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Abstract: In engineering practice, longitudinal brace systems for column-braced systems are de-
signed to resist both horizontal and vertical loads. In previous experimental research on horizontal
brace forces for column-braced systems of intermediate height, only vertical loads were considered.
Hence, this paper presents a numerical simulation of numerous column-braced systems subjected
to horizontal and vertical loads. In the numerical simulation, second-order analysis was adopted,
and the Monte Carlo method was used to incorporate the randomness of initial imperfections in
the horizontal brace and column. From the finite element (FE) analyses and probability model
statistics, the normal probability density equation for intermediate-height horizontal brace forces
under horizontal and vertical loads was obtained, and the corresponding design intermediate-height
horizontal brace forces were determined and compared with those under vertical loads only. The
results indicate that the design intermediate-height horizontal brace forces under horizontal and
vertical loads are significantly greater than those under only vertical loads, and that the design
intermediate-height horizontal brace forces under horizontal and vertical loads are also greater than
the simple superposition results of horizontal loads and intermediate-height horizontal brace forces
under only vertical loads.

Keywords: intermediate-height horizontal brace forces; horizontal loads; vertical loads; Monte Carlo
method; random initial imperfection; probability statistics

1. Introduction

The role of braces has been well understood in practical engineering [1]. Bracing
members in structural systems were divided into two categories according to the roles of
braces: one resisting horizontal loads, including wind loads, earthquake loads, and crane
loads, and the other providing intermediate lateral support to the member’s weak axis
for enhancing its stability [2]. To reduce effective column lengths and resist longitudinal
horizontal loads under vertical loads, the longitudinal bracing systems of column-braced
systems of industrial plants are commonly composed of horizontal braces and diagonal
braces. In practical engineering, the structure will bear vertical and horizontal loads, in
which the horizontal load includes wind loads, earthquake loads, and crane loads besides
providing support for structural stability. The design intermediate-height horizontal brace
forces in column-braced systems under vertical loads have generally been investigated [3–6],
but no important definitive research has been conducted on the design intermediate-height
horizontal brace forces in column-braced systems under horizontal and vertical loads.

In previous studies on column-braced systems subject to vertical loads [5–9], the
Monte Carlo method accounted for the randomness of initial imperfections in the horizontal
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brace and column. Research results have shown that the random combination of initial
imperfections between the columns and horizontal braces has a positive effect on brace
forces as it leads to the randomness of the intermediate-height horizontal brace forces in
compression or in tension when the ultimate load of the braced columns is reached. Thus,
to ensure the accuracy of intermediate-height horizontal brace forces under horizontal and
vertical loads, it is necessary to account for the effects of initial imperfections [8–15].

In this study, a second-order analysis of extended column-braced systems under
horizontal and vertical stresses was conducted using the ANSYS program [16] and the
Monte Carlo method to randomly sample the initial imperfections of horizontal braces and
column. Furthermore, the normal probability density equation of the intermediate-height
horizontal brace forces under horizontal and vertical loads was proposed on the basis of the
probability statistics method, and the design intermediate-height horizontal brace forces
were also proposed and compared with those under only vertical loads.

2. Parametric Design and Analytical Model

The purpose of this paper is to only study the longitudinal brace force of the horizontal
brace, because the longitudinal direction is about the weak axis of the column and will
cause overall instability. The transverse frame was not considered, because it is about
the strong axis of the column and will not cause overall instability. Therefore, the planar
scheme was chosen. The analytical model validated by Ref. [17] was adopted in this paper.
Finite element (FE) analysis results and test results are summarized in Table 1. Instability
deformations obtained from the tests and FE analyses are shown in Figures 1 and 2. In
terms of the ultimate loads and instability deformations, the FE analysis results showed
good agreement with test results. Therefore, it can be considered that the FE analysis model
could accurately simulate the test.

Table 1. Test results and FE analysis results.

