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Abstract: For a nonnegative integer p, we give explicit formulas for the p-Frobenius number and
the p-genus of generalized Fibonacci numerical semigroups. Here, the p-numerical semigroup S,
is defined as the set of integers whose nonnegative integral linear combinations of given positive
integers ay,ay, ..., a; are expressed in more than p ways. When p = 0, Sg with the 0-Frobenius
number and the 0-genus is the original numerical semigroup with the Frobenius number and the
genus. In this paper, we consider the p-numerical semigroup involving Jacobsthal polynomials, which
include Fibonacci numbers as special cases. We can also deal with the Jacobsthal-Lucas polynomials,
including Lucas numbers accordingly. An application on the p-Hilbert series is also provided. There
are some interesting connections between Frobenius numbers and geometric and algebraic structures
that exhibit symmetry properties.
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1. Introduction

Given the set of positive integers A := {ay,ay,...,a;} (k > 2), for a nonnegative
integer p, let S, be the set of integers whose nonnegative integral linear combinations
of given positive integers aq,4ay,...,a; are expressed in more than p ways. For some
backgrounds of the number of representations, see, e.g., [1-5]. For a set of nonnegative
integers Ny, the set Ng\ S, is finite if and only if gcd(ay, ay, ..., a) = 1. Then there exists
the largest integer g,(A) := g(Sp) in No\S,, which is called the p-Frobenius number. The
cardinality of No\S,, is called the p-genus and is denoted by n,(A) := n(Sp). The sum of
the elements in No\ S, is called the p-Sylvester sum and is denoted by s, (A) := s(Sp). This
kind of concept is a generalization of the famous Diophantine problem of Frobenius ([6-8])
since p = 0 is the case when the original Frobenius number g(A) = go(A), the genus
n(A) = no(A) and the Sylvester sum s(A) = so(A) are recovered. S, can then be called
the p-numerical semigroup. Strictly speaking, when p > 1, S, does not include 0, since the
integer 0 has only one representation, so it satisfies simply additivity and the set S, U {0}
becomes a numerical semigroup. For numerical semigroups, we refer to [9-11].

Additionally, there exist different extensions of the Frobenius number and genus, even
in terms of the number of representations called denumerant. For example, some consider
Sy as the set of integers whose nonnegative integral linear combinations of given positive
integers a1, ay, .. ., a; are expressed in exactly p ways (see, e.g., [12,13]). Consequently, the
corresponding p-Frobenius number gy (A) is the largest integer that has exactly p distinct
representations. However, in this case, g;;(A) does not necessarily increase as p increases.
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For example, when A := {2,5,7}, ¢1,(2,5,7) = 43 > ¢74(2,5,7) = 42. In addition, for
some p, g, may not exist. For example, ¢3,(2,5,7) does not exist because there is no
positive integer whose number of representations is exactly 22. Similarly, the p-genus may
be also defined in different ways. For example, ny,(A) can be defined as the cardinality
of [(,(A),8gp(A) +1]\Sp(A), where £,(A) is the least element of S,,(A). However, in our
definition of 1, (A) as the cardinality of [0, g,(A) + 1]\S,(A), one can use the convenient
formula arising from the p-Apéry set in order to obtain 11,(A). See the next section for detail.

In [14], numerical semigroups generated by {a,a + b,aF,_1 + bF} are considered.
Using a technique of Johnson [15], the Frobenius numbers of such semigroups are found as
a generalization of the result by Marin et al. [16].

In this paper, for a positive integer v, we treat with Jacobsthal polynomials J,(v),
defined by the recurrence relation J,(v) = J,-1(v) + v],—2(v) (n > 2) with Jo(v) = 0
and J1(v) = 1 (see, e.g., [17] (Chapter 44)). When v = 1, F, = J,(1) are Fibonacci num-
bers. When v = 2, [, = J,(2) are Jacobsthal numbers. Then, we give explicit formulas
of p-Frobenius numbers for A := {a,va + b,vaJ;_1(v) + bJx(v)}, where a and b are pos-
itive integers with ged(a,b) = 1 and a,k > 3. If a = J;(v) and b = J;11(v), then by
0)i(0)Jk-1(v) + Jix1(0)Je(0) = Jizk(v), we get A = {Ji(v), Ji+2(v), itk(v)}. Hence, the
results in [18] are recovered as special cases. In addition, if v = 1, the results in [16,19] are
recovered as special cases.

