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Abstract: Over the last few decades, a certain interesting class of functional equations were developed
while obtaining the generating functions of many system distributions. This class of equations has
numerous applications in many modern disciplines such as wireless networks and communications.
The Ulam stability theorem can be applied to numerous functional equations in investigating the
stability when approximated in Banach spaces, Banach algebra, and so on. The main focus of this
study is to analyse the relationship between functional equations, Hyers-Ulam-Rassias stability,
Banach space, quasi-beta normed spaces, and fixed-point theory in depth. The significance of this
work is the incorporation of the stability of the generalised additive functional equation in Banach
space and quasi-beta normed spaces by employing concrete techniques like direct and fixed-point
theory methods. They are powerful tools for narrowing down the mathematical models that describe
a wide range of events. Some classes of functional equations, in particular, have lately emerged from
a variety of applications, such as Fourier transforms and the Laplace transforms. This study uses
linear transformation to explain our functional equations while providing suitable examples.

Keywords: additive functional equations; generalised Ulam—-Hyers stability; Banach space; quasi-beta
normed spaces; fixed point

1. Introduction

A function is conventionally defined in mathematics, particularly in functional analy-
sis, as a map from a vector space to the field underlying the vector space, which is commonly
the real numbers. In other words, a function accepts a vector as an argument and returns a
scalar. A functional equation F = G, which means an equation between functionals, can be
understood as an “equation to solve”, with solutions being functions themselves.

The development of functional equations coincided with the contemporary definition
of the function. J. D’Alembert [1] published the first papers to be published on functional
equations between 1747 and 1750. Because of their apparent simplicity and harmonic
nature, functional equations have attracted the attention of many notable mathematicians,
including N.H. Abel, J. Bolyai, A.L. Cauchy, L. Euler, M. Frechet, C.F. Gauss, ].L.W.V. Jensen,
A.N. Kolmogorov, N.I. Lobacevskii ].V. Pexider, and S.D. Poisson.

In 1940, S.M. Ulam [2] was the first to work on the issue of the stability of functional
equations which gave rise to the question of “When is it true that the solution of an equation
differing slightly from a given one must of necessity be close to the solution of the given
equation?” and further studies are based upon it. D. H. Hyers [3] came out with a positive
response to the issue of Ulam stability for Banach spaces in 1941. T. Aoki [4] explored
additive mappings further in 1950. Th.M. Rassias [5] was successful in extending Hyer’s
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d
1<a<m

Theorem’s result by weakening the condition for the Cauchy difference. Taking into account
the significant effect of Ulam, Hyers, and Rassias on the development of stability issues of
functional equations, the stability phenomena demonstrated by Th.M. Rassias is known
as Hyers-Ulam-Rassias stability cited in [6-10]. In the spirit of the Rassias’ method, P.
Gavruta [11] explored further by substituting the unbounded Cauchy difference with a
generic control function in 1994.

The historical background of the stability of functional equations and literature survey
has been explained in the cited references (see [12-20]). The detailed results of Ulam
stability are explained in [21-25]. Different types of additive functional equations and their
Ulam stability are addressed in [26-30]. Stability analysis is important in mathematics, with
Ulam stability being particularly important for functional equations, differential equations,
and integral equations.

Fixed point method is one of the prominent methods for investigating the Ulam
stability analysis and recalls a fundamental result in fixed-point theory. For more recent
research on fixed-point theory, see [31-34].

Recently, A. Batool et al. [35], proved the Hyers-Ulam stability of the cubic and quartic
functional equation

f@xty) + f(2x —y) = 3f(x +y) + f(=x —y) +3f(x —y) + f(y — %)
+18f(x) +6f(—x) =3f(y) —=3f(-v) ©)
and additive and quartic functional equation
f@x+y)+ f(2x —y) =2f(x +y) + 2f (—x —y) + 2f (x —y) + 2f(y — %)
+14f(x) +10f(=x) = 3f(y) = 3f (=) )

using the fixed-point method in matrix Banach algebras.
In [36], K. Tamilvanan et al. introduced a new mixed type quadratic-additive func-
tional equation

m

1<a<b<m

asa> + ) ¢<—ﬂsa + ), bSb) =(m=3) )  ¢(asa+bsy)
1<a<m b=1,a#b

(o me2) T az[ff’(%”‘f’(—sﬂ]_(m2_5m+4)1i o[l p] -

2 2

1<a<m <a<m

where m > 4 is a fixed integer and investigated Ulam stability by using the Hyers method
in random normed spaces.

In [37], N. Uthirasamy et al. considered the following new dimension additive func-
tional equation

) c])(—va—vb—vc—i— i vd>

1<a<b<c<s d=1,d#a#b#c
§2 — 952 +205 — 12\ & [p(va) — p(—va)
S S P s EUNC

where s > 4 is a fixed integer, to examine the Ulam stability of this equation in intu-
itionistic fuzzy normed spaces and 2-Banach spaces with the help of direct and fixed-
point approaches.

The purpose of this research is to suggest a novel form of functional equation as below

w<,7€+p,y + 17h;c> + w(iy”pi{ + Uh]/l) + 1w (y — ) 4wl — p)
_ 2(178+g3w(’)/) + th(K)> (5)
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In this article, the solution of this equation, as well as its Ulam stability, are determined
with 779, 4" 5 0 in Banach spaces and quasi § normed spaces using direct and fixed-point
methods. The counter-example for non-stable cases is also demonstrated.

