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Abstract: In this work, analytic solutions of initial value problems for fractional Langevin equations
involving Hilfer fractional derivatives and variable coefficients are studied. Firstly, the equivalence of
an initial value problem to an integral equation is proved. Secondly, the existence and uniqueness of
solutions for the above initial value problem are obtained without a contractive assumption. Finally,
a formula of explicit solutions for the proposed problem is derived. By using similar arguments,
corresponding conclusions for the case involving Riemann-Liouville fractional derivatives and
variable coefficients are obtained. Moreover, the nonlinear case is discussed. Two examples are
provided to illustrate theoretical results.
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1. Introduction
In 1908, Langevin introduced an integer-order equation

mx" (t) = —Ax'(t) + F(t),

where m is the mass of a Brownian particle, x(t) is the particle’s position, —Ax'(t) is the
viscous force with coefficient A and F(t) is the fluctuating force. It is regarded as an effective
tool to describe the evolution of physical phenomena in fluctuating environments [1].

Fractional differential equations are important tools for investigating many practical
problems in physics, chemistry, biology, etc. Many scholars have conducted extensive
research on equations involving Riemann-Liouville or Caputo fractional derivatives—for
details, see [2-5].

For more complex physical phenomena, some researchers have generalized Langevin
equations from integer order to fractional order. In 1996, the above classical Langevin equa-
tion was generalized by Mainardi and Pironi [6] to the fractional Langevin equation (FLE)

v1()+ 1y Z0g ) = P a0,

(o

where 4 is the particle’s radius, v is the fluid’s viscosity, }7 is the friction coefficient for unit
mass, F(t,x(t)) = —1x/(t) + L R(t) and R(¢) is a random force.

FLEs have attracted many scholars to study properties of solutions for FLEs—for
instance, the existence and uniqueness of solutions for FLEs with Caputo or Riemann—
Liouville fractional derivatives [7,8], boundary value problems for FLEs [9-12], etc. Baghani
and Nieto [13] studied the following Langevin differential equation with two different
fractional orders:

‘DS (°DV 4 A)x(t) = h(t, x(t)).
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In 2000, a fractional derivative operator D::’f (x € (n—1,n), B € [0,1]) was intro-
duced by Hilfer, which can be applied to characterize many complicated phenomena in
various engineering and scientific disciplines; for instance, it has applications in regular
variation in thermodynamics, physics and materials (see, e.g., [14]). More applications
can be found in [15,16] and the references therein. When 8 = 0 or g = 1, H Dg’f reduces

0 RLDZ‘+ (Riemann-Liouville fractional derivative operator) or ‘D7, (Caputo fractional
derivative operator), respectively.

Moreover, we refer to some recent works [17,18] that deal with a qualitative analysis
of FLEs with Hilfer fractional derivatives.

In [17], the authors studied a nonlinear fractional Langevin dynamical system with
impulse as follows:

D"FHDP 1 Alx(t) = Ku(t ) ( x(1)), t € [0,b],
0+ x()|t e =8 ( (k_))/k: c,m,
1) 7x(0) = xo, D% x(0) = (1 — B) (@ 4+ a2) + B, t € [0,D].
In [18], the authors investigated the existence and uniqueness of solutions to the
following system of Hilfer FLEs:
HDRP DS 4 \)x(t) = f(tx(8),y (1)), t € [a,b],

HDP KD 1 Dol () = (e, x(),y(1), £ € [a, 1],
X(a) =0, x(b) = ¥ w(Iy)(n),
V@) =0, y) = & (170

Due to the complexity of variable-coefficient functions, it is very hard to obtain repre-
sentations of solutions of FLEs with variable coefficients. Recently, some methods have been
presented to deal with linear fractional differential equations with continuous coefficients,
such as power series methods [19,20] and the Banach fixed point theorem [21]. However,
to the best of our knowledge, there are very few studies on FLEs with Hilfer derivatives
and negative power function coefficients.

Motivated by previous research, in this article, we study the initial value problem (IVP)
for FLEs with Hilfer derivatives and variable coefficients:

Hp P2 (HDYP L A1) x(t) +8(1)x(t) = f(t), t € (a,T], (1)
(I'77x) (a%) = xo, @)

where 0 < ap < 12 <y <y, 00+7 > 1,7 =a;+Bi(1—a;)(i =1,2) and A(t) is a
continuous function. More details about §(¢) and f(t) are given later.
The main contribution in this article is presented as follows:

e Using new techniques, we present an explicit representation of solutions to Problems (1)
and (2).

e We obtain the existence and uniqueness of solutions for Problems (1) and (2) without
a contractive assumption.