For k = 2, that is, the case of two variables, closed formulas are explicitly given
for go(A) ([8]), no(A) ([6]) and so(A) ([20]; its extension [21]). However, for k > 3, the
Frobenius number cannot be given by any set of closed formulas which can be reduced to a
finite set of certain polynomials ([22]). For k = 3, various algorithms have been devised
for finding the Frobenius number ([15,23,24]). Some inexplicit formulas for the Frobenius
number in three variables can be seen in [25]. Even in the original case of p = 0, it is
very difficult to give a closed explicit formula of any general sequence for three or more
variables (see, e.g., [24,26-28]). Indeed, it is even more difficult when p > 0. However,
finally, we have succeeded in obtaining the p-Frobenius number in triangular numbers [29]
and repunits [30] as well as Fibonacci and Lucas triplets [19] and Jacobsthal triples [18]
quite recently.

It is well-known that the Fibonacci sequence exhibits a certain symmetry property
known as self-similarity, where the pattern of the sequence repeats itself in smaller and
smaller scales. There are some interesting connections between Frobenius numbers and
geometric and algebraic structures that exhibit symmetry properties ([31-33]), some of
which are found in this paper. In the context of Lotka—Volterra models, the Frobenius
number may be relevant in determining the stability of equilibria or the number of limit
cycles in the system. This can in turn affect the occurrence of bifurcations. In addition, the
Frobenius number may be used in models that seek to predict the behavior of financial
markets based on historical data.

The structure of the paper is as follows. In Section 2, we prepare a concept for the
p-Apéry set and convenient formulas using its elements, which we will use afterwards.
In Section 3, we prove the main theorem about the p-Frobenius number on Jacobsthal
polynomials. We first set up the structure of the p-Apéry set when p = 0 and, based on it,
we determine the structures of the p-Apéry set when p = 1,2,.... Once the structure of the
p-Apéry set is known, the formula prepared in Section 2 is used to find the p-Frobenius
number. By looking at the tables in Section 3, one will have a better understanding of how
the p-Frobenius number is found. In Section 4, by using the structure of the p-Apéry set
discussed in Section 3 and the formula prepared in Section 2, we find the p-genus. In a
similar manner, we can also find the p-Sylvester number but we leave it out as the result
will only be complicated. In Section 4, we show the corresponding results with respect
to the Jacobsthal-Lucas polynomials. In Section 5, we give an application concerning the
p-Hilbert series that play an important role in the numerical semigroup. In Section 6, we
discuss future works.
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2. Preliminaries

We introduce the Apéry set (see [34]) below in order to obtain the formulas for g,(A),
ny(A) and sp(A) technically. Without loss of generality, we assume that a; = min(A).

Definition 1. Let p be a nonnegative integer. For a set of positive integers A = {ay,ap,...,ax}
with gcd(A) = 1and a; = min(A) we denote by

App (A) = App (ﬂl,ﬂz, cee ,ﬂk) = {m(()p)/mgp)r cee rmgf),l} ’

(p)
1

(mod a7) (0 <i<ay—1) (thatis, ml(p) € Sp(A) and mfp) —a; ¢ Sp(A)).
Note that méo) is defined to be 0.

is the least positive integer of S,(A), satisfying m?) =i

i

the p-Apéry set of A, where m

It follows that, for each p,
App(A) ={0,1,...,ay —1} (mod a7).

