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Abstract: In this research paper, we establish geometric inequalities that characterize the relation-
ship between the squared mean curvature and the warping functions of a doubly warped product
pointwise bi-slant submanifold. Our investigation takes place in the context of locally conformal
almost cosymplectic manifolds, which are equipped with a quarter-symmetric metric connection.
We also consider the cases of equality in these inequalities. Additionally, we derive some geometric
applications of our obtained results.
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1. Introduction

In 2000, B. Unal [1] introduced the concept of doubly warped products as an extension
of warped products [2]. According to Unal, given two Riemannian manifolds N; and Np
with Riemannian metrics g1 and g, respectively, and positive differentiable functions f; on
N; and f, on Ny, the doubly warped product N = ,N; X s, N, of dimension 7 is defined
on the product manifold N; x N equipped with the warped metric ¢ = f2g1 + f2g>. The
metric g is given by [1]

s(x1x2) = (o)’ g1(tixn tixe) + (fio t1) g2 (B3x1, tx2), 1)

where t; : Ny X N2 — Nj and ¢, : Ny X Np — N are the natural projections, * denotes the
tangent maps, and f; and f, are the warping functions on N; and Ny, respectively.

It is worth noting that if either f; or f; is constant on N (but not both), then N reduces
to a single warped product. Similarly, if both f; and f; are constant functions on N, then N
becomes locally a Riemannian product. A doubly warped product manifold is considered
proper if both f; and f, are non-constant functions on N.

Shifting the focus, the question of whether a Riemannian manifold can be immersed
in a space form is a crucial matter in submanifold theory, tracing its roots back to Nash’s
renowned embedding theorem [3]. However, Nash's original objective could not be realized
due to the constraints imposed by intrinsic invariants in governing extrinsic properties of
submanifolds. In order to surmount these obstacles, Chen introduced novel Riemannian
invariants and established optimal connections between intrinsic and extrinsic invariants
on submanifolds.
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The research conducted by Chen has sparked the interest of geometers, resulting in
the derivation of several geometric inequalities for warped products and doubly warped
products [4-14]. These investigations have taken place in different scenarios, incorporating
various ambient manifolds [15-18]. In particular, number of articles has been published by
considering locally conformal almost cosymplectic manifold as an ambient space [19-27].

In this paper, we embark on an investigation concerning the isometric immersion of
doubly warped products into locally conformal almost cosymplectic manifolds endowed
with a quarter symmetric metric connection. We obtained inequalities possessing a remark-
able character, as they establish upper bounds for the warping functions in relation to mean
curvature, scalar curvature, and pointwise constant ¢-sectional curvature c. These results
not only generalize but also encompass other inequalities as specific cases, which we obtain
as a geometric application of the results.

2. Preliminaries

Consider N, a Riemannian manifold equipped with the Riemannian metric g. Let v
denote the Levi-Civita connection on N. We also introduce V, a linear connection defined
by [28], given as follows:

VX = ﬁm?@ +m(x2)x1 — n2g(x1, x2) Q. ()

Here, x1 and x; are arbitrary elements of N, y1 and i, are real constants, and Q is a
vector field on N such that 7t(x1) = g(x1, @), where 7t represents a one-form. If Vg = 0, the
connection V is referred to as a quarter-symmetric metric connection. Conversely, if Vg # 0,
it is known as a quarter-symmetric non-metric connection. A quarter-symmetric connec-
tion (generalization of semi-symmetric metric connection and semi-symmetric non-metric
connection) plays a crucial role in understanding the curvature properties of Riemannian
manifolds. It possesses certain symmetry properties, and studying this connection helps in
understanding the underlying symmetries of the manifold.

Remark 1. We can obtain special cases of (2) as follows:

(i) Inthe case where yy = py = 1, the above connection reduces to a semi-symmetric metric connection.
(i) When yy = 1 and yp = 0, the above connection reduces to a semi-symmetric non-metric connection.

We can describe the curvature tensor with respect to V as
ﬁ(Xl/ X2)X3 = V}mv)(zX?) - v}(QV)m X3 — V[XLXZ]X?" (3)

Analogously, the curvature tensor can be defined in relation to V. Utilizing (2), we find
that the curvature tensor can be described as follows according to [28]:

R(x1, X2, X3, Xa) = R(x1, X2, X3, xa) + p1e(x1, x3)8 (X2, x4) — maa(x2, x3)8 (X1, Xa)
+ 2 (X2, x4)8 (X1, x3) — p2a(x1, x4)8 (X2, X3)
+pa(p1 — 12)8(x1, x3)B(Xx2, Xa) — Ha(p1 — p2)8 (X2, X3)B(X1, Xa),  (4)

where

a(x1,x2) = (Vi 1) (x2) — i) () + B2 g x2)7(Q),

2
B(x1, x2) = %Q)X(XL?Q) + m(x1)m(x2)

are (0,2) tensors, for any vector fields x1, X2, X3, and x4 of N.

