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Abstract: In this paper, the sampling and reconstruction problems in function subspaces of L? (R")
associated with the multi-dimensional special affine Fourier transform (SAFT) are discussed. First, we
give the definition of the multi-dimensional SAFT and study its properties including the Parseval’s
relation, the canonical convolution theorems and the chirp-modulation periodicity. Then, a kind of
function spaces are defined by the canonical convolution in the multi-dimensional SAFT domain, the
existence and the properties of the dual basis functions are demonstrated, and the LP-stability of the
basis functions is established. Finally, based on the nonuniform samples taken on a dense set, we
propose an iterative reconstruction algorithm with exponential convergence to recover the signals
in a LP-subspace associated with the multi-dimensional SAFT, and the validity of the algorithm is
demonstrated via simulations.
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1. Introduction

The well-known Shannon sampling theorem had a great impact on many engineering
fields, such as communication and information processing, which provides a basic bridge
between discrete and continuous signals [1]. However, it is not suitable for numerical
realization due to the slow decay of the sinc function generating the bandlimited signal
space. Moreover, many signals in the practical applications are not bandlimited. With the
development of wavelet analysis, many sampling results have been generalized to more
general shift-invariant spaces [2-11]. However, most results are studied in the framework
of classical Fourier transform (FT).

In recent years, many sampling theories have been attempted to be established in the
setting of more general integral transforms including the fractional Fourier transform (FrFT),
the linear canonical transform (LCT) and the special affine Fourier transform (SAFT) [12-21].
The SAFT was first proposed in [22] for modeling optical systems and had been generally
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parameter integral transform and can contain many classical transforms as special cases,
such as the FT, the FrFT, the Laplace transform and the LCT [23-25]. These results indicate
that the studies related to one-dimensional signals in the SAFT domain have been relatively
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introducing two extra flexible parameters. The LCT, as a tool for signal processing, had been
intended to analyze multi-dimensional signals in the sense that a product of n-copies of the
usual one-dimensional LCT was used [26,27]. Supported by the sampling theory, it has been
widely applied to images and audio [28,29]. With the development of the sampling theory,
the sampling of multi-dimensional signals will also have more potential applications,
such as image scaling, and image super-resolution [27,30-32]. In addition, the conversion
between different sample rates also plays an important role in communication, image
processing, etc. All kinds of classical transform domains such as FT, FrFT, LCT and
other one-dimensional sampling rate conversions or multi-dimensional extractions or
interpolations with integer matrices are also proposed [33-36]. The SAFT, as the offset
version of the LCT, is more flexible, so it is necessary to discuss the problems related to
multi-dimensional signals in the SAFT transform domain.

As an extension of bandlimited signals in the SAFT domain, different function spaces
associated with various types of convolutions are defined to model non-bandlimited signals, and
the corresponding sampling theories are studied, such as the canonical convolution [14,16,17]
and the SAFT-convolution [12,19]. However, all the involved function spaces are 12-
subspaces, and the discussion in the LP-setting is still not explored. Motivated by the above
observations, we will devote ourselves to the following problems:

State the definition of the multi-dimensional special affine Fourier transform with
multi-dimensional kernel and establish some basic conclusions including the inverse
transform formula, the Parseval’s relation, the canonical convolution theorems and
the chirp-modulation periodicity.

Based on the proposed multi-dimensional SAFT and the canonical convolution in the
multi-dimensional SAFT domain, introduce a class of LP-subspaces and discuss the
corresponding properties including the existence of the dual basis functions and the
LP-stability of the basis functions.

The theory of nonuniform sampling in shift-invariant spaces of the LP-setting associ-
ated with the classical FT has acquired great achievements [2,3]. Taking the existing
results as a reference, consider the nonuniform sampling and reconstruction of signals
in the LP-subspaces associated with the multi-dimensional SAFT.

The paper is organized as follows. In Section 2, we give the definition of the multi-
dimensional SAFT and its properties. In Section 3, a class of subspaces V7 (¢) of LF(R")
associated with the canonical convolution in the SAFT domain are discussed. In Section 4,
an iterative reconstruction algorithm based on nonuniform samples is proposed to recover
the signals living in the space V7 (¢).