*  We present a nonlinear mixed Fredholm-Volterra integral solution for nonlinear initial
value Problem (22)—(23).

This paper is split into six sections. Some definitions and properties of fractional
derivatives are provided in Section 2. We study the existence and uniqueness of solutions
for the linear case and the nonlinear case in Sections 3 and 4, respectively. In Section 5, we
present two examples to illustrate our results and provide an approximate result. Finally,
in Section 6, we present the conclusions.
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2. Preliminaries

Firstly, we recall the basic definitions and properties of fractional derivatives and
weighted spaces.

Definition 1 ([5]). Let a € (0,1). The Riemann—Liouville fractional integral 1%, f and derivative
RLD&, f are defined by

N6 = g [ G 150 feLia),

(LA = U0 = g =96 1> O

where I'(+) is the Gamma function, provided that the right-hand side of (3) exists.

Definition 2 ([14]). The left-sided Hilfer fractional derivative of order « € (0,1) and type
B € [0,1] of f(t) is defined by

HDMPE() = 1 L f () = DU REDY, £ (), 4)

at d t at
where v = a + B(1 — &), provided that the expression on the right-hand side exists.
A modified Hilfer derivative was presented in [20].

Definition 3 ([20]). The left-sided Hilfer fractional derivative of order « € (0,1) and type
B € [0,1] of f(t) is defined by

TDPF() = MDA () — (1) @), ©)
where v = o + B(1 — a), provided that the right-hand side exists.

It is not difficult to see that the conditions to guarantee the existence of the Riemann—
Liouville derivative in (5) are weaker than those needed for the Hilfer fractional derivative
in (4) [20].

Definition 4 ([5,22]). Let o € [0,1), w € (0,1) and { € [0,1).

(i) Cla,b] is the space of functions x, which are continuous on [a,b] and ||x|c = m[a>h<] |x(t)].
(i)  The weighted space Cy[a, ] is defined by

Cola,b] :={x: (a,b] = R; (t—a)x(t) € Cla,b]} and |x|c, = tré}%] |(t—a)7x(t)].

(iii) Clt[a, b] is the weighted space of functions x, which are continuously differentiable on [a, b
up to order n — 1 and have the derivative of order n on (a, b] such that x") € Cy|[a, b):

Cl[a,b] := {x € C" a,b]; x') € C,[a,b], n € N},

with the norm ||x||cn = Z ||x HC + ||x(”)||cg.

(iv) We denote the weighted space

C(‘T"éRL[a b] = {x € Cs[a,b]; RED¥ x € C¢[a, b]},
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with the norm ||x|| .o = ||x[|c, + ||RLD;"+xHC§. When & = o, C¥XE[a, b] is denoted by
od

C@RL (g, p).
(v)  We denote the weighted space

Cofla,b] = {x € Cy[a,b]; "DIFx € C[a b]},

with the norm HxHC,X,ﬁ = |x|lc, + ||HDZ’fx||CC. When & = o, Cf;‘:g[a,b] is denoted by
o8

C¥[a,b].
Clearly, Cola,b] = Cla,b]. We abbreviate Cla,b), Cy[a,b], C%[a,b], C¥RL[a, b], Cf;i’éRL [a,b],
CoPa,b] and Cg@ [a,b] to C, Cq, Clt, C&RE, C;‘i’g{L, C*P and ng respectively.
Lemma 1 ([5]). Ifw € (0,1) and o € [0,1), then 1%, is bounded from C, into Cg.
Lemma 2 ([5]). Let 0 < w < ¢ < landy € Cy; then, (I14.y)(t) € Co—w.
Lemma 3 ([5]). Let 0 € [0,1), 0 < wand y € C,; then, (1.y)(t) € C.

Lemma4. Let0 < 0 < w < land y € Cy; then, (I, y)(a+) = lim (I y)(t) =0.
t—a

Lemma 5 ([5]). Let wq, wy > 0,0 < o < 1. Then, for ¢ € Cg, the following assertions are valid.

I12) (1) = (1972) (1),
(FLDS [g)(H) = o(t),
(FLD<2 [g)(H) = (I g)(1), for w1 > wa.