Let N denote an n-dimensional submanifold that resides within a (2m + 1)-dimensional
cosymplectic space form N. We examine the induced quarter-symmetric connection de-
noted by V and the induced Levi-Civita connection denoted by V on N. By uniquely
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decomposing the vector field Q on N into its tangent component QT and normal compo-
nent 91, we express Q as Q = QT + Q+. The Gauss formula, with respect to V and V,
can be represented as follows:

Vaaxz = Vaaxa+o(xi,x2), 5)
ﬁ)(1)(2 = vxle + 5-()(1/7(2)1 (6)

for each x1, x2 € T'(TN), where & is the second fundamental form of N in N and ¢ (x1, x2) =
T(x1,x2) — Hag8(x1,X2) Q"+

If a smooth manifold N has a dimension of (2m + 1) and possesses an endomorphism
¢ of its tangent bundle TN, along with a structure vector field ¢ and a 1-form 7, then it
is termed as a locally conformal almost cosymplectic manifold. The conditions specified
below establish the necessary requirements for this characterization:

P =-I+n®¢ n(@) =1 nop=0

glex1, ex2) = g(x1, x2) —n(x1)n(x2),  n(x1) = g(x1,¢)
(v7ﬁ @) x2 = u{g(px1, x2) —1(x2)px1}

V& =u{x1—n(x1)&}

where x1, x2 tangent to N and u is the conformal function such that w = un (see [22]).
Consider the cases where the function u takes on the values # = 0 and u = 1. In the former
case, N is identified as a cosymplectic manifold, while in the latter case, it is recognized as
a Kenmotsu manifold (refer to [29,30] for more details).

For an almost contact metric manifold N, a plane section ¢ in TpN is referred to as a
¢-section if o is orthogonal to the structural vector field § and ¢(c) = o. If the sectional
curvature K (o) remains constant regardless of the choice of ¢-section o at each point p € N,
then N is said to have a pointwise constant ¢-sectional curvature.

Let us assume that N is a submanifold within an almost contact metric manifold N,
equipped with an induced metric g. If V and V-~ represent the induced connections on the
tangent bundle TN and the normal bundle TN of N, respectively, then the Weingarten
map is defined by

VXiN = —ANx1 + Vi, N ?)

for every x1,x2 € TN and N € T-N. Here, h and Ay denote the second fundamental
form and the shape operator (associated with the normal vector field N), respectively,
characterizing the embedding of N into N. They are related as follows:

g(o(x1, x2),N) = g(Anx1, x2), 8)

where g represents the Riemannian metric on N as well as the metric induced on N.

In the context of N2"*1 we make the choice of {v1,- -+, v} as an orthonormal tangent
frame and {v, 11, - ,Vous1} as an orthonormal normal frame on N. For any p € N
and for a ¢ -section o of T,N, the function ¢ defined by c(p) = K(p) is termed as the
@—sectional curvature of N. In other words, in the case of a locally conformal almost
cosymplectic manifold N with a dimension of at least 5 and possessing pointwise ¢-
sectional curvature ¢, the curvature tensor R with respect to the Levi-Civita connection v
on N can be represented as follows:
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= ¢ —3u?
R(X1, X2, X3, Xa) = 1 {8(x1 xa)8(x2, x3) — 8(x1, x3)8 (X2, x4) }

¢+ u?
1 {8(x1, ox4)8(x2, px3) — 8(x1, Px3)8 (X2, PX4)

—28(x1, x2)8(x3, 9x4)}

+

C M2
—{ Z +“/}{8(X1/X4)TI(X2)’7(X3)—g(XLXa)TI(Xl)’?(M)

+ g(x2, x3)1(x1)n(xa)g(x2, xa) (x1)n(x3) }- )

Then, from (2) and (9), we have

_ ¢ —3u?
R(x1, X2, X3, Xa) = 1 {8(x1, xa)g(x2, x3) — 8(x1, x3)8 (X2, x4) }
¢+ u?
+ 181, oxa)g(x2, 9x3) — 8(x1, 9x3)8 (x2, 9 Xa)
—28(x1, ox2)8 (X3, px4)}

2
_ {czu +u’}{g(7c1,)(4)17(7(z)17(x3) — g0, x3)1(x1)1(xa)

+ g(x2, x3)n(x1)n(xa)8§(x2, xa) (x1)n(x3)} + p1e(x1, X3)8 (X2, X4)
— (X2, x3)8 (X3, xa) + H28 (X1, x3) (X2, x4) — 28 (X2, X3)& (X1, X4)
+ p2 (1 — p12)8 (X1, x3)B(x2, Xa) — p2(pn — 2)8(x2, x3) B(X1, X4)- (10)

Similarly, we have

R(x1, X2, X3, Xa) = R(x1, X2, X3, x4) — 8(0(x1,Xx4), o (x2, x3)) + 8(0 (X2, Xa), (X1, X3))
+ (1 — 12)8(0 (X2, x3), Q)8 (X1, Xa) + (42 — 11)g (0 (X1, x3), Q)8 (X2, Xa)- (11)

Consider a vector field x; tangent to the submanifold N. We can express [x; as the
sum of its tangential component T and its normal component Fy;. In the case where
T = 0, the submanifold is classified as totally real, while a submanifold is considered
holomorphic when F = 0.