2. The Multi-Dimensional Special Affine Fourier Transform

In this section, we will give the definition of the multi-dimensional special affine
Fourier transform and introduce its properties. Let

_|A Blp
M= [ C D|q ] . (1)
. A B |.
Here, A, B,C, D are n * n real matrices, p, q are # * 1 column vectors, and M; = c pl|B

0 I
-I, 0
identity matrix. In the following, we only care about the case of det B # 0.

a symplectic matrix, that is, MlT JMq = ], where | = { } and I, is a n-dimensional

Definition 1. For f € L?(R"), the multi-dimensional SAFT with respect to the matrix M is
defined as
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Fu(w) = [ F(OKu(w, tjdt

= o(n, B) /R £(t) exp{é(wTDBlw + OB Tw+ t!B 1At +2p"B 1t — 2wl B~ Ty) }dt, )

where p(n,B) = —1 . 0 = 2(Bq—Dp)T,t = (ty,tp, -, ty)T and w =
(27r)2 | detB|2

(w1,w2, to /wn)T-

Similarly, for a sequence { f(k) }xez» € ¢?(Z"), the multi-dimensional SAFT transform
is defined by

Fu(w) = Y f(k)Km(w, k). ®)

kezn
Lemma 1. Let

Bq—Dp

pT —BT
-1 _
M - [ B—TcTBp _ B—TATBq . (4)

—cT AT

Then the multi-dimensional SAFT kernel satisfies the following properties:
(1) KM—l (t, W) = KM(W, t).
(ii) [ Knt(w, t)Ky 1 (z, w)dw = 6(t — z).

Proof. (i) Since M satisfies MlT]Ml = J,wehave ATD — CTB = I,,. Then

Ky (t,w) = p(n, B) exp {;(tTAT(—B_T)t +247(-BT) ((—BT)(B—TCTBp — B TATBq)

— AT(Bq— Dp)) +w!l (=B~ T)DTw +2w!(—B~1)(Bq — Dp) — 2tT(—B’1)w) }

= o(n, B) exp { - %(tTATB‘Tt +2t"B~Tp + w'B~TD"w + 2w”B~(Bq — Dp)

- 2tTB1w>}
= o(n, B) exp { - %(tTB’lAt +2p"B 1t +w' DB 'w+2(Bq— Dp) B Tw
- 2wTBTt)}

= Km(w, t).

(ii) It follows from (i) that
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/n Kpr(w, t)Kpp-1(z, w)dw

= [ Ku(w, 9 Kni(w, 2)dw

— p%(n,B) / eXp{é(wTDBlw + OB Tw+ 7B 1At +2pTB 1t — ZWTBTt)}
: exp{ f%(wTDB_lw + OB Tw+2z"B 1Az +2p"B 1z — 2w’ B Tz) }dw

2
. /[;&" exp{—jwIB~T(t — z)}dw. ()

= p?(n,B) exp{] (tTB_lAt +2p"B 't —2"B 1Az - 2pTB_1z) }

Let wq; = B~ 1w. We can rewrite (5) as

/R Kpr(w, t)Kpp-1(z, w)dw

J (4T p-1 Tp-1 Tp-1 Tp-1
= ~(t'B "At+2p B 't—z'B "Az—-2p B
(2n)"|detB|eXP{z( tep z Z=°p Z)}
/R exp{—jw17(t — z)}| det B|dwy

o(t—2z).

O
Lemma 2. For f,g € L2(R"), one has

<FM/ GM>L2(RVI) = <f’g>L2(R”)' (6)
Proof. Note that

1
|det B|2

-exp{é(wTDB1w+QBTw) } 7)

Fy(w) =

F {f(t) exp{ % (tTBflAt + 2pTB71t) H (B~ w)

IThen, it follows from the Parseval’s formula in the FT domain that
(Fm(w), Gm(w))
= <.F [f(t) exp{ % (tTB_lAt + 2pTB_1t) H (w1),

F [g(t) exp{é (tTB_lAt + 2pTB_1t) H (W1)>

= <f(t) exp{ % (tTBflAt + 2pTB*1t) },g(t) exp{ % (tTBflAt + 2pTB*1t) }>
= (f(1),g(t)).

