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1. Introduction

We start by recalling the classical Brunn—-Minkowski inequality. Let K" denote the
class of convex bodies (compact convex subsets with interior points) in an n-dimensional
Euclidean space R", and let K] denote the subset of convex bodies containing the origin
in their interiors in K". Let K1, Ky € K" and A € (0,1). The classical Brunn—-Minkowski
inequality states that

1
n

1 1
[Kalr = (1= A)[Kq|r + A[Kz |7, 1

where | - | denotes the Lebesgue measure (i.e., the n-dimensional volume), and
K, = (1—/\)K1+/\K2 = {(1—A)x+/\yx €Ky,ye Kz}

denotes the Minkowski convex combination of K; and K, which is still a convex body.
The set sum “+" is said to be the Minkowski sum. Moreover, the equality in (1) holds if
and only if Kj and K; are homothetic, i.e., K; = sK; + x, for some s > 0 and x € R". The
Brunn-Minkowski inequality is one of the fundamental results in the theory of convex
bodies, and several other important inequalities, e.g., the isoperimetric inequality, can be
deduced from it; see [1-6], for example.

Stability results of an inequality answer the following question: is the inequality that
we consider sensitive to small perturbations of the maximizers (or minimizers) of the
inequality? In other words, if a function almost reaches the equality in a given inequality, is
it possible for this function to be close to the maximizers (or minimizers) of the inequality?
For example, the classical isoperimetric inequality in two-dimensional Euclidean space
states that for any convex body K in the plane, one has

P(K)? > 4 A(K),

where P(K) and A(K) denote the perimeter and area of K. The equality holds if and only if
K = Bj(r) for r > 0. The stability question of this isoperimetric inequality asks that when a
convex body K makes the isoperimetric deficit P(K)? — 4w A(K) < & for small ¢ > 0, how
is the body K close to the Euclidean ball B} (r) for r > 0? Stability results for the classical
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isoperimetric inequality for convex bodies were proven by Bonnesen (see [7], e.g.). If e > 0
is small such that P(K)? — 4wA(K) < ¢, then

Nj—=

1
0(K,By) < —=¢2,
( 2 ) = 4\/E£
where 6(K, B} ) denotes the Hausdorff distance between K and ball B. The result says that
if e converges to O (i.e., the equality almost attained), then K is close to a Euclidean ball with

speed £? in the Hausdorff distance. Moreover, the stability strengthens the isoperimetric
inequality. Letting ¢ = P(K)? — 47tA(K), we have

P(K)? — 4 A(K) > 1676(K, BY)?,

which also is referred to the stability of the isoperimetric inequality.

Since the convex bodies K; and Kj are homothetic when the equality holds in (1), it is
natural to ask the following stability question: if the equality almost holds in inequality (1),
are K; and K; close to each other up to being homothetic?

To answer this question, one needs to define what “close” means. Two natural ways
to measure how “close” two convex bodies are were deduced from the Hausdorff distance
and from the volume. Using the Hausdorff distance between the convex body K; and K3,
Minkowski himself established the first stability result of the Brunn-Minkowski inequality
(see Groemer [7]), and Diskant [8] and Groemer [9] offered a stability version which is close
to optimal. However, using the "homothetic” distance deduced from the volume of the
symmetric difference is a more natural way to compare the distances, and was used by
Figalli, Maggi, and Pratelli [10,11] to establish the optimal result. To state this result, we
recall the relative asymmetry of two sets K; and K, which is defined by

1
. |K1A(x + AKy)| (|K1|>n
Ki,Kp):= inf { ——————" A=+ : 2
A(Ky, Kz) xler]an{ K| A K| )

In addition, let A = max{ ﬁ, %} and 0(Ky,Kp) := max{ %, % } Figalli, Maggi,
and Pratelli [11] showed the following quantitative form of the Brunn-Minkowski
inequality.

