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Abstract: The jet dynamics during cavitation bubble collapsing between unequal-sized dual particles
are investigated utilizing a numerical model that combines the finite volume approach alongside
the volume of fluid approach. The model incorporates the compressibility of the two-phase fluid
and accounts for mass and heat transfer between two phases. The computational model utilizes an
axisymmetric model, where the axis of symmetry is defined as the line that connects the centers of the
particles and the bubble. A comprehensive analysis is presented on the influence of the particle radius
and bubble–particle distance on the jet behavior. Furthermore, the variations of surface pressure on
the particles induced by jet impingement are quantitatively analyzed. Four distinct jet behaviors
are categorized, depending on the formation mechanism, as well as the number and the direction
of the jets. For case 1, the bubble produces a single jet directed toward a small particle; for case 2,
the bubble fragments produces double jets receding from each other; for case 3, the bubble produces
double jets approaching each other; and for case 4, the bubble produces a single jet directed toward
a large particle. The pressure perturbations induced by jet impingement upon the particles exceed
those caused by shock wave impacts. The larger the bubble volume at the moment of jet formation,
the longer the duration of the pressure variation caused by the jet impinging on the particles.

Keywords: jet dynamics; cavitation bubble dynamics; numerical simulation; cavitation bubble–
particle interaction

1. Introduction

The interactions between particles and cavitation bubbles is a pivotal research focus
across various disciplines, such as hydraulic engineering [1–4], biomedical science [5–7],
and mineral flotation [8,9]. In practical scenarios within these fields, particles often exist
not in isolation but rather as clusters or groups of particles. Consequently, the presence
of multiple particles profoundly influences the behavior of bubble jets, rendering the
investigation of bubble–multiparticle interactions more imperative than bubble–single-
particle interactions. Therefore, the objective of the present paper is to investigate the
interactions of a bubble with unequal-sized dual particles based on OpenFOAM, an open
source code fluid dynamics simulation tool.

Prior investigations into particle–bubble interactions have predominantly focused
on scenarios involving a single bubble interacting with either one or dual particles. For
bubble–single-particle interactions, researchers initially explored the impact of a particle
on the orientation and the morphology of bubble collapse. Xu et al. [10] investigated the
impact of a single particle on the collapse orientation of a bubble generated by an electric
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spark, and quantitatively determined the correlation between the bubble–particle distance
and the orientation of bubble collapse. Chen et al. [11] explored the impact of particle
shape—specifically a conical and cubical particle fabricated from anthracite—on the bubble
behavior. They observed that the bubble tends to collide with and subsequently detach
more readily from the apex of the particle.

Due to the rapid evolution of the jet, traditional experimental methods often fall
short in elucidating the mechanisms behind jet generation and its effects on particles.
Nevertheless, numerical simulation combining the finite volume method and the fluid
volume method provides a powerful tool for revealing the jet formation mechanism [12,13].
Zevnik and Dular [14] simulated the bubble–single-particle interaction utilizing the finite
volume method. Their simulations revealed that the surface pressure exerted on the
particle increase with the particle–bubble radius ratio, while diminish with an increase
in the particle–bubble distance. Dai et al. [15] conducted simulations to analyze the jet
behaviors of a bubble near a single particle and distinguished three distinct patterns of
jet behavior depending on the contact type between the jet and the particle. They further
examined the particle–bubble distance effect on the jet velocity and the pressure on the
particle. Lyu et al. [16] conducted a numerical analysis to investigate the influence of particle
size and particle–bubble distance on bubble collapse behavior. Their findings indicate that
an increase in the particle size or a reduction in the particle–bubble distance intensifies the
collapse of the bubble, augmenting the asymmetry in the behavior of the collapsing bubble.
Li et al. [17] performed a numerical investigation to examine the interaction between
bubbles and suspended particles. They discovered that the jet velocity near suspended
particles is greater compared to that around a stationary particle.

For interactions between a bubble and the dual particles, Chen et al. [18] executed
an experimental investigation and observed that the characteristics of the bubble jets
demonstrate marked symmetry when equal-sized particles are present. Conversely, when
unequal-sized particles are present, the bubble jet is more likely to be directed toward
the large particle. Hu et al. [19] elucidated the underlying cause of bubble fragmentation
by conducting numerical simulations. Their findings indicate that the increasing and
converging high-pressure liquid surrounding the middle of the bubble is the primary factor
resulting in bubble fragmentation. Wang et al. [20] investigated the impact of unequal-sized
dual particles on bubble collapse characteristics employing high-speed photography and
the Kelvin impulse model. They commenced by corroborating the predictive capacity of
the model for the displacement and direction of the bubble centroid utilizing experimental
data. Their theoretical analysis disclosed that the ratio of particle radii is a pivotal factor
influencing the strength and orientation of the Kelvin impulse. Chen et al. [21] examined
the characteristics of bubble collapse near single and multiple particles. They observed
that the collapse duration of the bubble near eight small particles is prolonged with a low
collapse intensity compared to a single large particle.

Nonetheless, the understanding of the interactions between bubble jets and dual
particles with unequal sizes remains limited. The mechanisms through which particle
radius and particle–bubble distance influence the characteristics of bubble jets are not yet
fully elucidated. Therefore, the objective of this paper is to investigate the evolutionary
mechanism of the bubble jet near unequal-sized dual particles and its effect on the particles.