When f = g, then the relation is the Plancherel’s formula in the multi-dimensional SAFT domain.
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By the item (ii) of Lemma 1, one can obtain the inverse SAFT as
/ Fu(W)Ky 1 (b w)dw = / L FOOKag (3, )xK 1 (& w)dw
= [ f) /R Ka(w, x)Kpy 1 (& w)dwex
= Je f(x)o(t — x)dx
= f(t). (8)

O

Definition 2 ([37]). Let N be a real and non-singular matrix of order n. Define the lattice generated
by N as

L(N) = {Nk;k € Z"}. (9)

For the lattice L(N), the unit-cell U(N) C R" is defined as

U {um)+x}=r" (10)
x€L(N)
and
() +x}N{o) +y} =@ forx £y e L(N). (11)

The most convenient unit-cell is the parallelepiped given by
U(N) = {Nx;x = (x1,xp,- - ,xn)T, 0<x<1,i=1,--- ,n}. (12)

1 0

Example 1. Ifn =2and N = [ 0 2

} , then

L(N) = {Nk = (k1 2k) sk = (kp, ko)T € z2}
and U(N) = (0,1] x (0,2].

Lemma 3. For p, q € (*(Z"), one has

<PM/ QM>L2(U(27TB)) = <p/q>g2(Zn)- (13)
Proof. Let p be a sequence such that
p(k) = p(k) exp{é(kTB_lAk—i—ZpTB_lk)}, kezZ" (14)

Note that

Py(w) = - F[p](B~1w) exp{](wTDB_lw—l—QB_Tw)},
|det B|2 2
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where F is the discrete FT. Then, one has
<p/‘7>£2(2”) = (P D ez
- <]:m’]:m>L2([o,2n]”)
1~ 1~
= <|detB|2PM(Bw), |detB|ZQM(BW)>L2([O,ZH]}1)
— |detB| / i (Bw) Ont (Bw)dw. (15)
Note that
{Bx:x=(x1,x2,-++,xn), 0 < x; <211}
={27Bx:x = (x1,x2,- -+ ,xn), 0 < x; <1}
= U(27B). (16)

This together with (15) gives

(P De@n = /u(an) Pr(w)Qu(w)dw = <PM’ QM>L2(U(27TB))'

O

The proposed multi-dimensional SAFT reduces to some special transforms when

the sub-matrices of the matrix M take the particular forms. When M = [ Ié g 0 },
the transform falls back to the multi-dimensional LCT
Lm[fl(w) =p(n,B) / f(t exp{ (W'DB'w+t'B 1At - ZWTBTt)}dt (17)
defined in [37]. In particular,
if A= D = 0and B = —C = I, it returns to the classical n-dimensional Fourier
transform
1
F(w) = a t)exp{ —jw!t bdt. 18
W)= 78 Jod® p{—iw"t} (18)

Definition 3. For f,¢ € L?(R"), the canonical convolution in the multi-dimensional SAFT
domain is defined by

(fOQ)(t / f(x)g(t—x) exp{ ;(tTB_lAt—xTB_le+2pTB_1(t—x)) }dx. (19)
Lemma 4. Let h(t) = (fOg)(t). Then, the multi-dimensional SAFT of h satisfies
Hp(w) = (271) 2 Fyy(w)G(B™'w), (20)
where G is the multi-dimensional Fourier transform of g.

Proof. It follows from the definition of the multi-dimensional SAFT that
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Hu(w) = o h(t)Kp(w, t)dt
= p(n,B) /n . f(x)g(t—x) exp{ —% (tTBflAt —x'BtAx+2pTB 71 (t - x)) }
: exp{é(wTDBlw + OB Tw+t'B 1At +2p"B 1t — 2wl B Ty) }dxdt
= o(n,B) /Rn f(x) exp{ %(WTDB_lw + OB Tw+xTB1Ax + 2p" B Ix — 2wTB—Tx)}
. /R 2t — x) exp{—jw" BT (t — x)}dtdx
= (271)2 Fpr(w)G(B ™ 'w). (21)

Similarly, the semi-discrete and discrete forms of the canonical convolution can be defined as

