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Abstract: In this important work, we discuss some novel Hilbert-type dynamic inequalities on time
scales. The inequalities investigated here generalize several known dynamic inequalities on time
scales and unify and extend some continuous inequalities and their corresponding discrete analogues.
Our results will be proved by using some algebraic inequalities, Holder inequality, and Jensen’s
inequality on time scales.

Keywords: dynamic Hilbert’s inequality; dynamic inequality; time scales calculus

1. Introduction
The celebrated Hardy-Hilbert’s integral inequality [1] is

1 1
[ F(;)fég)dﬂdg = snitg [/OJFOO d P(ﬁ)dﬁ] ’ [ L gq(g)dg] LW
wherep > 1,9 = p/p — 1. Putting p = q = 2, we get:
/ - / L g < ﬂ[ J T 2ww} - [ /‘m gz(g)dg] ’ )
JoJo ¥+¢ - 0 Jo

where the constants 77 and '~ are the best possible.

Over the past decade, a great number of dynamic Hilbert-type inequalities on time
scales have been established by many researchers who were motivated by some applica-
tions; see the papers [2-13]. For more details on time scales calculus, see [14].

In this paper, we extend some generalizations of the integral Hardy-Hilbert inequality
to a general time scale. As special cases of our results, we will recover some dynamic
integral and discrete inequalities known in the literature.

A time scale T is an arbitrary non-empty closed subset of the real number. We define
forward and backward jump operators o : T — T and p : T :— T respectively by

o(t):=inf{s € T :s >}, 1eT,

p(t) :==sup{s € T:s <}, 1eT.

We will need the following important relations between calculus on time scales T and
either continuous calculus on R or discrete calculus on Z. Note that:
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() f T =R, then

(@) If T = Z, then

b —
o(t)y=1+1, u()=1, FA(l) =F0+1)—F(), / F()A= Z F(1). (4)
a
Next, we write Holder’s inequality and Jensen’s inequality on time scales.

Lemma 1 ([3]). Let u, v € T with u < v. Assume F*, g* € CCL([u,v]r x [u, 0], R) be
integrable functions and % + % = 1withp > 1. Then

‘0o v v %
//IF*(r*,t*)g*(r*,t*)|Ar*At* < [/ / |F*(r*,t*)pAr*At*]
1
(% [ q
><|:/ / g*(r*,l*)|qA7’*At*:| ) (5)

This inequality is reversed if 0 < p < landif p < 0or g < 0.

Lemma 2 ([15]). Letr*,* € Rand — + oo < m*,n* < +oo If F* € CC}d(R, (m*,n*)), and
¢ : (m*,n*) — R is convex, then

<f Jo F () By Byt ) Ju S (%, 0)) Ay b1
ffAr*At* h ffAr*At*

This inequality is reversed if ¢ € C,q((c,d),R) is concave.

(6)

Theorem 1 (Chain rule on time scales [14]). Assume g : R — R is continuous, g : T — Ris A-
differentiable on T*, and F : R — R is continuously differentiable. Then there exists ¢ € [1,0(1)|r
with

(Fog)®(1) = F'(8(c)) ()" (). )

Definition 1. @ is called a supermultiplicative function on [0, 400) if
P(d¢) > ©(9)P(g), forall ¥,¢>0. 8)
Next, we write Fubini’s theorem on time scales.
Lemma 3 (Fubini’s Thoerem, see [16]). Assume that (9,%1, up) and (g, Lo, va) are two finite-

dimensional time scales measure spaces. Moreover, suppose that | : ¢ X ¢ — R is a delta integrable
function and define the functions

= /ﬂF(ﬂrQ)dﬂA(ﬁ)/ GEG,

and

P(9) = /gF(ﬁ,g)dvA(g), o€ 0.

Then ¢ is delta integrable on ¢, and  is delta integrable on ¢ and

/dyA /FﬁgdvA /dvA /Ft?gdyA

Now we are ready to state and prove our main results.
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2. Main Results
First, we enlist the following assumptions for the proofs of our main results:

(S1) T be time scales with 1o, vy, ¢, 50,10 €T, (£ =1,...,n).