2. Numerical Method
2.1. Bubble–Unequal-Sized Dual Particles System

Figure 1 depicts a schematic diagram of the layout of the unequal-sized dual particles
and the bubble. The particles are depicted as gray spheres, with the radius of the small
particle denoted by RS, and the large one as RL (which is 2.0 mm in the current research).
The bubble is depicted as a green sphere, with its centroid positioned on the line that
connects the centroids of the two particles. The Cartesian coordinate system is established
with the upper vertex of the large particle serving as the origin O. The vertical distance from
the origin O to the bubble inception is labeled as d, while the vertical separation between
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the upper vertex of the large particle and the lower vertex of the small particle is defined
as D.
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For facilitate analysis, several dimensionless parameters are defined as follows:
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where Rmax is the maximum radius of the bubble (being 1.0 mm), δ signifies the dimen-
sionless ratio of the radii between the large and the small particles, η represents the
dimensionless ratio of the radius of the large particle to Rmax, γ denotes the dimensionless
distance between two particles, γL represents the dimensionless distance between the
location of bubble inception and the upper vertex of the large particle, and γS represents
the dimensionless distance between the location of bubble inception and the lower vertex
of the small particle.

2.2. Governing Equations

The bubble is assumed to be a pure vapor bubble, devoid of noncondensable gases,
with the liquid and the vapor phases separated by an interface of finite thickness. During
bubble oscillations, a substantial amount of energy is released, leading to the mass transfer
and thermal diffusion of liquid and vapor across the bubble interface. Since the bubble
size is in the micron or millimeter scale, the surface tension and the viscosity of the liquid
significantly influence the dynamic behavior of the bubble. Consequently, the two-phase
compressible solver compressibleVoF in OpenFOAM-11 [22] is utilized, which incorporates
fluid compressibility, surface tension, viscosity, thermodynamic effects, and mass transfer.
The solver discerns between liquids and vapors utilizing the volume of fluid (VOF) method.
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In VOF, the density and viscosity of fluid are expressed as follows [23]:

ρ = αlρl + αvρv (6)

µ = αlµl + αvµv (7)

with
αl + αv = 1 (8)

where ρ, α, and µ represent the density, volume fraction, and viscosity of the fluid respec-
tively. Subscripts (l for liquid and v for vapor) are utilized to differentiate the property
parameters between the two phases.

The mass conservation equation, momentum conservation equation, and energy
conservation equation for the solver are given as follows [23]:

∂ρ

∂t
+∇ · (ρU) = 0 (9)

∂ρU
∂t

+∇ · (ρUU) = −∇p + Fs +∇ · τ (10)

∂ρT
∂t

+∇· (ρUT)+
(

αl
Cv,l

+
αv

Cv,v

)[
∂ρK
∂t

+∇(ρUK)
]
=

(
αl

Cv,l
+

αv

Cv,v

)[
∂ρ

∂t
+∇ · (UU)

]
+

(
αlλl
Cv,l

+
αvλv

Cv,v

)(
∇2T

)
(11)

where U, p, T, and K are the velocity, pressure, temperature, and kinematic energy of the
fluid, respectively; Fs is surface tension; τ is viscous force tensor; and Cv and λ are the
specific heat capacity and thermal conductivity of the fluid, respectively.

Based on the VOF, the mass conservation equations for each phase with mass transfer
considered are [23]

∂αlρl
∂t

+∇ · (αlρlU) = +
.

m (12)

∂αvρv

∂t
+∇ · (αvρvU) = − .

m (13)

where the mass transfer rate
.

m is solved by the Schnerr–Sauer cavitation model [24,25].
The phase equation is expressed as follows [23]:

∂αl
∂t

+∇ · (αlU) +∇ · (αlαvUr) = αlαv

(
ψv

ρv
− ψl

ρl

)
Dp
Dt

+

.
.

m
[

1
ρl

− αl

(
1
ρl

− 1
ρv

)]
+ αl∇ · U (14)

where ψ = dρ/dp is the compressibility of fluid and Ur represents the relative velocity of
the two phases [26].

The growth and collapse of a cavitation bubble causes significant variations in the local
fluid pressure and temperature. Therefore, the fluid density is affected by both pressure
and temperature. The equations of state for liquid and vapor are given as follows [27]:

ρl =
p + pl

Kl(T + Tl)
(15)

ρv =
p

RvT
(16)

where pl, Kl, and Tl are the pressure constant, liquid constant, and temperature constant of
water, respectively, and Rv is the vapor constant.

2.3. Numerical Implementation

Figure 2 shows the computing domain and grid for simulating interactions between
a bubble and unequal-sized dual particles. As depicted in Figure 2a, an axisymmetric
computing domain is adopted depending on the layout of the bubble and the dual particles.
The centers of both particles, as well as the center of the bubble, are positioned along the
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axis of symmetry (e.g., Y-axis). Consequently, the entire computing domain takes the form
of a hemispherical wedge, with its center at the upper vertex of the large particle. The
domain has a radius of 60 Rmax and a wedge angle of 5◦.
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Figure 2. Computing domain and grid for simulating the interactions between the bubble and
unequal-sized dual particles: (a) computing domain; (b) grid for the entire computing domain;
(c) zoomed-in view of the grid in the region of the bubble–particle interactions.

