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Abstract: In this paper, we will review two analytical approaches to the construction of non-
homogeneous Baryonic condensates in the low-energy limit of QCD in (3+1) dimensions. In both
cases, the minimal coupling with the Maxwell U(1) gauge field can be taken explicitly into account.
The first approach (which is related to the generalization of the usual spherical hedgehog ansatz
to situations without spherical symmetry at a finite Baryon density) allows for the construction of
ordered arrays of Baryonic tubes and layers. When the minimal coupling of the Pions to the U(1)
Maxwell gauge field is taken into account, one can show that the electromagnetic field generated
by these inhomogeneous Baryonic condensates is of a force-free type (in which the electric and
magnetic components have the same size). Thus, it is natural to wonder whether it is also possible to
analytically describe magnetized hadronic condensates (namely, Hadronic distributions generating
only a magnetic field). The idea of the second approach is to construct a novel BPS bound in the
low-energy limit of QCD using the theory of the Hamilton–Jacobi equation. Such an approach allows
us to derive a new topological bound which (unlike the usual one in the Skyrme model in terms
of the Baryonic charge) can actually be saturated. The nicest example of this phenomenon is a BPS
magnetized Baryonic layer. However, the topological charge appearing naturally in the BPS bound
is a non-linear function of the Baryonic charge. Such an approach allows us to derive important
physical quantities (which would be very difficult to compute with other methods), such as how
much one should increase the magnetic flux in order to increase the Baryonic charge by one unit. The
novel results of this work include an analysis of the extension of the Hamilton–Jacobi approach to
the case in which Skyrme coupling is not negligible. We also discuss some relevant properties of the
Dirac operator for quarks coupled to magnetized BPS layers.

Keywords: low-energy QCD; chiral models; non-homogeneous condensates; topological solitons;
BPS bound

1. Introduction

The theory of quantum chromodynamics (QCD), which describes strong interactions,
has the fascinating feature that its coupling constant increases as the energy decreases (and
vice versa). This results in a phase diagram divided into different regimes, where different
tools or approaches are needed to study particular conditions. In the high-energy domain,
the coupling constant has a low value, which allows the use of perturbative techniques.
As far as the present theoretical understanding of QCD is concerned, the importance of
perturbation theory (which is very effective at high energies due to asymptotic freedom) is
widely recognized. Modern scattering amplitude techniques are well equipped to compute
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tree-level amplitudes of high complexity as well as higher-loop radiative corrections both at
zero temperatures and at finite (but high) temperatures (see [1–3] and the references therein).
Such techniques provide us with the main tools to analyze the perturbative phase of QCD
and are extremely successful in this regime. However, as the coupling constant’s order of
magnitude increases at lower energies, a perturbative approach becomes unfeasible, and
only a handful of refined numerical techniques and effective models have been shown
to be useful. In fact, in this infra-red domain (IR henceforth), the physical properties of
the phase diagram are largely determined by genuine non-perturbative configurations.
Such configurations, called solitons, are smooth classical solutions of the field equations
with a non-vanishing topological charge (which prevents them from decaying into the
trivial vacuum).

At low energies and temperatures, far from the perturbative regime, the analysis of the
interplay between strong interactions and electromagnetic fields still leads to challenging
open questions. This is mainly because some of the available options for exploring QCD in
the non-perturbative regime also become inefficient in extreme conditions of low tempera-
tures, at finite Baryonic charge densities, or in the presence of electromagnetic fields. On the
one hand, Lattice-QCD, which is the main numerical tool to simulate strongly interacting
QCD systems, experiences some problems when dealing with both finite Baryon densities
and background external fields (see [4–7]). On the other hand, analytical approaches based
on AdS/CFT are also not very effective for non-homogeneous condensates. As it is clear
from the classic references [8–10] (see also the references therein), the analysis of such
condensates using holography heavily relies on numerical analysis anyway. Furthermore,
when analytical solutions are available, new phenomena can be disclosed (such as the ap-
pearance of critical values of control parameters—like the external magnetic field—beyond
which the behavior of the configurations changes considerably). Last but not least, in
the cases in which the electromagnetic self-interactions of non-homogeneous Baryonic
condensates are included, not only do the numerical methods to analyze the Baryonic con-
densates in [11–15] (and the references therein) become considerably more demanding, but
the analytic and variational tools in [16–25] also partially lose their effectiveness. Indeed,
it is not easy to generalize the results in these mentioned works to include the minimal
coupling with a dynamical U(1) gauge field in (3+1) dimensions. Thus, any novel analytic
insight can be extremely useful. There is no doubt that a deeper understanding of the
properties of the topological solitons of QCD is of fundamental importance in order to
shed more light on the phase diagram (see [4,26–28] and the references therein). There are
many physical situations where these issues are fundamental, and here we will name just a
few of them. Firstly, several intriguing phenomena (which only appear at a finite Baryon
density) deserve a much deeper theoretical analysis. In particular, the existence of non-
homogeneous Baryonic condensates is a genuine result of the fact that a finite amount of
topological charge is “forced to live” within a finite spatial region (otherwise, in free space,
such condensates would not form). In (1+1)-dimensional models (where the “solitons” are
kinks, such as in the Gross–Neveu model and its variants; see, for instance, [29–38]), it is
clear by now that there is a finite region in the phase diagram (which appears at a finite
density) where kink crystals (namely, ordered arrays of kinks) dominate. Similar results
further supporting the appearance of non-homogeneous condensates have been obtained
in higher-dimensional models (under the assumption that the main fields only depend on
one spatial coordinate, see [16–20] and the references therein). Both types of results strongly
suggest that similar phenomena should appear at the low-energy limit of QCD in (3+1)
dimensions as well. The models analyzed in [29–38] are considered very good toy models
of QCD at a finite Baryon density. In such models, the formation of ordered patterns
of solitons is well understood theoretically (due to integrability). In (3+1) dimensions,
there is strong numerical as well as phenomenological evidence (see [12–15,39–44] and the
references therein) suggesting that non-homogeneous Baryonic condensates do appear at
low energies and temperatures when a finite amount of Baryonic charge is forced into a
finite spatial volume. The numerical simulations of these systems are very challenging;
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hence, the development of novel theoretical tools would be very helpful. It is also worth
noting that the elegant analytic approach introduced in [16–20] (and the references therein)
cannot be applied directly to describe the inhomogeneous Baryonic distributions observed
in [12–15,39–44] (and the references therein) since the energy and Baryon densities of such
distributions depend in a non-trivial way on more than one spatial coordinate. Secondly,
Lattice-QCD is not so effective at a finite Baryon density due to the infamous sign problem
(see [4–6] and the references therein). Consequently, the study of the role of finite density
effects in the analysis of non-perturbative configurations with a finite topological charge
acquires a high priority. Thirdly, a detailed analysis of the effects of external electric and
magnetic fields on the topological solitons of the low-energy limit of QCD could clarify
the relevant physical properties of non-perturbative configurations in neutron stars and
heavy-ion collisions.