Jao(yx, ) = @ (1" 0y + ") + (k") + 5wy —x) + 'l — p)
—2(y P w(y) +nw(x)).

2. Banach Space Stability Results
2.1. Donald H. Hyers” Theorem (1941) for (5)

Theorem 1. If w : R — R real map satisfying ||Jw(y,x, u)|| < U for some & > 0 and for all

v, %, 1 € R, then there exists a unique additive function A : R — Rand x = (17Zer + nh) such
that [|w(y) — A(y)|| < 2(Xui_l)for all y € R.

Proof. Let the real function w : R — R satisfying
o (07 +) + 0 (1 4 ") + 5 P wly =) + g w(x - )
—2(n*w(y) + 1Mo | < 4 ©)

for some 4 > 0. Instead of (7, «, j) by (0,0, 0) in above inequality and H (2 —plte — nh)w(O) H
= 0 or w(0) = 0in place of (7, x, u) by (7,7, ¥) in the above inequality then

[w(xy) — xw(y)|l < % 7)

for all v € R, where x = (17”p + 17h>. Consider y by x* 1y

|lwGrm) — x| < %
forally e Rands =1,2,3:--n, where n € N. Taking summation and multiply both side
by % then
Z 1 s s—1 1& o
s;? w(x'y) - x| < ES;F
using
[+ m| < |1 +[m]
we have . 0o
Hxnw(x”v) —w(’r)H <5 5221? ®)
Since

n +oo
Z X_S S Z X_S
s=1 s=1
the inequality (8) yields
1 U =21
| Sewtem —w)| <3 X+

which is
n

) —w(v)H < ©)

et S3-1)
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for all v € R. By replacing n by m — n in (9), we get
1 I U
_ < =
[rertoe ) - o] < 75 1
which is . . . "
I o RLYAT
Hx’" &) w0 = 2(x—1) (v
for all ¥ € R. Considering 7 by x"+ in (11), we get
1 " 1 . H ( st ) 1
") = )| < (55— ) = (12)
Hx’” () = ) 2 =1/ x"

However,
. —n _
Jim 3 =0

From (12), we get
lim

n—r—+4o00

X

{571,

is a Cauchy sequence. The additive is defined as

1 1
‘me(x’”v) - nw(x”v)H =0

Therefore

for all v € R. The following section proves that A : R — R is an additive function.

Consider

|a(n" oy + 1) + A (n" o+ ") + 17”%( — )+ Ak~ p)

2t )|

:? w(XnU€+K),Y+Xn17hK) +w<Xn17€+pK+Xn17 V) +U€+pw(xn,)/_xn;{)
(e = ') = 21wl + x|
< lim &ZO
n—+oo XM

A(n oy ) + A (k4 ) + 1O ACy =) + o Ak — )

=2(n" " A(y) + 1A K))

forall v € R. Let

1A() —w)] = || tim XD o)

= gim [|YW )
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and

by
[A(Y) —w ()] < m

forall y € R.
A is a unique function, which is proved as follows:

i

[B(y) —w(y)Il < m

Hence

[B(y) = < 1IB(y) — @)+ [JA(Y) = w(¥)]]

b3 b3
S2—1) T a(x—1)
_ b3
C (x-1)°

However, A and B are additive, hence

1
1A(Y) =Bl = _[|A(ny) = B(n7)]]
1 U
< = 13
S 0= (13)
Taking n — +oo, from (13)
1 U
< -
nl—l>Too||A( )|| _n1—1>+oon()(71)

Hence

[1A(7) =B(7)][ <0
Therefore A(y) = B(v) for all ¥ € R. Henceforth A is unique. O

2.2. Tosio Aoki’s (1950) Theorem for (5)

Theorem 2. Let w : R — Rbea real map satisfying || Jew (y, x, p)|| < U{|[v||P + [|[x||P + ||x]|P}
for some L >0, p € [0,1)andVy,x € R, then there exists a unique additive function A : R — R

and x = (17£+p + iyh) such that ||w('y) — A('}’)” < 2\7( X”| H'Ypror ally € R

Proof. Letw : R — Rbeareal function satisfying ||Jcw (7, «, u) || < U{||7||P + ||x||” + ||ul||P }
for some &l > 0, p € [0,1). Instead of (v, x, u) by (0,0,0) in the above, then we have

H (2 —ytte — 17F‘>w(0)H = 0 or w(0) = 0 in place of (v,x, i) by (,7,7) in the above
inequality, hence

)~ xo() < 5 wiirl? (1)

forall v € R, where x = (11“@ + 17h>. Replacing v by x°~ 1y
[eGem) — xeole )| < 2 w xRl

for all v € R. Taking summation and multiplying by %

n

Zl

s=1 X

- 3 nysp—p
w(x*y) — xw(x* 17)“ <SulhilPy pe
s=1
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Using
L+ m| < (1] + |m]
L ot — <§u Py s(p-1) o p 15
@) @) < wilP U (15)
s=1
Since
n +o00
Z XS(P_U S 2 XS(P_l)
s=1 s=1
the inequality (15) yields
1 n 3 P —p+o° s(p—1)
A0 —w)| < Z PR L x
s=1
which is . -
—w(x"y) —w < ——|I7lIP (16)
) - )| < sl
for all ¥ € R. By replacing n by m — n in (16), hence
1 S H 34U
W v) —w)|| < s | (17)
which is . . . 34
—w(xX"y) = —w(y ‘ < <> I[P (18)
el - S < 5 (5o )l
for all v € R. Replacing y by x" in (18),
1 1 34 P
| mwtmn) = b < (5 ) Sl 1)