Even though it is hard to find any explicit form of g, (A) as well as n,(A) and 5, (A)
when k > 3, by using convenient formulas established in [35,36], we can obtain such values

for some special sequences (a1, ay, . . ., a) after finding any regular structure of m](-p ) is hard
enough in general. One of the applicable formulas is on the power sum

sWay= ¥ a

neNo\S,(A)

by using Bernoulli numbers B,, defined by the generating function

o0 n

X X
— B, —
er —1 ngo T

and another applicable formula is on the weighted power sum ([37,38])

(A= Y A
’ n€No\Sp(A)

by using Eulerian numbers (] ) appearing in the generating function
o 1 =l
k" k- xm+1 (n21)
L = g L/

with 0° = 1 and <8> = 1. Here, u is a nonnegative integer and A # 1. From these formulas,
many useful expressions are yielded as special cases. Some useful ones are given as follows.

Formulas (2) and (3) are entailed from SE\(,);(A) and s(All;(A), respectively.
Lemma 1. Let k, p and yu be integers with k > 2, p > 0and y > 1. Assume that
ged(ay, ap, ..., ar) = 1. We have

gplay,ax,...,ap) = ( max m](.p)) —m, 1)

0<j<a—1

1 ml () a1—1
nP(“ll“Z/-o .,ﬂk) = ];) m] - 2 ’ (2)
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2
Sp(ﬂl,ﬂ2,...,ﬂk) = E Z (m](P)) - 5 Z m](p) + 1 (3)

Remark 1. When p = 0, the Formulas (1)-(3) reduce to the formulas by Brauer and Shock-
ley [39] [Lemma 3], Selmer [40] [Theorem], and Tripathi [41] [Lemma 1] (there was a typo but it
was corrected in [42]), respectively:

g(al,az,...,ak)—< max mj)—al,

0<j<a; -1
1 %! ap —1
n(ay, ap,...,a) = — ij— ,
a =0 2
17 17 —1
s(ay, ap,...,a = o Z m] Z mj+ ———,

where mj = m( ) (1<j<a;—1)withmy= m(()o) =0.

3. Main Results

Determine integers g and r by a = gJx(v) +r with 0 < r < Ji(v). The function | x|
denotes the largest integer that does not exceed x.

Theorem 1. Let a and b be positive integers with a > 3 and ged(a, b) = 1. Then, for a positive
integer k > 3,and 0 < p < |a/Ji(v) | we have
gp(a,0a+b,vafi_1(v) + bj(v))
(a—1)b+a(o(r—1)—1)+ W +p(vaji-1(0) + bk (v))
ifa < Jx(v) or (va+b)r > va(Ji(v) — Jr—1(v));

(a—r—=1)b+va(J(0) = Ji-1(v) —=1) —a+ W

(
+p(vafi_1(v) +bJk(v)) ifa > Ji(v) and (va+b)r < va(J(v) — Ji-1(0)),
wherer = a — [a/ Jx(v) ] Jx(v).
For example, if k =3 and v = 1, then for 0 < p < |a/2] we have

gp(a,a+b,aF; + bF3)

(a—1)b+ a(a;S) +p(a+2b) ifaisodd;

(a—1)b+ a(a2—2) +p(a+2b) ifaiseven.

3.1. The Case p = 0

In this triple {a,va + b,vaJi_1(v) + bJx(v) }, we can use the similar framework to one
in [18] to construct the elements of the p-Apéry set. Nevertheless, it is very important to see
that such a framework is not always possible. For example, referring to [29] may call for a
different structure. No structure has been analyzed for most other triples, so no explicit
formula has been found for them.

Consider the expression

tyz == y(va+b) +z(vaJi_1(v) + bJi(v)) .
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We see that g = [a/]i(v) |. Then all the elements in the 0-Apéry set are represented as
in Table 1.

Table 1. Ap,(a,va + b,vaf,_1(v) + bji(v)).

t0,0 .. . ... t]k(v)fl,o
to,l - - - t]k(v)—l,l

tO,q—l L. L. . t]k(v)—l,q—l
tO,q - tr—l,q ‘

Since tj;1; —t;j =b (mod a) and tg 1 — t},(;)_1,; = b (mod a), the sequence

t0,0/ i’1,0, .. ‘/t]k(v)—l,O/ tO,lrtl,ll- . 'rt]k(v)—l,ll Ce

tO,q—l/ tl,q—lz ceey t]k(v)fl,qfll tO,q/ ceey tr—l,q

is equivalent to the sequence {¢b (mod a)}4_] in a way that keeps this order completely.
Since ged(a,b) = 1 (otherwise, gcd(A) > 1), all the elements appearing in Table 1 constitute
a complete residue system modulo a(= qJi(v) + 7).

