@ axioms

Article

Global Existence of Chemotaxis-Navier-Stokes System with
Logistic Source on the Whole Space R?

Yuting Xu 2, Qianfan Liu 2, Yao Chen 2, Yang Lei > and Minghua Yang 3*

check for
updates

Citation: Xu, Y.; Liu, Q.; Chen, Y,; Lei,
Y.; Yang, M. Global Existence of
Chemotaxis-Navier-Stokes System
with Logistic Source on the Whole
Space R2. Axioms 2024, 13,171.
https://doi.org/10.3390/
axioms13030171

Academic Editor: Yuli Chashechkin

Received: 13 January 2024
Revised: 25 February 2024
Accepted: 27 February 2024
Published: 6 March 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Nanchang Normal University, Nanchang 330029, China; xuyuting@ncnu.edu.cn
School of Statistics, Jiangxi University of Finance and Economics, Nanchang 330032, China;
1120231289@mail.nankai.edu.cn (Q.L.); cheny2378@mail2.sysu.edu.cn (Y.C.)

Department of Mathematics, Jiangxi University of Finance and Economics, Nanchang 330032, China;
812312312@jxufe.edu.cn

*  Correspondence: minghuayang@jxufe.edu.cn

Abstract: In this article, we study the Cauchy problem of the chemotaxis-Navier-Stokes system
with the consumption and production of chemosignals with a logistic source. The parameters
X#0,¢#0,A>0and pu > 0. The system is a model that involves double chemosignals; one is an
attractant consumed by the cells themselves, and the other is an attractant or a repellent produced by
the cells themselves. We prove the global-in-time existence and uniqueness of the weak solution to
the system for a large class of initial data on the whole space R?.
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1. Introduction

The present paper is concerned with the following chemotaxis-Navier-Stokes system
with the consumption and production of chemosignals with logistic source

ur+x(u-Viu=»A2Mm+VP+nVey, V-u=0,
ne+ (u-Vyn=»~An—xV-(nVc) + &V - (nVo) + An — un?,

v+ (u-Vo=Av—v+n, M

ct+u-Ve=Ac—nc,

where x € R%Z,+ > 0. The terms n = n(x,t),c = c(x,t),v = v(x,t),u = u(x,t) =
(u1(x,t),up(x,t)) and P denote the unknown density of amoebae, the unknown oxygen
concentration, the unknown concentration of the chemical attractant, and the unknown
fluid velocity field and the unknown pressure, respectively. The parameters y # 0,¢ # 0
and ¥ > 0. The terms A > 0 and u > 0 reflect the rate of reproduction and death,
respectively. We impose the following intial data

(u(x,0),n(x,0),v(x,0),c(x,0)) = (uo, no, vo,co)-

The time-independent function ¢ = ¢(x) denotes the potential function produced by
different physical mechanisms, e.g., the gravitational force or centrifugal force.

In some biological processes, chemotactic cells often interact with multiple chemotactic
cues, either of which may be an attractant or a repellant, to produce variety of intricate
patterns. It was pointed out in [1-4] that this phenomenon is widely present in many
prototypical biological situations. As compared to the chemotaxis-fluid models involv-
ing just one chemical signal that is consumed or produced by the species themselves as
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mentioned above, chemotaxis-fluid models incorporating at least two different chemical
signals seem much less understood. When x > 0, < 0,A = y = 0 and ¥ = 1, the
system (1) becomes an attraction—attraction Navier-Stokes system, and the correspond-
ing Cauchy problem admits global mild solutions with small initial data in some scaling
invariant space [5]. When x > 0,¢ > 0and A = x = y = 0, the system (1) becomes an
attraction-repulsion-Stokes system; the global bounded classical solution and the large time
behavior of the solution have been established in a smoothly bounded planar domain [6,7].
Whenx =1land x > 0,¢ > 0, A = p = 0, in [8] the corresponding attraction-repulsion
Navier-Stokes system is proved to possess a unique global classical solution; however, the
uniform boundedness and large time behavior of the solutions to this attraction-repulsion
Navier-Stokes system can be achieved simultaneously in [9]. We refer to [10-22] for more
details concerning some properties of chemotaxis-fluid models.

In this work, we shall focus on the Cauchy problem (1) with the logistic term in two
dimensional. Here, the parameters x # 0, ¢ # 0, A > 0, y > 0 and x = 1. Precisely, we
shall consider the global-in-time existence and uniqueness of the weak solution to the
system for a large class of initial data on the whole space R?.

We first state the assumptions on the initial data and introduce the following notation:

Xo = {(no,v0,u0,¢0) | no € L2(R?) N LY(R?), /1 + |x|?ng € LY (R?), vy € H'(R?),

2)
ug € L*(R?), V/cg € L*(R?), ¢g € L' (R*) N L®(R?), ng >0, vg > 0, cg > 0}.

Now, we state our main theorem.