Exploring this regimen of extreme conditions, where the above-mentioned methods
seem to fail, is not only interesting because of the challenge itself, but because these condi-
tions are of great intrinsic physical interest because they appear, for instance, in neutrons
stars and heavy-ion collisions. Indeed, there is sound evidence (see [12–15,39–44] and the
references therein) suggesting that non-homogeneous Baryonic distributions appear at low
energies. However, the numerical simulations of these systems are very challenging, espe-
cially when coupling with the Maxwell gauge potential is included. Thus, the development
of novel theoretical tools would be very helpful to complement the numerical analysis.
Moreover, in situations where strong magnetic fields are present (see, for instance, [45–47]
and the references therein), it is very natural to wonder whether or not the topological
solitons of the theory (which play a prominent role in the phase diagram) are affected by
strong external electromagnetic fields.

In this paper, we will describe three analytical approaches to describing non-homogeneous
Baryonic condensates both without and with the inclusion of electromagnetic interactions,
introduced in references [48–50]. These techniques allow us to explicitly compute interest-
ing quantities of these Hadronic condensates of high physical interest (which would be
difficult to compute otherwise). This paper is organized as follows: Firstly, in Section 2, we
will present a short review on the chiral σ-model and the Skyrme model, emphasizing the
existence of a conserved topological charge and a lower bound for the energy. We will also
present two useful parametrization choices for the fields of these chiral models. Then, in
Section 3, we comment on the hedgehog ansatz, and then introduce two types of ansätzes
which represent inhomogeneous Baryonic condensates. In Section 4, we introduce the
coupling between the Skyrme model and the electromagnetic field. In Section 5, we review
recently obtained results where a coupling between the σ-model and Maxwell results in
stable solutions in the shape of ordered magnetized Baryonic layers, as well as the method
with which those solutions can be obtained and the implications of having a non-trivial
lower bound of the energy. In Section 6, we discuss some future theoretical applications
of the previous results of coupling Skyrme and Maxwell theories. Some comments, final
remarks and projections are presented in Section 7.

2. Chiral Models

In this section, we introduce two non-linear models first presented in the 1950s and
1960s, which have the characteristic of being defined in a target manifold SU(NF), with
NF = 2 (for a generalization, see [51]). Due to their internal global symmetries, they are
regarded as chiral models.

2.1. The σ-Model

The σ-model was first introduced by Gell-Mann and Lévy in 1960 in the context of
nuclear physics in an attempt to construct a chirally invariant Lagrangian. Originally, this
model consisted of a triplet ϕa of Pions, a scalar field ϕ0 and a coupling with a fermionic
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iso-doublet ψ. We will not consider this fermionic coupling until later in the review. In
modern notation, the Lagrangian of the model is:

L0 =
F2

π

16
Tr
{

∂µU∂µU†
}

, (1)

where U = U(t, x⃗) is an SU(2)-valued scalar; it can be written explicitly in terms of the
Pauli σ matrices as,

U = ϕ01 + ϕa · ta, (2)

with ta = iσa. And, since U ∈ SU(2), the fields (ϕ0, ϕa) verify that

ϕ2
0 + ϕaϕa = 1,

is restricted to the target manifold S3 (the space manifold of the SU(2)) group.
The σ-model does not posses static solitonic solutions due to Derrick’s scaling argu-

ment [52].

2.2. Skyrme Model

In 1961, the physicist T. Skyrme proposed a new non-linear theory for Pions [53], which
features a modification to the σ-model, introducing a new quartic term in the Lagrangian
that avoids Derrick’s scaling argument, hence allowing the existence of stable, finite energy
solitonic solutions called Skyrmions. Although in its beginnings, the relevance of this
model was not widely recognized, today it definitely is. Indeed, it has been shown that
the low-energy limit of QCD (minimally coupled with Maxwell U(1) gauge theory) at
leading order in the ‘t Hooft expansion [54–58] is the gauged Skyrme model [59–61] (we
will study the U(1) gauged version of the model later on). Skyrme theory possesses
both (topologically trivial) small excitations describing mesons (Pions in the SU(2) case)
and topological solitons describing Baryons [26,60–66], with the Baryonic charge being a
topological invariant. Hence, Skyrmions are the topological solitons of the low-energy limit
of QCD.

The Lagrangian is:

L =
f 2
π

16
Tr
{(

U†∂µU
)(

U†∂µU
)}

+
1

32e2 Tr
{[

∂µUU†, ∂νUU†
]2
}

, (3)

where the first term is the Lagrangian of the σ-model, and the second term is known as
the Skyrme term. Note the first term of the Lagrangian has been rewritten in a more
convenient form, tr

{
∂µU∂µU−1} = tr

{
(U−1∂µU)2}, which will be explained later. The

parameters fπ , the Pion decay constant, and e, an adimensional constant which mediates
the self-interaction that stabilizes the Skyrmions, are positive constants fixed experimentally
(see [63,64]). The third term which gives the Pions a tree-level mass is deliberately ne-
glected since the Pion mass is negligible with respect to the mass of the non-homogeneous
condensates (which, as we will see, grows with the Baryonic charge).