Figure 2b illustrates the structured grid in the computing domain. Figure 2c presents
a zoomed-in view of the grid in the region of the bubble–particle interactions. In Figure 2c,
the grid within the region (formed by the four green lines) near the particles and the bubble
is refined to accurately track the variations of the bubble interface. The size of the grid
cells within the refined region is managed by adjusting the number of nodes along the
four green lines. According to our previous work [19], the accuracy and efficiency of the
simulations demonstrate a great balance at a minimum grid size of 2.4 µm. The rate of grid
expansion outside the refined region is set at a factor of 1.25.

The generation of a bubble is a complex process that falls outside the scope of the
current research. Therefore, the interactions between the bubble and the particles are
simulated from the state shortly after bubble inception. Specifically, an initial bubble shape
is modeled as a hemispherical region (yellow region in Figure 2c) with a radius of 0.2 mm,
and high temperature and pressure are applied to drive the bubble growth. The surfaces of
both particles are treated as walls, and the outlet is set as a boundary condition that will
not reflect the wave. The numerical schemes employed and the solvers adopted for the
coefficient matrix are consistent with those from our previous research [19].

3. Experimental Verification with a Laser-Induced Cavitation Bubble

Figure 3 presents a comparison between the experimental results and simulations.
Figure 3a,b illustrate the variations in bubble shape from the experiments and simulations,
respectively. The number in the lower left corner of each subgraph is the number of each
frame. Figure 3c contrasts the displacements of feature points in both the experiments
and simulations.



Symmetry 2024, 16, 535 6 of 19

Symmetry 2024, 16, x FOR PEER REVIEW 6 of 19 
 

 

grid cells within the refined region is managed by adjusting the number of nodes along 
the four green lines. According to our previous work [19], the accuracy and efficiency of 
the simulations demonstrate a great balance at a minimum grid size of 2.4 μm. The rate of 
grid expansion outside the refined region is set at a factor of 1.25. 

The generation of a bubble is a complex process that falls outside the scope of the 
current research. Therefore, the interactions between the bubble and the particles are sim-
ulated from the state shortly after bubble inception. Specifically, an initial bubble shape is 
modeled as a hemispherical region (yellow region in Figure 2c) with a radius of 0.2 mm, 
and high temperature and pressure are applied to drive the bubble growth. The surfaces 
of both particles are treated as walls, and the outlet is set as a boundary condition that will 
not reflect the wave. The numerical schemes employed and the solvers adopted for the 
coefficient matrix are consistent with those from our previous research [19]. 

3. Experimental Verification with a Laser-Induced Cavitation Bubble 
Figure 3 presents a comparison between the experimental results and simulations. 

Figure 3a,b illustrate the variations in bubble shape from the experiments and simulations, 
respectively. The number in the lower left corner of each subgraph is the number of each 
frame. Figure 3c contrasts the displacements of feature points in both the experiments and 
simulations. 

 
Figure 3. Qualitative and quantitative comparison of the simulation results with the experimental 
results: (a) experimental results; (b) simulation results; (c) quantitative comparison of experiments 
and simulations. The gray and black regions in the simulation results represent the liquid and the 
bubble, respectively. The dark gray regions represent the particles, respectively. RL = 1.50 mm, RS = 
1.00 mm, d = 0.96 mm, D = 1.78 mm. 

The experimental setup is consistent with our previous research regarding bubble 
dynamics in the vicinity of equal-sized dual particles [19]. The experimental methodology 
is briefly described below. The experiments are conducted in a transparent acrylic square 
tank filled with deionized water. Particles are fixed on a needle tip, which is attached to a 
micrometric XYZ-axis displacement slide stage. With the water in the tank at rest, a laser 
beam from a laser generator is focused to a constant position in the water, causing the 
ionization of the water molecules, and the formation of a bubble. The high-speed camera 
is employed to capture bubble pictures. 

Figure 3. Qualitative and quantitative comparison of the simulation results with the experimental
results: (a) experimental results; (b) simulation results; (c) quantitative comparison of experiments
and simulations. The gray and black regions in the simulation results represent the liquid and the
bubble, respectively. The dark gray regions represent the particles, respectively. RL = 1.50 mm,
RS = 1.00 mm, d = 0.96 mm, D = 1.78 mm.

The experimental setup is consistent with our previous research regarding bubble
dynamics in the vicinity of equal-sized dual particles [19]. The experimental methodology
is briefly described below. The experiments are conducted in a transparent acrylic square
tank filled with deionized water. Particles are fixed on a needle tip, which is attached to a
micrometric XYZ-axis displacement slide stage. With the water in the tank at rest, a laser
beam from a laser generator is focused to a constant position in the water, causing the
ionization of the water molecules, and the formation of a bubble. The high-speed camera is
employed to capture bubble pictures.