Theorem 1. Let (ug, vg, o, co) € Xo and V¢ € L*(R?). Then, the solution of (1) possesses a
unique global-in-time weak solution satisfying

ne (L. (RT;L2(R?) nLY(R?)) N L2 (RT; HY(R?)))?,

loc loc

c € L®(RT; L®(R*) N LY(R?)) N LS. (RT; HY(R?)) N L2 (RT; H?(R?)),

loc

u€ L2 (RT;L2(R?)) N L2 (RY; HY(R?))

loc

and
v € L. (RY; HY(R?)) N L2 (RT; H*(R?)) N L®(RT; L}(R?).

We mention that our results may be generalized to a bounded domain by slightly
modifying our proof and adding reasonable boundary conditions. Compared with [5,9],
we can obtain the existence and uniqueness of weak solutions to (1) in the whole space R2.

Notation. We will set 9; = % and J; = Bixi for i = 1,2 and denote all the partial

derivatives dg with multi-index f satisfying | 8| = kby V¥ (k > 0). We adopt the convention
that the nonessential constant C may change from line to line, and C (a1, a2, ..., a;) means a
constant C depending on a1, 4, ..., 4. Given two quantities A and B, we denote B S A as
B < CA. We often label ||(a,b)||x = ||allx + ||b]| x-

2. Preliminaries

In the following, we would like to present some preliminaries. We begin with recalling
the well-known estimate for the product of two functions.

Lemma 1 ([22]). Let s > 0. Then, there exists a constant C > 0 such that for all u,v €
L®(R?) N H*(R?),

H”vHHS(RZ) < C(HUHHS(R2)||”HL°°(R2) + ||”HH5(R2)||U||L°°(R2))-
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A key point of obtaining direct compactness results is the so-called Aubin-Lions
lemma.

Lemma 2 (Aubin-Lions [23,24]). Let 1 < o < 00,1 < B < o0 and Xy, X1, X, be reflexive
separable Banach spaces such that Xg — <, Xy and X; — Xp. Then,

{u € L%(0,T; Xo); 0su € LP(0, T; X5)} — LY(0, T; X1).

Definition 1. For T > 0, let Qr = R? x T. For initial data, we say that (n,m,c,u) is a weak
solution of system (1) if the following conditions hold:

i n(x,t) >0,0(x,t) >0,c(x,t) >20,t >0,x € , and for an > 0,
@) >0 >0 >0,t>0 R?, and yT >0

n € (L*([0, T]; L>(R?) N LY(R?)) N L%([0, T]; HY(R?)))?,
v € (L*([0,T); L>(R?) N HY(R?)) N L2([0, T]; H2(R?)))?,
c € L™([0, T]; L°(R?

u € L=([0, T); L*(R?

) N LY(R%) n HY(R?)) N L%([0, T]; H*(R?)),
) NL2([0, T]; H'(R?)).
(i) Moreover, for any p € CP(R?; [0, T)),

/ nypdxdt + / (uVn —n(A — un))pdxdt = / (xnVec — {nVo — Vn)Vipdxdt,
Qr Qr Qr

/ vppdxdt + / (uVv+v—n)pdxdt = — / VoVipdxdt,
JQr JQr JQr

/ crpdxdt + / (Ve + nc)pdxdt = — [ VeVypdxdt,
Qr Qr Qr

and for any € CP(R?; [0, T)),
/Q it + /Q (T () Vi) it = /Q Vuvjdxd

as well as

V- udxdt = 0.
Qr v

If (v,n, ¢, u) is a weak solution of system (1) in R? x (0, T) forany T > 0, then (v,n,c,u) is called
a global-in-time weak solution.

Let (f*g)(x) = [g2 f(x —y)g(y)dy. Weak solutions to (1), in the sense of Definition 1,
will be constructed as limit objects from a family of appropriately regularized systems
as follows:

n§ + (u€ - V)n®

= An€ = xV - (nV (¢ % %)) + ¢V - (n°V (0 % p9)) + An€ — pn(n®  p°),
cf +uc- Ve = Ac® — (n€ % p°)ce,

vf 4+ u€ - Vo = Av® — o€ +n€ x pf,

u§ + (u€ - V)u® = Au€ + VP¢ — (n°Ve¢) xp¢, V-u=0,

(ug, ng, v, cg) = (ug * p€, ng * p°, vy * P, co * p°),
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where p¢(x) is defined by the standard mollifier p(x) satisfying [, p(x)dx. We now state
the global classical solution for the regularized system to the Cauchy problem (3).

Lemma 3 (Global existence for the regularized system). Let ¢ € WL (R?),
(5, 6, c§, u) € (H°(R))*
with s > 1and ng, v, ¢y > 0. Then, system (3) has a unique global smooth solution
(1, 0%, ¢, u€) € (C(RT; H*(R?)))* N (Lf, (RT; HFH(R?)))*
Moreover, n€ > 0, v >0, ¢ > 0 forall (x,t) € R? x RT.
Proof. The proof of Lemma 3 is standard, we can refer to (Proposition 3.1, [22]). O

3. A Priori Estimates for a Regularized System
In what follows, we let C denote some different constants, which depend at most on

X A &t [Vl me) and leollpareynre(r2) - 120l r2) 120l w2, 70l w2y, l40ll12(r2)-
If there are no special explanations, they are independent of € and ¢.