Theorem 1 (Figalli, Maggi, Pratelli [11]). Let K1, Ky € Kff,0 < A < 1. Then,

1 A(Kq, Kp) 2
[Kal = M ([Kal, [Kal, A) <1+A0(K1,Kz);< C(n) ) >,

where M(a, b, A) denotes the (A-weighted) p-mean of a, b (see Section 2 for more details) and
C(n) is a constant depending on n with polynomial growth. In particular,

7

Cln) = —2210
(2 —27-1)3/2

Note that the exponent 2 in .A(K7, K)? is optimal, see Figalli, Maggi, Pratelli [11]. The
constant C(1) was improved to cn” by Segal [12], and to cn>> by Kolesnikov and Milman
([13] Theorem 12.12). The best bound found for C(n) up to now is cn®+°(), which is
obtained by combining the general estimate of Kolesnikov and Milman [13] with the bound
n°1) (0(1) represents an infinitesimal of a higher order than the constants) on the Cheeger
constant of a convex body in an isotropic position that follows from Chen’s work [14].

There are many ways to generalize inequalities, such as considering different spaces,
different quantities of geometry (or functions), and different scales, see [5,6,15,16] for
examples. Among them, both [15,16] utilize the Holder inequality, which is closely related
to our study. In this paper, we consider the Brunn—-Minkowski inequality for multiple
convex bodies and the Borell-Brascamp-Lieb inequality for multiple functions.
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For the Brunn-Minkowski inequality for multiple convex bodies, suppose K; € K",

m
Aie(0,1)and ¥ A; =1,
i=1

1 1 1
|Kalm > Aq]Kq|n + -+ Ay [ K|, 3)

where Ky = MKy + -+ A Ky = {Mx1+ -+ Ay : X1 € Kg,-++ , X € Ky }. Obvi-
ously, if n = 2, inequality (3) turns to the classical Brunn—-Minkowski inequality.

The first aim of this paper is to show the stability of the Brunn—-Minkowski inequality
for multiple convex bodies in terms of the concept of relative asymmetry.

LetT = {Kjy,---, Ky} be the set of bounded convex sets. Its relative asymmetry is

defined by
1/n
|KiA(a; K + x;7)| |Ki|
A():= inf . twp = ' : 4
@) :ijERn |Kz’ K |K]‘ @
i#j=1,-m

In the case m = 2, it turns to the classical relative asymmetry (2). Note that it is essentially
the minimum of A(K;, K]-), that is,

A= inf LA(K; K;)}.

In Section 3, we prove the following stability of inequality (3), which is a generalization
of Theorem 1.

Theorem 2. Let T = {Ky, -+ , Ky}, A = (A, ,Am), K € KILA € (0,1),i=1,--- ,m,
m m

A =1,and Ky = Y AK;. Then,
= i=1

i=1

2
Kyl > Mo (Kl Kol A) <1+A(f)>, )
" A(D)FCy(n)?

i#j=1,-,

where C1(n) = 2C(n), o(T) = max {|Kj|/|K;| : K;,K; € T} and A = ., max {Ai/ A}
m 17=]=1,-n

Next, we state the Borell-Brascamp-Lieb inequality for multiple functions. Through-
out this paper, u; € L'(R"), (n > 1) is a real non-negative bounded function with compact
support ();,i =1, -- ,m. To avoid triviality, we assume that

Ii:/ u;dx >0, fori=1,---,m.
]R?I

The Borell-Brascamp-Lieb inequality for multiple functions (BBL(m) inequality below)
claims that

Theorem 3 (BBL(m) inequality). Let A = (A1, ,Am), A € (0,1),i=1,---,m, Y A =1,
—L <p <400, and 0 < h € LY(R") and assume that
h(Aqx1 + -+ Apxy) > Mp(ul(xl),- o (xm), A),

forevery x; € ;,i =1,--- ,m. Then,

/ h(x)dx > M _p (I, , Im, M),
()

np+1

where Q) = A Q1+ - + A Q.
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The proof of Theorem 3 is very similar to the Borell-Brascamp-Lieb inequality,
see [17] (Section 3) for an example. It suffices to utilize the concept of the quantity
M p(al, -++,am,A) and Lemma 1. To avoid redundancy, we omit the proof.