(cOf)(t) = Y c(k)f(t—Kk) exp{ —% (tTB’lAt ~ k"B Ak +2p"B 7 (t k)) }
kezZ

and

(cOd)(k) = Y c(m)d(k —m) exp{ f% (kTB_lAk —m"B 'Am +2p"B 1 (k — m)) }

mezZ"

forc,d € (2(Z") and f € L?>(R"), , respectively. [

Lemma 5. Let h(t) = ({f(k) beezn G)g(~)) (t). Then, the multi-dimensional SAFT of h satisfies

Hy(w) = (271)2Fp (W) G(B 'w). (22)

Lemma 6. Let h(k) = ({f(m)}meZnG){g(m)}mezn) (k). Then, the multi-dimensional SAFT
of {h(K) }xezn satisfies

Hy(w) = (271) 2 Fyy(w)G(B~'w), (23)
where G is the multi-dimensional Fourier transform of the sequence g.
Lemma 7. The SAFT of {f (k) }xezn € (>(Z") satisfies the chirp-modulation periodicity as

Fypi(w +27tBm) exp{ —% ((w +27Bm) DB~ (w + 271Bm) + QBT (w + 27er)> }

= Epi(w) exp{ —% (wTDBflw + QB*TW) } (24)
where m = (my,my, ..., my)" € 7.

Proof. By the definition of the multi-dimensional SAFT, one has
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Far(w 4 27tBm)

p(n,B) Y f(k exp{ ((w+27Bm)" DB~ (w + 27Bm) + QB~T(w + 27Bm) + k" B~ 1 Ak
kezZ"

+2pTB_1k—2(w+27er)TB_Tk)}
p(n,B) Y f(k exp{ (W'DB'w+ QB Tw+ k"B ' Ak +2p"B 'k — 2w’ B~ Tk)}

keZ"
. exp{

= exp

raun

271(Bm)"DBY(w +271Bm) + w! DB~ '127Bm + QB T27Bm — 2(2an)TB*Tk) }

/N

271(Bm)" DB~ (w 4 27Bm) + wI DB~ 127Bm + QB’TZTEBm> }'F“M(w)

I
®
X

/—/H o
—N— — N =

I\J\\. N —~. NI—=.

(W +27Bm)" DB~ (w + 27tBm) + QBT (w + 27tBm)) }

- exp

w!DB 'w +QB~ w) }fM(w).

The desired result can be obtained by transposition. [

3. The Space Associated with the Canonical Convolution

In this section, we will define a class of subspaces in L” (R") which is related to the
canonical convolution in the multi-dimension SAFT domain.
Let1 < p < 0. Define

VP () = {c@¢>(t) ce er’(z")}

{ Y c(k)o(t—k) exp{—é (tTB’lAt ~KTB 1Ak +2p B (t - k)) ce éﬁ(Z”)}}. (25)

kez"

In the following, we will give a sufficient and necessary condition for the stability of
the basis functions of V2(¢).

Theorem 1. Let ¢ (t) = ¢(t — k) exp{—% (tTB1At— kTB 1Ak +2pTB1(t — k)) } Then,

{1 () }iezn is the Riesz basis of V>(¢) if and only if there exist constants 0 < Ay < By <
such that
A < G(]),M(W) <Bi, we U(ZTL'B), (26)

where Gy, p (W) Y Y |®(B~'w+2mm) |2 and @ is the FT of ¢.

mezZ"

Proof. For any f € V2(¢), there exists a sequence g € £?(Z") such that

= ). g(K)Pi(t). (27)

kezZ"

It follows from Lemma 5 that

Fu(w) = (271)2 Qp(w)® (B~ 1w). (28)
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Moreover, we know from Lemmas 2 and 7 that
2 2
111 T2y = 1 Eaallz2 gy
0~ 2
= [ |2t Quw) o5 1w)| dw
Rn
=(2m)" ), / ‘QM(W—i—Zan)‘Z‘(D(B*lw+27rk>‘Zdw
kezn U(ZT[B)
- (27‘[)"/ ‘QM(w)‘z y CI><B_1w+27Tk) ‘Zdw
U(ZTCB) kezn
~ 2
= (2n "/ w)| Gym(w)dw. 29
)" [y [OM O] Gpaa(w) 29)
Similarly, it follows from the Parseval’s formula in Lemma 3 that
||97H22 ny = H@M ’ = / ‘QM(W)‘ZdW. (30)
e(zr) 2u@erB)  Ju@nrs)