Proposition 1. Assume that (ug,co, mo,ng) € Xo, and let (u€,n€,c%) be a unique classical
solution to the system (3). Then, a positive constant C exists such that

€Nl 1 m2)nre(m2) < Mol m2)nre(w2),

le< ) BW+/HW )22z, 47 < lleo 22 ey

and
|M(WUR2+V/HH 222t < Cllnollpa gy
C(Mt —1)[[noll 11 re)
v (Ol mey < llvollpr(mey + A+1
as well as

8 sy + [ 1980 gy
< (lluol[32 g2y + C~"eMlnoll 1 (m2)) exp(CHI VI g2)),
0y + [ IV By + [ 10 eyt
< HUOHLZ r2) T CH- teM HnO”Ll(RZ)/
19 22z, +/ ||Vv€||L2(R2)dT+/Ot||Av€\|%2(R2)dT
(HVUOHLZ R?) + Ce! ||n0HL1(R2))

x exp (([l0ll32 g2y + Cr eV lImoll 1 g2))? exp(CHI Ve 2)) )-

Proof. We first show some priori estimates of n¢,v¢, and c®. By a direct integrating for,
we have

I Olgey + 1 [ €000 #0)dx = M ey, @

d € € € €
S0 Ol ey + 10Ol ey = 107 * 0% 11 2, ®)
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IOl + [ 105(2) e (2 s eyt = ol ey ©
From (4), with the aid of Gronwall’s inequality, we have
I () sy + e [ 106 Bt < Climlse e )
From (5) and (7), we have
t
[0l ey < e looll i) + [ €l # L gy
t
< el ey + Clltolageey [ e ax
- 8)
- Cllnollpygeye™ (
< e ool (re) t—— 1)
Clinollpmey , 4,
+t
< ||UOHL1(R2)+/\7+1<€ —1).
From (6), the weak maximum principle gives rise to
el m2)nr=®2) < llcoll i m2)nre(w2)- )
Testing the third equation in (3) by 7€ and integrating it over R?, we obtain
1 d € € €
2dt”v ||L2(R2 + | Vo ||L2 r2) T o ||L2 (R2)
= [0 50y < Cln gy + 510 gy
from which, with aid of (8),
t
[0y +2 [ 190 aquayde+ [ 10 any it
(10)
< ||UOHL2 R2) +C/ H”e||L2 R?) dt < ||UO||L2 R2) + Cp M| |n|| 1 e

Testing the second equation in (3) by ¢€ and integrating it over R?, we obtain
1d € € € €\ (€\2
3 gl ey + 196 ey = = [ (0 % 0°) (),

from which,

IS (8) 122 gy +2/ 1V (0) 22 e dr+z// Vdxdr < eolPage (D

On the other hand, we multiply u¢ with the fourth equation of (3) and apply the
Gagliardo-Nirenberg inequality to deduce that

1d
EaH”GHLZ(Rz + ||V”€||L2(Rz

= [ g < 1 gm0 ) [V

(12)
< Clluc|f%, 2(R2) V| 7e ®2) T C||”€HL2 R2)"
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From the Gronwall inequality and (7), we have

6 By + [ 1980 gyt .
= (HVOHLZ(RZ) +Cu~ ! /\t””OHLl(R?))eXP(Ct”v‘PHZw(RZ))'

It follows from Holder’s inequality, Gagliardo-Nirenberg’s inequality, and Young's inequal-
ity that

a0 - Vo)A ax < lull ) V0l ) 1801 120

< Cllullpsre) I Vol oz, 1801357

L4(RR?) L2(R?)
(14)
< Cllullfa gy IVO 2 g2y fHAvlle Rz)
< CH”HLz R2) HV”HLZ R2) ||VU||L2 R2) ||AU||L2 R2)*

Applying V to the third equation of (3) gives
0V + V(uVve) — AVr® = —Vo° + V(1 x p°).

Taking the L? inner product for above equality with Vo€ and applying (14), we obtain

1
C¥T ||VU€||L2 r2) T ||V7’6H%2(R2) + ||AU€||%2(R2)

= Rz(ue - Vo) Avedx + /2 V(n€ * pe)Vvedx
C||u|| Rz)”V“HLz R?) ||VU||L2 R?) ||AU||L2 R?) ||AU||L2 R?) + CH””LZ R2)”

from which, from (7), from (13), and from the Gronwall inequality, we have

V0 gy + [ 190 Byt + [ 10|z gy
< (100l + Co el exp (€ [ e | Vs ot
(HVUOHL2 R2) +Ce! 70l 11 (R2))
x exp ((Iluo]122 g2, + "M Imoll 1 z2))? exp(CH VI 52)) )-
Combining this with (7), (8), (9), (10), (11), and (13) directly result. [
Proposition 2. Suppose v, 1o, co > 0 and that (ug, co, vo, ng) € Xo and V¢ € L®(IR?). Let

(n€, v¢, ¢, u€) be the solutions to the model (3). Then, there a constant C > 0 exists independently
of € such that

€2
/(€|lnn€\+|V\/c7'| dx—l—// [V |dd +// x)dxdt

(15)
+/0 ||A\/CT:||L2(R2) +/]RZ |V\/CT?‘ (Ce)ildxd"f S CECEO.