To calculate the squared norm of T at a point p € N, we can utilize the equation

ITI> =Y &*(Jvi,v)), (12)
ij=1

where {vy, - -, v, } denotes any orthonormal basis of the tangent space TN of N.

In a research conducted by Chen [31], it was demonstrated that a submanifold N of
an almost Hermitian manifold (N, J, ¢) is classified as pointwise slant if and only if the
equation can be expressed as follows:

T2 = —cos?0(p)I, Vp €N, (13)

where 0(p) represents a real-valued function on N. A pointwise slant submanifold is
considered proper if it does not contain any totally real points or complex points.
We can easily verify the following relationships:

8(Tx1, Tx2) = cos”0(p)g(x1, x2), g(Fx1,Fxz) =sin®0(p)g(x1, x2)  (14)

for any x1, x2 € T(TN).
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Let us now introduce the concept of a pointwise bi-slant submanifold, as defined by
Chen and Uddin in their work [9]: A submanifold N" of an almost Hermitian manifold
N#" is referred to as a pointwise bi-slant submanifold if it possesses a pair of orthogonal
distributions 41 and &l that satisfy the following conditions:

() TN" =i D,

(i) Juy L3 and J8p L 8hy;

(iii) Each distribution 4l; is pointwise slant, with a slant function 6; : TN — {0} — R for
i=1,2.

Pointwise bi-slant submanifolds are a more general class of submanifolds, encompass-
ing bi-slant, pointwise semi-slant, semi-slant, and CR-submanifolds as special cases.

Since N" is a pointwise bi-slant submanifold, we can define an adapted orthonormal
frame as n = 2d; + 2d,, given by

{v1,v2 = sect;Tvy, - -+, vy, 1, Vg,
=sectTvyg, 1, ", V2d 41, V2d, 42
=sec0r Ty, 11, ", V2d,+2dy—1, V2d, +2d, = sec 6 Tvg, 424,~1}-

Consequently, we define it in such a way that

g(vy,Jup) = —g(Juy,v2) = —g(Juy,sec0;Tvy),

which implies that
g(v1,Jvp) = —secO1g(Tvy, Tvy).

Based on Equation (14), we can observe that g(vy, Jup) = cos61g(v1,v2). As a result,
we readily obtain the subsequent relation

5 cos?by, Yi=1,---,2d; —1,
g (vi, Jvj) = ) .
cos By, Vj=2d1+1,---,2dy+2dy — 1.

Hence, we have

n
‘ ‘T‘ ‘2 = Z gz(vi, ]U]) = (7’[1 COS2 91 + np COS2 92), (15)
ij=1

where 17 = dim ©4 and 1, = dim D5.

When dealing with an almost contact metric manifold N, the totally umbilicity and to-
tal geodesicity of a submanifold N are established by the conditions #(x1, x2) = g§(x1, x2)H
and h(x1, x2) = 0, respectively, where x; and x, belong to I'(TN). Here, H represents the
mean curvature vector pertaining to N. Furthermore, if H is found to be zero, it signifies
that N is a minimal submanifold in N.

We consider the isometric immersion ¢ : N = Ny X5 No — N, where N1 Xg Ny —
N is a doubly warped product, into a Riemannian manifold N characterized by a constant
sectional curvature c. Let 11, 112, and n represent the dimensions of Ny, Np, and Nj x £ Na,
respectively. In this context, for unit vector fields x; and )3 that are tangent to N; and Ny,
respectively, we have

K(x1 A x3) = 8(VsViuxi = Vi Viaxi Xx3)
= ;{(V}ﬂ?(l)fl—X%fl}Jr;z{(VigZ)fz—X%fz}- (16)

Let us define the sectional curvature of a general doubly warped product in terms of a
local orthonormal frame {vy, vy, -+, vy}, where {vq, vy, -+, Uy, } are tangent to N1 and
{Vn, 41, -+, vn} are tangent to Ny. The sectional curvature can then be expressed as follows:
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Y Y K(oavy) =201 mbef (17)