Note that the number p/(pn + 1) can be interpreted in extremal cases; it is equal
to —oo when p = —1/n, and to 1/n when p = +co. In the case of m = 2, the BBL(m)
inequality is the classical Borell-Brascamp-Lieb inequality (BBL inequality below). The
BBL inequality was first proven for p > 0 (in a slightly different form) by Henstock and
Macbeath [18] and by Dinghas [19], and was generalized by Brascamp and Lieb [20] and by
Borell [21]. In the case of p = 0, the inequality is known as the Prékopa-Leindler inequality,
which was originally established by Prékopa [22] and Leindler [23], and later rediscovered
by Brascamp and Lieb in [24].

A non-negative function u is called p-concave for some p € [—oo, +o0] if

u((I=A)x+Ay) > My(u(x),u(y),A) foreveryx,y € R"and A € (0,1).

Recently, Ghilli and Salani [17] studied the stability of the BBL inequality for power
concave functions with compact support. It is shown in [17] (Theorem 4.1) that in the same
assumption of Theorem 3, p > 0 and u;, u, are p-concave functions and for some (small
enough) € > 0,

/ h(x)dx <M _p (I, I, A) +eg,
JO, np+1

It holds that ,
O] < Mo (1, €], A) [1+ ye7 ],

wherey <2(n+ M _» i (I, L,A)7Y).
np+
Another contribution of this paper is to establish the stability of the Borell-Brascamp-
Lieb inequality for multiple power concave functions via the concept of relative asymmetry.

m
Theorem 4. Assume that A = (Aq,- -+, Ay) with A; € (0,1)and Y A; =1, p > 0, and u; are
i=1

non-negative bounded and p-concave functions in R" with convex comp;lct supports );, respectively.
If, for some (small enough) € > 0, it holds that

/Q h(x)dx <M _p (I, In,A) + ¢, )
A

np+1

then

14
np+1

o < [1 +2<n CM o (I ,Im,)\)l)srﬁl}/\/li(|01|,~- 0l h). @)

By using the stability result between the compact supports of the involved function
obtained in Theorem 4, we obtain a quantitative version of the BBL(m) inequality. With the
adjective “quantitative", we mean to estimate the distance of support sets (); of the functions
u; precisely in terms of the relative asymmetry of ();. That is, when A(T) is small enough,
we have a strengthened BBL(m) inequality by means of the relative asymmetry of their
support sets ();.

Theorem 5. In the same assumptions and notation of Theorem 4, T = {Qq,--- , Oy }. If A(T) is
small enough, it holds that

[ nax = m (- ) Tn A) + BAT) 7, ®)

np+1
where

B= <8C(n)2Aa(I‘);11(n+Mp(11,...,1%,\)—1))_ -

np+1
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Note that this theorem strengthens the BBL(m) inequality, since the right side of (8) is
greater than or equal to Mil (I, , L, A).
np+

The rest of this paper is as follows. In Section 2, we recall some basic results in
convex geometry. The main results of this paper will be proven in Section 3, including
Theorems 2, 4 and 5. In Section 4, we construct some examples as applications of our results.
Finally, the conclusion of this paper is given in Section 5.

2. Preliminaries
2.1. Means of Non-Negative Numbers

m
For p € [—co, 4], A = (Ay,--+,Ap) with A; € (0,1) and Y A; = 1, the quantity
i=1

M p(al, -++,am, A) represents the (A-weighted) p-mean of non-negative numbers a;,i =
1,---,m, which is defined by My (ay,--- ,a,,A) =0foray, -+ ,a;, > 0and ay - - -ay, =0,
and foraq,--- ,a, > 0, we set

max{ay, -+, am}, if p = 400,
1
P pp .
My(ar, -+ am A) = [//\\1611 + +/\mam} , f0#peR,
ay e an, ifp=0,
min{ay,- -, ay}, if p= —oco.