Proof. Multiplying Equation (3), by In 7€ and integrating over R? and by prats, we have
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4 [ e e [Vn©|?
dt/Rznlnndx—i-/Rz - dx
:/ VneV(ce*pe))alx—/[R neA(ve*pe))dx—l—/ nelnnedx—/Rz(ne)zlnnedx

/ VeV (% °))dx + €n 22 gy + Cll A |22 g, +/R2 nelnnedx—/Rz(ne)zlnnedx

—/ VneV(c xp ))dx—|—6||n€|\L2 R?) + C|| A%, (R2) +/RZ n Inndx
—/ (n€)?Inn¢ dx—/ (ne)zlnnedx—/ (n€)? In ndx (16)
O<ne<e~ (x) () <ne<1 n€>1
—/ VnEV (€ # p°))dx + C||n°||2, R2)+C||AUE|IL2(R2)+/R2 n®Inndx
— (n€)?Inn¢ dx—/ (n€)? Inndx
O0<né<e™ (x) ) <ne<1
< [, Vnviesp ))dx+e||n€|\L2 e+ A |22 g,

+/. n lnnedx+/ (x)dx +C,

where (x) = /1 + x2. Since we work in whole space R?, here we have to bound Jg2 € Inn®
from below. In order to do that, we have to control the behavior of n€ as |x| — oo, similarly

to [15,25]. To perform this task, we multiply (3); by the smooth function (x); then, by
integrating it over R2, by Young’s inequality, we have

d € €\2
7t e <x>n dx—l—/ (n
_/ UV (x dx+/ nA (x dx+/ € -V (x)dxe
—|—/ (x)dx®© +/ n®
R2

< [ 2wy 10 2 2y 1V €)ooy + 1A o m2) 17 1 m2) + /R2 n(x)dx
F Ve 2y 1762 ey [V () o (r2) + VOl 2(R2) 12| 12R2) [V ) | 120 2

< (110, e, 90 gy + 0l gy ) + elln gy + [, 0 ()
Multiplying the above inequality by 2 and using (16), one obtains
%/ (nelnn€+2<x>n)dx+/ deJr /2(n€)2<x>dx
</ VeV (c€ % %) )dx + C|| A0 |25 g + 31 22 (17)
+C(||(u Ve, Vof) ||L2 R?) + ||n€ ||L1(R2)) +/]R<2 nInn® + 2n(x)dx + C.

By the pointwise identity Ac® = 2|V/c€|? + 2v/c€A/c€, the third equation of (3)
thereupon turns into the relation

AV — AVE — (V&) N VVER 4 TVE = — V& # ). (18)

Multiplying the above equation by —A+/c€, by Young’s inequality, we integrate by parts
to obtain
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Zdt ||V\/C?||L2 r2) T ||A\FHL2 R2)
= /RZ uE'V\/C?~Ac€daH—/R2 E(ne*pe)\/c?A\/c?x—i—Iz

S /Rz VeE(VVeE - V)us - (vﬁ)\/c?_ld”/ l(ne * P )WV AVex Iy

€4 (19)
Vel vi [0 5 0WEAVER I

< 36 gy | V8 By + 35 -
Vel
< OV ey + 75 [, Vel

1
€ € € € 2
— R24Vn V(c*p )+§n * p¢|VVce|“dx,

dx+ I

where

L=-— /2(c€)—%|v\/c?|2Aﬁdx.
R

For I, we have that

~ L VA @0 i
— _Z/RZ( ce)*2|ai\/c»€|2|aj\/c7|2dx+22/R2(\/67)718i\/gai,j\/c78j\/c»€dx
— Z
+2§%/ V) 719;V/c€0; v/ €9V cedx 0)
_—Z/ Ce 2|3\/C>€| |a\/C7€|2dx—212—22/ Ce a\/>) a”\/C?dx
i#j

+22/ N R VN IV S
i#]

from which, by Young’s inequality, it follows that
:—72/ Vo) 2a/e2[o; \/c?|2dx—72/ Vo) "1 (9,v/c6) 20, v codx
Vo)
+3§]’/1‘{2( Ce) al\/CT:al,]\/CT:a]\/CT:dx
1 -2 2 2
< —52/]RZ(\/C?) 19,/ 0,7/ [P
(21)
4 Z/ V) 29/ [t + = Z/ (9;17/C%)2dx
+ X [V /e PR+ S T [ (0,
67 iz %
1 208, JI21A . |2 2 y 2
< —6izj/]l§2(\/c?) PN dx+3i2j/Rz(al,]\/c?) dx.