1<i<ng m+1<j<n fi f2

foreachj=mn;+1,---,n

Within this framework, we introduce another significant Riemannian intrinsic invari-
ant known as the scalar curvature of N*"1, denoted as 7(T,N?"*1). At a certain point p
in N?"+1, the scalar curvature can be expressed as follows:

HT,N") = Y & (18)

1<i<j<2m+1

where &;; = &(v; A v;). It is clear that the first equality (18) is congruent to the following
equation, which is frequently used in subsequent proofs:

2%(T,N?"+1) = Yy & (19)
1<i#j<22m+1

Similarly, scalar curvature ¥(L,) of L-plan is given by

T(Lp) = Y, & (20)
1<i<j<2m+1

An orthonormal basis of the tangent space TyN is {vy, - - -, v, } such that v; = {Vy41,- -+, Vo1 }
belongs to the normal space T*N. Then, we have

5 n 2m+1 n
ot = g(o(vi,v)),0), ol = Y glo(viv),0(v0)) = Y Y (o)
ij=1 r=n+1i,j=1

n
Z Uzzvz U,,U,‘)),

where || H||? is the squared norm of the mean curvature vector H of N.

We define «;; and ;; as the sectional curvatures of the plane section spanned by ¢; and
v; at p in the submanifold N" and the Riemannian manifold N2"+1, respectively. Therefore,
x;j and &;; represent the intrinsic and extrinsic sectional curvatures of the span {v;, v;} at p.
Hence, from the Gauss equation, we obtain

27(TyN") = x;; = 2F(T,N") — 2 {1 — ((vj,vj), Q)g(vi, vy)
i,j=1

2m+1 n 2

+ (2 — )8 (o (vi, vj), Q* v+ X X (oih — (e7)?)
r=n+11,j=1

n
=&ij— Y {(11 — p2)g(o(vj, ), QF)g(vi, vy)
ij=1

2m+1 n

+ (g2 = (e (v, v), @1)g v o)} + Y Y (vl — (). @)

r=n+11i,j=1
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The subsequent implications arise from the Gauss equation and (21):

T(T,N™) = T(T,NT) = Y {(m1 — m2)g(e (v, v5), @) g vk, vg)

1§j<k§1’ll

2m+1
+ (2 = m)g(o(vj,ve), Q)8 (v v} + ) ), (U}jff;k—(q?k)z), (22)

r=n+11<j<k<ny

T(TN2") =2(T,Ny) = 30 {(11 — m2)g(o(ve, vr), Q)8 (vs,v5)

m+1<s<t<n

2m+1
+ (g2 — p1)g(o(vs, 1), Q)8 (v, vs) } + Y Yo n(olol— (0h)%).  (23)
r=n+1n;+1<s<t<n
3. Main Inequalities

At the outset, we remind ourselves of an important result by B.-Y. Chen, which will
come in handy at a later stage.

Lemma 1. [32] For k > 2 and real numbers wy, w1, . .., wy, b satisfying

k 2 k
<Zw,> :(k1)<2a%+b>,
i=1 i=1

it follows that 2wyw, > b. Furthermore, equality holds if and only if wy + wy = w3 = - - - = Wy

At this juncture, we demonstrate the principal outcome of this section by means of a
formal proof.

Theorem 1. Let N(c) be a (2m+1)-dimensional locally conformal almost cosymplectic manifold,
and let ¢ 15, Ni X No — N(c) denote an isometric immersion of an n-dimensional pointwise
bi-slant doubly warped product submanifold into N(c) with a quarter-symmetric connection. Then,
the following statement holds true:

(i)  The squared norm of the mean curvature can be related to warping functions through the
following expression:

oAy fi +ﬂ1A2f2 <

f 2 -
3(c +u?)

B (m cos? 01 + ny cos? 6,)

- %{(ﬂl + p2)a + pa(p1 — p2)b + 2mma(py — p2)t(H) . (24)

n? c— 3u?
ZHH’|2+T”1”2

Here, V and A represent the gradient and Laplacian operators, respectively. H denotes the
mean curvature vector of N", while a and b correspond to the traces of a and B, respectively.
(i) The equality case in (24) is satisfied if and only if ¢ is a mixed totally geodesic isometric
immersion, and nyHy = nyHy, where Hy and Hy are the partial mean curvature vectors of
H along N7* and N3?, respectively. Additionally, m(H) = L Y mt(o(v;,vj)) = §(Q, H)
holds true.