(S2) Ap(sy, 1) are nonnegative, delta integrable functions defined on [ig, v/)T X [t0,G¢)T
=1,...,n).

(S3) Ag(sy, 1) have a partial A- derivatives /\?1 (s¢,1¢) and /\?2 (s¢, 1) with respect sy and 1y
respectively.

(S4) All functions used in this section are integrable according to A sense.

(S5) Ae(se,te) € C3([t0,ve)T X [t0,60)T,[0,00)) (£ =1,..., 7).

(S¢) pe(&p, 1y) are n positive delta integrable functions defined for ¢, € (io,s/)1, T/ €
(lO/ Lﬂ)'ﬂ"

(S7) pe(&p) and q(7y) are positive delta integrable functions defined for &, € (1, s¢)T,
T € (o, 10)T-

(Sg) ®; (¢ = 1,...,n) are n real-valued nonnegative concave and supermultiplicative
functions defined on (0, o).

(S9) vy and ¢, are positive real numbers.
(510) s¢ € [to, v¢)T and 1p € [19,6¢)T-

(S11) M(lo/ L) = M(Sz/ lo) =0,({=1,...,n).
(S12) AY" Z(Sfrlf) A (s, 10).

(S13) Pelse 1) = [, ﬁ Pe(80)qe(te) A ATy
(S1a) Ae(seote) = [30 [if AeGe, 1) DEAT.
(S15) Pe(se, 1e) flsff pe(Ge, ) AGe ATy
(S16) Ae(se,tp) U) St L pe(@e t)Ae(8, T) AGeAT.
(S17) 10 € (1, ) v =l-—y,y=Y/gvandy =Y i 7, =n—v (=1...n).
(518) 0< B <.

(S19) hy =2

(Sz()) 2/ 1 'yé %

(So1) Iy > 1.

(S2) Ae(&r) € CLilig, vlp, (£ =1,...,n).
(Sa3) vy is positive real number.

(S24) Ae(se) = [ Ae(E0)AGe-

(S25) 8¢ € [10,v¢)-

(S26) pe (C g) are 1 positive functions.

(S27) Py(s LO pe(Ee)AGy.

(S28) Ae( ) p[,(s[) S p(E0)A(Ge) A

(S29) Ag(0) =

Now, we are ready to state and prove the main results that extend several results in
the literature.

Theorem 2. Let S1, Sy, So, S11, S7, S13, S3, S12, Sg and Si7 be satisfied. Then for S19 we have

[T LAGHCTR) BSiASy ... A5t AS ©)
) Lo \YO \SQ /=1 1 ’Y/

<7/ Y1 Vi(se = S0) (S — %))
-/Ungn)

1

X fﬁll ( /low /log[(P(Uf) —50)(p(Ge) — 1) <Pe(sf)qe(tf)q>f <2€:)(;f(tlj)) ) ) UAS%%) "
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where )
7/

ve 6o [ Dy(Py(sy, L 7
G(v1G1, .-+, UnGn) = (/ / (W) ‘AwAt;) .

Proof. From the hypotheses of Theorem 2, we obtain

st e A A
(e, 10) l (8o, Te) A AT (10)
0

From (10) and Sg, it is easy to observe that

<Pze(5f,ltz)ff[ Sy[W(C/)W( )(W%) CfAT/>

S S peGo)a(T )AQATE

Qy(Ag(sp, 1)) = @

M gm)
W Pe(80)qe(T, ) LTy ) AL AT,
> q’f(PZ(SérlZ))q)Z(LO Ji pr(G) ( ( 2uu)) ) (11)
St L pe(@o)ae(t)Ag AT

By using inverse Jensen’s dynamic inequality, we get
D (Py(sy, L 8¢ Cor T

Qy(Ae(se,ne)) 2 [P[ Zsé él/ /l /t pe(Ge)qe(Te)® ( G )(qf(TjDACzATz' (12)

’ 0

Applying inverse Holder’s inequality on the right hand side of (12) with indices 1/,
and 1/, we obtain