Due to restrictions from QCD, we expect that the Lagrangian (3) is invariant under
the action of the SU(2)L × SU(2)R chiral group (actually, a generalization of the Skyrme
Lagrangian can be derived from this kind of consideration, see, e.g., [51]). Taking this
into account, a chirally invariant action is constructed using left/right-invariant Maurer–
Cartan forms.

The left-invariant Lµ and the right-invariant Rµ forms are:

Lµ = U†∂µU

Rµ = ∂µUU†,
(4)
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which both transform under (T̂L, T̂R) ∈ SU(2)L × SU(2)R to:

Lµ → T̂RLµT̂†
R,

Rµ → T̂LRµT̂L.
(5)

In the following, we will stick to using the left-invariant form. Thus, we can re-write
the Lagrangian in (3) to obtain an action which depends only on one of the chiral fields:

IS =
K
2

∫
d4x

√
−g Tr

{
LµLµ +

λ

8
GµνGµν

}
, (6)

where Gµν =
[
Lµ, Lν

]
and K = f 2

π
4 , λ = 4

e2 f 2
π

, with g as the metric determinant. The field
equations derived by varying the action (6) with respect to U are

∂µ

(
Lµ +

λ

4
[Lν, Gµν]

)
= 0, (7)

and the energy-momentum tensor of the theory is

Tµν = −K
2

Tr
{

LµLν −
1
2

gµνLαLα +
λ

4

(
gαβGµαGνβ −

1
4

GσρGσρ

)}
. (8)

In the case in which the theory is defined in R3, the requirement of having a finite
energy is that U → 1 at spatial infinity, r⃗ → ∞. As a result, U(t, x) is a map from a
compactified coordinate space S3 to the SU(2) group-manifold space, S3. This map can
now be labeled by a topological invariant Q = π3(S3). This is the topological charge (or
winding number) of the configuration, and it can be shown that this quantity is conserved
(see [51], chapter 13). Moreover, in the classic references [53,60,61,67], it has been shown
that Q represents the Baryonic charge of the configuration. This topological charge can be
derived from the conserved topological current:

Jµ = ϵµναβ Tr
{

LνLαLβ

}
, (9)

and hence
Q = − 1

24π2

∫
d3xϵijk Tr

{
LiLjLk

}
. (10)

A feature of great interest in the theory of topological solitons is the presence of a lower
bound for the energy in terms of the topological charge that can be derived by manipulating
the energy density (see [26,51,68,69]). This lower bound is called a BPS bound (named after
E. Bogomolny, M.K. Prasad and C. Sommerfield, see [70,71]) and is topological in nature,
since it only depends on the boundary conditions of the space in which the configuration
lives. Hence,

E = k|Q|, (11)

where k is a constant (that carries energy units) and Q ∈ Q is a topological index.
An important feature of the Skyrme theory, which is very different from the case of

Yang–Mills Higgs Theory (with the Higgs field in the adjoint) is that, although a BPS lower
bound on the energy of static solitonic solutions in terms of the Baryonic charge can be
derived, E ≥ k|B|, such a bound cannot be saturated on flat spacetimes. We will come back
to this issue in the following sections.

2.3. Parametrization of the U Fields

As previously mentioned, the U fields in the σ-model and in the Skyrme model are
SU(2)-valued fields. We can easily parameterize an expression of the form of Equation (2) by:

U(t, x⃗) = cos (α)1 + sin (α) ta r̂a (12)
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where

r̂ =

cos Φ sin Θ
sin Φ sin Θ

cos Θ

. (13)

The fields α, Φ and Θ are the scalar degrees of freedom, or profiles, which parameterize
the U field. This parametrization is usually known as the exponential parametrization.

Firstly, let us show that the chiral current Lµ can be written in terms of this parametriza-
tion as:

Lµ = (t · r̂) ∂µα +
sin(2α)

2
[
(t · Θ̂)∂µΘ + (t · Φ̂)∂µΦ

]
− sin2(α)

[
(t · r̂)(t · Θ̂)∂µΘ + (t · r̂)(t · ϕ̂)∂µΦ

]
,

(14)

where

Θ̂ =

cos Φ cos Θ
sin Φ cos Θ
− sin Θ

, Φ̂ =

− sin Φ sin Θ
cos Φ sin Θ

0

. (15)

Now, we can rewrite Skyrme’s action in (6) in terms of these parameters. Firstly, let us
consider the general element U = ϕ0 + taϕa and let us introduce the following tensor [48]:

Yµν = Gij∂µϕi∂νϕj, (16)

with

Gij = δij +
ϕiϕj

1 − ϕkϕk
(17)

acting as the metric of an intern space of functions in SU(2). With this, the action can be
rewritten as:

I =
∫

d4x
√
−g
[

1
2

Yµ
µ +

λ

4

(
(Yµ

µ )
2 − YµνYµν

)]
. (18)

The variation in the action with respect to the α field leads us to:

(−∂µ∂µα + sin α cos α)(∂µΘ∂µΘ + sin2 Θ∂µΦ∂µΦ)

+λ
[
sin α cos α((∂µα∂µα)(∂νΘ∂νΘ)− (∂µα∂µΘ)2)

+ sin α cos α sin2 Θ((∂µα∂µα)(∂νΦ∂νΦ)− (∂µα∂µΦ)2)

+2 sin3 α cos α sin2 Θ((∂µΘ∂µΘ)(∂νΦ∂νΦ)− (∂νΘ∂νΦ)2)

−∂ν(sin2 α(∂µΘ∂µΘ)∂να) + ∂µ(sin2 α(∂να∂νΘ)∂µΘ)

−∂µ (sin2 α sin2 Θ(∂νΦ∂νΦ)∂µα) + ∂µ(sin2 α sin2 Θ(∂να∂νΦ)∂µΦ)
]
= 0,

(19)

with the Θ field, we obtain:

(− sin2 α∂µ∂µΘ − 2 sin α cos α∂µα∂µΘ + sin2 α sin Θ cos Θ∂µΦ∂µΦ)