This together with (29) obtains the desired result. []

Theorem 2. Suppose that {1 (t) }cczn is the Riesz basis of the space V*(¢), there exist the dual
basis {1 (t) hezn of V() with

Pi(t) = p(t — k) exp{ —% (tTBflAt —kTB Ak +2p B (t— k)) }

such that for f(t) € L?(IR"™), the orthogonal projection operator P on V2(¢) can be given by

Pr(t) = Y (f ot = Y (f, i) pu(t). (31)
keZ keZn
Moreover, one has
-1 . qD(BilW)
‘Y(B w) = —(Zﬂ)”G@M(W)’ (32)

where Y is the FT of .

Proof. Since iy (t) € V2(¢), then there exists a sequence r € ¢?(Z") such that
w0l = pyesp{ LB 1At 2B 10 f = T sl = r0p(0. (39
kez"

Taking the SAFT on both sides of (33), it follows from Lemma 5 that
o(n, B) exp{ %(WTDB_lw + QB Tw) }‘I’(B_lw) = Ry (w)®(B w). (34)

Note that

(Ym, i) = exp{ - % (m"B 1Ak + k"B 'Am — 2m’B 1 Am) } (0, Px—m)-

Then, one has
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6(k) = (o, Px)
:< Yy r(m)¢m(t)r¢k(t)>

mezZ"
= Zznf(m)<¢m(t)/¢k(t)>
= r(m)A(k —m) ex —1 kK'B'Ak—m"B 'Am +2p"B 1 (k—m
E rlmpt gk m)exp{ 5 ( +2p"B (- m)) }
= {r(m)}mez®{A(m)}mezn (k), (35)

where A(k —m) = (¢(t —m), ¢(t — k)). Taking the SAFT on both sides of (35), it follows
from Lemma 6 that

o(n,B) exp{é(wTDBlw + QBTW)} = (Zﬂ)%ﬁM(W)/’{(Bflw), (36)

where A is the discrete FT of A. Moreover, we have
Ak —m) = (p(t —m), ¢(t — k))
= (exp {—jw'm}®(w),exp { —jw k}D(w))
= /R |D(w) | exp {jw (k — m) }dw

/[o 2] |®(w +27tmy) |2 exp {jw’ (k —m) }dw

mlGZn
- /[0 P Y |®(w+2mmy) |2 exp {jw’ (k — m) }dw. (37)
4 mq eZ"
Then, we can obtain
A(B~'w) = (271)2 Gy (). (38)

This together with (34) and (36) obtains

(B~ 'w)

-1 o
¥BW) = GGy (W)’

(39)

which means that the function i exists because Gy, (W) satisfies (26). O

Now, we introduce the Wiener amalgam space, more details can be found in [2]. A
measurable function f belongs to W(LF(R")), 1 < p < oo, if it satisfies

1Ay gy = 2 esssup {|f(t+1)|75t € [0,1]"} < oo (40)
kezZn

If p = co, a measurable function f belongs to W(L*(RR")) if it satisfies
| F ey = sup {esssup{[f(t+ k)|t € [0,1]"}} < co. (41)
keZ"

Note that W(L®(R")) coincides with L*(R"). Let Wy (L? (R")) be the subspace of continu-
ous functions in W(LF(R")).
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Lemma 8 ([2]). If ¢ € W(L'(IR")), then the autocorrelation sequence
me= [ 0(E— K @)
belongs to (1 (Z"), and we have
lalloazny < 191w ) (43)

Lemma 9 ([2]). If f € LP(R") and ¢ € W(L'(R")), then the sequence d defined by dy, =
S f(V)g(t — K)dt belongs to £F (Z"), and we have

dllerzny < N flle@m I8 llwrrmny), 1< p < co. (44)

Lemma 10 ([22]). (Wiener’s Lemma) If f(w) = Y. ay exp{jw!k} is an absolutely convergent
kez"
Fourier series with coefficient sequence a = (ay )xezn € £1(Z") and if f(w) # 0 for all w € R",

then ]17 also has an absolutely convergent Fourier series ﬁ Y b exp{jw!k} with coefficient
keZm

sequence b = (by)xezn € (1 (Z").