Dy(Ae(sp ) = W[(Sz—lo)(lf—lo)]%

([ [ e (i) ) o

Using the following inequality on the term [(sy — 10) (37 — So) ] ", where v, < 0and
>0

n ')’2' 1 n , 7/
[Te/ > (/(ZW,QZ)) , (14)
=1 T3

we obtain that

!

n S/ 1 Y
[T®Mesen)) > Hq’m“( Zw w—m))

=1 o1 Pe(seu)
s AL (&0, 1)\ 7 e
([ (renme (m@m(m) )"z (1)
From (15), we obtain that
- Dy(Ag(se 1))
= v
( Y vy(se —10)(te — lo))
e @y (Py( SW{ st Ay 2281, 1) \ | 7 e
>g:1 Py(sp, te) </lo / (W Se)ac(m)® <W(§/)W(T/))> AQATK) ' (1€)

Integrating both sides of (16) over s, 1y from S to vy, ¢ (¢ =1,...,1n), we get
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[ / [T Pe(Aelse, 1)) AsuAS, . AsiAS,
o 7o S0 =1 (1 cn Q) (Sx, _ Cx !
7 Zi—1 Ye(se = S0) (S — So)

1 1/0[ /w q%pfés;ﬁ';g </:/l (Pf Go)qe(t)® (2(;62)(55,(3))));(AQAU)WASEALE. (17)

Applying inverse Holder’s inequality on the right hand side of (17) with indices 1/,
and 1/, we obtain

[4 ¥ 1e--
\50 \f p ]
(7/ z El_ ’)/2(52 — %1))(%@ — C\\f()))

- v s (Dy(Py(sg1)) \ 7 "

2 <// (Pesm) ASM) (s)
- el o)\ 7 e
L L (romton(E250)) oo

By using Fubini’s theorem, we observe that

e ®p(Ay(sp, S
/1/1 / / e(Aelse, ) A8 A Bs1AS (19)
So (=1
(71/ Y17 (80— SB0) (S — o)

> G(v161, - -+, UnGn)

X zli (/: /:E(Ue —s¢) (60— 1) (Pf(sz)w(le)q’e (/;EZ:)(;E(Z)) ) ) WléASzAlz) W-

By using the facts vy > p(v,) and ¢; > p(g/), we get

/01 /Gl / / n Dy(Ar(se, ) Asy Ay, ... As1AS
\90 Ry 7,

0 (=1
(327050 - 3030 - 30))

> G(vlgl,...,vngn)

(/W /G/ (ve) Sﬁ)(P(Qﬁ)l/)(P/(Sﬁ)W(lf)q>f<W>) v ASfA‘/)W'

This completes the proof. [
Remark 1. In Theorem 2, if T = 7Z, we get the result due to Zhao et al. ([17], Theorem 1.5).
Remark 2. In Theorem 2, if we take T = R, we get inequality due to Zhao et al. [17].

Remark 3. Let S1, Sy, So, S11, S7, S13, S3 and Sy, be satisfied and let Oy, vy, ), v, and ' be as
in Theorem 2. Similar to proof of Theorem 2, we have
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/Ul /gl / / - LAGICIAT) AsuASy ... As1AS
So /S0y 1y Il _ Ce ) (Cx, _ Cx !
37 L= Ve(se = S0)(Se = 30)

< G* (U161, - -+, UnGn)

. fUl ([ [ oo = steteo o (pesontoe, (25;;)(;:&[‘:; ) g asinn)

where

1 /
L ve ree ((Dy(Pr(sp ) \ K
G* (0161, -+, UnGn) = ; (/ / (' AspAiy | .
( ) T Yo Py(se, 1)

This is an inverse form of the inequality (9).

Corollary 1. Let Sy, S3, Sas, Sa6, S27, S29, S17, and Sg be satisfied. Then we have

/ / (M(SZ)) ” Asy ... Asy (20)
( i1 7y (se ))

> G (v1,...,0n)

g /nl (/l:é (o(v) =se) (W(Sz)@f <);7€((Ssj)) )) WASZ) 7‘,

=

where

Remark 4. In Corollary 1, if we take T = Z, we get an inverse form of inequality due to
Handley [18].