It is clear that the largest element in Ap,(A), where A := {a,va + b,vaf,_1(v) +
bjk(0)},is tr—1,4 OF £ (0)—1,9-1- If @ < Jk(v), by 9 = 0, the largest element is t,_1; = f,-1,4.
Otherwise, by q > 0, compare two values. The inequality t,_14 > t},(;)_1,4-1 holds if and
only if (va + b)r > va(Ji(v) — Jy—1(v)). Hence, if (va + b)r > va(Ji(v) — Jx_1(v)), then by
Lemma 1 (1) we have

gO(A) = trfl,q —a
va(a —r1)Jk_1(v) '

=(@a—-1b+a(o(r—1)—1) + )

If (va +b)r < va(Jg(v) — Ji—1(v)), then we have

80(A) = tj,(p)-14-1— 4

= (a—r= Db+ 0a(Ji(0) = Ji-r(0) —1) —a+ 2 —kagfl@ |

Note that (va + b)r # vs.a(J(v) — Ji—1(v)) because ged(a, b) = 1.

3.2. The Case p =1

We assume that a > Ji(v) from now on. If a < Ji(v), the situation becomes more and
more complicated by requiring a lot of case-by-case discussion for p > 1. So, the discussion
that follows does not apply.

All the elements in Ap,(A) can be determined from those in Ap,(A). Only those
elements that have the same residue modulo a as those in the top row of Ap,(A) are
arranged in order in the form of filling gaps under the same block. Elements that have the
same residue modulo a as the other elements of Ap(A) are arranged in a row shift up to
the immediately adjacent block. This is shown in Table 2.

This fact is supported by the congruence relationships

tyz =ty ()21 (mod a)
0Sy< (o) -L0<2<q-10Sy<r-1z=g),
tyo = tyrry (moda) (0<y<Ji(v)—r—1),
() =r+y0 = tygr1 (moda) (0<y<r-—1).
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Table 2. Ap,(A) from Ap,(A).

B i oo the+1o b @) -10

tor  ha e | e e o hpea

toz t1p e o t)-12

a2 thetig-2 B2 -19-2
tog-1 tig-1 0 o-1g-1 | Bl [f/k<v>+r—1,q—1]\
tog e tr—1q |t [th»@)flqu

toge1 - (tr—l,q+l]

In addition, each element of Ap,(A) has two representations in terms of 4, va + b and
vaJx_1(v) + bJx(v), because

tys )1 = (Y + Jk(v)) (va +b) + (z = 1) (vafi_1(0) + bJi(v))
= 0(Jx(0) = Jr-1(0))a +y(va +b) +z(vafi_1(0) + bJi(v)),
ty+rq = (y +7)(0a+b) +q(vali_1(0) +bJi(v))
= (va+b—q(Jx(v) = Jx-1(v)))a +y(va +b),
ty,q+1_3/(va+b) (q+1)(va]k 1(v) +bJ(v ))
= (va+b—(q+1)0*fx2(0))a+ (y + Je(v) — 1) (va+Db).

Notice that (va +b —q(J(v) — Jy—1(v)) > Oand va+b— (g +1)v*Jy_»(v) > 0because

a = qJ(v) +rand Jx(0) = Ji-1(0) +0f2(0).
There are four candidates to take the largest value in Ap,(A):

b—1g+1 to)-19 h+r-14-1  f2)0)-19-2-

However, since 2vs.af_1(v) +bJi(v) > vaji(v), we cansee thatt, 1541 > ), (o) 4r—14-1
and ) (;)—14 > t2),(0)-14—2- Inaddition, t,1 411 > tj,(;)—1,4 if and only if (va + b)r >
va(Ji(v) — Jx—2(v)). Hence, if (va + b)r > a(Jx(v) — Jx—1(v)), thenby Lemma 1 (1) we have

§1(A) =t 1411 —a

=(@—-1)b+a(w(r—1)—1)+ va(a—r)Jk-1(v)

Jk(v)
If (va+ b)r < a(Jx(v) — Jx—1(v)), then we have

+ (vafi-1(v) + bJi(v)) .