+λ
[
sin2 α sin Θ cos Θ((∂µα∂µα)(∂νΦ∂νΦ)− (∂µα∂µΦ)2)

+ sin4 α sin Θ cos Θ((∂µΘ∂µΘ)(∂νΦ∂νΦ)− (∂µΘ∂µΦ)2)

−∂µ(sin2 α(∂να∂να)∂µΘ) + ∂µ(sin2 α(∂να∂νΘ)∂µα)

−∂µ(sin4 α sin2 Θ(∂νΦ∂νΦ)∂µΘ) + ∂µ(sin4 α sin2 Θ(∂νΘ∂νΦ)∂µΦ)
]
= 0

(20)
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and finally, varying with respect to Φ gives us:

(− sin2 α sin2 Θ ∂µ∂µΦ − 2 sin α cos α sin2 Θ∂µα∂µΦ − sin2 α sin Θ cos Θ∂µΘ∂µΦ)

+λ
[
∂µ(sin2 α sin2 Θ(∂να∂νΦ)∂µα)− ∂µ(sin2 α sin2 Θ(∂να∂να)∂µΦ)

+ ∂µ(sin4 α sin2 Θ(∂νΘ∂νΦ)∂µΘ)− ∂µ(sin4 α sin2 Θ(∂νΘ∂νΘ)∂µΦ)
]
= 0

(21)

We must insist that Equations (19)–(21) are just the expansion of the previously shown
field equations, but in terms of this particular parametrization.

Another useful parametrization is achieved by referring to the Euler angles of the
sphere, then:

U(t, x⃗) = et3Fet2 Het3G (22)

where F, H, G are the three profiles which determine the U field in this parametrization. A
way of connecting both the Euler angles and the exponential parametrization is shown in
Appendix A.

In this parametrization, the chiral current Lµ is of the form:

Lµ = t3∂µG + (Ô3 + t3)∂µF +
[
(Ô2 + t2) cos (2F) + (Ô1 + t1) sin (2F)

]
∂µH, (23)

where
Ôi = U−1[ti, U] = U−1tiU − ti. (24)

The respective Ôi matrices are written explicitly in Appendix B, together with some
useful commutation relations. Using these matrices, we can rewrite the chiral current in a
component-wise manner as:

Lµ =
{

sin(2H) cos(2G)∂µF − sin(2G)∂µH
}

t1

+
{

sin(2H) sin(2G)∂µF + cos(2G)∂µH
}

t2

+
{

∂µG + cos(2H)∂µF
}

t3.

(25)

With this, the Skyrme action can be written explicitly in terms of the three profiles
as follows:

I(F, H, G) = −K
2

∫
d4x
√
−g[∂µH∂µH + ∂µF∂µF + ∂µG∂µG + 2 cos(2H)(∂µF∂µG)

− λ(2 cos(2H)(∂µH∂µF)(∂µH∂µG)− (∂µH∂µH)(∂µF∂µG))

+ 4 sin2(H) cos2(H)((∂µF∂µG)2 − (∂µF∂µF)(∂µG∂µG))

+ (∂µH∂µF)2 + (∂µH∂µG)2 − (∂µH∂µH)(∂µF∂µF)− (∂µH∂µH)(∂µG∂µG)].

(26)

By varying the action with respect to the profiles F, H and G, field equations are
obtained:

0 = ∂µ[cos(2G) sin(2H)∂µF − sin(2G)∂µH

− λ sin(2G)((∂νF∂νF)∂µH − (∂νF∂ν H)∂µF + (∂νG∂νG)∂µH − (∂νG∂ν H)∂µG

+ cos(2H)(2(∂νF∂νG)∂µH − (∂νF∂ν H)∂µG)− (∂ν H∂νG)∂µF)

− λ cos(2G) sin(2H)((∂νF∂νG)∂µG + (∂νF∂νH)∂µH − (∂νG∂νG)∂µF

− (∂νH∂ν H)∂µF − cos(2H)((∂νF∂νG)∂µF − (∂νF∂νF)∂µG))],

(27)

0 = ∂µ[sin(2G) sin(2H)∂µF − cos(2G)∂µH

+ λ cos(2G)((∂νG∂νG)∂µH − (∂νG∂ν H)∂µG + (∂νF∂νF)∂µH − (∂νF∂ν H)∂µF

+ cos(2H)(2(∂νF∂νG)∂µH − (∂νF∂ν H)∂µG)− (∂νG∂νH)∂µF)

+ λ sin(2G) sin(2H)((∂ν H∂ν H)∂µF − (∂ν H∂νF)∂µH + (∂νG∂νG)∂µF

− (∂νG∂νF)∂µG − cos(2H)((∂νF∂νG)∂µF − (∂νF∂νF)∂µG))],

(28)
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0 = ∂µ[cos(2H)∂µF + ∂µG − λ sin2(2H)((∂νF∂νG)∂µF − (∂νF∂νF)∂µG)

+ λ cos(2H)((∂νH∂ν H)∂µF − (∂ν H∂νF)∂µH) + λ((∂ν H∂ν H)∂µG − (∂νH∂νG)∂µH)].
(29)

3. The First Approach: The Generalized Hedgehog Ansatz, Baryonic Tubes and Layers
3.1. Hedgehog Ansatz

As previously mentioned, the main advantage of the Skyrme model is that it can
support stable solitonic solutions. However, finding such solutions is a non-trivial task. The
first ansatz to simplify the Skyrme field equations was proposed by Skyrme himself [53].
He constructed the first example of a spherical “hedgehog configuration”, characterized by
a spherically symmetric energy-momentum tensor and at the same time a non-vanishing
topological charge. Skyrme required:

−i(x ×∇)iU(x⃗) +
[τi

2
, U(x⃗)

]
= 0, (30)

that is, the requirement that even if the chiral field itself is not spherically symmetric, the
lack of spherical symmetry can be compensated for by an isospin transformation. The most
general solution for Equation (30) is:

U(r) = cos α(r)1 + r̂i · τi sin α(r), (31)

also known as the spherical hedgehog ansatz (HA) (the name “hedgehog” is due the form of
the Pionic ra vector field, which is also spherically symmetric). With this ansatz, the com-
plete set of Skyrme equations (7) reduces to a single O.D.E. for α(r), which unfortunately
cannot be solved analytically [53].