We next recall some useful facts, see [25,26] for more details. Note that for all p and
A, Mp(al,- -+ ,am, ) is non-decreasing with respect to a;,i = 1,---,m. Using Jensen’s
inequality, M (a1,- -+ ,am, A) is non-decreasing with respect to p, that is,

MP(“l//am//\)SMq(al//am//\)/ lf qu

We also have the following technical lemma, which can be found in [25].

m
Lemma 1. Let A; € (0,1), Y A;=1and ay,--- ,am, by, -, by be non-negative numbers.

i=1
Ifp+4q >0, then Z
Mp(all ccc, Amy, )\)Mq(b], e /bm/ A) Z Ms(alblr e rambmr/\)/ (9)

where s = %. Moreover, the result holds trivially withs = 0if p =g = 0.

2.2. Convex Body

Throughout this article, K (possibly with subscripts) denotes a convex body (convex,
compact set with non-empty interior) in R”. We denote by K" the class of convex bodies in
R”. Let K denote the subset of convex bodies containing the origin in their interiors in K.
For K € K, we define the weight function in direction v:

|v]|« :=sup{x-v:x €K}, ves"L

Let E be an open subset of R”, with a smooth or polyhedral boundary oE oriented by
its outer unit normal vector vg. The anisotropic perimeter of E is defined as

Pe(E) = [ [lve () L. am ! (x), (10)

where H"~! denotes the (1 — 1)-dimensional Hausdorff measure on R". If Ky, K, € K%, E
is a set of finite perimeter, then

Py, (E) + Px,(E) = P+, (E). (11)
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From the definition of Px(E), we have Px(K) = n|K|. For more properties about
anisotropic perimeters, we refer to [11]. Now, we recall the anisotropic isoperimetric
inequality, that is,

P(E) > n|K[Y"|E[V™, if |E| < oo, (12)
where n' = 1.

Figalli, Maggi, and Pratelli [11] have provided a quantitative form of (12) in terms of
the asymmetry index, shown in the following.

Lemma 2. Let E be a set of finite perimeters with |E| < oo; then,

Px(E) > n|K[V/"|E|V/" <1+ (“SES)Z) (13)

where A(E) represents the asymmetry index of E:

. [IEAGHAK)] . []E[\"
Awrie g = ()

Note that the asymmetry index of E is the relative asymmetry between E and K, that
is, A(E) = A(E, K). Note that the triangle inequality holds for the relative asymmetry. For
Ki,Ky, L € K:g ,

A(Ky, K) < A(Ky, L) + A(L, Ka). (14)

This can be proven easily by the triangle inequality of the symmetric difference and
the property of scaling and translation invariance of the relative asymmetry.

2.3. Power Concave Function and (p, A)-Convolution of Non-Negative Functions

Let Q) be a convex set in R"” and p € [—00, +o0]. We say that a non-negative function u
defined in Q) is p-concave if

u((1=A)x+Ay) = My (u(x), u(y), A),

forevery x,y € Qand A € (0,1). In short, u is p-concave if it has convex support () and

(1)  uPisconcavein Q) for p > 0;

(2) loguisconcavein Q) for p = 0;

(3) wuPisconvexin Q) forp < O0;

(4)  uis quasi-concave, i.e., all its superlevel sets are convex, for p = —oc;
(5)  uis anon-negative constant in (2 for p = +oc0.

Let p € [—00, 400 and u; be non-negative functions with compact convex support
Q;,i=1,---,m. The (p, A)-convolution of u; is the function defined as

up A (x) = sup{ M (uy(x1), -, un(xm), A) 2 x = Apx1 4 - 4 A, X; € Q).

From above the definition of u; ) and the monotonicity of the p-mean with respect to
p, we obtain
upr gy for —oo < p < g < too.

Obviously, the support of uy is Q) = A1 + -+ + 4,4y and the continuity of
uj,i=1,---,myields the continuity of u, . For more details on supremal convolution of
convex/concave functions, see [26-29].