81(A) = () —19 — 4
=(a—r—1)b+oa(Ji(v) = Ji-1(v) = 1) —

N W + (vafi_1 (0) + bJi(0)).

3.3. The Case p > 2

When p > 2, in a similar manner, each element of Ap,(A) is determined by the
corresponding element with the same residue modulo a in Ap,_q (A). In each block with a
lateral length of Jx(v), the elements in the top row in Ap,_;(A) are arranged in order to fill
the gap below the left-most block in Ap,, (A). The other elements of Ap,_4 (A) are shifted
directly to the right block by one in Ap,,(A).

In Table 3, W denotes the area of elements in Ap, (A). Here, each m](”)

=j (mod a) (0 < j < a—1), can be expressed in at least n + 1 ways but m](.n) —a

, satisfying
i
in at most n ways. Each element of Ap,(A) existing in the second block to the fourth

block corresponds to each element having the same residue of Ap,(A) existing in the block
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immediately to the left thereof in a form of shifting up one step. The Ji(v) elements of
Ap,(A) existing over two rows (or one row) at the bottom of the first block correspond to
the Ji(v) elements with the same residue of Ap,(A) at the top of the third block. Therefore,
since all the elements in Ap,(A) form a complete remainder system, so is Ap;(A). It can
be shown that all the elements of Ap,(A) have exactly four ways of being expressed in
terms of a, va + b and vaJy_1(v) + bJi(v). Within each region of Ap,(A), one of the two
leftmost (lower left) elements t,_1 413 and f} ;)1 42 is the largest so, by comparing these
elements, the largest element of Ap;(A) can be determined.

Table 3. App(A) (r=0,1,2,3) forg > 3.

@ ®

® ® ]
® ]

Qe

@E

SIS

EEE

Such a structure of Ap,,(A) continues as long as p < |a/Jk(v)] = q. Eventually, the
largest element in Ap,,(A) is t,_1,41p OF t}, () 141 p—1- However, when p = [a/]i(v)| + 1,
this kind of regularity is broken. Therefore, regularity cannot be maintained even for the
largest value of Ap, (A). Therefore, Theorem 1 is proved. Table 4 shows the arrangement
of the p-Apéry sets (p = 0,1,...,5) when |a/]x(v)| = 5. One can see that there will be a
deficiency in the arrangement of the lower left for the 6-Apéry set.

Table 4. Ap,(A) (p = [a/]x(v)])-

CHENEC)
® ® !—@TJ
) CHRESH
® ® @] 0
® [0 ® [0
O @] © O] ©
O ©® [0 _® |0
@ ® [0 0
O ® [0
CHENC)
&]®

See [18,19], etc. for a detailed explanation that the elements located within the entire
specified areas actually constitute the elements of the p-Apéry set. That is, they form a
complete residue system modulo 2 and each element is represented by a, va + b, vaJi_1 (v) +
bJi(v) in at least p + 1 ways. The rough structure is similar to that in [18,19], though the
structures of the p-Apéry set in other cases are not necessarily similar or have not been
known yet.

4. p-Genus
The elements of Ap, (A) in the area of the 2p staircase parts are

bogpr- - br—1g+pr Ergrp—17-- - Hp o) ~144p-1/
He@,qtp=2 - U@ +r-1q+p-20 Up(o)+rg+p-3r- - s L2fi(o)-10+p—3s

B 0)g+p—4r - 2f(0)+r—1g4p—4  E2f(0)trgp—5 - 3] (0)1g4p—5/

Fp-1 @) g-pt2r - Hp-D () +r-1g-p+20  Lp-1)(0)+rg—p+1r- - Ep(o)-19-pt1
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in order from the lower left and the elements of Ap, (A) in the right-most main area are

tpl(),07 - Epl@)4r=100 Epf(o)+r07 -+ Ep+1) (o) - 1,00

) 1r - ) +r—110 Eplo)4rar e Epan) (o) —110

tphg—p—1 - tppo)tr—19-p-1 Epp)rg-p-1- - Lpr1) (o) -Lg—p-1/
g g—pr- - bl (o) +r—1g-p -