X

Since 0 < p <1,

; n(p—1) —
i 270 =0

and using (19), we obtain

lim
n—+oo

X

(5"}

is a Cauchy sequence. The additive function is defined as

1 1
‘me(x’"v) - nw(x”v)H =0

Therefore

A(y) = lim wx"r)

n—+oo X"

forall y € R. A: R — Ris an addictive function, proved as follows.
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Consider

|a(n" oy + 1) + A (n" o+ ") + 77”%( — )+ 1" Ak~ p)
o )

+;7hw(X”1c —xX"u) — Z(Uerpw(Xn,y) + th(XnK)) H
P 4 P\l
< i AP+ I+ (X"}

T n—+oo X"

Since p € [0,1).
Hence

A(n oy +1") + A x4 ") + 0O ACY =) + " Ak — )
= 2(n"A(y) + 1" Alx))

for all ¥ € R. Consider

_ e @XM
HAW)CMﬂH—Hgg;—;r* w(7)l|
_ w (")
—gg;H 20—
34
< p
Hence 34
Aly) —w < - P
[1A(Y) (wH_szmeH
for all y € R.
A is a unique function, proved as follows
34
B —w < - p
[B(7) (ﬂH—zw—xﬂ”H
Hence
[B(7) — @)l < [IB(y) — @)l +[|A(y) -
34 34
< = po__ ==
S ﬂﬂ”” W)
= 2y
(x xP)
But A and B are additive, hence
1
1A(Y) =Bl = _[lA(ny) = B(ny)]]
1 34
— P
<= ihl
Taking n — o0, using (20)
1 34

< -7
ngr£m||A( ) ( )|| ngrfwn(x XP)

Sl (2 oy + 1) + o (x4 ) + 0wy = 1)

gl

(20)



Symmetry 2022, 14, 1700 8 of 28

Hence
[[A(y) =Byl <0

Therefore A(y) = B(y) for all ¥ € R. Hence A is unique. [

To prove example for not stable in p = 1 the Equation (5).
Example 1. Consider the mapping ¢ : R — R be defined by

o(7) _{ wy, i |y <1

U,  otherwise

let w : R — R be defined by

+o00 n
wy) =Y ‘P(Xin”) forall yeR.
n=0 X
Then w satisfies
2 l+p h
B 2+3(n v+ )]

| Jew (y, %, 1) <

1 u(ly| =+ le| + ). 1)

Then there is no an additive mapping A : R — R and a constant B > 0 such that

lw(y) = A(y)| < Blv forall y€R. (22)
Proof. Now |w(7)| < ¥ W‘;nv L=y o = ﬁ“ = A

Thus, w is bounded.
If v = x = u = 0 at that point (29) is minor. In the event that |y| + |x| + |u| > 1, at

22+3(n e+t
that point the left hand side of (29) is under P u. It is assumed that
0 < |v|+ |7| + |#| < 1. Then there exists a positive integer k such that
<l el < 3
Xk - Xk*l ’

so that x*“1|y| < 1, ¥ 1| < 1, x*"|u| < 1 and consequently

R (0o ) 6 (e ) o =0, e — ), 2T (0, T ) € (< 1,).
heren =0,1,...,k—1,
X (107 4 ) () (= ), 2 e = ), X (1), X () € (<1,1).
and
(10 +") + @ (0 k4 w) 40 0Py ) + ek — )
—2(5"9(y) + 1"p(x)) =
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forn =0,1,...,k — 1. From the definition of w,
(707 4+ ") 4w (0Ot ") 4wy = x) + (- p)
—2(n"*ow(r) +1w(x) )|

r |
“Lw
- z( “09(r) +1"p(x) )|
- nzkx
- z( “09(1) +1"p(x) )|
< B Lealr )= sl o) o2

I+ h
: [“3)517*1& A )}#(I"r + [+ [pl)-

o(n 0wt o (0 x4 ") £ 0 ey =) e — )

(0 o+ ") + 9 (1 k") + 0" ey = 1)+ "9k — )

Thus w satisfies (29) with 0 < |y| + || + |u| < 1.
The additive functional Equation (5) is not stable for p = 1 in the inequality

[ Jeo (s )l < ST P [l [P+ [l [P}

Suppose on the contrary that there exists an additive mapping A : R — R and a
constant B > 0 satisfying (30). Since w is bounded and continuous for all ¥ € R, A is
bounded on any open interval containing the origin and continuous at the origin. In view
of Theorem 2, A must have the form A(7y) = ¢y for any 7 in R. Thus we obtain that

()] < (B+ el (24)

now m with mu > B+ |c|.
Ify e (0, i 1) at that point x"y € (0,1) foralln = 0,1, ...,m — 1. For this y, we get

+o00 n m—1 n
wiy) = Y X SO s (5 ey
n—o X X

which negates (32).Therefore the additive functional Equation (5) is not stable for p = 1in
the sense of Ulam, Hyers, and Rassias. O

2.3. John M. Rassias’ Theorem (1982) for (5)
Theorem 3. Let w : R — R be a real map satisfying ||Jw (7, x, w)|| < U{||7[|P||x]||P||p||P}for
somei >0, p € [0, %) and for all v, x,u € R, then there exists a unique additive function

A:R—Rand x = (17”9 + nh> such that ||w(y) — A(y)] < T X3’”\ |73 for all v € R.