In Figure 3a,b, during the bubble growth stage (from frames 1 to 3), the proximity of
the bubble inception site to the small particle causes the upper portion of the bubble to
progressively envelop the small particle. During bubble collapse stage (frames 4 to 8), the
bubble fragments into two parts as the middle portion of the bubble contracts along the
axis of symmetry. The upper sub-bubble collapses along the surface of the small particle,
while the lower sub-bubble moves toward the large particle. In Figure 3c, dx denotes the
distance between the Y-axis and the feature point on the bubble interface. The feature point
is the intersection of the horizontal plane at Y = 0.96 mm with the bubble interface. From
the variations in bubble morphology and feature point over time, it is evident that the
results forecasted by the numerical solver are consistent with experimental findings.

4. Typical Jet Behaviors near Unequal-Sized Dual Particles

Based on the quantity and the direction of jets, the observed jet behaviors in the
simulations could be categorized into four cases. Table 1 summarizes the principal features
of these jet behaviors. For case 1, the small particle exerts a significant influence on the
bubble, causing a jet to form toward the small particle. For case 2, the bubble fragments
into two sub-bubbles of unequal size, generating two jets that recede from each other. For
case 3, two jets approaching each other are formed inside the bubble, causing the bubble
to adopt an annular shape after they encounter. For case 4, the large particle significantly
affects the bubble, producing a jet directed toward the large particle.
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Table 1. Principal features of jet behaviors for four cases.

Cases No. of Jets Orientation

1 1 Toward the small particle
2 2 Receding each other
3 2 Approaching each other
4 1 Toward the large particle

Figures 4–7 depict the jet evolution for each of the four cases during the bubble collapse
stage. Each frame is divided into two sections: the left panel illustrates the pressure contours
and the right panel reveals the velocity contours. The arrow in the velocity distribution
indicates the orientation of the liquid. The two gray regions represent the particles and the
white region signifies the bubble. The following is a detailed description of the evolution of
the jets for the four cases.
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Figure 4 delineates the jet evolution for case 1. In frame 1, when the bubble attains
its maximum volume, its upper envelops the lower surface of the small particle, resulting
in the generation of a thin liquid film between them. Concurrently, the lower portion of
the bubble still maintains a distance from the large particle, preserving its spherical shape.
As the bubble begins to contract, frames 2 and 3 reveal the upper portion of the bubble
collapsing along the lower surface of the small particle, while the lower portion contracts
spherically. The pressure of the liquid underneath the bubble progressively rises, and
converges near the axis of symmetry. In frame 4, the liquid underneath the bubble induces
a depression on the bubble interface, which subsequently forms a high-velocity jet directed
toward the small particle. Finally, in frame 5, the jet arrives the surface of the small particle,
and the bubble continues to shrink until it collapses. During bubble collapse, the proximity
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of the small particle to the bubble prevents the upper portion of the bubble from contracting
toward its center, leading to an elongation of the bubble.

Symmetry 2024, 16, x FOR PEER REVIEW 9 of 19 
 

 

 
Figure 6. Jet evolution for case 3. The left panel of each frame presents the pressure contours and 
the right panel indicates the velocity contours. The two gray regions represent the particles and the 
white region signifies the bubble. δ = 2.0, γ = 3.0, γL = 1.9, η = 2.0. 

Figure 7 demonstrates the jet evolution for case 4. In frame 1, the bubble is positioned 
further from the small particle and envelops the upper surface of the large particle, with 
its upper portion maintaining a spherical shape. The gradient of liquid pressure around 
the bubble increases from the lower portion of the bubble to the upper portion. Conse-
quently, in frame 2, the bubble elongates vertically. From frame 2 to frame 3, the upper 
portion of the bubble contracts rapidly due to a high liquid pressure, while the lower part 
contracts slowly along the surface of the large particle. High-pressure liquid converges 
toward the top of the bubble, forming a depression and subsequently generating a jet. In 
frames 4 and 5, this jet directed at the large particle penetrates through the bubble interface 
and ultimately impacts the surface of the large particle. 

 
Figure 7. Jet evolution for case 4. The left panel of each frame presents the pressure contours and 
the right panel indicates the velocity contours. The two gray regions represent the particles and the 
white region signifies the bubble. δ = 3.0, γ = 2.5, γL = 0.6, η = 2.0. 

5. Influencing Parameters on the Bubble Jets 
5.1. Case 1 

Figure 8 illustrates the evolution of the jet for case 1. Three distinct data sets for δ, γ, 
and γL are chosen to demonstrate the influence of the particle radius and particle–bubble 
distance on jet behavior. In Figure 8a, the proximity of the bubble to the small particle 
results in its upper portion enveloping a section of the small particle, while its lower por-
tion remains spherical. In frame 2, as the bubble contracts, the bubble develops a distinct 
neck structure. Owing to the significant influence of the small particle and the minimal 
effect of the large one, the shape of the bubble resembles that near a single particle, taking 
on a mushroom-like form [15]. In frame 3, the velocity and the pressure of the liquid sur-
rounding the neck increase. In frame 4, when the neck contracts along the axis of sym-
metry, it generates a high-pressure liquid region and excites a shock wave. The high-pres-
sure liquid exerts on the bubble bottom, leading to the generation of a jet toward the small 
particle. In frame 5, the jet impacts the surface of the small particle. 