Lemma 6 ([5]). Let o € [0,1) and w € (0,1). Ify € Cy and I';“y € CL, then

1-w at
(1 5D) (0 = () - e ) gy, ©

Lemma 7 ([5]). Let 0 < o < 1. The space CL[a, b] consists of those and only those functions g,
which are represented in the form

t
s = [ gls)ds+c
a
where ¢ € Cy and ¢ = g(a).

Theorem 1. Let w,0,¢ € (0,1). Ify € Cy and I;:“’y e Cl, then

1-w +
(12 D) (1) = y(6) = D -y

Proof. Since I;j “y € C}, from Lemma 7, there exists ¢ € Cz such that

(=)o) = [ o) +c,

where ¢ = (I};7“y)(a"). Thus,

() — (IS @)(t) — W] =0,
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then
y(t) = (I3 o)) + T Tw) ()

Moreover, note that

I

~
S8
-
~
—~

—
~—

d q_
(I "D y) (1) = I (S 1 y) (1)
and, combining with (7), we obtain the result. O

Theorem 2. Lety € Ci"i(/} # 0); then,

(L y)(a*)

—a *1.
w7

(13- D3y (6) = y(o) -
Proof. Sincey € Ci"—ﬁw we can see that y € C;_, and HDgfy(t) € Ci_,, then

(L) () = (L "y) @] e,
and
{171 "y) () = (L Ty) (@ )]} at) =0 ®)
From Lemma 6, it follows that

LTTEREDIETH (L) (1) — (L y) (ah)] = (1 Ty) (1) — (1 Ty) (),

thus,
(1 TDy) (1) = 18 REDLTH (1 Ty) () — (1Y) (a*)]
= RDTLIREDIT (L ) () — (1Y) (at)]
= DL — (L) (@)
(L7 "y)(a*) .
= y(i‘)—w(t—a)7 L
O

3. Equivalence with an Integral Equation
We consider the following IVP for FLEs with Hilfer derivatives and variable coefficients:

HpeP2 (HDMP L A(0)x(1) + 8(1)x(t) = f(1), t € (a,T), ©)
(L") (a") = xo. (10)

We define the following constants v, 4 > 0 such that

ay < pu<l—my+ay O0<v<pu+m-—L (11)

Thgqrem 3. Let (S(t) € Cvland f(t) € Cy; then, x € Ci‘i’gi satisfies (9) and (10) if and only if x
satisfies the following equation

(t—a)n—t

iy o 12

x(t) = =L A()x (1) + L2 (6(8)x(1))] + T2 f(8) +
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Proof. Let x € Ci‘lgi satisfy (9) and (10); then, HDZl”glx(t) +A(t)x(t) € Ci“i’giy, from
Lemma 4,
(L7205 P() + ABx(D)]}a*) = 0.
Thus,
HDRE2MDPx(t) + A(D)x(H)] = REDITTHRTRHDI () + A(1)x ()
d

- = 172 ADSPiy(1) 4 A(4)x(1)] € Cp.

By Theorem 1,
L2 MDD () + A)x(0)] = 13 RDE MDY x(t) + A(1)x(1)]
HD"Pr(t) + A()x(1). (13)

Applying I'2 to (9) and in view of (13), one obtains

HDSP () + M0 (t) + 12 (3(1)x(1)) = L2 £(0). (14)
By Theorem 2, we obtain

(t—a)n—t

[ HpYAL ) = x() —
DR = - o

X0-

Applying I"! to (14), one obtains

(t—a)m—1

X0,
T(y) "

x(t) = — L ADx () + L (6(8)x(8)] + L2 f (1) +

which means that x(¢) satisfies (12).
If x(t) satisfies (12), then

L Ma(t) = xo = L [ = A)x() = IR (0(0)x() + L2 £(1)]
Clearly, (I;: Tx)(at) = xp and
RLDI T 11 1(1) — x] = —[A(D(E) + 12 (5(0)x(6))] + T2 £(1) € Cr .
Hence, H DZ};ﬁ 'x(t) exists and belongs to C_,,. Then,
HDAP (1) 4+ M(0)x(t) = 12 [ — 8(1)x(t) + ()] € Cr s,
which implies

RLp b 22 DS P (r) 4 A(0)x(1)] = RED, 22277202 [ §(1)x(8) + £(1)] = —o(0)x(t) + £(b).

