where a;; are complex constants, A is a complex spectral parameter. Let the boundary value
problem not have a non-trivial solution. However, there can exist a function Gy (x,t,A),
such that:

(1)  Gy(x,t,A)is continuous on the rectangle —1 < x,t < 1;
(2) The function G4(x, t, A) has the continuous derivative (Gq(x, t, /\))/x for x # Ft and
satisfies the conditions:
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(3) The function G,(x,t, A) has the derivative (Gy(x, ¢, /\))Nxx, satisfies [;y = Ay (except
at x # Ft) and (5).

The function Gq(x, t,A) is called the Green’s function of the considered boundary
value problem (of the operator L — AI, defined by (1), (5), where I is the identity operator).

If the function Gy(x,t,A) is the Green’s function of the operator L — A, then the
function

gives the solution to the problem

—y"(x) +ay" (=x) +q9(x)y(x) = Ay(x) + f(x), -1 <x <1,

with boundary conditions (5), for any function f(x) € C[—1, 1] (this statement, existence
and uniqueness of the Green’s function can be proved by standard methods (see [28],
chapter 1).

In order to study the basis property of system of eigenfunctions of the operator L
(defined by (1), (2)), we construct the Green’s function G(x, t, A) of the problem lpy = Ay,

(4). Let us denote by y;(x) = cos agpx and y(x) = sina;px, where VA = p, &g =

= ﬁ, the linearly independent solutions of the homogeneous equation lpy = Ay(x).

1
1—a’

Lemma 1. If A is not an eigenvalue of the operator Lo — AI, then the function

& COS xpp

y(x) = 2p sinagp

1
cos(appx) /cos(zxopt)f(t)dt
-1

1
_msinap :
20 cosmp “(@PY) /1 sin (1) (£t + go(x)

is the solution of non-homogeneous problem lyy = Ay(x) + f(x), (4) for any continuous function
f(x), where

80(x) = 35 J r0cos(aopx) sin(agpt) — ma sin(arp) cos(spt) ()

X
+$ [ [—ao cos(appt) sin(appx) + a1 sin(aqpt) cos(agpx)]f(t)dt

1

—|—$ J{[—rxo cos(wppx) sin(appt) + aq sin(agpx) cos(aqpt)]f(t)dt.

This Lemma 1 can be proved by direct calculations. From Lemma 1, we find the following

Corollary 1. The Green’s function of the operator Ly — AI can be represented in the form

= o COS xpp

a1 sinxyp
t A =
GlxtA) 2p sinagp

cos(wppx) cos(aopt) + 20 cosayp sin(aypx) sin(aypt) + g(x) (6)

where
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g cos(wopx) sin(aopt) — aq sin(agpx) cos(agpt), t < —x,
g(x) = =< —apcos(appt) sin(agpx) + aq sin(agpt) cos(aypx), —x <t < x,
—ug cos(agpx) sin(agpt) + aq sin(aqpx) cos(aqpt), x < t.

The Green’s function of the operator Ly — AI has the following properties:
(1) é(x, t,A) is symmetric: G(x, LA) = G(t, x,A), forall -1 < x,t <1;
) G(x, t,A) is continuous on the rectangle—1 < x,t < 1;

(3) The function é(x, t,A) has the continuous derivative (A;;((x, t,A) for x # Ft, and
satisfies the conditions:

. R L4

G (8, Ml=—x-0 = Gx (6 £ V=0 =~
Ay Al 71
Gt Mlimx—0 = Gl b M) im0 = ——spi

(4) The function G(x,t,A) has the derivative G/, (x,t,A), satisfies lyy = Ay except at
X # Ft) and (4).
The operator Lo defined by (3), (4) has the eigenvalues

2
Aa = (1+oc)<k+;> 2, k=0,1,2,...,; Mo =(1—a)(kn)?, k=0,1,2,....

The system of eigenfunctions {y; = sin (k + %) X, Yk = coskmx, k=0,1,2,...}, of
the operator L is complete and orthogonal in Ly(—1,1). Denote
o =/ +1x)(k+ %)n,k =0,1,2...,p0= A -akr,k=0,12,....

Since pr11,1 — o1 = V(1 + &) 7 prr12 — pr2 = /(1 — &) 71, we denote by Oz (py) =
{p de— pk]-\ <&k=012,...;j= 1,2,} a circle of radius & = %min((l — )7, (14 a)m).

Then, the circles Crj, k=1,2,...;j =1,2, with equations p = %, p = pxj+ % do not intersect
the circles Og (py;) for large k.
Further, we need an estimate of the Green’s function for operator Ly — AL

Lemma 2. Let p ¢ Og(py) and |p| > 1. Then, the Green's function G(x,t, A) of the operator
Lo — Al satisfies the uniformly with respect to —1 < x,t < 1 the following estimate

1G(x,t,A)| < cola, &) ol r(x,t,p), 7)
where
r(x,t,0) = (e—vézlpol(2—\XI—lfD +e—t¥z|ﬁo|l|X|—\tH)l0¢2 = min{ay, a0}, po = Imp.