In the case of these spherical hedgehogs, one can achieve a higher Baryonic B charge
by increasing α(r → ∞)− α(r = 0). But for SU(2), only |B| = 1 is topologically stable,
since any attempts to construct Skyrmions with |B| ≥ 2 using the spherical HA will result
in unstable configurations (see [51,69] and the references therein). On the other hand, for
SU(NF) (with NF ≥ 3), spherically symmetric HAs with higher Baryonic charges which
are stable have been constructed (see [72–76]).

3.2. Finite-Density Condensates

Now, we will introduce two ansätzes presented in [48,77], where the main aim is to
find analytical solutions for the Skyrme field equations with an arbitrary Baryonic charge,
defined in a compact spacetime and without spherical symmetry. For this purpose, we start
by introducing the following flat metric:

ds2 = −dt2 + L2(dx2 + dy2) + L2
zdz, (32)

where x, y, z are Cartesian adimensional coordinates.

0 ≤ x ≤ 2π, 0 ≤ y ≤ π 0 ≤ z ≤ 2π. (33)

Hence, this metric describes a box with volume V = 4π3LzL2 .
The aim of considering a compact spacetime is to analyze the peculiar effects to force

a finite amount of Baryonic charge to live in a finite volume.

3.2.1. Baryonic Tubes

The following ansatz was introduced in [48]:

α = α(x), Θ = Θ(y) := qy, Φ = Φ(t, z) := p( t
L − z), (34)

where q = 2v + 1 with p, vs. ∈ N and p ̸= 0.
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Notice that the ansatz was chosen in such a way that Φ(t, z) actually depends on the
light-like coordinate t/L − z, while the profile is linear in x. This ansatz reduces the Skyrme
field equations to the following quadrature for α(x):

∂x

[
1
2
(L2 + q2λ sin2 α)(∂xα)2 − q2L2

2
sin2(α)− E0

]
= 0, (35)

with E0 as an integration constant. Hence, when (35) is satisfied, it is guaranteed that the
three Skyrme field equations are also satisfied.

A quite important feature of this ansatz is that even if the field equations are greatly
simplified, the Baryonic charge of the configuration is non-vanishing:

ρB =
[
12pq sin(qy) sin2(α)

]∂α

∂x
dx ∧ dy ∧ dz. (36)

The properties of these Baryonic tubes have been analyzed in the following refer-
ences: [78,79].

3.2.2. Baryonic Layers

In this section, we will work with the second parametrization (22) which uses the
Euler angles. The following choice of ansatz for the profiles, first presented in [49], allows
us to simplify the Skyrme field equations:

H(xµ) = H(t, x), F(xµ) =
q
2

y, G(xµ) =
p
2

z. (37)

The Skyrme action is reduced to the following effective sine-Gordon theory:

ISG =
∫ (

−1
2

∂µ φ∂µ φ + M0(cos(βφ)− 1)
)

dtdx, (38)

where

φ =
4
β

H, M0 =
π2K
8L2 B2λ, β =

2
π[K(2L2 + Bλ)]1/2 , (39)

Here, we consider p = q and B ≡ p2 > 0 to simplify the formulas.
The field equation for the field φ is given by:

−∂2
t φ + ∂2

x φ − M0β sin(βφ) = 0. (40)

4. Minimal Coupling with Maxwell: Force-Free Plasma and Inhomogeneous
Baryonic Condensates
The Skyrme–Maxwell Model

We can extend theory (6) to allow for invariance under gauge U(1) transformations.
We consider that a Skyrme field transforms due to the elements eiχ(x) ∈ U(1) to:

U → U′ = U + iχ(x)[t3, U]

with the covariant derivative

DµU = ∂µU + Aµ[t3, U], (41)

where the gauge invariance is given by introducing the gauge field Aµ, which transforms to:

Aµ → Aµ = Aµ − ∂µχ(x).

Therefore, the Skyrme–Maxwell action is:

I =
∫

d4x
√
−g
[

K
2

Tr
{

1
2

ΣµΣµ +
λ

16
GµνGµν

}
− 1

4e2 FµνFµν

]
, (42)
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where Σµ is the gauged left-invariant chiral current:

Σµ = U−1DµU = Lµ + AµÔ3, (43)

with Gµν =
[
Σµ, Σν

]
and Fµν = ∂µ Aν − ∂ν Aµ. By varying the action, one can find that the

field equations are:

Dµ

(
Σµ +

λ

4
[Σν, Gµν]

)
= 0,

∂µFµν = Jν,
(44)

where Jν is the conserved current depending on the field configuration and the field:

Jµ =
K
2

Tr
{

Ô3Σµ +
λ

4
Ô3[Σν, Gµν]

}
, (45)

where we have already defined Ô3 = U−1t3U − t3.
On the other hand, the energy-momentum tensor in the Skyrme–Maxwell theory is

Tµν = −K
2

Tr
{

ΣµΣν −
1
2

gµνΣαΣα +
λ

4

(
gαβGµαGνβ −

1
4

gµνGσρGσρ

)}
+ T̄µν, (46)

where T̄µν is an extra term associated with the electromagnetic field:

T̄µν = FµαFα
ν − 1

4
FαβFαβgµν. (47)

A consequence of this coupling is that the topological charge (10) is not gauge invariant.
A new topological invariant charge is found in [60],

QB =
1

24π2

∫
(ρB1 + ρB2) (48)

where the density ρB is constructed by the contributions ρB = ρB1 + ρB2, defined as:

ρB1 = ϵijk Tr
{

LiLjLk
}

, (49)

ρB2 = −ϵijk Tr
{

∂i
[
3Ajt3(Rk + Lk)

]}
, (50)

where the second term is responsible for the Callan–Witten effect. Note that ρB1 , ρB2 both
depend on the Maurer–Cartan invariant forms Lµ, Rµ, which are different from the gauged
chiral invariant form Σµ.