Taking into account the fact that I;f” 2 [—6(t)x(t) + f(t)] (a") = 0 and Definition 3,

we obtain
TDRP DI x(t) + A(1)x()] = —8(8)x(8) + £(2),

this yields (9). The results are proved completely. O



Axioms 2024, 13, 284 7 of 14

Theorem 4. Let 6(t) € Cy and f(t) € Cy. Then, there exists a unique solution x(t) € Ci‘i”% to
Problems (9) and (10) given by

x(t) = ];)(—1)"(7"<I>)(f)f
where
(Tz)(t) = {[IMAC)+I0725()])z} (), for z€Ciyy,
D(t) = (t—ayn? xo+ I £ ().

[(71)

Proof. We define an operator F : C;_,, — Cy_,, as follows:

(t —a)n-1
I'(7)

It is easy to see that F is a well-defined operator whose fixed point determines the
solution of Equation (12).

X0-

(Fx)(t) = —LLA(D)x(8) + T2 (8(8)x (1)) + L2 £ (1) +

t _ _ T'(61)T(62)
t_)11(s _ )02 145 — (¢ Ort6-1 V2 g 9,0, < 1,
/H( s) (s—a) s=(t—a) (6 +6y) 1, b2

for x, x € Cy_,,, we have

(t—a) "M (Fa) () = (FR)(1)|

< (t—a)'™m [(T —r‘(li:g/\ﬂc + (Trz;?f: !igc] /at(t —s)M (s —a)n TV ds . ||x — Xe,,,
= o I g, (15)
where A := (T —a)"||A]|c + % |||, - Furthermore, we find
(= a) M| (F2x)(t) — (F?%)(1)]
a —a)2 t
< (- [T le , COP0GT o gnts o) (Fa)(s) - (Rl
o AT —v)(t—a)" [( a)'l[Mle (T —a)“2||5||cv}
B I +m1 —v) (1) I'(a +az)

-t
. /a (F=8)% (s —a) "9 2 s x — F,

1 T(i(ag —v)+791—v) N
= A? 1 n _2(a—v)
A il:[o I(i(er —v)+ar+71—v) (£ =) 5 e = Xle, - (16)

By induction, we deduce that

k-1

(t =)' =" (Fra) () — (F*2) ()] < AT —a)* “l”l:[

T(i(ag —v) 471 —v) ~
— —— - lx = Xlc,_,, -
[(i(ag —v)+ay+71—v) 1

We write .
-1 .
r _ _
di =[] (i —v)+n—v) k=1,2---,

o Tl —v) +ar +71—v)’
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and from [23] (5.2.13), it follows that

kInk 1

m 1 = .
k—co0 ln(dk) o1

When k is sufficiently large, the right-hand side of (16) is less than L||x — X]| Cioy (Le

(0,1)). By the generalized Banach fixed point theorem, F has a unique fixed point x € C;_,,
satisfying (12). Then, the following sequence {x, } is convergentin C;_.,:

{ xo(t) = (1),
xu(t) = xo(t) = (Txu-1)(t), n=12,--

Furthermore, we find

x(t) = xo(t) = (Txo)(t),

Bt = xnd)+ Y (DT,
k=1
wlt) = )+ Y (~DN(TEx) ().

k=1

Taking the limit as 7 — oo in the last identity, we arrive at

n

x(t) = lim Y- (=15 (T*®)(1) = i(—l)k(T"@)(t)

—00

k=0 k=0
and x(t) is the unique solution of (9) and (10). O

Next, we consider the following IVP for FLEs with Riemann-Liouville derivatives.

RLp@ [RLDY 1 A(£)]x(t) + 6(H)x(t) = f(1), t € (a,T), (17)
{ (L "1x)(a") = xo. (18)

In this case, the constants y, v satisfy ap <y <1—a;+apand 0 <v < pu+a; —1.

Theorem 5. Let 6(t) € Cy and f(t) € Cy; then, x € Ci‘EZL satisfies (17) and (18) if and only if x
satisfies the following equation:

(t— a)“1_1

r(ml) X0- (19)

x(t) = =LA () + 12 (6(D)x ()] + [ (1) +

Proof. Let x € CTL’IDZL satisfy (17) and (18); then, RED L x(t) + A(t)x(t) € Ci‘i’iﬁﬂ. From

Lemma 4, one has
{172 [RED% (1) + A(1)x(8)] }(a*) =0,

a

and

RLD2 [REDM x(t) + A(t)x(t)] = %I;;“Z[RLDZ‘}rx(t)+)\(t)x(t)]ECF.