Figure 6. Jet evolution for case 3. The left panel of each frame presents the pressure contours and
the right panel indicates the velocity contours. The two gray regions represent the particles and the
white region signifies the bubble. δ = 2.0, γ = 3.0, γL = 1.9, η = 2.0.

Symmetry 2024, 16, x FOR PEER REVIEW 9 of 19 
 

 

 
Figure 6. Jet evolution for case 3. The left panel of each frame presents the pressure contours and 
the right panel indicates the velocity contours. The two gray regions represent the particles and the 
white region signifies the bubble. δ = 2.0, γ = 3.0, γL = 1.9, η = 2.0. 

Figure 7 demonstrates the jet evolution for case 4. In frame 1, the bubble is positioned 
further from the small particle and envelops the upper surface of the large particle, with 
its upper portion maintaining a spherical shape. The gradient of liquid pressure around 
the bubble increases from the lower portion of the bubble to the upper portion. Conse-
quently, in frame 2, the bubble elongates vertically. From frame 2 to frame 3, the upper 
portion of the bubble contracts rapidly due to a high liquid pressure, while the lower part 
contracts slowly along the surface of the large particle. High-pressure liquid converges 
toward the top of the bubble, forming a depression and subsequently generating a jet. In 
frames 4 and 5, this jet directed at the large particle penetrates through the bubble interface 
and ultimately impacts the surface of the large particle. 

 
Figure 7. Jet evolution for case 4. The left panel of each frame presents the pressure contours and 
the right panel indicates the velocity contours. The two gray regions represent the particles and the 
white region signifies the bubble. δ = 3.0, γ = 2.5, γL = 0.6, η = 2.0. 

5. Influencing Parameters on the Bubble Jets 
5.1. Case 1 

Figure 8 illustrates the evolution of the jet for case 1. Three distinct data sets for δ, γ, 
and γL are chosen to demonstrate the influence of the particle radius and particle–bubble 
distance on jet behavior. In Figure 8a, the proximity of the bubble to the small particle 
results in its upper portion enveloping a section of the small particle, while its lower por-
tion remains spherical. In frame 2, as the bubble contracts, the bubble develops a distinct 
neck structure. Owing to the significant influence of the small particle and the minimal 
effect of the large one, the shape of the bubble resembles that near a single particle, taking 
on a mushroom-like form [15]. In frame 3, the velocity and the pressure of the liquid sur-
rounding the neck increase. In frame 4, when the neck contracts along the axis of sym-
metry, it generates a high-pressure liquid region and excites a shock wave. The high-pres-
sure liquid exerts on the bubble bottom, leading to the generation of a jet toward the small 
particle. In frame 5, the jet impacts the surface of the small particle. 

Figure 7. Jet evolution for case 4. The left panel of each frame presents the pressure contours and
the right panel indicates the velocity contours. The two gray regions represent the particles and the
white region signifies the bubble. δ = 3.0, γ = 2.5, γL = 0.6, η = 2.0.

Figure 5 delineates the jet evolution for case 2. When the bubble attains its maximum
volume (frame 1), it exhibits a shape similar to those in frame 1 of Figure 4. In frames 2
and 3, the upper portion of the bubble contracts along the surface of the small particle. The
lower portion of the bubble is restrained by the large particle, causing a slow contraction
toward the center of the bubble. With the dual confinement of the two particles, the liquid
pressure surrounding the upper and the lower portions of the bubble is reduced, which
slows the rate of bubble contraction and leads to an elongation of the bubble. The high-
pressure liquid around the middle of the bubble causes the bubble interface to contract
rapidly. Therefore, in frame 4, as the middle of the bubble contracts to the axis of symmetry,
the bubble fragments and generates a high-pressure liquid near the fragmentation point.
The high-pressure liquid causes each sub-bubble to produce a jet. In frame 5, the jet inside
the upper sub-bubble impinges on the surface of the small particle, and the jet inside the
lower sub-bubble penetrates the bubble interface and advances toward the large particle.

Figure 6 illustrates the jet evolution for case 3. In frame 1, the distance between the
bubble and both particles are large, with the bubble positioned closer to the small particle.
The gradient of liquid pressure from the middle of the bubble toward the large particle is
greater than that toward the small particle, causing an inhomogeneous contraction rate of
the bubble interface. Such inhomogeneity causes the bubble to be elongated in the vertical
direction (frame 2). From frame 2 to frame 3, the lower portion of the bubble contracts
rapidly due to the large liquid pressure gradient. As the bubble continues to contract, the
high-pressure liquid converges toward the axis of symmetry, leading to the generation
of a jet directed at the small particle. Concurrently, the upper portion of the bubble also
forms a jet, which is slowly moving and oriented toward the large particle. In frame 4, the
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interaction of the double jets results in the bubble evolving into a ring shape. Finally, in
frame 5, the ring-shaped bubble continues its trajectory toward the small particle.

Figure 7 demonstrates the jet evolution for case 4. In frame 1, the bubble is positioned
further from the small particle and envelops the upper surface of the large particle, with its
upper portion maintaining a spherical shape. The gradient of liquid pressure around the
bubble increases from the lower portion of the bubble to the upper portion. Consequently,
in frame 2, the bubble elongates vertically. From frame 2 to frame 3, the upper portion of
the bubble contracts rapidly due to a high liquid pressure, while the lower part contracts
slowly along the surface of the large particle. High-pressure liquid converges toward the
top of the bubble, forming a depression and subsequently generating a jet. In frames 4
and 5, this jet directed at the large particle penetrates through the bubble interface and
ultimately impacts the surface of the large particle.