Proof. Let w : R — R be a real function satisfying

ey, 7, ) | < ST I1P K177} (25)
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forsomeil >0, p € {0, ) Instead of (vy, x, 1) by (0,0,0) in (25), then H (2 — e — ryh)w(O)H
= 0orw(0) = 0in place of (y,«x, u) by (7,7, ) in (25),

1
lw(xy) = xw (Il < 5 Wil (26)
for all v € R, where x = (nzer + 17h>. Replacing v by x°~ 1y
[eGem) — xole )| < 2 w2 P e

1
for all v € R. Taking summation and multiplying by P in the above inequality

1 X (sp—p)

Y —|lwtrn) - xote )| < u||v||3pz

s:lX s=1 X

use
|1+ m| < |I] + |m|
L oy — <lu 39y s(3p—1) 27
an(x 1) =@ <5 Ul Y ox X (27)
s=1
Since

the inequality (27) yields

which is

1 1 -
|t - o) < gl St
1 n
—w(x"r) —w(v)H <

‘ X T2 =)
Thus the proof is similar to that of Theorem 2. [

[v[1°P. (28)

To prove example for not stable in p = 1 the Equation (5).
Example 2. Consider the mapping ¢ : R — R be defined by

o) :{ wy, iy <1

i,  otherwise

let w : R — R be defined by

+oo n
w(y) =), 4’(?(7117) forall y€eR.
n=0 X
Then w satisfies
2 l+p h
X [2 + 3(17 +7 )}

[Ty, &, )]l < vl =[x 4 [p])- (29)

x—1

Then there is no an additive mapping A : R — R and a constant B > 0 such that

lw(v) = A(Y)] < Bl forall v €R. (30)
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Proof. Now

e = u 1 XH
| (7)\_11;0 I n;o?c” 1_%y P

Thus, w is bounded.

If v = x = u = 0 at that point (29) is minor. In the event that |y| + |x| + |u| > 1, at
2 [2+3(n" 0+ 4]
x—1
0 < |v|+ |7| + |#| < 1. Then there exists a positive integer k such that

that point the left hand side of (29) is under

y. It is assumed that

1 1
= S+ lel +ul < o= (31)
% k1

so that x*"1|y| < 1, ¥ 1| < 1, x*"|u| < 1 and consequently

27 (0 ) o (e ) T = 0,2 = 0, 2 (), 2 ) € (<1,).

heren =0,1,...,k—1,
X (0 4 ) () 2 (= ) 2 e = ), X (1), X () € (<1,1).
and
(07 + ") + 9 (1 k") + 0" Py — 1)+ 1"k — )
—2(5"9(y) +1"p(x)) = 0
forn=0,1,...,k — 1. From the definition of w (31),
w(n o +) + o (O ")+ w(y 1) + ek~ )

—2(n"*0w(r) + wx)|

= i)) Xi (1" 0y + ") + ¢ (0" k) Py — ) + el — p)
—2(n"*0p(7) +1"9(x))|

= g )ci (0 o+ ") + 9 (1" ") + 0" gy = 1)+ "9k — )
—2(n" 09 () +1"p(x) ) |

< :201;1[2+3(17“?"+11h)}y = [2+3(y ") | i x ;k x X)fl

B [HB;EW_ZTMW (i1 + Il + ).

Thus w satisfies (29) with 0 < |y| + |x| + |u| < 1.
The additive functional Equation (5) is not stable for p = 1 in the inequality

[1Jeo (s w6, ) I < S HP + [l [P+ [[pl [P}

Suppose on the contrary that there exists an additive mapping A : R — R and a
constant B > 0 satisfying (30). Since w is bounded and continuous for all ¥ € R, A is
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bounded on any open interval containing the origin and continuous at the origin. In view
of Theorem 2, A must have the form A () = ¢y for any 7 in R. Thus we obtain that

(] < (B+ )]l (32)

nowmwithmy>/3+| |.
Ify € ( = 1) at that point x"y € (0,1) foralln = 0,1, ...,m — 1. For this v, we get

+o00 n m—1 n
wiy) = 3 PXN SO s (5 )y
n—o X X

which negates (32).Therefore the additive functional Equation (5) is not stable for p = 1in
the sense of Ulam, Hyers, and Rassias. 0

2.4. K. Ravi, M. Arunkumar, and John M. Rassias’ Theorem (2008) for (5)

Theorem 4. Let w : R — R be a real map satisfying
13 Cy e 1< SV IP Ll PP+ LI+ el PP+ [l [P} } for some st >0, p €
[0, %) and for all v,x,u € R, then there exists a unique additive function A : R — R and

x = (19 + ") such that flw(y) = A7) < (7|3 for all 7 € R.

\x x3’“|

Proof. Let w : R — R be a real function satisfying
Ty, w, )| < S IPHl[PHpl1P + LY7o+ [[x] PP + [ [l [P} } for some s> 0, p €
[O, %) Instead of (1, x, 1) by(0,0,0) in the above H (2 —ylte — 77F‘>a)(0) H =0orw(0) =0.
Replacing (v, , i) by (7,7, ) in the above we get

4
lw(xr) = xw( < 5 WP (33)
for all ¥ € R, where x = (r]”g" +7 ) Replacing 7 by x*~ 1y

|wGem) = x| < 28036 1

1
for all v € R. Multiplying the two sides by po and taking summation

n 1 P)
Y et = xoly 7H<2u||~m3p27C :
s:lx X
Byapplying
|+ m| < [I] + |m]
1 1 _ _
Hxnwww—w(v)H <281y |PP Y2 5P Dy, 34

s=1

Since

the inequality (34) yields

1 =
Hxnw(x"v)—w(v)H <280 ||y x P Y oY
s=1
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which is

Hxﬂwwv) —w(v)H < 24 35)

x—x%)
O

Thus the proof is similar to that of Theorem 2.