Hence, by a = qJ(v) + r, we have

w
wGApP(A)
p—1Ji(v)—r—1
= Z(:J Ztl]k o) +jg+p—2i T Z 2 tif (o) +r+jg+p—2i-1
1 ]—
Jk(v)—1g—p-1
+ ZZ Z(;) tP]k +ll+ztr’]k (0)+ig—p @)

v(@—r)+bla—1)+o((a+r)g—a+r)J1(0) +v(a—7r)J(v))

(-
Paji(v) (2(va +b) — 0(Ji(0) — Ji-1(0)) — ij] () (Jk(©) = Jk-1(v))
5k k k—1 5 vs-Ji k k-1(0)).

Thus, by Lemma 1 (2), we obtain that

ny(a,va+b,afi_1(v) + bji(v))
B 1 _a-—1

a weA%ﬂ(A) 2
= 2 (~o@— ) +ba—1) +o((a-+ g —a+ 1) Jer(0) +v(a — 1)i(o))

+ ga]k(v) (2(va +b) = v(Jk(0) = Jx-1(2v))

2 a—1

— %avs.]k(v) (]k(v) - ]kfl(v)) Y

= ;(—U(a_rz) Fa-1)0b-1)+ U(ll—i—r)(]i(_v)r)]k_l(v)

+o(a—r)(Je(v) - ]kl(U))>
2

+ Laji(0) (2(0a +b) = 0(Ji(0) = Ji1(0)) — Z-avs.Ji(0) (Jk(0) = T (2) -

Theorem 2. Let a and b be coprime integers. Then, for a positive integer k > 3 and 0 < p <
la/Jx(v) | we have

np(a,a+b,af_1(v) +bji(v))

= 3 (~ola =)+ =y HEDE D)

+o(a—r)(Je(v) - ]k—l(v))>
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2

+ L a)i(0) (2(00 + ) = 0(Ji(0) = Ji-1(0)) = B-a05.i(0) (Jk(0) = Jk 1)),

wherer = a — |a/Ji(v)|Jx(0).

p-Sylvester Sum

In this subsection, we shall show a closed formula for the Sylvester sum. By
a = qJx(v) +r, we have

Y, w
weAp,(A)
—1r-1 p—1Ji(v)—r-1
= ZO Z il (v)+j.9+p— 21 + Z Z ( 1Ik(v)+r+j,q+p72i71)2
i=0 j=0 i=

Jr(©)-1g—p— -

+ ;} Z PIk +IJ Z plk(v)+ig— pz
1= :

= g ((va +b)? + (va+ b)(2vs.r* — 3ab — 3vs.r?) + 2ab(ab 4 3vs.1?)

+v%a(2q%(a+2r) — (a —r)(3g = 1)) Jr_1(0)?
—3v(a—r)(va+b—bla—r))Ji(v)+v(a—r)(2vs.a+ b)J(v)?
+0(3(a—r)((a—r)(va—>b)+va+b)+q(a+r)(4ab—3(va+b))

+2g1*(3vs.a — b) — (a —r)(3vs.a + b)]k(v))]k_l(v))
6

+30((va + b)(2r + 1) + 20s.0%) [y (v)* — v(2vs.a — b) Jx(v)?
+0(6(a* — 1*)(av + b) + 3((va + b)(2r — 1) — 4vs.a®)J;(v)

+7 (6((011 +b)(ab+vr?) — (va+b)* — b%) Jy(v)

+ (5vs.a — b) Jx(0)?) Jy_1(v) + 3va(2a — Ji(0)) Jy_1(0)*

2

+a§(( (va +b) (20 + 1) + 267 — 0(205.0 4 b) Ji(0)) i (0)?

~ 0(2a(0a — b) + a0 + b) Ji1 (0 (0) + PPy (0)2(2a - fk<v>2>)

w(h( 0) = Ji-1(2)) Jk(0))?.