5. Influencing Parameters on the Bubble Jets
5.1. Case 1

Figure 8 illustrates the evolution of the jet for case 1. Three distinct data sets for
δ, γ, and γL are chosen to demonstrate the influence of the particle radius and particle–
bubble distance on jet behavior. In Figure 8a, the proximity of the bubble to the small
particle results in its upper portion enveloping a section of the small particle, while its
lower portion remains spherical. In frame 2, as the bubble contracts, the bubble develops
a distinct neck structure. Owing to the significant influence of the small particle and the
minimal effect of the large one, the shape of the bubble resembles that near a single particle,
taking on a mushroom-like form [15]. In frame 3, the velocity and the pressure of the
liquid surrounding the neck increase. In frame 4, when the neck contracts along the axis
of symmetry, it generates a high-pressure liquid region and excites a shock wave. The
high-pressure liquid exerts on the bubble bottom, leading to the generation of a jet toward
the small particle. In frame 5, the jet impacts the surface of the small particle.

In Figure 8b, the increase in the radius of the small particle causes the formation mech-
anism of the jet to be different from Figure 8a. The pressure of liquid underneath the bubble
progressively increases and concentrates toward the bubble bottom. The concentrated
high-pressure liquid induces the bubble to produce a jet oriented toward the small particle.

In Figure 8c, the spacing between the two particles decreases, and the radius of the
small particle increases again. In frame 1, the bubble is generated close to the large particle,
resulting in a large contact area with the large particle compared to the small particle. In
frame 2, the upper portion of the bubble contracts slowly along the surface of the small
particle, while the lower portion of the bubble contracts rapidly along the surface of the
large particle. Consequently, in frames 3 and 4, the interface of the lower portion of the
bubble contracts to the axis of symmetry, generating a jet directed toward the small particle
and simultaneously exciting a shock wave.

Figure 9 depicts the temporal variation of pressure on the particles for case 1 with
different values of δ, γ, and γL. Each subplot is a counterpart to the corresponding case in
Figure 8. To analyze the interaction between the particles and the bubble, a specific point
on each particle was chosen. For the large particle, the point of interest is its upper vertex,
represented by the black curve. For the small particle, the point of interest is its lower
vertex, represented by the red curve. The details in the blue boxes are enlarged to clearly
show the pressure variations.

In Figure 9a, the impact of the jet on the small particle causes an abrupt rise in surface
pressure. As the high-velocity liquid within the jet continues to impact the particle surface,
the surface pressure progressively decreases with dramatic fluctuations. In contrast, the
large particle exhibits significantly milder surface pressure fluctuations compared to the
small particle. The pressure variations observed on the large particle are induced by the
shock wave generated as the jet impinges on the small particle.
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In Figure 9b, for the small particle, the pressure profile exhibits two distinct types
of fluctuations. The first fluctuation is attributable to the direct impact of the jet on the
particle surface, while the second is the consequence of the bubble collapse. For the large
particle, the variations in particle surface pressure are driven by similar mechanisms to
those described in Figure 9a.

In Figure 9c, the surface pressures on the two particles exhibit distinct variations.
Temporally, the onset of increased pressure for the large particle precedes that of the small
particle. In terms of the magnitude of the pressure increase, the surface pressure of the large
particle increases significantly more than that of the small particle. Regarding the duration
of the pressure increase, the period of increased surface pressure for the large particle is
considerably shorter than that experienced by the small particle. These differences are
attributed to the fact that the bubble interface first contracts to the axis of symmetry near
the large particle before generating a jet toward the small particle.
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5.2. Case 2

Figure 10 illustrates the evolution of the jet for case 2. Three distinct data sets for δ, γ,
and γL are chosen to demonstrate the influence of the particle radius and particle–bubble
distance on jet behavior.

In Figure 10a, the proximity of the bubble to the small particle is minimal, whereas
its distance from the large particle is considerable. Consequently, the upper portion of the
bubble envelops a segment of the small particle, while its lower portion retains a spherical
shape. From frames 2 to 3, a neck forms during the collapse of the bubble. The pressure
and the velocity of the liquid decrease progressively from the neck to both the lower and
the upper portions of the bubble. As a result, in frame 4, the neck contracts along the axis
of symmetry and the bubble fragments, evolving into two sub-bubbles. Simultaneously,
a high-pressure liquid is generated from the bubble fragmentation and a shock wave is
excited. After the high-pressure liquid exerts on the two sub-bubbles, a jet form within
each. The lower sub-bubble, being smaller, collapses more rapidly, followed by the collapse
of the upper sub-bubble.