Proof. Let us examine three cases: t > x, —x <t < x and t < —x separately. In the first
case, when t > x, the relation (7) can be rewritten in the form

G(x t A) _ e_ii eirop(x+t) +ei"‘0P(t_x) i
" N 41p eltop — p—itop
ei‘XOP

ingp(x—t) igo(—x—t)
eltop — p—inop {e ’ e } }+

in in
Lo [emlmxm _ ez’mp(tfxq Lo [emlpwt) _ em]pexft)} ,
4ip | eM1P 4 e—ap P | p—ia1p

For sufficiently large |p|, we find the following estimate
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< & ) _ef0P0 | —agpo(x+t —agpo(t—x
|G(x,t,M)| < 7o I{\e—“of’o o [ 0po(x+t) 4 p—aopo(t—x) | 1
e %00 —agpo(x—t —agpo(—x—t
+m{e 000 (¥—t) 4 p—opo( )}}4_
8

o e%1P0 —u X+t —u t—x
+W{W{e 1P0( )—i-e 100( )}4_

+e**f;oaf£ﬂwo [e*wlpo(x*f) + e*“lpo(*x*f)} }

Let pg > 0 and -y be arbitrary positive number (depends only on ). For sufficiently
large pg > 0, we find the relations

e7Po e~ 1P0 72'}/‘)0
le=7P0 — 700 ~ e=7P0 —¢7P0] ~e : )

Applying inequalities (9) to (8), we find

%o e—%0P0(2—x—t) | ,—appo(t—x) M [,—apo(2—x—t) 4 ,—a1po(t—x)
|G(x,t,M)| < 1o |[ +e }+4|p|[e +e ]
Hence,
16(x,t,4)] < 1|\3|1 (e*txz\Po\(Z*x*f) +e*“2lpol(f*x)>, wy = min{ag, a1 ).

In a similar manner, we can show that

‘GA(xl t/ A)| S % (eNZ‘PO‘(Z*x*t) _|_ e“2|PO|(t*x)), az — min{lxol al}.

d

for pp < 0. Thus, for t > x > 0 the Green’s function satisfies the estimate (7). The
completion of the proof is a result of simple computations (see [29]). Lemma 2 is proved. [
3. Green’s Function of the Operator Lo — A1

As we have done earlier (Lemma 2), we obtain the Green’s function of the operator
Lo— Al

G(x, t,A) = ﬁp){ { a0 COS i1 0 COS AP + b ztxooq cos w1 sinwgp +

+ @a% sin a1p cos app + %(xo sinajp sin ocop] cos appt cos agpx+

+ [zx%aop sinwgp sinaqp — bl%le COS app Cos w1 + bl;bz X1 COS &1p sin wpp + (10)
ol b2 txl sina1p cos txop] sin aqpt sin g px+

+ @ 2 sinaypt cos appx + by b 2272 02 cos agpt sin oclpx} +g(x),

where

A(p) = 2apn0? sin agp cos ayp—
_M eip(ao—l-al) _ eip(ag—le) _ ez‘p(al—ao) + eip(—ao—al) +
_|_P”‘1(b1 ba) ( gio(wo+ar) 4 eip(ao—ar) 4 pip(w1—ao) 4 pip(—ao—a1) ) |
+% (EZP('XOHH) — eir(o—m1) 1 pip(ar—ag) _ giP(*'Xo*M))
is the characteristic determinant of the operator Ly. If b = by = 0, we find the Green’s

function of Lg. The zeros of function A(p) are the eigenvalues of Ly. For large |o| the zeros
of A(p) are close to

Pk1 = (1+a)<k+;>ﬂ,k=0,1,2,...;pk2 =4/(1—wa)kmr,k=0,12,....
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Each zero of A(p) belongs to a certain set Og (pox;) = {p Ho—pkjl <8 k=0,1,2,...;j= 1,2}.
The function A(p) can be written in the form

A(p) = 2a0m10% sin agp cos ayp + O |plelelieo )

for 1Y % Og(ij)r and

1 1 ef‘PO‘(“OJF“l)
Alp)  2woa1p? sinagp cos aqp + T .

Thus, if p & Og(py;) for large |pl, from (10) it follows that

Glx,t,A) = G(x, £, A) + O(@'”“’”O;(‘;)x't) + O(gﬂo(a0+;1|2)(2|xtl)>, (1)

where G(x,t,A) is the Green’s function of the operator Ly — AI. Thus, we have proved
validity of following lemma.

Lemma 3. Suppose all assumptions of Lemma 2 hold true. Then, for Green’s function G(x,t,A) of
Lo — Al the inequality (7) holds true.

4. Basis Property of Eigenfunctons
Denote by
1 1
Sm(f) = —5 [ <f G(x,t,A)f(t)dt)d/\, sm(f)=—5= [ <f G(x,t,A)f(t)dt)d/\

Cnt i N 1 C”‘f -1

the partial sums of eigenfunction expansions for the operators Ly and Lo, respectively,
A A 2, 2

where C,,; is a circles with equations Cyy1 : [A| = (pm1 + %) , Copt Al = (pmz + %)
in the A-plane, Vf(x) € L1(—1,1). These representations hold true in the case when all
eigenvalues of the operator Ly and L are simple. Note that all eigenvalues of the operator
Lo are simple if / % 7 P/ % # p2 for any integers p1, p>.