Thus, by Lemma 1 (3), together with ), Ap,(A) W in (4), we obtain that

sp(a,00 +b,vafi_1(0) + bJi(v))
2 _
_ i Z w? — 1 Z w + f !
7 2 12
weAp,(A) weAp,(A)

112 ((a —1)0(200 4+ b)Jx(v)* — (a —r)o(3(va+b—b(a —r) +a)
+ (3vs.a + ) 1 (0)) Ji(v) + v%a(a = 1) Jy—1 (v)?
+3(a—r)v(va+b+ (a—r)(va—b)+a)f_1(v)
+3(vr?(va +b) + var*(2b — 1) —va*(b— 1) —ab(a + b — 1))
+ (va+b)*+ (a* — 1) +2(vr*(va — b) + ab?)
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20%a(a —r)(a*> +ar —2r*) Jy_1(v)*  3v*a(a —r)*Ji_1(v)?
Jk(0)? Jk(©)

W (4ab(2a + 3r) + 2/*(30 — b)

—3(a® +r(v+b+1))—3a(va + b)))

+

+ % ( v(20s.a = b) Ji(v)* + 30(—(2r — 1) (va +b) + a(20s.a + 1)) Ji(v)?

+6(va+Db)(vr* — (va+b) +a(b—1))Jk(v)

+0(505.0 = b) Ji1(0) Ji (0)?
+30(—(2r —1)(va+b) +a(4vs.a + 1)) Jr_1(v) Jx(v)

+60M2—r5@m+bﬂk1@)+3#a@a—fﬂvbhﬂvf>
2

+ % <v(a(22)s.a —2b+1)4+va+b— (3vs.a+Db)Ji(v))Jr—1(v)Jk(v)

+ (v(2a + 1) (va + b) + va +2b* — v(2vs.a + b) [y (v)) J (v)?
+ v2ﬂ]k—1(v)sz(0)2>

M(Ik( ) = Ji1(0)) J(0)*

Here, again g = [a/Jx(v)] and r = a — q]i(v).

5. Jacobsthal-Lucas Polynomials

The same discussion as Jacobsthal polynomials can be applied to Jacobsthal-Lucas
polynomials j,(v). Here, j,(v) = j,—1(v) + ju—2(v) (n > 2) with jo(v) = 2 and j;(v) =1
(see, e.g., [17], Chapter 44). When v = 1, L, = j,(1) are Lucas numbers. When v = 2,
jn = ju(2) are Jacobsthal-Lucas numbers. Similarly, determine integers g4 and r by
a = gqj(v)+rwith0 < r < ji(v). If a = ji(v) and b = j;1(v), then the numerical
semigroup (j;(v), ji+2(v), jirx(v)) in [18] can be reduced as a special case.

Theorem 3. Let a and b be positive integers with gcd(a,b) = 1 and a > 3. Then, for a positive
integer k > 3and 0 < p < |a/ji(v) | we have

gp(a,va + b, vaji_1(v) + bj(v)
(a—1b+a(v(r—1)—1) + % + p(vaje—1(v) + bjk(v))
ifa < jx(v) or (va +b)r > va(ji(v) — jx-1(v));
= @ = D+ 0a(ilo) s (0) — 1) —a+ O]
+p(vaji_1(v) + bjr(v))
ifa > jx(v) and (va+b)r < va(ji(v) — jr1(v)),

wherer = a — [a/jx(v) |k ().

Theorem 4. Let a and b be coprime integers. Then, for a positive integer k > 3 and
0 <p < |a/j(v)] we have

np(a,a+b,aj_q1(v) + bjx(v))

- ;(v(a )+ (@@a-1)b-1)+ v(a+ r)(]i(;)r)]'kl(v)
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+ola =)o) ~ji1(0)))
+ 20j,(0) 2000 + ) = 00(0) — 1 (0)) = Zoa08,(0) ((0) — ja(0),
wherer = a — a/jx(v) |k (0).