Example 3. Consider the map w : R — R is defined by

$(y) = { wy, iyl < %

%, otherwise

where > 0 is a constant, and let the function w : R — R be defined as

w(y) = JFXO:O (P();:W) forall v eR.
n=0

Then w satisfies the functional inequality

e )I<X[2+3(U€+p+nhﬂ (1713 + Ixl3 + 1l + Iyl + [x] + ul) — G6)
w , K, = K K
K 3(x —1) ALY K v K
Then there is no an additive mapping A : R — R and a constant B > 0 such that
jw () =AM < Bl forall 7y €R. (37)

Proof. Presently

& o)l *Z“’ ooH _BX
w < e X — = =,
lwiml < e N P G B SR G I Gl

we see that w is limited. We prove w fulfills (36).
If v = k = pu = 0 at that point (36) is insignificant and |’y|% + |K|% + |y|% + |y| + x| +

X|:2+3(17€+g)+17h
lu| > 1, at that point the left hand side of (36) is under 3= 1) . Presently
assume that 0 < | 7|3 + |x|5 + |u|3 + || + |« + || < 1. For k is an integer
1 1 1 1 1
xS 713 4 x5+ |pl3 4 o[ + x| + ] < =Y (38)

so that x*1y| < 1, x*'|x| < 1,x*7'|u| < 1 and consequently

—_
—_

K (0 ) o (e ) T = 0, e ), T (), 2 ) € ( )
Therefore for each n = 0,1,...,k— 1,
11
X (00 ) (0 ) X (=10, X (= ), 2 (), X () € <_x’ x)'
and
(1 0+ ") + @ (0 k4 w) 40 0Py ) + ek — )
—2(n (1) + 1" p(x)) = 0
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forn =0,1,...,k — 1. From the definition of w and (38),

(707 + ") + @ (0Ot ") 4wy = x) + (- p)
ow(y) 4 w())|

(y
-y

(1" ") + @ (n k4 w) 40 0Py ) + ek — )

—2(n"0p(7) +1"9())|

—iln (1" +0") + @ (x4 ") 40 0Py — 1) + ek — )
—2(n"0p(7) + 19 ()|
< Bl e )lh = o )] by
AR

(113 4 [[3 + [1l3 + 7]+ [x] + [n] )
3(x—1)

and 0 < |3 [x]3 + [} + || + x| + || < 3.

Assume on the opposite that there exists an added substance mapping A : R — R and
a steady > 0 fulfilling (37). Since w is limited and ceaseless for all v € R, A is limited
on any open interim containing the inception and consistent at the root. Considering

Theorem 4, A must have the structure A(y) = c7 for any v in R. Along these lines, we
acquire that

lw( )] < (B+ le))]7]- (39)
For m with mu > B+ |c|.
Ify e (0, #), at that point x"y € (0,1) foralln = 0,1,...,m — 1. For this v, we get

+o0 n m—1 n
X X
win = 3 2ED 5 5 S > (ot ey
n=0
which repudiates (39). In this manner the added substance practical condition (5) the sense
of Ulam p = %, accepted in the disparity (35). O

2.5. P. Gavrutid’ Theorem for (5)

Theorem 5. Let the mapping w : R — R satisfy the inequality ||Jw (v, «, u)|| < M(7y, x, p) with
M (x"

the condition lim %W = 0forall v,x, u € R, then there exists a unique additive func-

n——+00
s—1 s—1 s—1
tionA:R — Rand x = (17”@ + nh> such that ||A(y) —w(7)|| < 3 L m(x “m;(s )
s=1
forall y € R.

Proof. Let w : R — R be a real function satisfying

o (o +) + 0 (14 + ") + 5w (y =)+ w(x - )

~2(5" v w(n) + ') | <M x ) (40)
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for all v, x, 4 € R and for some 9t > 0. Instead of (7, «, jt) by (0,0,0) in (40), then we have

H (2 —ytte — qh)w(O)H = 0or w(0) = 0 in place of (7, x, i) by (y,7,7) in (40),

lwlem) — x| < 39y, 7,7)

forall v € R, where x = (17Zer +7 ) Replacing v by x°~ 1y

Hw xX*) — xw(x H <3 (xs’lmxs’lv,xs’lv)

for all ¥ € R. Multiplying % on both sides and taking summation

Ly T
Z )

we )| <5
—xw(x* ) 5 e

e

Dl
X
|l m| < |1 + |m]