Plugging (21) into (19), we have
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1
IV )+ IAVE gy + [ G ) 9 Ve P

e L [ (V) P areP oy e P
1]

(22)
1 \V\/c7|4
< CHVu“THLz(Rz + 172 Ja / 4Vn (c€ % p)dx
. 2
+ 3%/]1%2(3,,]\/36) dx.
Due to ||A\/c7€||L2(Rz) = ||V2\/c7’\|Lz(Rz), we have by multiplying (22) by 4 that
||vf By +2 [, 1 oV /e
1 |V/ce|*

< CHV”€||L2 R?) /]RZ V- V(c * p)dx

Summing up (17) and (23), we have

i/ n I + 23 + 2TV )dx+ WdH/ ()2 (x) dx
dt R2 n€ R2
f||A\FH ) 3/ Ve (¢ )*1dx+2/ 1€ % 0| V€ [2dx
<C(\|”€||Lz g2y + IVl gy + 180° 2 gay + (16, Ve, V) 72 2y +||nEHL1(]R2))

+/2 nelnn€+2(x>n+2|V\/c>€| )dx,
R

(24)
from which, let
Uy = /]Rz (no Inn + 2{x) g +2|V\E0|2)dx
we have
G !Wel2
/ nInn® +2(x)n + 2|V Ve 2) dx+// dxdT+// x)dxdt
+/ |AVE |2 g +/ Ve[ (ce)*ldxdr+/ /zne*pﬂv\/azdxdr
. (25)
<c/ (a0, n, Ve, 08, V) 23 gy + 14122 gy + 1o ey ) b
+c/ /2 (1€ 0 +2(x)n + 2|V Ve ) drde + CU,
0o /R
By Proposition 1, one has
€
[ (1080, 9, 965,90 )+ 1 gy + I ey e 26
< C(eC e T et et 1) < CeC.
By same reasoning for obtaining (2.27) in [15], we can easily obtain
/ ne|lnn€\dx§/ nelnnedx+4671/ e*%<x>dx+2/ n®(x)dx
R2 R2 R2 R2 (27)

g/ nelnnedx—i-C—i—Z/ n(x)dx,
RR2 R2
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from (26) and (27) and applying Gronwall’s inequality to (25), we have

t |Vne|2 t
/(ﬂellnne\ﬂLIV\/c?P)der// dxdr+// (n€)2(x)dxdT
R? 0o Jr2 n€ o Jr2
t
+/0 1AV T2 gy +/Rz [VVee[* () dxdT (28)

< CeCH(CUy + ") + C < CeC.

The proof of Proposition 2 is completed. [

With the preparations of Propositions 1 and 2 at hand, we can further obtain a uniform
estimate for the high regularity of (n€, v, ¢, u¢).

Proposition 3. Assume that vy, ng, co > 0, (ug,co,vo,19) € Xo and V¢ € L®°(R?). Let
(n€, v¢, ¢, u€) be a solution of system (3). Then, a constant C > 0 exists independently of €

such that
HC€||L;°H1 + ||c€\|L%H2 < Cett

as well as c
C t
||ne”L2 - _|_/ ||Vn€||L2 ®) + ||ne”L3(Rz )ds < CeCe

Proof. Now, by the Cauchy-Schwarzed inequality, Propositions 1 and 2, we have
el (2meyy + IVl Lo 2mey) = Il 2wy +2H\/C>€v\/c>€”L;’°(LZ(R2))
1
< el rzmey) + 2||Ce|\f?o(Lw(Rz)) ”V\/CT:”L‘;"(LZ(RZ)) (29)
1
< lleoll2re) + Clleol g e < e

Using identity Ac® = 21/c€A+/c€ + 2|V+/c€|? again, it follows from Propositions 1 and 2 that

t t
// |Ac€|2dxd'r§8// c€|AVC)? + |AVce|PdxdT

(30)
< 8llcoll(me) / 1AV |22 ) + 1) THV Vel [  zydT < Ce.
Using Proposition 1, we have
1
/ l1c€3 Rz)dr+/ ||Vc€||L2 R2)dT < tHCOHLZ(RZ EHCOH%Z(RZ)' (31)
Then, owing to (29)—(31), we have
e pgopn + el 2 < Ce<. (32)

Testing the first equation in (3) against n° and using Young’s inequality yields

1d
zdtHneHLz g2) T HVnSHLZ R2) +]1/ (n€)2(n€ * p°)dx

_)t]|n€||L2R2 2/ (c*p) 2dx—|—2/ (v 0€) (n€)2dx
1

< ey + 5 1(ACS, A0 [l 2m2) 171 )
1

< [N 72 gy EH(ACGIAUG)HLZ(]RZ)”neHLz r2) [ V1|2 (re)

< (14 1A, 80%) gz ) 17 ageay + 5 1V oy
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on the basis of which, (32), Proposition 1, and Gronwall’s inequality, it follows that

1€ 132 g2y +/ IV 172 g +H(ne)z(ne*pE)HLl(RZ))dS

< ||n0||L2(R2)exp< / ( + || (Act, Av® )||L2 R2 )ds> (33)

ceCt

< ||n0||%2(R2) exp (Ct + CeCt o+ CeC" ) < Cet*
Collecting the above inequality with (32), we can thereby complete the proof of

Proposition 3. [

Furthermore, using the regularized equations, and the uniform estimates obtained
above, we can directly obtain the following proposition.