In Figure 10b, the bubble is in close proximity to both particles, resulting in the bubble
enclosing a portion of each particle at its maximum volume. During the bubble contraction,
due to the short distance between the bubble and the large particle, the lower portion of
the bubble contracts more slowly compared to the upper portion. The liquid pressure
around the middle of the bubble continues to increase, pushing the middle of the bubble
toward the axis of symmetry. The bubble splits along the axis of symmetry, resulting in
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the formation of two sub-bubbles. The lower sub-bubble exhibits a large size compared
to the upper one. Following the bubble fragmentation, two jets are produced within the
sub-bubbles, moving in opposite directions away from each other and penetrating the
bubble to impact the surface of particles. Meanwhile, owing to the large size of the lower
sub-bubble, it collapses later than the upper one.
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In Figure 10c, the relative positioning of the particles differs from that in Figure 10a,b,
with a decreased distance between them and an increased size of the small particle. As
a result, the bubble interface adjacent to the large particle develops a neck. During the
progression from frames 2 to 3, the neck constricts more rapidly than the upper and the
lower portion of the bubble. The neck contraction along the axis of symmetry eventually
results in the generation of two sub-bubbles. Contrary to Figure 10b, the lower sub-bubble
is smaller compared to the upper sub-bubble. Akin to Figure 10a,b, two jets are produced
at the point where the bubble fragments, moving in opposite directions away from each
other. Compared to the splitting behaviors of a bubble situated between equal-sized dual
particles examined by Hu et al. [19], variations in the distance of the bubble from each
particle and the disparity in the radii of the two particles result in the bubble-splitting event
occurring close to one of the particles.

Figure 11 illustrates the temporal variation of pressure on the particles for case 2 with
different values of δ, γ, and γL. Each subplot is a counterpart to the corresponding case in
Figure 10. The details in the blue boxes are enlarged to clearly show the pressure variations.
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Figure 11. Temporal variation of surface pressure on the particles for case 2. The red curve depicts the
pressure variations at the lower vertex of the small particle and the black curve depicts the pressure
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γL = 0.7; (c) δ = 2.0, γ = 1.0, γL = 0.2, η = 2.0.

In Figure 11a, the peak pressure on the surface of the small particle is considerably
higher than that on the large particle. From Figure 10a, it is evident that the jet directly
impacts the small particle without impacting the large particle. The pressure variations
on the large particle are a result of the shock wave induced by the collapse of the lower
sub-bubble, hence the significant difference in pressure variations on the surfaces of the
two particles.

In Figure 11b, three distinct differences are observed in the pressure changes on the
surfaces of the two particles. First, the increase in pressure on the small particle is more
pronounced compared to that on the large particle. Second, the onset of pressure increase
on the small particle occurs earlier than that on the large particle. Lastly, the duration of
the pressure variation on the small particle is shorter than that experienced by the large
particle. These disparities in pressure variations can be elucidated by the generation and
evolution of the jets as depicted in Figure 10b. When the double jets formed, the sub-bubble
adjacent to the small particle is small in size. Consequently, its jet reaches the small particle
rapidly, and it collapses more rapidly than the sub-bubble near the large particle.

In Figure 11c, the proximity of the fragmentation location to the large particle results
in substantial pressure increases on the large particle due to the jet impacts and the bubble
collapse. Conversely, the jet directed toward the small particle requires a long time to
reach the particle, which leads to a small magnitude of pressure increase but with a more
extended duration compared to the large particle.
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5.3. Case 3

Figure 12 illustrates the evolution of the jet for case 3. Two distinct data sets for δ,
γ, and γL are chosen to demonstrate the effect of the particle radius and particle–bubble
distance on jet behavior.
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In Figure 12a, the bubble is situated near the small particle and at a considerable
distance from the large particle, without making contact with either. In frames 2 to 3, the
progressive increase in liquid pressure underneath the bubble results in the formation of
a jet directed toward the small particle. Simultaneously, the upper portion of the bubble
generates a jet toward the large particle. In frame 4, the two jets approaching each other meet
and penetrate the bubble. The jet directed toward the small particle exhibits a high velocity,
causing the bubble to be displaced toward the small particle. The high-pressure liquid
generated at the puncture location will move toward the small particle, causing an increase
in particle surface pressure. Wang et al. [20] observed a similar bubble shape evolution
by employing laser-induced bubble experiments coupled with high-speed photography.
According to the numerical simulation results in the present paper, the liquid pressure
gradient around the bubble promotes the bubble-shape evolution.

In Figure 12b, the two particles are equal in radius, and the bubble is situated equidis-
tantly between them. Consequently, the upper and the lower parts of the bubble illustrate
the same process and mechanism of evolution. In frames 2 and 3, the pressure of the liquid
above and below the bubble progressively increase in concentration near the axis of symme-
try. Consequently, two jets of equal velocity and opposite direction form at the poles of the
collapsing bubble. In frame 5, as the bubble collapses, it generates a high-pressure liquid at
the point of collapse that subsequently spreads outward in the form of a shock wave.

Figure 13 illustrates the temporal variation of pressure on the particles for case 3 with
different values of δ, γ, and γL. Each subplot is a counterpart to the corresponding case in
Figure 12.