3. Proofs of Theorems 2, 4 and 5

Motivated by a similar method, to prove Theorem 1, we now use Lemma 2 to prove
Theorem 2.
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Proof of Theorem 2. According to the definitions of A, o, they are all translation invariant.
Thus, we may assume that K;,i = 1, - - - ,m contain the origin. By Lemma 2, we have

L A(Ky, MKp) )2

1 n=1 A(Ky, AuK 2
Py (Kn) 2 nlAuKn ¥ K <1+ (F ™) )

Adding up the above inequalities, thanks to (10) and the fact that

m
Pk, (K)) = P,y 4t AmKn (K1),
=

1

Pr Ky 44 Amkn (K2 ) = 1|Ky |,

we obtain
1 1 1
|K?L|n 1> |A1K1|" A(K)u/\lKl) 2_}_.”_’_ |/\me|" A(K)u/\me) 2
moklh Eaxi L e\ )
¥ [AK] ¥ [AK; | ¥ |AK; |
i=1 i=1 i=1
mn 2
X (A(K), Ki))
> i=1
pui 1/
mC(n)2Ac(T)n

where the last inequality follows from the definitions of A and ¢(T'). Using

m m 2
mZaizz Zai , Ya;>0,i=1,---,m,
i=1 i=1

and the fact that
A(Ky, Ki) + A(Ky, Kj) = A(K;, Kj) = A(T),i # J,
it follows that
- 2
1 A(Ky, K;
Kal® s Lg (Ka l)]
g ‘/\iKi‘% " m2C(n)2Ac(T)
i=1
((m/2)AT)> _ A(T)?
T m2C(n)2Ac ()i 4C(n)2Ac(T)7
That is,
A(T)?
Kal = Ma (Kl Kl A) (14 — ),
" Ci(n)*Ac ()
O

We next prove Theorem 4.

Proof of Theorem 4. For simplicity, we recall some notation and concepts. For the given
bounded functions u;,i =1, - - - , m, their distribution functions are given by

pi(s) = [{ui = s}l s € [0, L],
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where L; = max ; < 400. And, for A; € (0,1) and p > 0, it follows that

Ly= max iy, = Myp(Ly, -+, L, A),
A

and

pa(s) = |{up,/\ > s}

fors € [0, L,]. From the p-concavity of u; and u p,A» We obtain that the distribution functions
u; and ) are continuous. The Brunn—Minkowski inequality yields

7

In the case of equality, the final result holds trivially. Then, we may assume that for
some T > 0,
(] = Ma([Qul,---, [Qml,A) + . (15)

Now, we want to find a function to estimate T depending on ¢, that is, to search for a
function f such that EILI(I) f(e) = 0and T < f(e). The definition of u,, ) yields

{upr > Mp(s1,- ,smA)} 2 A{ug > s1} 4+ + Ap{um > sm},
fors; € [0,L;],i =1,--- ,m. Thus, the Brunn-Minkowski inequality implies
I’l/\ (Mp(slr o, Smy A)) Z M% (l’ll (Sl)/ Tty Vm(sm)r /\) (16)

Fori=1,---,m, we set functions s; : [0,1] — [0, L;] such that for ¢t € [0,1]

si(t)
/0 pi(s)ds = tI;, (17)

where I; = fRn u;(x)dx. Note that s; is strictly increasing, and it is differentiable almost
everywhere. Then, by differentiating (17), we have

ui(si(t))si/(t) =1, forae. tel0,1]. (18)
We now define the map s, : [0,1] — [0, L,] as
sy = My(si(t), -~ ,sm(t),A), tel01] (19)

The continuity of s; implies the continuity of the function s,; thus, it follows that
m
suw=<2mﬁme1}mwp,temu
i=1

Applying Lemma 1 with p = 1 and g = 1, we have, for s;(t) € [0,L;],
M (ua(1(8), (5 (5), )M (32 (B)s1 (57 (B)sm(£) 71, 2)
> M (1)1 (010, (s ()65 (),2).
Then, the identity
AT = Mp(sa(t), -+ (D, 1) = M w (s1()!1 77, s T,A),0)