Remark 5. In Corollary 1, if we take T = R, we get an inverse form of inequality due to
Handley [18].

Remark 6. In inequality (20) taking n = 2, y1 = yp = 2, then 7} = 94 = —1, we have

/v1/ P A] S1))¢1(A2(52))_2A51A52 (21)
) é 1 ( Lo)+(52‘0))

> Doy o) [0t =) (o (2262 ) )
2

o

X <[OUZ(P(U2) ) (P2(52)¢’2 (;?:((5522))))%&2) :
where

Remark 7. If we take T = Z, the inequality (21) is an inverse of inequality due to Pachpatte [19].
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Remark 8. If we take T = R, the inequality (21) is an inverse of inequality due to Pachpatte [19].
Theorem 3. Let S1, Ss, S14, S¢, S15, and Sg be satisfied. Then for S1g, S1g and Sy, we have
v G GCn n @ A , (@3
/l/ L / isy ®elAeGeS0) g a3, 0589, (22)
\So ¥
COEEIURENICEN)

> L(v161,-- -, UnGn)
1

</U‘ /” (vr) —Se)(p(gg)—le)<pg(szllf)¢[(;m)>54ASZAL€>m

where .
ve 6o (Dy(Py(sy, 1 "
L(viG1, ..., UnGn) = </ / ( e(Pelse Z))> ASZAM)
o Py(s¢,1¢)

Proof. From the hypotheses of Theorem 3, S14, 515, and Sg, it is easy to observe that

Py(sp,1¢) f flo pe 5/,7/)(,,5% Tz )A ff()AT/)

Dy (Ag(se,1e)) = qDZ( szf 0o, 1) AEAT,

(&0 0)
Sl St pe(@e ) (G848 )A@M)- (23)

> CD(P(S,[))CD(
A f fl Pe(Ge, ) AG AT

By using inverse Jensen dynamic inequality, we obtain that

Do(Pe(se,10)) S/rlf /S‘ / (M(Q, Te))
Dy(Ay(sy,t > ,T0)Pp | — =% | AL AT 24
o(Ag(se, 1)) “PGni) pe(Ce, o) P 2020 0) CiAT.  (24)

Applying inverse Holder’s inequality on the right hand side of (24) with indices -y,
and By, it is easy to observe that

CD(P,(S,l)) %[ Sy [l )\,(g/T) Be é
Dy(Ny(sp,10)) = W[(Sz—to)(w—to)] (/lo /lo (pg(gg,Tg)@(rM)) AC@AQ) 25

1
By using inequality the following inequality on the term [(s; — 10)(1p — 10)] 7, we get
n 1 n 1 %
[T > () o) 26)
=1 =1 %
[T Pe(Aelse b))

(7 Y17, (50— 10) (1 = lo))

Dy (Py(sg, 1) (&0, 70) B B
/H Py(sg, 1) (/ / (W gé're)q%(m(ézﬁf))) AQAW) - &)

Integrating both sides of (27) over s;, iy from g to vy, 6o (¢ = 1,...,n), we
obtain that

==
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01 fC Un rCn n P (A S
/1/ 1/ / [T7—y Pe(Ae(se, S0)) TAsuASy ... A1 AT (28)
<50 R Y
<’Y Yiq 7 (50— S0) (S — %0)>

Be =

Ve 60 @p(Py(se, 1)) Se,le </Sf/ < (/V(C@W)) )’Sf
,T0)P AC/AT, AsyAiy.
T 1/lo /t Py(sg, 10) w0 Jo \Pf (Co )y pe(Ge, ) CeATe S

Applying inverse Holder’s inequality on the right hand side of (28) with indices -y,
and By, it is easy to observe that

v c n 2%
/1/ ' / / My QeAsuS0))  jg ns o asas:
So i
(7 Y1 7 (50— S0) (S — 30))
1
n v G o7
(/ // ¢ (CIJZ Py Sg,lg))) A55A15> 7 (29)
2 Io Iy P/ Sy, lp)
1
(e[ (m)))‘” ) )ﬁ
X ,T)P ACoATy | AspAL .
L (momGigess) ) acam Josen
Using Fubini’s theorem, we observe that