We say that the sequence s, (f) equiconverges with §,,(f) on the interval -1 < x <1
if s;y — 85, — 0 uniformly on this interval as m — co.

Theorem 1. Let all eigenvalues of operators Lo, Lo are simple. Then, for any function f(x) €
L1 (—1,1) the sequence s, (f) equiconverges with 8, (f) on the interval —1 < x < 1.

Proof. To prove Theorem 1, we consider the difference

Sm—Sm=—n= [ (fl [G(x,t,A) — G(x, t,x\)]f(t)dt) dA =
-1

é,
1
= —%Cf_ <_f1 [G(x,t,A) — G(x, t,)\)]f(t)dt) 20dp,

where C,; are the circles with equations p = %, 0= Pmj+ % By virtue of (11) there exists a
constant M;, such that

1
Sm — ] < 0 [ <f r(x,t>|f<t>|dt>\if .

mj
1
The proof of [ <f r(x, t)|f(t)|dt> ‘%p‘ — 0 (uniformly in x € [—1,1] as m — o0) is
-1
analogous to that given for inequality (26) in [29]. The proof of the theorem is complete. [

mj

From Theorem 1 derives the following result.
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Corollary 2. Suppose all assumptions of Theorem 1 hold true. Then, the system of eigenfunctions
of the operator Ly forms the basis in Lp(—1,1).

Here the following result holds.

Corollary 3. Suppose all assumptions of Theorem 1 hold true and by, by in (2) are real numbers.
Then, the system of eigenfunctions of the operator Ly is orthonormal basis in Ly(—1,1).

To prove this assertion it suffices to show that the operator Ly is self-adjoint in
Ly(—1,1).

Now we consider the operator L. Let denote by G,(x,t,A) the Green’s function of the
operator L — AI, where [ is the identity operator. Denote by

1
Su(f) =505 [ | [ ot 2)2pd0 | Flt)a

2
ij
the partial sums of eigenfunction expansions for the operator L, Vf(x) € L1(—1,1).

Theorem 2. Let all eigenvalues of operators L and Ly are simple. Then, for any function ¥V f(x) €
L1(—1,1) the sequence Sy, (f) equiconverges with s,,(f) on the interval —1 < x < 1.

The proof is analogous to that given for Theorem 1 in [29]. From Theorem 1 follows
the following:

Corollary 4. Suppose all assumptions of Theorem 1 hold true. Then, the system of eigenfunctions
of the operator L forms the basis in Ly(—1,1).

Now let us turn to the self-adjoint operator L.

Corollary 5. Suppose all assumptions of Theorem 1 hold true. If the coefficient q(x) € L1(—1,1)
in (1) is the real-valued function and by, by in (2) are real numbers, then the system of eigenfunctions
of the operator L forms orthonormal basis in Ly(—1,1).

Example 1. Consider the spectral problem
=" (x) +ay”(—x) +cy(x) = Ay(x), -1 < x <1,

with boundary conditions (2), where c is a constant, % # p1, % # po for any integers
p1, p2. 1t is easy to see that the system of eigenfunctions of spectral problem is simultaneously the
system of eigenfunctions for the operator Ly defined by (3), (2). Using Corollary 2 (Corollary 4), we
conclude that the system of eigenfunctions of spectral problem forms the basis in Ly(—1,1).

5. Conclusions

Summarizing the investigation carried out, we note that the Green’s function of the
second order differential operators (3), (4) with involution has been constructed. The
estimates of the Green'’s functions of operators (3), (4), and (3), (2) have been established.
The equiconvergence theorems (Theorem 1, Theorem 2) for operators (3), (2), (1), and (2)
have been proven. As a corollary, results on the basicity of eigenfunctions to the problems
under consideration have been proven. These theorems might be useful in the theory
of solvability of mixed problems for partial differential equations with involution. For
example:



Symmetry 2021, 13,1972 80f9

Problem 1. Find a sufficiently smooth function u(x,t), satisfying the conditions:
up(x, ) = txx (%, ) — atixx (—x, 1) —q(x)u(x,t); -1 <x <1, t >0;
u(0,x) = @(x), ux(=1,8) + byu(=1,£) =0, ux(1,t) + bou(1,t) = 0.

Problem 2. Find a sufficiently smooth function u(x,t), satisfying the conditions:

%u(x,t)  %u(x,t) B lxazu(—x,t)
oz ox2 9x2
u(x,0) = ¢(x), ur(x,0) =9(x),
uy(=1,t) + bqu(=1,t) =0, ux(1,t)+bou(l,t) =0.

—gq(¥)u(x,t), —1<x<1, t>0,

The described problems are the subject of further work and we are going to consider
them in our next articles. In the future, we also plan to investigate the inverse spectral
problems.
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