In Figure 13a, the peak pressure on the surface of the small particle is notably greater
than that on the surface of the large particle. Furthermore, the period during which the
pressure increases on the small particle is longer compared to that on the large particle. The
difference in pressure dynamics can be attributed to the bubble’s closer proximity to the
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small particle, as well as the convergence of the double jets occurring near the small particle.
Consequently, the jets and the subsequent shock wave initially reach the small particle,
while the shock wave causes a less magnitude of pressure variation on the large particle.
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In Figure 13b, owing to the symmetrical generation and evolution of the double jets,
the pressure variations on both particles are identical. The pressure variations are both
elicited by the shock wave that arises from the bubble collapse.

5.4. Case 4

Figure 14 illustrates the evolution of the jet for case 4. Three distinct data sets for δ, γ,
and γL are chosen to demonstrate the influence of the particle radius and particle–bubble
distance on jet behavior.

In Figure 14a, the bubble approaches the small particle and stays distant from the
large particle, resulting in the upper portion of the bubble enveloping nearly half of the
small particle, while the lower portion retains a spherical shape. As the bubble collapses,
as shown in frame 2, it develops a neck adjacent to the small particle. The high-pressure
liquid near the neck forces the bubble interface to constrict along the surface of the small
particle. As the neck further constricts along the axis of symmetry (frames 3 and 4), a jet
is produced toward the large particle, and a shock wave is excited. Subsequently, the jet
penetrates the bubble interface and propels the bubble into the large particle.

In Figure 14b, the spacing between the two particles decreases compared to Figure 14a.
As the bubble expands to its peak volume, it envelops the small particle at its upper portion
and the large particle at its lower portion. Frames 2 to 3 reveal a consistent mechanism of
jet formation as observed in Figure 14a. Following the formation of the jet, it penetrates the
bubble and directly impacts the large particle.

Figure 14c exhibits a jet formation process analogous to that observed in Figure 14b.
The distinction is noted in the morphology and dimensions of the bubble at the moment of
jet generation.

Figure 15 presents the temporal variation of pressure on the particles for case 3 with
different values of δ, γ, and γL. Each subplot is a counterpart to the corresponding case in
Figure 14. The three data sets illustrate a consistent trend in the surface pressure variations
on both particles. The increase in surface pressure is more pronounced on the small particle
compared to the large particle. Additionally, the onset of pressure increase on the small
particle occurs earlier, and its duration is shorter than that experienced by the large particle.
The distinctions among the data sets are detailed as follows.
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In Figure 15a, since the jet carries the bubbles toward the large particle, the first
pressure peak is induced by the jet impact, followed by a second peak from bubble collapse
nearby. In Figure 15b, the direct impact of the jet on the large particle causes a sudden
increase and then decrease in the surface pressure. In Figure 15c, for the large particle,
after the jet impinges on it, the subsequent collapse of the bubbles leads to another increase
in pressure. Meanwhile, for the small particle, the collapse and expansion of the nearby
bubble (as observed in frames 4 and 5 of Figure 14c) result in another variation in its
surface pressure.

6. Conclusions

The jet dynamics of a cavitation bubble collapsing between unequal-sized dual parti-
cles is investigated employing OpenFOAM solver. The accuracy of the solver is validated
by comparing simulations with experimental data from a laser-induced bubble recorded by
high-speed photography. The formation mechanism of jets is revealed through the pressure
distribution and the velocity distribution of the liquid surrounding the bubble. The effects
of the particle radius and bubble–particle distance on jet behavior and variations in particle
surface pressure induced by the jet are explored. The following conclusions are drawn:

(1) Our distinct jet behaviors are identified based on the formation mechanism, quantity,
and direction of the jets. For case 1, a single jet toward the small particle. For case 2,
double jets receding from each other. For case 3, double jets approaching each other.
Case 4, a single jet toward the larger particle.

(2) For the scenarios where the jet does not directly impact the particles, the increase in
particle surface pressure is minimal.

(3) When the bubble interface contracts to the symmetry axis, it induces a dramatic but
short-duration variation in the particle surface pressure.

The present research delves into the dynamics of bubble jets near dual particles,
thereby enhancing our comprehension of the underlying microscopic damage mechanisms
of hydraulic–mechanical components operating in a sand-laden flow environment. Such
knowledge is applicable to the design, production, operation, and maintenance of hydraulic
machinery, aiding in ensuring its long-term safe and stable operation.
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Nomenclature
Cv Specific heat capacity
d Vertical distance from the origin to the bubble inception
D Vertical separation between the upper vertex of the large particle and the lower vertex of the

small particle
Fs Surface tension
K Fluid kinematic energy
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Kl Liquid constant of liquid phase
.

m Mass transfer rate
p Fluid pressure
pl Pressure constant of liquid phase
RL Radius of large particle
Rmax Maximum radius of the bubble
RS Radius of small particle
Rv Vapor constant
t Time
T Fluid temperature
Tl Temperature constant of liquid phase
U Fluid velocity
Ur Relative velocity of the two phases
Greek letters
α Volume fraction
ρ Fluid density
µ Fluid viscosity
ψ Compressibility of fluid
τ Viscous force tensor
λ Thermal conductivity
δ Dimensionless ratio of the radii between the large and the small particles
η Dimensionless ratio of the radius of the large particle to Rmax.
γ Dimensionless distance between two particles
γL Dimensionless distance between the location of bubble inception and the upper vertex of

the large particle
γS Dimensionless distance between the location of bubble inception and the lower vertex of

the small particle
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