U1 G n_od(A , 8
/]/] / / [T7=1 Pe(Arlse, Se) CAspASy ... As A
So v
(YEE (s~ 30)(30 - 30))

> L(v1G1,- -+, UnGn)

(L[ st (purom(2)) asa )

By using the facts vy > p(v,) and ¢; = p(gr), we get
v c nd,(A S
/]/1 / / i @A S0) 5 s, asya8,
So k3
(VI (s~ 30)(30 - 30))

> L(v1G1, .-+, UnGn)

><H< L[ et —so p(gn—m(Mshte)cbg(;gj;jg))ﬁ”AsgAw)

This completes the proof. [J

=

Remark 9. In Theorem 3, if T = R, we get the result due to Zhao et al. [20] (Theorem 2).

As a special case of Theorem 3, when T = Z, we have p(n) = n — 1, and we get the
following result.
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Corollary 2. Let {as,,.,mg,m,, } and {ps;,ms,m, }: (Z =1,...,n) ben sequences of non-negative
numbers defined for ms, = 1,..., ks, and m,, =1, .. \u' and define
sy My
Asgig,ms, m, = Z Z Asy,10,mg, 1y,
még m,%
mS/ m,é
Po iy mo,my = Y ) Psgieme, iy, - (30)
m;z mw
Then

k51 kll ksn ktn H;Z:l ¢[(As(,rlfrmszrmt()

mg, m; Msy My
v <')’ Yi1 ,ylé(msém[({))
C(kslktl/ sy kSnkln)
ke, ki, a

n As;1p,ms,,m, B By
<11 (Z Y (ke, — (ms, — 1)) (k, — (m,, — 1)) (psé,,é,msf,m,/qy (Hw)) )
/=1 ms/ m1[ ) )

PS[,l[,ms[ rmI£

==

where ks, k ;
n 5S¢ D, (P s ' Pe Pe
C(kslkll’ . kSnkln) - H (ZZ (WW)) ) C'

/=1 s, My, PSg,lg,msé,m%

Remark 10. Let A(&¢, 7)), pe(Ze, o), Pe(8e, o), and Ay(Zy, T¢) change to A¢(8r), pe(Se), Pe(se),
and Ay(sy), respectively, and with suitable changes, and we have the following result:

Corollary 3. Let Sy, S93, Soa, Sa6, Sa7 and Sg be satisfied. Then for S1g, Soo and Sps we have that

/Ul.../vn [Tr—y Pe(Aclse) —Asy ... Asq (31)
ECHEETOE)

> L*(vy,...,vn) ﬁ (/LOW(P(W) —5¢) <Pe(se)d>g<;}jgzj§)>mAse)

=1

o = T ([ (B}

Corollary 4. In Corollary 3, if we take n = 2, By = 5, then the inequality (31) changes to

e T R (O 1 P

([Pt (mep(22))'as). e
L0y, 03) — 4 ( [ (d>1 lglp(ls(ls)l)) ) - ASI) B ( [ <<1>2 1521)(25(25;)) ) B Asz) o

Remark 11. In Corollary 4, if we take T = R, then the inequality (32) changes to

=}

where

where
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/0”1 /Ovl @ (A1((Ssl1i);1>zz)(/;z(52))dsld52 > L**(v1,vz)</ovl(vl —s1) (Pl (51)d>(/\1 (Sl)>

X (/002(02 —2) (Pz(sz)‘Y(;\Z(Sz; )>2d52) %, (33)

2(s2
where
v = () o) (7 (D) =)

This is an inverse of the inequality due to Pachpatte [21].