5. The Second Approach: Hamilton–Jacobi Equation and a Novel BPS Bound
5.1. Magnetized BPS Solitons

As we mentioned earlier, there is a strong argument that prevents one from finding
any BPS configurations for the σ-model: Derrick’s scaling argument [52]. Skyrme avoided
this argument by introducing his famous term. However, the simplest possibility is the
minimal coupling with the U(1) gauge field (in analogy with the Abelian Higgs model,
where the presence of the gauge field supports the existence of topologically stable vortices
which cannot exist in the absence of gauge coupling).

Let us consider the gauged non-linear sigma-model (G-NLSM) action:

I[U] = −1
4

∫
d4x

{
K Tr

{
ΣµΣµ

}
− FµνFµν

}
. (51)
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As in the Skryme–Maxwell model, the field equations are

DµΣµ = 0
∂µFµν = Jν,

(52)

with the conserved current defined in (45) and the energy-momentum tensor from (46).
A natural question arises: is there any way of obtaining solitonic solutions for this

theory, given a convenient choice of Maxwell field, which are topologically stable, as is the
case for vortices in critical superconductors? We follow the technique introduced in [50].
Using the metric in (32), the ansatz for the F, H, G profiles reads:

F(xµ) = py, H(xµ) = H(z), G(xµ) = px, (53)

and the gauge field components are:

A0 = A1 = 0, A1 = p
2 − u(z), A3 = − p

2 + u(z). (54)

with p being n integer. As a result for choosing this ansatz, the field equations reduce to:{
u′′ − 4KL2

z u sin2(H) = 0

H′′ + 4
(

Lz
L

)2
sin(2H)

(
p2

4 − u2
)

= 0
(55)

with the resulting energy density:

T00 =
K
L2

[
p2 cos2(H) + 4 sin2(H)u2

]
+

K
2L2

z
(H′)2 +

1
(LzL)2 (u

′)2. (56)

The Bayronic density, which has contributions both from the U field and from the
gauge field, is:

ρB = −12p
d
dr

[u(1 + cos 2H)].

5.2. Hamilton–Jacobi Method

Now, we will review a novel strategy for finding BPS bounds, presented in [50], which
depends on the possibility of constructing a Hamilton–Jacobi equation from a non-negative
energy density, T00, which depends on two (or more) scalar degrees of freedom A, B.
Suppose we have an energy density of the form:

T00 =
1
2

(
∂A
∂x

)2
+

1
2

(
∂B
∂x

)2
+ V(A, B), (57)

where x is the relevant space-like coordinate and V(A, B) is the given interaction potential
between the two degrees of freedom. We would like to write this energy density in a
“BPS-style” of the form:

T00 ∼ (∂A ± ΓA)
2 + (∂B ± ΓB)

2 ± dW
dx

, (58)

where ΓA and ΓB are two auxiliary quantities, both functions of the profiles A and B, which
allow us to construct the “BPS-style” expression. From the above considerations, it is clear
that we require:

(∂A ± ΓA)
2

2
+

(∂B ± ΓB)
2

2
− dW

dx
= T00, (59)

which is equivalent to
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Γ2
A

2
+

Γ2
B

2
= V(A, B), (60)

ΓA
∂A
∂x

+ ΓB
∂B
∂x

=
dW
dx

. (61)

A natural way of fulfilling (61) is:

ΓA =
∂W
∂A

, ΓB =
∂W
∂B

. (62)

Replacing condition (62) in (60), we arrive arrive at:(
∂W
∂A

)2
+

(
∂W
∂B

)2
= 2V(A, B), (63)

When the BPS equations are satisfied, the only contribution to the energy is the lower
BPS bound:

E ≥
∣∣∣∣∫S

dx
dW
dx

∣∣∣∣. (64)

A Novel BPS Bound

Using the novel technique describe above, the Hamilton–Jacobi for the energy density
in Equation (56), is given by:

L2
z

2K

(
∂W
∂H

)2
+

(
LzL

2

)2(∂W
∂u

)2
=

K
L2

[
p2 cos2(H) + 4 sin2(H)u2

]
. (65)

The solution of the above Hamilton–Jacobi equation is:

W =
4K3/2

pLz
u cos H, (66)

provided the following relations hold:

L =
p√
2K

⇔ A = π2 p2

K
⇔ A =

(
2πp
e fπ

)2
, (67)

Thus, the energy density T00 can be rewritten in “BPS-style” as follows:

T00 =
K

2(pLz)

2[
(pH′ ± 4

√
KLzu sin H)2 + 4(u′ ∓ p

√
KLz cos H)2

]
± dW

dr
. (68)

The first-order BPS equations are:

pH′ ± 4
√

KLzu sin(H) = 0, (69)

u′ ∓ p
√

KLz cos(H) = 0. (70)

It can easily be shown that the second-order BPS equations imply the field
Equation (55).

The lower bound for the energy is:

E =
∫ √

−g d3xT00 = ALz

∫ 2π

0
T00 dx ≥ |Q|,

with
Q = ALz|W(2π)− W(0)|.

Two important observations arise from this analysis: first, we have found that for the
G-NLSM, one can define a lower bound that can be saturated, unlike the BPS bound for
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the Skyrme model; second, the corresponding topological charge differs from the Baryonic
charge of the configuration.

6. Applications
6.1. Fermions Coupled to Skyrmions

The analysis of the coupling between the Dirac equation for quarks and the analytic
non-homogeneous Baryonic condensates described previously (and in [50]) is of great
interest since it will disclose how the non-homogeneous Baryonic condensates affect the
spectrum of the Dirac operator, a task whose relevance is comparable with the importance
of the analysis of the Dirac spectrum in an Instanton background.