Proposition 4. Assume that vy, noco > 0, (ug,co,v0,19) € Xo and V¢ € L*°(R?). Let
(n€, m¢ u€) be a solution of system (3). Then,

1(9¢us, 0im°, 9rc) || 211 (m2)) + 1940 2122y < C(E).

Proof. We will prove the uniform boundedness for 0;1¢, 9;v¢, d;c and 9;u€. Making use of
(3) and the Gagliardo—-Nirenberg inequality

s e ray) < Il e@ep |V Aliz 2@
and H*+¢(R?) < H*(R?) for any € > 0, one can readily obtain that
H”fHLfH—l S Jluf - ”e||L§(L2(R2)) + H”eHLf(Hl(RZ)) + [V (cf *Pe))HL%(LZ(RZ))
+ V(e * 0D 212 (m2)) + 1150 = 1) 212 (m2))
< el sar) T 1174 3(paray) T Il p2pn + ||VC€||L4 re)) T ||VU€H%?(L4(R2))
S [luf HL;”(LZ(]RZ))H” ||L%(H1(R2))+ 171 o 2y 19 | 2 e o)y + 171 211 (2
IVl Lo 2@y 1A 22 my) + VO Nl e (12 (m2)) 1AV 21122y

||Cﬂ|L§(H71(R2 S ||C6H 4(L4(R2)) + ||”e|| 4(L4(R2)) + HC€||L2 (HI(R2)) T ||”6||L4 (L4(R2))
< e |\L¢°(L2(R2))||C ||L$(H1(R2))+ el 2 (a1 m2y)

+ HMEHL?"LZHue“L%(Hl(]RZ)) + ||”€HL;>°(L2(R2))||”€HL§(H1(R2))

and
| 21 (m2)) S Hu€||L4 aamey) T N2 @2y + 105 2 12 g2)) VOl (2)
S 1l o 2wy VUl 20 g2y + 11 211 w2
7l 22 @) VOl 1o (m2)
as well as
lkers ||L2 [2(R2)) ~ < HUGH 4(L4(R2)) + ||“6||L4(L4 (R2)) + HU€||L§(H1(R2)) + Hn‘;”L%(H*l(RZ))

< [lof HL‘;"(LZ(RZ))HU l2en ey + 10 2 m2)) + 171 2 2y

+ 1l e ez ez 14N 2 g2y -



Axioms 2024, 13,171

12 of 18

With aid of Proposition 1, Proposition 3 produces the following inequalities:
108\ 22 g2y 1967 L212(R2), 1968l 212 (R2) < C(E)
and ||0¢0° || g < C(t). This completes the proof of Proposition 4. [J

4. Proof of Theorem 1

This section mainly deals with the proof of Theorem 1. In this subsection, we shall
extract a suitable subsequence from (1€, v¢, ¢, u¢) with the help of a priori energy estimates
such that it is convergent, and the corresponding limit triple (n, v, ¢, u) will be a global
weak solution of system (1).

. Existence.

Taking advantage of Propositions 1-4, we can achieve that
191 21 o)) + H 1 e 2 @2)) + 17l Lo 1 m2)) < C(B),

el 1 (m2yynee(r2)) < lebllimeynreme), el @e)) + lell 2 ey < C(F)
and
[ o r2mey) + 146 211 o)) < C(F)

as well as
[0 (Ol ey < (o, 00) lime), 110 rn m2y) + [10° Ml 2 (p2m2y) < C(B).
We thus have the following bounds uniformly with e:

n€ € (L2 (R; L2(R?) N LY (R2)) N L2, (R+; HL(R2)),

loc

€ € L°(RT; L®°(R?) N LY(R?)) N L (RT; HY(R?)) N L (RT; H2(R?)),

loc

u® € L2 (RT;L2(R?)) N L2 (RT; H!(R?))

loc loc

and
v¢ € L (RT; HY(R?)) N L2 (RT; H2(R?)) N L*(R™; LY (R?).

loc

The Aubin-Lions compactness Lemma 2 proves that 0;n¢,d;u€, 0;v¢ are bounded
in L2 (R*; H '(R?)) and 9;c¢ is bounded in L (R";L?(R?)). Since L*(R?) is locally
compactly embedded H*(R?) and H*(R?) is continuously embedded in H~!(R?) with
s € (—1,0), by a compactness argument, we thus deduce that a function exists such that for
all ¢ € D, the sequence (§ve, Pnc, pc¢, pu) converges (up to a subsequence independent of
@) to (¢o, pn, dc, pu) in C(RT; H?(R?)). Therefore, in the sense of distribution (v€, n€, c€, u€)
converges to (v, 1, ¢, u) when € — 0. Taking advantage of Fatou’s Lemma, we have
n € (L. (RT; L2(R?) N LY(R?) N L, (RT; H(R?)))?,

loc

c € L®(RY; L*(R?) N LY(R?)) N LS. (RY; HY(R?)) N L7 (RT; H>(R?)),

loc

u€ L (RT;L2(R?)) N L2 (RY; HY(R?))