Lemma 11. If f € LP(R") and ¢ € W(L'(R")), then the sequence d defined by

i = [ SORE Ko J(1B 74t TB k29787 (410) bt 9

belongs to (P (Z"), and we have

dllerzny < Nfllee@e)lI8llw(rrmeyy, 1< p < oo (46)

Proof. Note that

il < [ FBg(t—10)at

It follows from Lemma 9 that the result holds. O

Lemma12. Let1 < p < oo. If¢p € W(L'(R")) and c € ¢P(Z"), then the function
O = Y c(k)e(t—k) exp{—; (tTBflAt — k"B 1Ak +2p B (t— k)) }
kez"

belongs to W(L¥ (R")) and
I wer ey < lell ez 101wt mey)- (47)

Proof. Let by = ess sup |p(t+k)|and d =ess sup |f(t+ k)|. Note that
te[01] te[0,1]

dg =ess sup | Y c(m)pm(t+k)
te[0,1]" | mezn

< ess sup Z lc(m)||p(t+k —m)|

te[0,1]" mezn

< Y fe(m)|bk—m (48)

mezZ"

and [|b|[ 170y = ||¢HW(L1(R")).Then, we can obtain

1 llwer ey = Idllerzny < llellerzn Bl zny = llellerzm 191w (o @ny)-
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O

Theorem 3. Suppose that ¢ € W(L'(R")) and { ¢y (t) }xezn is the Riesz basis of V(¢), then the
dual basis  is also in W(L'(R™)).

Proof. It follows from Theorem 2 that there exists a ¢ € ¢?(Z") such that

Po(t) = ¥(t) exp{ —%(tTBflAt + 2pTBlt)}

= Y c(k)p(t— k)exp{—] (tTBflAt — k"B Ak +2pTB  (t — k)) } (49)
keZn 2
which is equivalent to

#() = ¥ el exp{ S5 LAk +2p"5 1K) (1~ k)
keZ

= Y a(g(t- k). (50)

kez"

Moreover, we know from Theorem 2 that the FT of {c1(k) }xezn is

~ 1
Ci(w) = - , w e [0,27]". (51)
m)% ¥ |®(w+27k)
kEZH
By the Poisson summation formula, one has
Y, [@w+2rk)P = Y (¢, ¢(- — k) exp{jw k}. (52)
kezn kezr
It follows from Lemma 8 that
—k Y(z").
{10} er@ 53)

This together with (51) and Lemma 10 obtains ¢; € ¢!(Z"). Then, ¢ € ¢!(Z"). Finally,
¢ € W(L'(R")) follows from (50) and Lemma 12. [

Theorem 4. Suppose that ¢ € W(L(R")), then

(i) The space VP (¢) is a subspace of LP (R") and W(LF(R")) for 1 < p < oo.

(ii) If { @ (t) Yxezn is a Riesz basis of V?(¢p), then there exist constants 0 < m, < M, < oo such
that for any ¢ € (P (Z"), one has

mpllellpzn < || X c()di(t) < Mpllcllep(zny- (54)
KezZn LP(R")
(iii) If f € VP(¢), then we have the norm equivalences
£l @y = lcllerzny = 1 fllwee @) (55)
Proof. Note that
I 1lr@ny < Ifllw(er@nyy, 1< p < oo (56)

This together with Lemma 12 obtains (i) and the right side of (54) holds. O
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Now, we prove the left side of (54). Define the operator

Toe= Y c(k)gp(t— k)exp{—é (tTB—lAt —K'B 1Ak +2pTB 1 (t — k)) } ce ()
kezZ"

and the operator

(T3f), / £(1) exp{] (B At — KB Ak +2p B (k- ) ) }dt, f e LP(RY).

It follows from Lemmas 11 and 12 that Ty is a bounded map from (¥ (Z") to LP(R") and T,
is also a bounded map from LP (R") to (¥ (Z").