Corollary 5. In Corollary 3, if we take By = ”T_l, the inequality (31) becomes

/ / Moy @eAels) o a,

<Z1z_1(5z )) -
> L (v, vn) (/ (p(ve _SZ)<pZ(S£)(Dg</\ (Se))>"AsZ)H

v P (0 (@e(Pls)) )T T
vt = ([ (20 )

=1 \Jig 0(s¢)
Theorem 4. Let S1, S5, S, So, S15, and S1¢ be satisfied. Then for S1g, S1s, and Sy, we have

0 e o T Po(sy, S0) Py (Ay(sy, S
/1/1 / [T)—1 Pe(se, S0)@e(Ag(se ‘W))lAsnASn...AslASl

. (34)
(- 30 90)

where

n

n Ve 6o By ﬁl7
—1 —1 — — , Ap(sy,t L
IT | —ahtec—0)] " ([ [ 0000 =0 pte0) = 1) (ptoe 10 etse0)) st

>

Proof. From the hypotheses of Theorem 4, and by using inverse Jensen dynamic inequality,
we have

Dy(Ag(se 1)) CDZ(PK(SZ,%U /S[ A\J[ Pf(é‘erTz)M(Cz,TZ)AQAT@>

> m/Sz/ pe(oe, )Py (Ae(E 1)) AEIAT. (35)

Applying inverse Holder’s inequality on the right hand side of (35) with indices 7y,
and f, it is easy to observe that

1

Pelhlso)) 2 m[(w ~ho) (e~ [O)]%{ (/\ /\ (Pe(Ge, )@ (Ae(Ge, Tﬁ)))ﬁéAggATg) .

1
By using the inequality (26) on the term [(s; — 19) (1, — 19)] ¢, we get
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Pelse, 1) ®elBelser te)) T = (/Sé /lﬂ (Pe(ffé/Te)cbe()\e(ffe,Te)))ﬁfAé‘éATe)ﬁé- (36)
(72?_1 71[(52—10)(%—!0))7 o

Integrating both sides of (36) over sy, iy from iy to vy, gy ({ =1,...,1), we get

/Ul /gl.../vn S TTi—q Pe(se, Se)Pe(Ai(se, Se))
So

So

T ASnA%n e ASlAgl
v
(Y G50 903 - 30))

Z [I:Il/l:l /Of: (/:: /9: (Pe(Ce, o) Do (Ae(Ees Tf)))MAWATe> "

Applying inverse Holder’s inequality on the right hand side of (37) with indices v,
and By, it is easy to observe that

v1 g Un  [Gn n  Pi(sy, Sp)Dp(A , 8
/1/ 1/ S LACADLAGTICA D B SO (37)
So v

S0 n 1 7
(’Y Y15, (50— S0)(Se — %))

> - [(Wlo) Gr—1lo ] (/W / /\ /\ (pe(Ze, ) @(M(é{/,Tﬁ)))ﬁéACzATzASfA%Oﬁlé'

(=1

By using Fubini’s theorem, we observe that

v [« Un  fGn n o p ,C\ dD)(A ,C\
/]/1.../ ITi—y Polse, So)@e(Aels ‘V))lAsnA%n...AslA%l
So

So n 1 L) (S 93 K
7 Xhi=1 57 (50 = S0) (S = 30)

n

> {(Uz —10)(6r — 10)} i </lov[ /log[(ve =) (60— S0) (pe(se, S0)Pr(Ar(se, %g)))ﬁ‘AsesZA%Z> ﬁ

(=1

By using the facts vy > p(v,) and ¢; = p(gr), we get

vr g Gn P )Py (Ap(ss, S
/1/1 / [T)—1 Pe(s0, S0)@e(As(se ‘”))lAsnASn...AslASl

v
(7 A - S0(30- %)
1 1
n i Ve e By By

=TT [(we—10)(ce— 1) /l /I (o(ve) =se)(plce) = 10) (pe(se, ) Pe(Ae(se,10))) " Asehig )
(=1 0 Yk

This completes the proof. O

Remark 12. In Theorem 4, if T = R, we get the result due to Zhao et al. [20] (Theorem 3).