1 1 n mxs—l,%xs—l,%xs—l,y
Hnw(x"v) —w(v)H <= Y ( - )
X 25 X

Since

n m(xsfl,ylxsfl,),’xsfl,),) - +o0 93?()(571')//)571')//)(3717)
> - <% -
5= =

the inequality (42) yields

1 1 +c0 m Xsfl,Y’Xsfl,)/’Xsfl,)/
|t -] < § & T2 )
X s=1 X

for all ¥ € R. Replacing n by m — n in (43),

0 ~1 -1 -1
meln (X" ") —w(v)H = % :_lem(xs 'm;s e
which is
o s—T1n y5—1n os—1
H;mw(x’"”v) - Xlnw(v)H < 2)1(;4 :_Z;im(X w;s L)
for all v € R. Replacing y by x" in (18),
Hw x"y) - Xi w(x"y H < i (XHM%XS;W’XSHW)‘
Since
n——oo 2x =0
and hence from (46),
JHm ‘lew(xmv) - Xlnw(x”v)H =0

Therefore

{erm) ™

(41)

(42)

(43)

(44)

(45)

(46)



Symmetry 2022, 14, 1700 16 of 28

is a Cauchy sequence. Then the sequence has a limit in R. If

n

7)

A(y) = lim wlx

n—+oo X"

for all ¥ € R then A : R — R is additive.
Consider

|A(r oy + ") + A (o ") 40 OA =) + A G- p)
—2(n"CA() + a0

(2 ) + o (X R X )+ Py = X'R)

X
(" — ") = 2(n P (") + 1w (x) ) |

< lim ii)ﬁ()(”'y,)gnx,)(”y) =0

T n—+oo xM
Hence
A(n" oy +1") + A (x4 ") + 0 ACy =)+ " Ak — )

=2(n"*0a(y) + 1" A(x))

forall y € R.
_ e @w(X")
[[A(Y) W(W)II—HHEIEOOT w(7)l|
_ g (x")
= Jim_ (|50 — ()|
s—1 s—1 s—1
< lim 2 ZW(X nA 7)
n——oco 2 — X
Hence,
1 X me_l’)/rXs_l’%Xs_l’)/
I -l < § ¥ TR )
s=1
forall y € R.
1 M m XS_LY/XS_L)’/XS_LY
1B - w(n < § 35 T )
s=1
Hence
[B(y) = A < [IB(y) — @]+ [[Aly) —w)]]
1y Mty ) 1 3 My )
2 s=1 Xs 2 s=1 XS
_ im()(5717rxs 1,),’XS 1,),)
s=1 Xs

[1A(Y) =Bl = = IAKX" ) =B ")l

i i gﬁ(XS+nfl,Y,Xernfl%Xernfl,),)

(47)
X" = X°
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Taking n — +o0, using (47)

( s+n—1,),, Xs-i—n—l,),, Xs-&-n—l,y)

1 n
< _
i 1A =Bl < lim )
Hence

1A(Y) =B(7)|[ <0

Therefore A(y) = B(y) for all v € R. Hence A is unique.

Corollary 1. Consider the inequality with various general control functions such as

4,
S [IP+ (K17 + [[ul 1P},

Jw ,K, <
13€Cre i S (i el P el 7

S PP+ L APP A+ PP+ (PP}, 3p # 1

which gives

1

Jo(m) ~ A < z'uwpp'

2|x — x|
2 8[|y [P
Ix —x3F|

2.6. V. Radus” Method for (5) (or) Fixed-Point Method
Theorem 6. Let w : R — R be a mapping with the condition

lim L lf =0,
{—+0c0 Hi
where
x, i=0,
0; = { 1 =1
X/
satisfies

[ Jew (v, x| < (5, 1)

ry)
X ’

7 mn = 3,

ni(y)=L6; ’r(%)

Then there exists a function A : R — R that fulfills (5) and

><N

and

(48)

(49)

(50)

(51)

(52)

(53)
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3. Stability Results in Quasi-Beta Normed Spaces
3.1. Stability Results: Direct Method

Theorem 7. Let the mapping w : R — R satisfy the inequality

[ ey, m)lly <My, % 1) (54)

with the condition , ) )
i R X X )
m

— =0
n——+00 X ]

with j € {—1,1} and for all -y, x,u € R, then there exists a function A : R — Rand x =
(77”@ + 17h> such that

M(n—l)s +00 m(ij')’/ij')/erj')’)s

S
- <
lw(y) =AMy < e &, o (55)
==
forally € R.
Proof. Consider (v, «, u) by (77,7, 7) in (54)
l2n] (n" o+ 0")x] =25 + 0", < M, 7,7) (56)
and
12xw () =20 (xV)lly <M(v,7,7) (57)
Dividing both sides by 2 in (57)
w(x7) MY, 7,7)
w(y) = S —a5 (58)
H X Ay (2x)P
let v by xy and dividing by yx in (58),
w w(x? Mxy, XV,
H (x7) (xzv) < (xv xg X7) (59)
X oy (2x)Fx
by these inequalities (58) and (59)
w(x? w w w(x?
me B (xzv) < Hw(ﬂ _wn)| H (x7) (xzv)
X Y X Y X X Y
M M(XY, X7, X7Y) }
< —— My, v, y) + ——————= 60
(Zx)ﬂ[ (r77) x (60)
For n,
w(x" M@n=1) n=1 gy k’k’k
me B (xnv) < (X" xkv X (61)
ol T 0B o X
o MUY= m(xty, oy xy)
- (@B & X
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Take v by x™ and divide by x™ in (61),

Hw(x’"v) oty MY ‘w(xmv) o™ xM)

X" xm oy (2x)B X" Y
- Mn=1) n=1 m(Xk+m7;Xk+m'Y/Xk+m’Y)
~ (2x)B k=0 Al
- Mn—1) + m(xk+m,),lxk+m,},,xk+m,y)
T (208 5 xm
—0 as m — 4o0

Therefore

(252

is a Cauchy sequence. Then the sequence has a limit in R. Defining

A(y) = lim w(x"y)

n—+co X"

for all ¥ € R. Asn — 400 in (61) then (55) holds for all v € R.