By Theorem 1, we have

12 REDS2 [REDM (1) + A(#)x()] = REDSLx(t) + A(£)x(). (20)

a a
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Applying Igﬁ to (17) and taking (20) into account, one obtains
RLDSL () + A(B)x() + 1% (5(0)x(1)) = I3 £ (1) @)
Applying I'! to (21) and in view of Lemma 6, one obtains

(t—a)a—!

x(5) = =LA + O] + [ A1) + s

X0,

which means that x(f) satisfies (19).
If x(t) satisfies (19), then

L7 () = 1L [ = A(D)x(t) — 12 (3(H)x(t) + 12 £(1)] + xo.
Obviously, (I;f “x)(at) = xg and

DI0x(0) = [~ A0)(t) ~ L2 (0()x(1) + [2F(1)] € Crw,

which means that RLDZix(t) exists and belongs to C;_,,. Hence,

RED® x (1) + A(t)x(t) = =2 (5(t)x(t)) + I3 £ (1),

a

then
RLD%2 [REDM x(t) + A(t)x(t)] = —3(t)x(t) + f(t),

which yields (17). The proof is complete. O

Similar to the arguments of Theorem 4, we have the following conclusion.

Theorem 6. Foray <y <1—waj+arand 0 <v < pu+ay; —1,if6(t) € Cyand f(t) € Cy,

RL

then there exists a unique solution x(t) € Cy a, to the following IVP

RLD [RLDM 1 A(1)]x(t) + 8(H)x(t) = f(t), t € (a,T],
(I"1x)(a%) = xo,

and this solution has the form

x(t) = k;)(—l)k(’fk?’)(t)/
where
_ A\ —1
¥(t) := Ul,&)l)xo + IR A ().

4. Nonlinear Case

We consider the following IVP for nonlinear FLEs with Hilfer derivatives and variable
coefficients:

Hp P2 (HDUPt f A () x(t) +8(H)x(t) = f(t, (IL.2)(t), t € (a,T],  (22)
(L7 Mx)(a™) = xo, (23)
where u <7 < 1.

We define the constants v, 4 > 0 as (11) and let 6(¢) € C,. Similar to the arguments of
Theorem 3, we have the following result.
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Theqrem 7. Let f(t,y(t))’ € Cy f01.f anyy € Cy; then, x € Ci‘l’gi satisfies (22) and (23) if and
only if x satisfies the following equation:
(t—a)n—1

(1) = ~LHA@(E) + L2 EWx(0)] + L f (e () (1) + S50

X0- (24)

Set the operator G : C;_,, — Cq_,, as follows:

(t—a)n-1
I'(71)

clearly, G is a well-defined operator, whose fixed point is the solution of Equation (24).

(Gx)(8) = — L A()x(8) + L2 (3(8)x(£)] + L2 £ (¢, (11 2) (8)) + xo,

Theorem 8. Let f(t,y(t)) € Cy for any y € C,,. If there exists a non-negative function I(t) € C,
such that

f(Ey(8) = f(EF(E)] < LE)y(E) —y(t)],

then problem (22)—(23) have a unique solution x(t) € Cfﬂii given by (24).
Proof. For x,x € C;_,,, note that

£ (1) () = f(5 (LLD)(1)]

(t—a)*lc, rt

< 7 W VT e\ 1gs ||y — %

= F(T]) /a(t S) (S ﬂ) dS Hx x”le'yl
(t—a)™ = F AT ()|l ,

= * x_f 7
o) = leis

We have

(t = a) I f (1 (1 x) (1) = LT £ (1 (1, 3) (1))

_ N\l _ g\%t+n—ptv
(t=a) e, T(r)(T —a)™ /t(t—s)“lfl(s—a)“*'”’lds~ |x — X||
- T(ay +a2)T (1 + 1) a o

— Z\(t — a)al_vr(rh - V) . ||x _ fH
Mo+ 71— v) o

I17llc, T(a1)T (1) (T—a)*2 11+
T(ay+az)T(v1+n)

where A = . Combining with (15), we obtain

M(t —a)1 " "T (1 —v)
[(ar +71—v)

(t—a)' " "|(Gx)(t) — (GR)(t)] < x =Xl

where M := A + A. By similar arguments of Theorem 4 and induction, we deduce that

T —v) + 71 —v)
o Tl —v) +ar +71—v)

(t - a)l—“Yl ‘ (ka)(t) — (ka) (t)| < Mk(T — a)k(m—l/) . ||x — fHCI—yl’

and for sufficiently large k, the right side of the above inequality is smaller than
Ll|lx —Xx ||(;1771 (L € (0,1)). With the help of the generalized Banach fixed point theorem,

x € Cy_,, satisfying (24) is the unique fixed point of G. [
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In particular, we take the following IVP for Hilfer-type fractional Langevin integro-
differential equations with variable coefficients into account:

HDRP2 (MDA (0)x (1) + () (I x) (1) = f(1), t € (a,T], (25)
(I;:”x)(zﬁ) = xo, (26)
where y <7 < 1.