As a special case of Theorem 4, when T = Z, we have p(n) = n — 1, and we get the
following result.
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Corollary 6. Let {C’Sg,tz,ms,,m,[ }and {Psm,ms[,m,/ }, (¢ =1,...,n) be n sequences of non-negative
numbers defined for ms, =1,... ks, and m,, = 1,...,k,,, and define

1 m51 m,[
Asg,l[,ms‘[,mlé = 7[)5 - 2 Z asé Ly, mgé mvé pSé Ly, méﬁ mq[
b M /1M, m,: My,
ms, my,
Psy iy mg my, = Z 2 Pspieme, my, - (38)
mgé mw

Then

ks, k :
L 2 o, Ko [T/—1 P, mS//mlf(pZ(AS//l/rmS[rml()

M, M, Mg, M, v
v e (’Y 22:1 ,ylé(msfm,[)>
n ks, ki Be ﬁi
¢
ksf l/) (Z Z kst - msz - ))(ku - (mlz; - 1)) (psé’/l[rms[/mt[q)é (asz,l/,ms/,m%>> ) .
/: Mg, My,

Remark 13. Let Aé(gél Tf)/ Pe (Cl/ Tﬁ)/ Pf(gll Tf) and

Ae(se, 1) = /sz/ pe(Ce, Te) Ne(Ge, T)AGIAT

SZ/ Lf

changes to Ay(&y), pe(Sr), Pe(se) and

1)6(150 /: po(E)A(E0)AEy.

respectively, and with suitable changes, we have the following result:

Ag(se) =

Corollary 7. Let Sy, S23, Sog, Sa7, and Sog be satisfied. Then for S1g, Sy, and Sqs, we have

or pon T Py(s)) @ (A
/ Y IT7—1 Pels0) @ é<sf)1 Asy ... As (39)
lo v " 1 v
(7&1 (80— lo))

/W (p(ve) —s¢) (Pé(sf)q)g (/\Z(Sz)))ﬁ[ASg>

]

1
n 1 By
2 | [(ve—10)7 < /
=1

Corollary 8. In Corollary 7, if we take n = 2, By = %, then the inequality (39) changes to

/vl /UZ Pi(s1 Pz 2 ZI:; (f:zs(zslj)j)z)(j\f(sznASlAsz > 4[(v1 — 10) (v2 — 19)] (40)
X (/: (p(v1) —s1) <P1(51)q>1 (M (51))>2A51) : <[OUZ(P(U2) —52) (Pz(Sz)q’z <A2(52)> )2A52> "

Remark 14. In Corollary 8, if we take T = R, then the inequality (40) changes to

/0"1 /0“1 Py (Sl)Pz(Sz)EI:i (i\;z()sl_)z)q>2(/\2(52))dsld52 > 4[v10:] -1 (41)

X </001(U1 —51) <Pl (s1)®1 (M (Sl)))zdﬂ)% (/002(02 —53) (Pz(sz)cpz <)\2(52)>)2d52> %-

This is an inverse of the inequality due to Pachpatte [21].
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Corollary 9. In Corollary 8, let p1(s1) = p2(s2) = 1, then Py(s1) = s1, P(s2) = sa. Therefore,
the inequality (40) changes to

/v1 / D1 (Aq(s1))P2(A2(s2)) — As1Asy > 4[(v1 — Do) (v2 — o)) B (42)
So (s182) 1 51 —So) + (52— g\90))

SURCEERIE (A1<s1>))2As1) : YRCGESIC (/\2(52)>>2A52) g

Remark 15. In Corollary 9, if we take T = R, then the inequality (42) changes to

/"1 /”1 Dy (Aq( S1 q’z(/\z(sz))ds dsy > 4[vyv]”
5152 51 +52)

X (/Ovl(lh — 1) (Cpl (Al(sl)))zdﬁ)% (/002(02 —52) (‘1’2 (/\2(52)>>2d52> %.

This is an inverse inequality of the following inequality, which was proved by Pachpatte [20].

/ /€ D(A o S+l()))dsdo [Ug]%

o([o-s(o060) 5) ([e-o(r(s))w)"

Corollary 10. In Corollary 7, if we take By = =1 (¢ = 1,...,n), the inequality (39)

1

' ! (221 (s¢ — lo)) a

n

> i1 [ (vg— 1) 7T (/lW(P(W,) —5¢) (Pe(sz)%()\z(se))) ' AS@)

0

n—1 n

n—1

3. Conclusions

In this article, we gave some generalizations of the Hardy-Hilbert inequality on a
general time scale, and some dynamic integral and discrete inequalities known in the
literature were extended as special cases of our results.
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