6. p-Hilbert Series

There are some applications, due to the p-Apéry set. One of them is on the p-Hilbert
series ([36]) of S, (A), which is defined by

Hy(A;x) :=H(Sp;x) = ) «°,
s€S,(A)

When p = 0, the 0-Hilbert series is the original Hilbert series, which plays an important
role in the numerical semigroup (see, e.g., [9]). In addition, the p-gaps generating function

is defined by
¥p(4A;x) = Z x°,
SENO\SP(A)

satisfying Hy(A; x) +¥p(A;x) = 1/(1 — x) (]x| < 1). Moreover, according to the same
arguments of Chapter 5 in [9], we can express the p-Hilbert series as

Hy(A;x) = T Yooxv, (5)

where 2 = min{A}.
When A = {a,va+b,vaJi_1(v) + bJg(v)}, similarly to (4), we have
Z xw
weApp(A)

p=1r—1 p—1Ji(v)—r—1
=Yy x @) +iagtp—2i | y ¥ i@ +r+ja+p-2i-1
i=0 j=0 i=0  j=0

Jk()=19—p—1 r—1
+ Z Z X PI@+ii 4 Z X Pl +ig-p
i=0  j=0 i=0
(1— xr(w+b))( x2p(vafi—1(0)+bJk(v)) _ xp(vu+b)]k(v))
x(P—ﬁ—Z)(W]kq(0)+bfk(v))(1 - xU”+b)(xz(va]k—l(v)+b]k(v)) — x(vll+b)1k(v))
(xV(WH-b) — x(W+b)]k(?f))(x2p(vﬂ]k71(v)+b]k(v)) — xP(W-i-b)]k(U))
x(P—q=1)(vaJx_1(0)+bJk(v)) (1- xU’H‘b)(xz(va]k—l(v)"‘b]k(v)) — x(vﬂ+h)]k(v))
(xP(Uﬂ+b)Ik(U) - x(P+1)(W+b)Ik(U))(1 — x(q_p)(v’l]k—l(v)""b]k(v))))
(1 — xva+b) (1 — x98Jk1 (0)+0]i(0))
xPvs-aJe(©)=Je-1(0)) +q(vafi1 +bJi(0)) (1 — yr(va+b)y
1 — yva+b !

Therefore, by (5)

Hy(a,va +b,vajy_1(v) + bJi(v); x)

1 (1 — x"(0a+b)) (x2p(vafi1 (0)+Jk(2)) _ yp(va+b)]x(0))

1 —x® (x(l"i2)(Wfk1(v)+b]k(0))(1 — xvﬂ+b)(xz(vajk—l(U)er]k(U)) — x(0atb)J(v))
(x7(@ath) _ y(0atb)]x(0)) (x2p(0a)i-1 (0)+b]5(2)) _ yp(va+b)]k())

x(P*ﬂfl)(Wkal(U)+bfk(v))(1 _ xvﬂ+b)(xz(va]k—l(v)+b]k(v)) — x(0a+b)]i(0))

+
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(xP D)) _ x(p+D)(ea+)](0)) (1 = x(3=P) (01 (0)+b](0))))
(1 _ xva+h>(1 _ xvu]k_l(v)+b]k(v))
pesa(J(0) =1 (0)) +a(0afk1+b(0)) (1 — yr(oa+D) >
1 — xva+b :

+

7. Future Works

In this paper, as well as in [18,19,29,30], the p-numerical semigroup with three variables
has been studied. However, that with four variables is very difficult to deal with. In fact,
even for p = 0, no algorithm to calculate the Frobenius number has been discovered yet.

In [43], the numerical semigroup of A := (a,a+b,2a+ 3D, ..., F5,_1a + Fyb) is studied
for relatively prime integers a and b when p = 0:

o) = o | 2D 1) 4 -

and

no(A) = ﬂi{szll/J " (a—1)(b—1)

=l R 2

However, for p > 1, it is very difficult to find an explicit formula for the case with
more than three variables. One wants to study a more general number U, satisfying
Uy = ully_1 + vl,_y, but nothing is known even for the numerical semigroup of Pell
numbers P, satisfying P, = 2P,_1 + P,_» (n > 2) with Py = 0 and P; = 1, because the
structure is rather different.
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