Theorem 9. Let [(t) € Cy and f(t) € Cy,. Then, there exists a unique solution x(t) € Ci‘i’ii to
problem (25)—(26) given by
0 kp(t —g)n—1
() = L0 a0+ el [ )
k=0

Proof. It follows from Theorem 8 that (25) and (26) have a unique solution

t—a)m-1
x(t) = — {I;"i (A(H)x(t)) + I:‘f“z(l(t)l;tx(t))} + (1"(’Y>1)x0 + Is‘}rﬂzf(t).
Similar to the arguments of Theorem 4, one has
00 k t —a ')/171
1) = F 04 iae + o] S+ i)
k=0

Similar to the arguments of Theorem 4, we can deduce the corresponding conclusions
of the IVP for Riemann-Liouville-type FLEs. Wesetay < y <1—a3+azand 0 < v <
H+ou— 1.

Theorem 10. Let f(t,y(t)) € C, foranyy € C,. If there exists a non-negative function (t) € C,
such that

f(y(6) = f(Ey(E)] < UH)y(E) —y(t)],

then x(t) € Ci‘l’i{f given by

(t—a)a—1

x(t) = ~LHAM() + B OO + LI () (0) + “ S

X0,

is the unique solution to the following IVP

RLDI [RLDSL 4 A(5)]x(1) + 8(0)x(t) = F(t, (L) (1), t € (a,T],
(IT2) (@) = %,

In particular, if 6(t) = 0 and f(t, (Ig+x)(t)) = g(t) — l(t)(1;7+x)(t), then the explicit
solution x(t) is given by

) = S0 [mac) + mren, ] 2

xo + 120 (1) .
= T(al) 0 at g( ):|
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5. Applications

Example 1. Consider the following IVP for a Hilfer-type fractional Langevin differential equation
with variable coefficients:

11 13
Hp&s (HD25 4 2)x(t) + ¢ x(t) = 710, t € (0,T], 27)
1
(Ig:x)(07) = 1. (28)

Taking oy = %, ay = }I' B1 = %, B2 = %, At) =12, 6(t) = t_%, ft) = t_%, x0 =1,

13
p =35 and v = & from Theorem 4, it follows that x(t) € C3'> in the form
5
s 1 3 kr s 3
I S NRN 5 R ST SR o L B LR Q.
- B e i

is the unique solution to problem (27)—(28).

Example 2. Consider the following IVP for a Riemann—Liouville-type fractional Langevin integro-
differential equation with variable coefficients:

4
5

1 1
RLDE (RLDE, + t)x(t) + ¢ 512 x(f) = 5, ¢ € (0,1], (29)

(15.2)(0%) = 1. (30)

y = %, from Theorem 10 it follows that x(t) € C

Taking a1 = 3, a0 = 3,1 = 3, A(t) =+, 6(t) =0, I(t) = 3, ft) = =3, xo = 1 and
4
15’RL in the form
5

- k[;3 7o 1qkr s 7o,
k=0 I'(5)

is the unique solution to problem (29)—(30).

Clearly, the approximate solution x,(t) of problem (27)—(28) can be given by

" 1 3 qqkrts 33
X (t) = Z(—l)k{l()ﬂﬂ%—l(;gt 18} [—4+16*+t 10]
k=0 I'(5)

Approximate solutions of Problems (27) and (28) evaluated at some points ¢ € (0, 1]
with the step At = 0.01 using different values of n(= 5,10, 20,40) are shown in Figure 1.

2-5 T T T T

1)

Figure 1. Approximate solutions for (27) and (28).
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6. Conclusions

In this paper, the existence and uniqueness results of solutions of IVPs for FLEs with
Hilfer derivatives and variable coefficients are obtained in weighted spaces. The variable-
coefficient function §(t)(€ C,) is not necessarily continuous on a closed interval. Our
technique is also useful to solve more general equations. Moreover, the boundary value
problem for corresponding equations can be studied.
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