Let f(t) = keZZ" c(k)gpi(t) € VP(¢). Since {¢Pi (t) } ez and {Pm (t) ez are biorthog-
onal, c(k) = (f, Py (t)) = <thf)k Then

HCHM(Z” =

g T ey

Choosing m, = ’ Ty
from (54) and Lemma 12

obtams the desired result. The norm equivalences (55) follows

Theorem 5. Let 1 < p < 0. Suppose that ¢ € Wo(L'(R")) and {¢y (t) }xezn are the Riesz
basis of V2(¢p), then VP (¢) C Wo(LF (R™)).

Proof. Itis obvious that V¥ (¢) C W(LP(R")) follows from Lemma 12. Note that

[l @y < Mfllwr@nyy, 1< p <o (57)
Let f(t) = ¥ c(k)gi(t) € VP(¢)and fn(t) = X c(k)gi(t). If 1 < p < oo, then it
kez” [kllo<N
follows from Lemma 12 and (57) that
P
If =l < | X eGP ] @l ey, (58)
[k[leo>N

which means that fy(t) uniformly converges to the continuous function f(t). [

Now, we will prove for the case p = . Since ¢ € Wy(L!'(R")), there exists a sequence
@n of continuous function with compact support such that

I\%IE)I})OH(P - (PNHW(U(R,,)) =0. (59)
Let
gn(t) = ) c(k)gn(t— k)exp{‘é (B At~ k7B Ak +2p"B (¢~ k) }
kezZ"

Then, gy is continuous because the sum is locally finite. Using Lemma 12, we have
1f = &Nl Lo mer)

c(k)(¢p — “1)expd —L ({B 1At —KTB 1 AK TB 1l (t—k
L 90— p)(t-1exp{ - (B AT A 29T (k) |

£ ()
< lell oz 19 — @Nllw (et @ny)-
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This together with (59) shows that gn(t) uniformly converges to continuous function f(t).

4. Sampling and Reconstruction in V7 (¢)

In this section, we will discuss the sampling and reconstruction of signals in the
space VP (¢).

Definition 4 ([2]). Aset X = {t; : i € I} is yp-dense in R" if

R" = JBy(t;) Vv >, (60)
icl

where B, (t;) is a sphere with t; as the center and <y as the radius.

Definition 5 ([2]). We call {B;}ic1 a bounded partition of unity associated with X = {t; : i € I},
if

(1)0 < B; <1forallic I;

(i) suppP; C By (t;);

(iii) }_ Bi = 1.
i€l
Moreover, we define the operator Qx as
Qxf = L f(t)B:- (61)
i€l

Theorem 6. Suppose that ¢ € Wo(L'(R")), {¢w(t)}xezn is a Riesz basis of V?(¢) and
{h (V) Yiezn € V2(@) is the dual basis of {¢(t) }xezn. Then the orthogonal projection oper-
ator

P:f— Y (f)di(b) (62)

kez"

is a bounded projection from LV (R™) onto VP (¢) for 1 < p < oo.
Proof. Note that

Pf= ) (f ¢)du(t) =TyTyf, feLP(R"). (63)
keZn
Then, the desired result follows from the boundedness of the operators T(p and TZ, in the
proof of Theorem 4. [
Lemma 13 ([2]). Suppose that ¢ € Wo(L'(R")) and {¢(t — k) : k € Z"} are the Riesz basis of
Vi(g) = {kZZ c(k)p(t—Kk):c e 2(Z") } Then, there exists a density vy > 0 such that any f
6 n

belonging to

kez"

VE(p) = { Y ck)g(t—k):ce EP(Z")} (64)

can be recovered from its samples {f(t;) : t; € X} on any y-dense set X = {t; : i € 1} by the
iterative algorithm

{f1 = PrQxf, (65)

fre1 = PrQx(f — fi) + fi
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where Py is the bounded projection from LF (R™) onto VF (). Moreover, fy. uniformly converges to
f and

If = fell o mny < I1f = fiellwerr@ny) < CHf”Ln(Rn)“kr (66)
where « = a(y) < 1.

Define an operator Mg as

Msf(t) = exp{—é (tTBflAt+2pTB*1t) } £(t). (67)
Then, we can provide the following iterative reconstruction algorithm.
Theorem 7. Suppose that ¢ € Wo(L'(R")) and {¢y (t) }xezn are the Riesz basis of V2(¢).