Proof. By selecting {vy,---,vn} and {v, 41, -+, U241} as an orthonormal tangent and
normal frames on N, respectively, and substituting x1 = x4 = v; and x2 = x3 = v; into (10)
while employing (11), we obtain
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c—3u

R(vj, vj,v5,v;) = {8(vi, vi)g(vj, vj) — g(vi, v)g(vj, vi) }
c+ u2
+ 8 (i pvi)g (vj, 9vs) — 8(vi, v;)g(vj, i)
= 2g(vi, pvj)g (v}, @ui)}

C M2
— (S W H g o v o) (vy) — g0 0 (03 (01)

+ 8(vj,07)n(vi)n (vi)g(vj,vi) (vi)n () }
+  me(v;,v))g(vj, vi) — e (vj, vj)g (vi, v;)
+ ﬂzg(vuvj) (U]lvl) Vzg(vj’vf)“(vi’vi)
+ p2(pr —

42)8(vi, vj) B(vj, vi)
— pa(p1 — 2)8(”]/”]) B(v;, v;),
— (11— m2)g(h(vj,v)), Q1)s(
= (p2 —m1)g(h(vi, vj), J_)g(vj/ vi)
+ glo(vi, v1),0(vj,v5)) = g(o(vi,vj), 0 (vi, vy)). (25)

vj, Ui)

Through the summation 1 < i,j < n of (25) and the utilization of (15), we arrive at

n

Z g ]UZIU])

ij=1

_ 3,2
2T:c 43u n(n—1)+ c+u

+ il {1+ 12) (1 = m)a(vj,0) + p2 (1 — p2) (1 = n)B (v, v;)
ij=

+ (p2 — 1) (n = V) 7(o(vj,v)) }
+ Z{g o(vi, v;),0(vj,v7)) — g(o(vi, vj),0(vi, v))) }-

ij=1

The aforementioned expression can be written as follows:

_ 342 2
27 =" 43u n(n—1)+3c+u (11 cos? 01 +nycos?0y) + (1 + pa) (1 —n)a
+ (i — p2) (1= m)b + (2 — pa)n(n = 1) (H) + || H|* — [|o] . (26)

Let us make the assumption that

c — 3u? ) )
(nqcos” 01 + npcos” 0p) + (u1 + pa) (1 —n)a

2
§=21— n(n—1)+3c+u

(s = p2) (L= )b+ Gz — gyl — 1) () — " | @)
Thus, with reference to (26) and (27), we have
n?[[H| =2(0 + lel]?). (28)
Accordingly, (28) can be written in the form

n 2 m n
(2) 2for Dt P e S S} e

i=1 i#j r=n+1i,j=1
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for the orthonormal frame {vy,- - -, v, }. Through the application of algebraic Lemma 1
and relation (29), we determine

n  2m+1

n+1 n+l n+1 7\2
oo =) (e + ) ) (o) e (30)
i#j i,j=1r=n+2
If we substitute w; = of"!, wo = Y, 08! and w3 = Y, ;057" in the above

Equation (29), we find

<iwz> —2{§—|—2w + ) ( ”H +2n§1 i(cf;)z

i=1 i#j<n r=n+11i,j=1

o n+1_n+1 n+1_n+1
Z U]] Ok Z Uss Ot : (31)
2§j;£k§n1 np +1§s;ét§n

Thus, it can be inferred that wy, wy, w3 satisfy Chen’s Lemma (for k = 3), implying that

<2w>:2(b+zw>

Therefore, the inequality 2wy w, > b holds, and equality is attained if and only if wy + w, = ws.
In the specific case being examined, this implies that

n+1 n+1 n+1 _n+1
)3 Ui O T Y, oitlog

1<j<k<m n+1<s<t<n
) +l 2m+1 n )
o r
2 2 + Z 0&353 + 2 2 (Uﬂésﬁg) : (32)
1<a3<Bz<n r=n+1a3B3=1

The equality sign holds in the above inequality if and only if

11

Z n+1l _ Z U£+1' (33)

i=1 t=n1+1

Again, using Gauss equation, we derive

G B2l Y kpan) - T k(vsAw). (34)
1

f f2 1<j<k<m; m+1<s<t<n

Subsequently, by considering (21), we obtain the scalar curvature for the locally conformal
almost cosymplectic space form with a quarter-symmetric connection as

Mofa c—3u? c+u®

nAl—ﬁ+n ny(ng—1)—3

*h f B

- 5{(?’1 +p2) (1 —ny)a+ pa(pr — p2)(1 —nq)b
2m+1

+ (2 = p)m(m = Dm(H)} = ) )3 ( 0k — (U]'rk)z)

r=n+1n+1<j<k<n

11 cos’ 64

c—3u?

2
112(7’[2 — 1) — 3C tu no COS2 92

- %{(m + p2) (1 = no)a+ pz(py — p2) (1 —n2)b
2m+1

+ e+ p)mm - e} - Y ¥ (k- (@)?). 69

r=n+1n;+1<s<t<n
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Now, making use of (32) and (35), we obtain
Mf N fr c—3f2
n +n <T-— nn—1)—2nn
2~ 15 S g n(n—1) = 2mn)]
2
¢ Zu 3[n; cos? 6; + 1y cos? 6]
1
+5{(m + )2 —nmatu(m — p2)(2—n)b
)
+ (g2 — 1) [n(n — 1) = 2myny]me(H) } —5 (36)

By utilizing (27) in the preceding equation, we obtain

c— 3u?

naAq fi +711A2f2 <

fi for =
3(c+ u?)