The original sigma model presented by Gell-Mann in [80] (also see [81]) represents a
triplet of Pions and a scalar field (the U field) coupled with fermions. This kind of coupling
is of great interest in some theoretical studies related to atomic and nuclear physics, and
was extensively studied in the following decade (see [82–84] and the references therein).
Unfortunately, there are two obstacles that historically made this kind of problem very
difficult to solve. First, due to the very nature of the equations that we are dealing with,
until very recently, there was no explicit analytic solution for the chiral field U (and only
a few numerical solutions for the chiral solitons were known). Due to the difficulty in
analyzing the Dirac equation for quarks, coupled with the chiral field U, whose profile
is known only numerically, Hiller [85] and Zhao [86] introduced an analytic profile for
the chiral field to derive relevant physical properties. However, such a profile was not a
solution of the field equations.

The fermion–chiral soliton coupling is also known as a “chiral coupling” (see [87]) and
has the form

Lint = ψ̄
[
iγµ∂µ + gUγ5

]
ψ, (71)

where
Uγ5 = g[ϕ0 + iγ5[ϕ

a · τa]]. (72)

In our analysis, we will consider that this coupling is mediated by the coupling
constant g (see [85–87]). We will assume the backreaction effects of the quarks on the
Hadronic condensates to be negligible (see [85,86,88–91]). The usual method is to study the
coupling by analyzing the Hamiltonian:

Ĥ0 = α · p⃗ + gβ̂Uγ5 (73)

where α = (α̂1, α̂2, α̂3) and β̂ are the Dirac matrices.
In the exponential representation, U = cos(α) + ta r̂a(Θ, Φ) sin(α). Hence, because of

the properties of the γ5 matrix, it is directly obtained that:

Uγ5 = cos(α) + γ5ta r̂a(Θ, Φ) sin(α) (74)

which can be rewritten in the useful form:

Uγ5 =
1 + γ5

2
U +

1 − γ5

2
U−1 (75)

Hence,

Ĥ0 = α · p⃗ + gβ̂

(
1 + γ5

2
U +

1 − γ5

2
U−1

)
. (76)

However, we are interested in studying the case of the the G-NLSM, so the minimal
coupling to the U(1) gauge field must be taken into account:

Ĥ1 = α · π⃗ + gβ̂

(
1 + γ5

2
U +

1 − γ5

2
U−1

)
, (77)

with π⃗ = p⃗ − qA⃗.
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Following the ansatz (53), an important novel technical result is that one can construct
two Hermitian operators that commute with the Hamiltonian and between themselves:

P̂x := p̂x − ip
1 + γ5

2
τ3, (78)

P̂y := p̂y + ip
1 − γ5

2
τ3, (79)

where the integer p is defined as in the ansatz (53).
The above commuting operators can be interpreted as the generalized momenta (with

extra isospin terms). The isospin corrections in these generalized momenta are related to
the fact that although the configuration in Equations (69) and (70) is not translationally
invariant along the (x, y) directions, the lack of invariance can be compensated for by
isospin transformations.

These operators will be useful to analyze how the spectrum of the Dirac operators for
quarks is affected by the presence of the magnetized BPS Hadronic layers (see [85–87] and
the references therein).

6.2. Hamilton–Jacobi Equation with the Skyrme Term

It is natural, after studying the Hamilton–Jacobi equation for the G-NLSM, to gen-
eralize these results for the full Skyrme model and analyze the relevance of the Skyrme
term for the physical properties of these magnetized BPS layers. In this case, substituting
the ansatz shown previously (53) into the field Equation (44) (which included the Skyrme
term), we obtain

0 = H′′
[

L2 + 2λp2 − 2λ sin2(H)
(

p2 − 4u2
)]

+ 16λ sin2(H)uH′u′

+ sin(2H)

[(
p2 − 4u2

)(
L2

z − λH′2
)
− 8λL2

z p2u2 cos(2H)

L2

]
,

(80)

0 = u′′ +
4Ku sin2(H)

(
λL2H′2 + L2

z
(
2λp2 cos2(H) + L2))

L2 . (81)

and the energy- density T00 reduces to

T00 =
KH′2(2λp2 cos2(H) + 8λu2 sin2(H) + L2)

2L2L2
z

+
u′2

L2L2
z

+
K
(
4u2 sin2(H)

(
2λp2 cos2(H) + L2)+ L2 p2 cos2(H)

)
L4 .

(82)

Using the strategy shown previously, we can derive the Hamilton–Jacobi equation for
the full Skyrme model:

a
(

∂W
∂H

)2
+ b
(

∂W
∂u

)2
= V(u, H) (83)

with

a =
L2

z L2

2K
(
2λp2 cos2(H) + 8λu2 sin2(H) + L2

) (84)

b =

(
LzL

2

)2
(85)

V(u, H) =
K
(
4u2 sin2(H)

(
2λp2 cos2(H) + L2)+ L2 p2 cos2(H)

)
L4 . (86)

The above novel technical result is very relevant, since it allows us to reduce the
analysis of the physical effects of the Skyrme term on the magnetized BPS Baryonic layers
to the analysis of a suitable Hamilton–Jacobi equation in two dimensions. Due to the
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huge amount of available results on the Hamilton–Jacobi equation, this approach can be
extremely useful in the context of strongly interacting Baryonic matter. We will come back
to the physical implications in a future publication.

7. Conclusions and Perspectives

In the present paper, we have reviewed two strategies for the analysis of inhomoge-
neous condensates in the low-energy limit of QCD minimally coupled with Maxwell theory.