Then, there exists a density -y > 0 such that any f € VP (¢) can be recovered from its samples
{f(t;) : t; € X} on any ~y-dense set X = {t; : i € I} by the iterative algorithm

{f1 = PMsQxM;'f, (68)
fer1 = PMsQxMg ' (f — fi) + fi
Moreover, fi uniformly converges to f and
If = fellrny < M1f = fellwirmey) < CHfHLv(Rﬂ)“kf (69)
where « = a(7y) < 1.
Proof. Note that
fB) = ) cll)gu(t)
kezr
= Y c(k)p(t— k)exp{ f% (tTB_lAt — k"B 'AKk+2pTB 1 (t — k)) } (70)
kez"
is equivalent to
exp{ ! (tTB_lAt + 2pTB_1t) }f(t)
2
-y c(k)exp{ A (kTBflAk + 2pTB’1k> }4>(t ~X). (71)
kez" 2

Let )
g(t) = exp{ % (tTB—lAt + 2pTB_1t> }f(t)

and cy(k) = c(k) exp{%(kTB’lAk +2pTB1Kk) } Then, g(t) € VF(¢). Since the FT of

¢ satisfies (26), {¢p(t —k) : k € Z"} is the Riesz basis of VZ(¢). Then it follows from
Lemma 13 that g can be recovered from its samples

g(t) = exp{é (tiTB_lAti + 2pTB_1ti) }f(ti)

by the iterative algorithm

{81 = PrQxg, 72)

Sk+1 = PrQx (g — k) + &
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Moreover, g uniformly converges to g and

& = 8kllr@ny < 18 = Skllwrr@ny) < C||8||LP(R")"‘k/ (73)

where & = a() < 1. Note that

Pef(t) = ) (fpt—k)¢p(t—Kk)

kez
-y <exp{—] (tTB’lAt + 2pTB’1t) }f, Pt — k) exp{—] (tTB’lAt — k"B 1Ak
S 2 2
Tp—1 J (Tp-1 Tp-1 Tp-1
+2p”B (t—k))}>¢(t—k)exp{—2(t B~ 1At — k"B 1Ak +2p”B (t—k))}
) ] (Tp-1 Tp—1
exp{z(t B~ At+2p B t)}
-y <exp{—é(tTBlAt—0—2pTBlt) }f,l/}k><,bk(t)exp{é<tTB1At+2pTBlt)}
kEZH
_ J (Tp-1 Tp-1 I {(yTp1 T p—1
—exp{z(tB At+2p'B t)}P(exp{ 2(tB At+2p'B t)}f)(t),
which means that
ex —1(tTB—1At+2 TB't) pPrf(t
Py 5 p rf(t)
- P<exp{—; (tTB—lAt + 2pTB-1t) }f) (t). (74)

Therefore, the algorithm (72) can be rewritten as

{Msgl = PMsQxM; ' f, 75)
Msgii1 = PMsQxMg ™ (f — Msgy) + Msgx.
Let fx = Mggk. Then, (75) is equivalent to
{fl = PMsQxM;'f, 76)
frr1 = PMsQxMg ™ (f = fi) + fi-

Note that
|f = fkl = IMs(g — g1)| = 1§ — &l-

Then, || f = fill ey = 18 = 8kllLr ey and || f = fillw(r mny) = 18 — &k llw(rr (rr))- Finally,
the desired result follows from (73). O

Finally, we will give simulations to verify the proposed methods. Consider the matrix

1
+ 0 1 0 00 4 0
_| 2 _ _ _
\/l,wheretheelementsareA—{0 %},B—[O 1],C—[0 0},D—[0 2},

1 0 .
p= [ 0 ],q— [ 1 ] and a signal

f(t) = sinc(ty)sinc(ts) exp{ 7%’ (it? + 2t1) } exp{é (;tﬁ + 2t2> }

which is bandlimited in the multi-dimensional SAFT domain. Then, we use the proposed
iterative algorithm (68) to reconstruct the signal f. The special affine spectrum of f,
the sampled signal and the reconstructed signal are shown in Figures 1-4.
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Figure 4. The real and imaginary parts of the reconstructed signal.
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