- (m cos? 01 4 ny cos? 6,)

- %{(m +p2)a+ 2 — p2)b + 2mina (i — p2)w(H)},  (37)

1’12 2
ZHH” + niny

In Equation (24), the equality holds if and only if the expression in Equations (32) and (33)
leads to

2m+4+1 m 2m+1 n
Y. Yo=Y, Y =0 (38)
r=n+1i=1 r=n+1t=ny+1

and n1Hy; = nyH,.
Moreover, from (33), we obtain

0p=0,Y1<j<m,n+1<t<nn+1<r<2m+1. (39)

This demonstrates that ¢ is an immersion that is mixed and totally geodesic. On the
other hand, the converse part of (39) is true when considering the immersion of a pointwise
bi-slant warped product into a locally almost cosymplectic space form. As a result, we can
assert that the proof is fully established. [J

The above theorem readily implies the following corollary.
Corollary 1. Let N(c) be a (2m+1)-dimensional locally conformal almost cosymplectic manifold,

and let ¢ 15, Ny x 7 No — N(c) denote an isometric immersion of n-dimensional different sub-
manifolds into N(c) equipped with different connections. Then, the following statement holds true:

N(c)
with quarter-symmetric | with  semi-symmetric | with  semi-symmetric
N connection connection non-metric connection
prslont |2 +| FH|P +| FlH|P +
#Vlﬂ/lz - #nan - #nlﬂz —
73@2”2) (ncos?6,  + LCTZ) (ncos?0,  + LCZ”Z) (m +
nycos?6y) — 3{(m + | macos’fy) —a nycos?by) — i(a +
p2)a + pa(p — p2)b + 2nynym(H))
2nyny(p1 — p2) t(H) },
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with quarter-symmetric | with — semi-symmetric | with  semi-symmetric
connection connection non-metric connection
Pointwise % + % < %ffl + % < %111‘1 n %;fz <
semi-slant | 52 "2 n2
1|5 +| gHIP +| | H|P ¥
c zu nyny _ c zu nymy _ c zu nymy _
3(CZM )(nl + 3(%14)(”1 + M(”l +
”2C05292) -3 (P‘l + ”2C05292)*ﬂ n2C05292) — %(a +
}12)04{#2(#1 | ]/1(2)1;}4- 2mnym(H))
2ning(p1 — u2)w(H
Pointwise % + % < %ﬁfl + % < %llfl I % <
hemi- n? n2 2
slant r|[H|? + | Tl HI]? + | Tl HI? +
c—3u” 3u =30 iy _ | c=3u” 314 =3 iy _ c Eu nyny _
3(61_7”)712 cos? 6 - 3(51‘7”)”2 cos26 —a wnz cos2 —
Hon + p)a + L(a+2mmym(H))
pa(pn  —  m2)b +
2nyna(py — p2) 7w (H) }
Pointwise "2?711](1 + % < % + % < % n % <
CR 2 2 2
| |H]? +| FIIHIP +| FllHP +
c—3u” 3u =30 iy _ | c=3u 314 =3 iy _ c iu nyny _
2 2 3
% m o~ 3{(m + LZ”) n—a el la +
p2)a + pa(p1 — p2)b + 2mnym(H))
2nymp(py — p2)7e(H) }

Remark 2. The above result is obtained by using Remark 1 and the definition of semi-slant,
hemi-slant, and CR in Theorem 1.

Next, we have the following theorem.

Theorem 2. Let N(c) be a (2m+1)-dimensional locally conformal almost cosymplectic manifold,
and let ¢ 15, Ni X, Np — N(c) denote an isometric immersion of an n-dimensional pointwise

bi-slant doubly warped product submanifold into N(c) with a quarter-symmetric connection. Then,
the following statement holds true:

20, _ _ a2
A1f1+A2f2>T_n(n7 2)|| ||2_c 3u
n1f1 1’12f2 2(11 1) 8
3(c+ u?)

78 (

(n+1)(n—2)

11 cos? 01 + ny cos? 6,)

—*{ pr A+ p2) (1 —n)a+ po (1 — p2) (1 —n)b
+ (p1 — p2)n(n —1)m(H)}, (40)

where n; = dimN;, i=1,2, and Al is the Laplacian operator on N;, i=1,2.
The equality sign holds in (40) and is guaranteed to hold when the equality sign is present in (53).
Furthermore, if n = 2, then the equality sign in (40) holds identically.