Now A fulfills (5), take (v, x, i) by (x", x"x, x" 1) and dividing by x" in (54),

1 1
an\lﬂw(x”%x”nx”ﬂ) | < FW(X"%X"K,X”V)
forall y,x,u € R. Asn — 400
A(n oy 4 ) + A(n k) 4 Ay = K)o Al — p)
=2(n"*Oa(7) + 1" Ax) )

hence A fulfills (5). To demonstrate that A is unique

IA(Y) By = %IIA(X’W) “BO)ly

< %{|\A(Xn7) —w(X" )y + lwx"y) =BX" 1) lly }

MO T (¢, )y, )
(Xn)ﬁ = X(k-i—n)
—0 as n— +oo

for all ¥ € R. Hence A is unique. O

Corollary 2. Considering the inequality with various control functions

i,

S+ 1l + 1l 7, p#1;
Jw(y,x, <
9ol < 9 i 9117, 3p £ 1

SN 1P+ LTPP 4 el PP+ Tl PP}, 3p # 1

(62)
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and

LlM ’
X)P Ix—ll

3 M=D - ||| |P
X)F |x — xPP|

lw(y) = AMIY < s (63)
HM” Y xllyllP
2P [x = x|
S
4LlM" Y Xl
2x)F  Ix = x|
3.2. Stability Results: Fixed-Point Method
Theorem 8. Let the map w : R — R with the condition
M(0fy, 0/, 6
tim OO G (64)
{—+o0 61,
where
x, 1=0,
Bi=14 1
! { ¥ 1 1
satisfy
1oy, )y = My, 7, 1) (65)

If the function L = L(i) < 1 exists such that

4 4

v = m(y) = izm<

)

mt(y) = LGW(;) (66)

forall v € R. Then there exists additive map A : R — R fulfilling (5) and

==
==
==

one has the property

1-i s
loln - A0l < (=) 7

Proof. Assuming B = {u/u:R — R, u(0) = 0} and introducing the generalised metric
on B3,
d(u,0) = inf{K € (0, +-00) :[| u(y) —o(7) [I< K7 (7), v € R}.

Define T : B — B by

Tu(y) = —

G‘U(Gi'y),v v eR.
1
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Now u,v € B,

d(u,v) <K= [l u(y) —o(y) [y< Kn(y), v € R.

1 1 1
:»| Lo - Lo < Lry@m),ver,
2 5,20 =5,
1 1
= 5“(91"7) - 50(91'7) < LK7(y),7 €R,
i 1 Y

= || Tu(y) — To(7) ly< LK7(7), v €R,
=d(Tu, To) < LK.

This implies
d(Tu, Tv) < Ld(u,v),

= T is a strictly contractive mapping on B with Lipschitz constant L.

From (58),
w(x7) M7, 7 7)
w(y) — < —7 (68)
H ™) X Y 2x
where onn( )
_ VY
Fori =0,
chv(m) —w()| < 2n)
X y X
forall y € R.
ie, d(Tw,w) < % =L=L""=1""< 40
_.
Take v = — in (68),
X
v 1 (7 gt 7)
w(y) —xh| = <-m(-=,=,= .
H ™ X(x)y 2 \x x'x
Fori =1,
Hw(v) - xw(v) < 7e(7)
X/ lly
forall y € R. ‘
ie, dwTw)<1=L"=L"1=L""< 4co.
In the above two cases, ‘
d(w, Tw) < LY
By the fixed-point condition, A of T in B such that
A(y) = lim 0Oy er (69)
l—+oo 91.5 ’ '

Claim that A : R — R additive. Supplanting (v, x, 4) by (Qf'y, QfK, Gf y) in (65) and

dividing by Gf, it follows from (64) and (69), that A fulfills (5) for all v, x, 4 € R.
By the fixed-point condition, A is the unique fixed point of A in theset Y = {h € B :
d(Tw,A) < +oo}, using the fixed-point alternative result A is the unique function such that

lw(y) =AMy < Kmr(y)
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Finally by the fixed-point condition,
d(w A) < 7(1(60 | w)
7 —_ 1 [ 7

implying

Thus it is presumed that

1—i s
lwon) =80 = (1) -
O

Corollary 3. Considering the inequality with various control functions

4,

S{ P+ 1l + [l 73, b1
Jw (v, x, < 70
e W i1, 70

S Pl PP+ L APP + PP+ [l PP}, 3p # 1

and
(am=1)
2x11 = x|/ "
<3ﬂ|’rll”>
2 Bp
Jo(r) - Al < 4 P2 @
<2x x3'5”|>
<2ﬂllvll3p>s
X — X3P
Proof. Let
U,
ont( - S P+ [P+ [[lP}
V)= 1P ([P [l 7,
il{Il"r\I”IIKII”IIﬂHPﬂL (YIPP + || PP + ||ﬂ||3”)}
Now
)1
El

Ll 1P + 116t + loful P},
l

14
0 ﬁne%np 16fxl17 116/u11?,
Qe{ne‘vnp 67511 116f 17 {16711 + 116l > + 10l [ } }

—0as ¢ — +oo,
—0as ¢ — +oo,
— 0as £ — +oo,
—0as ¢ — +oo.
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For (64)