The first strategy is based on the generalization of the hedgehog ansatz to situations
without spherical symmetry (in particular when a finite amount of Baryonic charge is
forced to live within a finite spatial volume). This approach allows us to analytically derive
many properties of inhomogeneous condensates, such as the Hadronic and energy-density
profiles. This technique is especially effective when describing Baryonic layers and tubes
(which appear in the numerical simulations of multi-Baryonic systems at a finite density).
On the other hand, the configurations which have been constructed in this way generate
electric and magnetic fields of the same size. Thus, the natural question is whether or not
one can find a new analytic tool able to generate magnetized Baryonic configurations (as
in many situations of physical interest, such as within neutron stars, where the magnetic
field is expected to be much more intense than the electric field). The second strategy is the
first step in this direction. In the case of the G-NLSM (using the theory of Hamilton–Jacobi
equation), it is possible to derive a novel BPS bound for the energy of Baryonic magnetized
layers, which (unlike the usual case in the Skyrme model) can actually be saturated. The
surprising feature of this result is that the right-hand side of the topological bound is not
the Baryonic charge but, rather, a non-linear function of it. The novel results of the present
paper are the following. First of all, we have generalized the Hamilton–Jacobi approach to
the case in which the Skyrme coupling is non-vanishing. Secondly, we have discussed the
Dirac equation coupled to such BPS Baryonic layers. We have constructed two Hermitian
operators which commute between themselves and with the Dirac Hamiltonian. These
results will allow for, in the near future, a detailed analysis of the physical effects of the
Skyrme term on the BPS Baryonic layers as well as a direct study of how the spectrum of
the Dirac operator is affected by the Baryonic condensates themselves.

Author Contributions: Conceptualization, F.C., E.D. and L.U.; methodology, F.C., E.D. and L.U.;
software, F.C., E.D. and L.U.; validation, F.C., E.D. and L.U.; formal analysis, F.C., E.D. and L.U.;
investigation, F.C., E.D. and L.U.; resources, F.C., E.D. and L.U.; data curation, F.C., E.D. and L.U.;
writing—original draft preparation, F.C., E.D. and L.U.; writing—review and editing, F.C., E.D. and
L.U.; visualization, F.C., E.D. and L.U.; supervision, F.C., E.D. and L.U.; project administration, F.C.,
E.D. and L.U.; funding acquisition, F.C., E.D. and L.U. All authors have read and agreed to the
published version of the manuscript.

Funding: This work was funded by FONDECYT grants N° 1240048.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors would like to express their gratitude to Julio Oliva, Nicolas Grandi
and Seung Hun Oh for their illuminating suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations
The following abbreviations are used in this manuscript:

QCD Quantum Chromodynamics
NLSM Non-Linear σ-model
G-NLSM Gauged Non-Linear σ-model
HA Hedgehog Ansatz
HJ Hamilton–Jacobi (equation)



Symmetry 2024, 16, 518 16 of 20

Appendix A. Euler Representation and Exponential Representation of the SU(2)
Skyrme Fields

Given a SU(2) scalar written as in (22), we can rewrite it in an exponential representa-
tion. Firstly, consider that:

U = et3Fet2 Het3G = cos(H) cos(F + G)1

+ sin(H) sin(F − G)t1

+ sin(H) cos(F − G)t2 + cos(H) sin(F + G)t3,

(A1)

Now, define
cos(α) = cos(H) cos(F + G), (A2)

Hence,

sin(α) =
√

sin2(H) + cos2(H) sin2(G + F), (A3)

and then, by factorization, we can easily achieve the exponential representation:

U = cos(α)1 + ti r̂i sin α, (A4)

where

r̂ =
1

sin(α)

sin(H) sin(F − G)
sin(H) cos(F − G)
cos(H) sin(F + G)

. (A5)

Then, the remaining coordinates Θ, Φ in the exponential representation are defined by:

cos(Θ) =
cos(H) sin(F + G)√

sin2(H) + cos2(H) sin2(F + G)
, (A6)

sin(Θ) =
sin(H)√

sin2(H) + cos2(H) sin2(G + F)
. (A7)

Appendix B. Ôi Matrices and Some Commutation Relations

Consider the SU(2)-valued scalar field U in Euler angles representation:

U = et3Fet2 Het3G. (A8)

In this section, we will show the Ôi = U−1[ti, U] matrices, which are needed in order
to compute the chiral current (23) and other quantities related to the equations of motion in
the Skyrme model in terms of the Euler parametrization.

Ô1 = −2
(

cos2(H) sin2(F + G) + sin2(H) cos2(F − G)
)

t1

+
(

cos2(H) sin(2(F + G)) + sin2(H) sin(2(F − G))
)

t2

− sin(2H) cos(2H)t3,

(A9)

Ô2 =
(

sin2(H) sin(2(F − G))− cos2(H) sin(2(F + G))
)

t1

− 2
(

sin2(H) sin2(F − G) + cos2(H) sin2(F + G)
)

t2

+ sin(2H) sin(2F)t3,

(A10)

Ô3 = sin(2H) cos(2G)t1 + sin(2H) sin(2G)t2 − 2 sin2(H)t3 (A11)
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To compute these results, it is necessary to iterate some commutation relations. These
are of the form [ti, U]:

[t1, U] = −2 sin(G) et3Fet2 Ht2 − 2 sin(H) et3Fet3Gt3 + 2 sin(F) t2et2 Het3G

= 2 cos (F + G) cos (H)t2 − 2 cos (F − G) sin (H)t3

=

(
−2i cos(F − G) sin H 2 sin(F + G) cos H
−2 sin(F + G) cos H 2i cos(F − G) sin H

)
, (A12)

[t2, U] = −2 sin(F) t1et2 Het3G − 2 sin(G) et3Fet2 Ht1

= 2 sin (F − G) sin(H)t3 − 2 sin (F + G) cos (H)t1

=

(
2i sin(F − G) sin(H) −2i sin(F + G) cos(H)
−2i sin(F + G) cos(H) −2i sin(F − G) sin(H)

)
, (A13)

[t3, U] = 2 sin(H) et3Ft1et3G

= 2 cos(F − G) sin Ht1 − 2 sin(F − G) sin (H)t2

=

(
0 2iei(F−G) sin(H)

2ie−i(F−G) sin H 0

)
. (A14)

which are also computed by iterating some of the following commutators:[
t1, e±t3F

]
= ±2 sin(F)t2, (A15)[

t2, e±t3F
]
= ∓2 sin(F)t1, (A16)[

t1, e±t2 H
]
= ∓2 sin(H)t3, (A17)[

t3, e±t2 H
]
= ±2 sin(H)t1. (A18)

Finally, it is also worth mentioning that[
et3F, et2 H

]
= 2 sin(F) sin(H)t1. (A19)
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