Proof. Suppose ,N; X, Ny is an isometric immersion of an n-dimensional pointwise bi-
slant doubly warped product submanifold into N(c), a manifold with pointwise g-sectional
curvature ¢ and endowed with a quarter symmetric connection. Then, by applying the
equation of Gauss, we obtain
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— 342 2
27 =" 4314 {n(n—1)+3c+u (111 cos? 0 + 1y cos? 02) + (1 + p2) (1 —n)a
+p2(pr = p2) (1= m)b + (g2 = pa)n(n = 1)(H) + || H| > — [|o] . (41)

Now, we consider that

=21 — C_43u2(n +1)(n—2)— ;12(717__12)||H||2 — c—;uz (11 cos 0y + 1y cos? 6,)
—(m+p2) (A =n)a—p2(pr = p2)(1 = n)b — (2 — pa)n(n — )7 (H). (42)

Then from (41) and (42), it follows that

c —23u2 } (43)

n?||H|? = (n = 1){|le]* + 5 -

Given an orthonormal frame {vl, S Uy }, the equation can be represented in the following form:

2m+l n 2 2mtl n 2m+1
(E fa) —o-ofer T fars T Do

r=n+1i= r=n+1i= r=n+1i<j
2m+1 n
, ,c—3u?
+ Y Y-} (44)
r=n+21i,j=1

which implies that

2
n n
(Ulnl—i—l + Z n+1 Z 0{;—1—1) =54+ (0.111—&-1)2+ Z(Ug—&-l)z

t=n1+1 =2
n+1 n+1 _n+1
+ ) (o Z 7ii oy
t= Tl1+1 ZS]#ZSHI
1) (gt +1y2 et 3u?
o n n
- L @t L@ Y R () @)
n1+1<t#s<n; i<j=1 r=n+11,j=1

Let us consider that by = oy +1,by = Y./, (0 +1)?and by = ¥} ﬂ1 (o1)2. Subsequently,
utilizing (1) and (45), we deduce

k) c— 3u2 n 1 2m+1 n
E _ ( 5 ) + Z n+1 Z Z
i<j=1 r n+1i,j=1
S 2 0-]7]1+10.lr;+1 4 Z o.nglO.gerl ) (46)
2<jAI<n n1+1<tz#s<n
The equality holds true if and only if
nq 1 n 1
Loit= Y o (47)

i=1 t=ni;+1
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However, by employing (46) and the definition of scalar curvature, we obtain
2m+1 )
K(oiAvg1) > ), ). (o)
r=n+1 jePlan
1 2mtl i 2n+1
+ 2 Z Z 11 + Z Z ( 1+1J
r=n+1 jEPlan r= n+1]6P1,,1+1
1 2m+-1 2m+1 ny+1
T D SRR S S NS
r=n+1 ir7€P1n1+l r=n+11i,j=1
where Py, 11 = {1,...,n} — {1,n1 4 1}. Thus, it implies that
K(v1 Avgy11) = R (48)

Since, N =, N1 X Ny is a C-totally real doubly warped product submanifold, we have

Vauxs = Vexi = (XInfi)xs + (x3In fo) xq for any unit vector fields x; x3 tangent to N;
and Ny, respectively.
Then, from (17), (42), and (48):

< ;{(Vum)f Ulfl} I3 {(Vquz)fz *U§f2}

C_83u2 (n+1)(n—2) + 22

2(n—1)
2
w (11 cos? 01 + 1y cos? 67)

+ %{(#1 +u2) (L —n)a+ pa(p1 — p2) (1 — )b+ (2 — p1)n(n — 1)7t(H)}. (49)

+

+

If the equality holds in (49), then by examining the remaining terms in (46) and (48),
we deduce the following conditions:

(rlrj =0, 0’;n1+1 =0, (Ti’j =0, wherei #j, andre {n+1,---,2m+1}
U{] ]n1+1 (7 = 0 and 0{1 + Un1+1n1+1 =0. (50)

In a similar fashion, we prolong the relation (49) in the subsequent manner:

c — 3u?
< f{(vvﬂva)fl—uifl}+J}2{(vvﬁv5)f2—u§f2}+83<n+1)(n_z)
+M||H||z+3c+u2(n cos?0; +n COSZG)
2(7’[—1) 1 1 2 2

+ %{(lﬂ +u2)(L—=n)a+ pa(p1 — p2) (1 — )b+ (2 — p1)n(n — 1)7t(H)} (51)

foranya=1,--- ,nmyand f=n+1,---n
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When we add up « ranging from 1 to n1 and  ranging from n1 + 1 to 1y, the result is

ny - M1 fi n n1-Daf +c—3u2
f f2 8

n?(n —2)

2(n—1)

ny-np T < ny-np(n+1)(n—2)