1-p

together with Lemma 1 and (18), implies that
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M (ua(s1(8), -+ s pm(sm (1)), A)s (1)
=M (i1 (s1(8), -+ (s (£), A) M (S5 (B)s1(8P L+ 80y (s (P71, A ) s ()17
>M 1 (m(s1()s1(HP s (8), - ,Vm(sm(t))sm(t)p_lsin(f),/\)/\/l%(Sl(f)l_p, e sm(8)F,A) (21)
ZML(Il/ o /ITI’I/A)-
np+1
Next, for any given é > 0, set
By ={t € 01]: ua(sa () > My Ga(a(0), -+, pn(sm(1)), ) + 6,
and
= {s)(t) : t € Fs}.
Then, we have
I :/ / dt
-~ A0
= t t)'dt
PlA sa(t))sa(t oang P pa(sa(t))sa(t)
> M FEERI 7 5)sy(t)dt t t)'dt
> /Fd L ) S)sa (1At [ (s (D) (1)
1
> [ MG DS (D + O, 22)
where the last inequality follows from (16). From (21), it follows that
/ Mo (i Mh (D> My (I, o ). (23)
Combining (22), (23) and the condition (5), we have
M r (Il/ t /Im//\) +£ 2 I/\ Z ML(Ill t /IMI)L) +5|r(5|/
np+1 np+1
which implies
€
< -.
ITsl < 5
For some & € (0,1), we take 6§ = s“L;l. Then,
L;1|r€ag1] <gl®, (24)

Letting ¢ be small enough, (24) implies that the set [0, 1]\T , L1 is big enough. Then, there
exists f ¢ F, L such that s) (f) < y for any small . Therefore, there exists f € [0,1]
such that

sa(f) <€ 7tLy, (25)

and

pa(sa(F) < M (ua(s1(6), - -, pm(sm(£)), A) +etLyt (26)

Suppose &; € (0,1) and an‘, & =1 Let

ey
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From (25), we have
Sm < e=op,

Fori = 1,---,m, by the assumption that u; are p-concave, we have that Up is p-
concave. Setl; = ---=1,_1 =0,1,, = L,. Then,

m—1
{z:upa(z) = Mp(ly, -+ o1, La, 8} 20) ) &i{i s upp(xi) = 0} + Gnfxm < upa(xm) > L}
i=1

Since sy (£) = M,(0,---,0,Ly,¢) from (27), the above inclusion can be written as

m—1
{upa(z) 25 ()} 2 ), &GO+ Em{upr > La}.
i=1

1

By the Brunn—-Minkowski inequality, we get
- m_l 1 \"
[{upr = 52D} > (Z GilOA|™ + G| {upa = LA}\"> : (28)
i=1

m
Since the set {up, 1> L ,\} = i;{ui > L;} is a single point set under the assumption

that the involved functions are strictly p-concave, we then have that {up, A > Ly} has zero
measure. Then, using (26) and the fact p;(s;(f)) < |Q;], and then using (28) and (15),

we have
Ma(|Q], -+, [Qul,A) + €L

>pp(sa(F) = [{upr = sa(F) }]
m—1 1 n

> Y &Gl
i=1

2(1=Gm)" My (Il -+ [Quml, A) + (1 = Em)"T.

Since (1 —¢)" > 1—nly > %forO <éu < %,we get

(L3 + 11— (= &) M (1], 1Ol 1))
(= 2n)
< 2L+ ngn My (104, Ol A) ).

T<

ptt
Taking & = % and a small enough ¢ (precisely, ¢ < (%) ’") and combining

Cm < e1=0)P we have

p

O] < Ma (O], Q] A) +2(L7! + M (O] [ Q] 4) )7 T (29)

Since clearly I; < L;|Q;| fori =1,---,m, A, we get

I I
L)\ = MP(Llr /LH’I/A) 2 Mp(m11|/ o /mn:n|//\)/

and recalling Lemma 1,
M P (11//IMIA)

np+1

M%(|01|r r’Qm‘/)L)

Ly >
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Finally, combining the above inequality with (29) we obtain

_p_
|Q)\| < [1+2<W+M;ﬂ(ll,'” ,Im,)\)_1>g!’+1:|./\/ll(’01|,"' ,‘Qm|,/\),

np+1
and the proof is complete. [

Now, by virtue of Theorem 2 and Theorem 4 obtained above, we are in the position to
prove Theorem 5.