Hence

-1 ﬁsu 7P,
57117,

U 3
gl

Additionally,

3i
57(91-7) = 5
i 7|I9nll 7,
0; - 2x3P
= 11@.~/13P
9*1%
gbr—1 34
l ZXP
NN
1 2X3p
o1 2Ly o
i 2X3p :
9[172(7),
_ ) e ()
Bﬁp 171'(
7(

S

3[3p 1
l

7
)
From (67) the following results are obtained
Criteria:l L=y lifi=0

1—i _131-0 s
Jeo(r) = A} < T () = (W . ;‘)

Criteria2 L=yxifi=1

1-i 1-1
lwly) ~ Ay < 2 nly) = <<X> .
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Criteria:1 L= xPP~1ifi =0

1-i pp—1)1-0 :
() — A < - a(y) = (“‘ ) ||7||”>

1-L 1— )(/317*1 2)(/37’

(A3
B X*X‘BPZX‘BP v

:< 34| )
2(x—xPr) )

Criteria2 L= —prifi=1

1-1 5
. 1
()
lo(r) =AMy < 77 = | T 5,5l
ot A

X 3y ) s
TwH’YH
XPP —x 2x
S
sullvlr "
2x (xPP — x)
Criteria:1 L= x3fP~1ifi =0

S
[1-i (X3,Bp—1)1_0 I
_ S <« — 3p
Jw(y) =AMy < 1= L“(’Y) ( 1— x3Fr—1 2x3p (7]

3pp §( s
(5117
X —X"PP2x

:< ]|y | 7 )
2(x—x¥r) )

Criteria2 L= —1—ifi=1

XSﬁpfl
1-1 s
. 1
Lt ( Sﬁp—l) U
A3 < = | & 3p
Jetn) =0l < g0 = | gl
X

3p §( s

X

— (5 I)
X X2x

INAECIRY
<2(X3/3P_X)> ’
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Criteria:1 L = x3fP~1ifi =0

1—i 3pp—1)1-0 s
wo(r) - A < £ n-m:((X ) ||73P>

1— X3/3P*1 2X3/3P

¥r 24 ’
X
()
X=X X

( 261 9] )
(x—x%v) )

Criteria2 L = —A— ifi=1

X3ﬁp71
1-1 s
. 1

L (Tﬂp—l) 451 3
w(y) =AMy < 7—=7(y) = | =X Tedls

1-L 1— x3“1’7*1 2x3Br

_ ﬂﬂ‘mpp i
X3/3P — XX3ﬁP

_ ( 241 )
(X?’ﬁp _X) ’

O

3.3. Remark

(i) The proof of Theorem 5 and 6 replaced by s = M = = 1 in Theorem 7 and 8.
(ii) Replacing by s = M = = 1in Corollary 2, the Corollary 1 is obtained and satisfies
Theorems 1-4.

3.4. Applications

Functional equations play an important role in linear algebra specifically in linear
transformation. The relationship between functional equation and linear transformation
is demonstrated.

Linear transformation:

Let A and B be real vector spaces (their dimensions are different) and let T be the function
with domain A and rangein B T : A — B. T is said to be a linear transformation.

(@ Vy,xe A, T(y+x)=T(y)+T(x) (T is additive)
(b) VyeA ,HeR T(Hy) = HT(y) (T is homogeneous)

Example 4. A = B = EL. Define T(7y) = mvy, where m is the fixed real number.
W (10 ") + o (k) w(y = x) + (e — p)
= 2(n"Vw(y) + 1w ()
Solution: Let us take the given equation as
T 0y + ") + T (0 x4 0"n) + 0Ty =) + 7" T(x = 1)

=2(n"T(y) + 1" T(x))
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LHS :

RHS:

(5" y + ") + T (5" 40" ) + 5" 9Ty = 1) + 1" Tk = )
= T(n+7) +T(n") +T(n*¥x) +T(n"w) + 9Ty = %) + 5" T(x — )

= 0T (y) + 7" T(K) + 0T () + 0" T () + T (y = ) + 7" T — o)
= ylte o

=" my 4y mx 4+ 0+ gt mp 4 T Omy — " mr 4+ " mx — ymp

mey + y'mx 4+ mi + " mp 4+ O m(y —x) + " m(c — p)

= 21" O mey + 25" mxc
2(" 9T () + 1" T(x))
= 27" 9T (7) + 27" T (x)

l+p

= 21" O mey + 25" .

Hence w is a linear transformation.

Example 5. A =B = E'. For v € A, T(v) = m<y + b, where m and b are the fixed real numbers
and b # 0.

w0 ") @ s ) Pl =) el - )

l h
=2y Pw(y) + 1w ()
Solution: The solution is trivial. Hence we conclude that w is not a linear transformation.

4. Conclusions

In this study, a novel additive functional Equation (5) has been introduced. The
Hyers—Ulam stability in Banach spaces is investigated using the direct and the fixed-point
approach in Section 2. In Section 3, the Hyers—Ulam stability in quasi-beta normed spaces
is investigated by using the direct method and fixed-point approach. Additionally, the
counter-example for non-stable cases is provided. One more contribution is the inves-
tigation of our functional equation in relation to a linear transformation. In the future,
Hyers—-Ulam stability can be determined in various normed spaces like Fuzzy normed
spaces, random normed spaces, and non-Archimedian normed spaces in our additive
functional Equation (5).
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