loc
and
v € L.(RY; HY(R?)) N L2 (RT; H*(R?)) N L®(RT; L}(R?).

loc

Hence, we readily obtain that (v, 1, ¢, u) is a global-in-time weak solution of system (1).
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¢  Uniqueness.

Let (v1,n1,c1,u1) and (vy, 1y, ¢, uz) be two solutions of system (1) associated with
the same initial data (vg, ng, co, 4p). Let V.= v —v3,N = n; —n,C = ¢; — ¢, and
U = u; — uy. From Definition 1, we have for any t > 0,

/ 9 Nydxds + / VN - Vipdxds + / (U- Vi + up VN) pxds
Qr Qt Q:

_é/Q (NVv +noVV)Vipdxds
t

+ X/Q (NVey + npVC)Vipdxds + 0 (AN — uN(n1 + ny))pdxds.
t t

Taking ¢ = N, we have
1 2 't 2
3 INIEaqey + [ IVNGS) Faqaads
< - 0 (U-Vny + uy VN)Ndxds + /Q (xNVc1 4+ xn,VC — {NVovy — Eny VV)VNdxds (34)
t t
+/ (AN — uN (11 + n2))Ndxds = T+ 1T + I11.
Qr

Using Hoélder’s inequality, Young's inequality, and the Gagliardo—Nirenberg interpolation
inequality, by virtue of V- up, = V- U = 0, we deduce

I:/ nU - VNdxds
Qr

< € [ Imlzme | 9mll Ul zgee) I VUl + 151Nz ey o)
< C/ HmHLz R2) \VmIILz R2) |U||L2 g2y ds +/ HVUHLz - ||VNHL2 o
and
s C/tHNH sy | Vel mzy + Clinzlfa gz | VI Faey 4
+/ CIINIZ4 gy I V01T ez) + CllmallZs gy IV VI gz ds + / S I VN2 e ds
</ CHN||L2 R?) [Ver |72 R2)||AC1HL2(R2 + ||112HL2(R2 ||Vnz|\L2 R?) IV C|2,ds (36)
+/ C|INJ[%, Rz)HVmHLz R2) ||A01HL2 r2) + ||m2]|? 2(]1{2)||V;12|\L2 w) IVV2ds
+/ IOHVNHLZ(RZ) ||ACHL2(R2) ||AV||L2 r2)4
as well as
HI</ C”NHL2 R2) +CH(”l/nZ)”LZ(RZ)‘|N||%4(Rz)ds
< [ CINIEaqga, + Cllom, ) | 2Nl 2 o) [ VN 2 @)

< [ CINIZa o) + Cllms 1) ) INIads + [ 69N o s
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Substituting (35), (36), and (37) into (34), one has
12 f 2
§||N|\Lz )+ [ IVNEz(zads
< VU,AC, AV)|}; + 5| VN
< [l B 5 NI gy o5
+C [ (1901 gy 181 Bagaay + 11 1, m2) ey +1
1111, 12) By | (V11, V112) 2 g (U, N, V'€, V) 2 g s
from which we have
2 t 2
N2y + [ VNI ds
t
g/ §|y(VN,VU,AC,AV)||§2ds
(39)
+C [ (1901 gy 181 1Bagga + 111,12 ey +1
1111, 12) gy | (V11, V112) 2 g ) (U, N, V'€, V) 2 g s
Next from Definition 1, we have
/ 3sCydxds + / (U- Vi + 1,V C)pdads + / VC - Vipdxds
t Qr Qt
:/ (=Ncy — npC)pdxds.
Q
Taking ¢ = C, we have
12 ! 2
S1Cl ) + [ IVCI s
ot
< [ 1022y 1€ ooy | Vet s
+ [INll 22yl | oo r2) 1Cll 2wy + 17212 (R2) HC||L4(R2 ds (40)
/ CllUIIZ2 g2y 1 Verll 22y I8¢t | 22y + CIH(C, N) (72 g2y d
+ [ CllmalBagaa | ClBag) + 31Vl oy
from which we have
2 t 2
ICIFaqee) + [ IVCIE2(eeds
(41)

<cC / 10N, ©) 22 gy (14 2l ) + 191 gy + 18ct ]2 g2 ).