Proof of Theorem 5. We argue by contradiction. Suppose that

2(p+1)
/ h(x)dx <M _p (I, In, A) + BAT) 7,
O, np+1
where f is defined in Theorem 5. Then, we apply Theorem 4 and we have

] < [1+

M (|, |Qml, A).
Am%qu b1l )

Then, according to Theorem 2, we can easily get a contradiction and finish the
proof. [

4. Examples of Theorems 2, 4 and 5

Now, we give some specific examples to further reveal the application and significance
of our results. We consider three convex bodies in R?, one of which is a ball K; = B3(r) for
r=mn"12 oneisa square K with sides of 1, and the other K3 is a rectangle with sides of
lengths e and 1 which has a big difference in shape from the above two bodies. Moreover,
the area of them is one, i.e., |Kq| = |K;| = |K3| = 1.

Example 1 (Example of Theorem 2). Let T = {Ky,Kp, K3} with K; = {x € R? : |x| <
n 12}, Ky = [-1/2,1/2]% and K3 = [—1/(2¢),1/(2¢)] x [—¢/2,€/2], A = (%,3,%) and
K, = %Kl + %Kz + %K3. It follows from Theorem 2 that

6))
Kyl > 11
'”-(*c&%)

where C1(2) = 2C(2) with C(2) defined in Theorem 1, and

/1 1 6 . T 2 A
C=1-4 E—Z—l—garcsm 1—Z—Earcsm 1

Proof. Using the assumption and the definitions of A and ¢(T), it is easy to obtain
A = 0o(T) = 1. Let us calculate A(T). Thanks to the fact that A(T') = y inleS{A(Ki,Kj)}
17]=1,2,

and the definition of K3, which has a great difference in shape from K; and K, we only
need to deduce the relative asymmetry between K; and Ky. By (4) and calculus of integrals,
we get

1 1 6 . T 2 . T
Cr:=A() = A(Ky,Ky) =1 —4\/;4— ;arcsm,/l —I Earcsm,/Z.

Example 2 (Example of Theorems 4). Let K; = {x € R?: |x| < 7712}, Ky = [-1/2,1/2)?
and K3 = [—1/(2¢),1/(2¢)] x [—¢e/2,¢/2], and assume that A = (%,1,%), p > 0, and
u; € LY(R?),i = 1,2, 3 are non-negative bounded and p-concave functions in R? with convex com-

O
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pact supports K;, respectively. Assume that [, u;(x)dx = 1and for e > 0 fKA h(x)dx <1+4e.

From Theorem 4, we get
|4

[Kal <1+ 6er+L.

Example 3 (Example of Theorems 5). Let T = {Ki, Ky, K3} with K; = {x € R? : |x| <
2}, Ky = [-1/2,1/2)% and Kz = [-1/(2¢),1/(2¢)] x [—€/2,¢/2], and assume that
A= (%, %, %), p > 0and u; € LY(R?),i = 1,2,3 are non-negative bounded and p-concave
functions in R? with convex compact supports K;, respectively. Assume that [g, u;(x)dx = 1,
and fore > 0 fKA h(x)dx < 1+ €. Using Theorem 5, it holds that

2(p+1)

/ h(x)dx >1+pC, ",
Ky

_ptl
where B = (24C(2)2)" 7, C, is obtained in Example 1 and C(2) is the value of C(n) which is
defined in Theorem 1 when n = 2.

5. Conclusions

This paper has deepened the understanding of the stability of the Brunn—-Minkowski
inequality for multiple convex bodies by incorporating the concept of relative asymme-
try. Additionally, applying the established stability estimations of the Brunn—-Minkowski
inequality and the property of compact support, we also established the stability of the
Borell-Brascamp-Lieb inequality for multiple power concave functions. Furthermore, some
examples are also given in Section 4 as applications of the main results.
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