2 c+u’ 2 2
+ny-np [|H||* 4+ 3nq - np (11 cos” 01 + np cos” 6)

g (i + ) (L= ma-+ o — o) (1= )

+ (p2 — p1)n(n —1)7t(H)}. (52)

Similarly, the equality sign holds in (52) identically. Thus, the equality sign in (49) holds for
eachaw € {1,--- ,m}and B € {n;+1,---,n}. Then, we obtain

a;jzo, a{jzo, a{jzo, wherei # j, andr € {n+1,---,2m+1}

U;j = (71.7]. = Uz‘rj =0, and (53)

U[M—i—algﬁ =0, L,j€ Py, r=n+2,---,2m+1
Moreover, if n = 2, then n; = np = 1. Thus, from (17), we obtain
T=Mf1+2Mfo
Therefore, the theorem is conclusively proven by the observed equality in (40). O

The above theorem readily implies the following corollary.

Corollary 2. Let N(c) be a (2m + 1)-dimensional locally conformal almost cosymplectic manifold,
and let ¢ 1, Ni X7 Np — N(c) denote an isometric immersion of n-dimensional different
submanifolds N into N(c) with different connections. Then, the following statement holds true:

N(e)
with quarter-symmetric | with  semi-symmetric | with  semi-symmetric
N connection connection non-metric connection
o Ak Ao f2 Ak Ao f2 Ak oy
5,017)%‘;138 n1f1 +2 nafr Z n1f1 , nafr Z n1f1 +2 nafa Z
1-slan n*(n—2 n*(n—2 n*(n—2
v - U HIP - | - S|P - | - 2R H|2 -

L+ (n—2)— | FLEM+1)(n-2) = | FLEn+1)(n—2) —

2 2 2
3(62# (11 cos? 6 Wg%) (n1cos?0;  + 3(62” ) (nicos?6  +

+
nycos?fy) — (w1 +| n2 cos®62) + (n—1)a | nycos?6;) — (1 -
p2) (L —mn)a+ pp(p1 — n)a+n(n—1)m(H)]
p2)(1 — m)b + (1 —
pr)n(n —1)m(H)}

niwise | AL 4 Bof LSV R 5Y; 5 B
semi-sian — - _
v - WP - | - P - | - 2R H|2 -
o+ N - | S+ D - | S+ D -
2 2 2
2) - A +|2) - D +]2) - XG0 +
1y cos? ;) — % (1 + | m2cos®0y) + (n—1)a | nycos®6,) — %[yl(l -
p2) (1= m)a+ po(juy — n)a+n(n —1)7(H)]

Ha)(1 — n)b + (p1 —
po)n(n —1)m(H)}




Symmetry 2024, 16, 521

150f 16

with quarter-symmetric | with — semi-symmetric | with  semi-symmetric

connection connection non-metric connection
Pointwise ﬁll—j;l 2;{; > %ﬁ + %ﬁ =z %}Q % =
hemi- . 2(n—2) S T _
slant ) (n-1) )
FEm+1)(n—2) — | LM+ 1)(n-2) - | <n+1>< —2)-
3(cguz)nzcosze - B(Cguz)”zcosze‘i‘(”_ 3((:; ity cos?6 -
H{n + mw)@ — | La 3(m (1 —ma+n(n -
n)a+ pz(p1 — p2)( Dr(H)]
n)b(+ (1}41 — p2)n(n —
1) (H)
Pointwise 311]};1 + ﬁ;ﬁ > ﬁllﬁl ﬁ;ﬁ =z 3111]‘(11 ﬁ;{zz 2
CR L (IR e A L -
St )n-2) - | S )n-2) — | S 1)n-2) -
2 u?) 2
0 — H{Gu + 3( b+ (n=1)a | 2 — L1 -
H)(1 = m)a+ pa(pn — n)a+n(n—1)(H)]
p2)(1 = m)b + (1 —
p2)n(n — 1)m(H) }

Remark 3. The above result is obtained by using Remark 1 and the definition of semi-slant,
hemi-slant, CR in Theorem 2.

4. Conclusions

In this paper, we have established geometric inequalities that provide valuable in-
sights into the relationship between the squared mean curvature and the warping functions
of a doubly warped product pointwise bi-slant submanifold. These findings have been
achieved within the framework of locally conformal almost cosymplectic manifolds, which
are equipped with a quarter-symmetric metric connection. Furthermore, the paper also
investigates the cases of equality in these inequalities, shedding light on the specific con-
ditions under which these geometric relationships hold true. This analysis enhances our
understanding of the intricate interplay between curvature and warping functions in the
context of bi-slant submanifolds. The findings presented here significantly contribute
to the existing body of knowledge in the field of locally conformal almost cosymplectic
manifolds. Further exploration and utilization of these results are encouraged to advance
our understanding of this area of mathematics.
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