Since

/ 9,9;Cpdxds + / (U -Ver) + uVa;C + 9,V C)pedxdds + / Va,C - Vipduds

=— / 9;(Ncy + npC)pdxds.
JQ

t

Letting i = —0,C and summming over i, we infer that
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1 2 ' 2
31V Cl gy + [ 18CIFa(ezds
(U-Vcq)ACdxds —/ (VC-V)uy - VCdxds (42)
Qi Qi
+/Q (Ncy + n,C)ACdxds = I1; + I, + I13.
t

Using Holder’s inequality, Young's inequality, and the Gagliardo—Nirenberg interpolation
inequality, one has

n </ 15/18C1 2 g2, +C||U|| sy Verlageyd

(43)
s/ TG lIACIE a2y + ||VU||L2 o) + ClURa g V122 g 180t 23 g s
and
IIZ </ ||VC||L4 RZ ||Vu2HL2(R2)dS
(44)
< [ 5 1ACH )+ CICIE gy 1Vt 2 5o
as well as
~ t
I < / NI 2 (2) [ AC 2 (2 HC1HL°°(]R2 + [In2| 1am2) [ AC| 2 (r2) [ C | L2 (r2) A5
</ CHNHLZ R2) ||C1||200(R2 HACHLZ(R2 (45)

+/0 ||V”2HL2(R2 ||”2||L2 R?) ||CHL2 R2) ||VCHL2(R2

Substituting (43), (44), and (45) into (42), we arrive at

S IVCIRa g + o [ 1ACI gy
< C/ (IVerlZagey 181l 2y + 1 Vi2llT2 oy + 1+ Va2l fa o) I12]1 2 g2)) - (46)
% [[(C U, N) |23 gy ds + E/o |(VC, V) |22 o .
From Definition 1, it follows that
| /Q QUi + /Q (U- Vi + VU~ NVg)fiduds = - ./Q VUV s

as well as

V- udxdt = 0.
Jo ¥

Taking ¢ = U yields

[ ! 2
SN0z gy + [ VU2 g ds

— [ (U-VU) - uydxds + / NV¢ - Udxds
o

<C/ 1002 2y (e 12 ) I V1 2 2y + 1

2/ VU3, Rz)derC/ INIB2 e ds,

(47)
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which implies that

t
2 2
Ul agea) + [ IV U2 ey ds

(48)
</ Cl(u, N)”Lz RZ)(H“lH%Z(RZ)||V”1H%2(R2) +1)ds.
From Definition 1, we have for any t > 0,
/ 35 Vpdixds + / (U- Vo, + ,VV)pdads + / VV - Vydads
Qr Qr Qr
:/ (N — V) pdxds.
Qr
Taking ¢ = V, we have
1,2 ! 2
SIVIEz ey + [ IV ds
/ CHUHLz R2) ||VU1||L2 R2) HAWHLZ R2) +CHVHL2 Rz (49)
+/ C||V”2||L2 R2) ||”2||L2 R?) HVHLZ(Rz HVVHLZ Rz
from which we have
2 't 2
IVIiEaee) + [ 19V Iz ds
(50)
/ Cl(u, V)HLZ R2 (||”2||L2(R2 ||V”2||L2 r2) T val”LZ(RZ)”AleLZ(RZ) +1)ds.
When i = 1,2, we also have
/ 959, Vipdaxds + / (3 (U - Vor) + uaVa;V + 9, V'V pedxds
Qr Qr
+ / VoV - Vipdxds = / 3:(N — V)pdxds.
Qt Qt
Letting ¢ = 9;V and summming over i, we infer that
1 2 f 2 t 2
5||VV||L2(R2> + [ 18V IEagayds + [V V]agads
(U Vvl)Adeds—/ (VV-V)uz-Vdeds—/ NAVdxds
Qr .
< C/ HN”LZ ®2) T ||U||L4 R2) ||V01||L4 r2) T ||V“2HL2 R2) ||VVHL4 RZ) -

+ a5 [ 18VIEz e
< C/ (N, U, VV)||L2 R2) (1+ ||Vvl||L2 R2) ||Avl||L2 r2) T ||Vu2||%2(R2))dS
15 18V + 19U gy

Collecting (39), (42), (46), (50), (42), and (51) leads to

+/ s)ds </ G(s)E(s)ds, (52)
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with .
E(t) =|(U,V, N/C)(t)H%Z(RZ) +I(VC, VV)||%2(R2),
F(s) = [(VU, 9V, YN, VC)(5) 2 g2, + (5C(s), AC()) s g
and
G(S) = C( H (7’11, np,uy,us, VC], VU]) ||%2 || (vnll Vnz’ Vul/ vuz’ AC], VU]) ||%2
+ ||(VL£2, VCl,Acl,Tll, 1’12)”%2 + 1).

Applying Lemmas 1-3, we have
.t ~
/ G(s)ds < ceCe”! + Ce“t + Ct,
0

from which and (52), applying Gronwall’s inequality, we have

E(t) < E(t = O)exp{/oté(s)ds},

from which we conclude that (U, V,N, C) = 0, and we thus complete the proof of uniqueness.

5. Conclusions

We introduce the notion of a weak solution and establish both the existence and
uniqueness of such a weak solution for a large class of initial data on the whole space R2.
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