Test

Test Results FE Analysis Results

Puf/Put Fuf/FutUltimate
Loads Put /N

Maximum
Horizontal Brace

Force Fut/N
Fut/Put

Ultimate
Loads Put /N

Maximum
Horizontal Brace

Force Fut/N
Fut/Put

Group 1 7616 492 0.065 8145 617 0.076 1.07 1.25
Group 2 7121 −484 −0.068 7830 −609 −0.078 1.11 1.26

Figure 1. Instability deformation obtained from the tests and FE analyses of Group 1. (a) Tests;
(b) FE analyses.
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Figure 2. Instability deformation obtained from the tests and FE analyses of Group 2. (a) Tests;
(b) FE analyses.

The analytical models for column-braced systems under horizontal and vertical loads
are shown in Figure 3. The identical vertical axial load P was applied to simply supported
n-columns with equal spacing, and the horizontal loads of the left and right ends at the top
of the braced columns are H1 = γ1P and H2 = γ2P, respectively. γ1 and γ2 are the horizontal
load coefficients of the left and right ends at the top of the braced columns, respectively. Ac
represents the sectional areas of each column.

Figure 3. Analytical models of column-braced systems under horizontal and vertical loads.
(a) The horizontal loads to the left; (b) The horizontal loads to the right.

For the analytical models, the parameter selection was mainly based on Ref. [6]. It
should be noted that only vertical loads were considered in the previous study [6]. In most
practical engineering, the following parameters are commonly used: the slenderness ratio
of the horizontal brace (100 ≤ λb ≤ 200); the horizontal brace length (b = 6 m); and the ratio
of horizontal brace length to column height, (0.4 ≤ b/L≤ 0.7). According to Ref. [6], the half
slenderness ratio (λc = 100) of the column about the weak axis is conservatively adopted in
this study. According to the limitations of the above conditions, the dimensions of columns
and braces could not adopt normalized profiles. An I-section with biaxially symmetry was
selected as the section of the column, whose sectional area is 250 cm2, as shown in Table 2.
Flexural buckling on the weak axis of the column occurs in the longitudinal direction of
column-braced systems.

Table 2. Detailed sectional dimensions of the column.

b/L L (m) H (mm) tw (mm) B (mm) tf (mm) Ad (cm2)

0.4 15 800 15 352.54 19.26 14.0
0.5 12 800 17 298.81 20.22 12.0
0.6 10 800 18 256.49 22.22 11.2
0.7 8.57 800 19 226.98 23.56 10.5

Note: H represents the height of the I-section; B represents the width of the I-section; tw represents the thickness
of the web; tf represents the thickness of the flange; Ad represents the sectional areas of each diagonal brace.
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A circular tube section was selected as the section of the horizontal brace. According
to the number of columns, the sectional areas of the horizontal braces were determined.
Table 3 lists the detailed sectional dimensions of the horizontal braces where n is equal to 6.

Table 3. Detailed sectional dimensions of the horizontal brace.

λb Ai /At (cm2) Db (mm) tb (mm)

100 24 169.65 4.50
125 32 135.56 7.51
150 42 112.51 11.88
175 53 95.35 17.69
200 64 81.01 25.14

Note: Ai represents the sectional areas of the intermediate height of each horizontal brace; At represents the
sectional areas of the top of each horizontal brace; Db represents the external diameter of the circular tube section;
tb represents the thickness of the circular tube section.

A circular solid bar was selected as the diagonal brace, whose sectional areas are listed
in Table 2 when n is equal to 6.

3. Random Combination of Initial Imperfections
3.1. The Monte Carlo Method

By employing FE analysis and probability model statistics, the Monte Carlo method [18]
is capable of solving complex random engineering issues. Using random sampling of small
sample sizes, the Monte Carlo method can tackle the large-sample problem. As long as a
sufficient sample sum is sampled and simulation tests are reliable, the Monte Carlo method
yields credible results [19].

3.2. Probability Model of Initial Imperfections

On the basis of the Monte Carlo method, a normal distribution can be used to represent
each random variable [20]. Assuming that n represents the number of columns and δ0i
represents the ith column’s initial bow imperfection, its probability model distribution is
expressed by the following equation.

Pi(δ0i) =
1√

2πσ1
e
− (δ0i−µ1)

2

2σ1
2 i = 1, 2, . . . . . . , n (1)

Assuming that ∆0i represents the initial sway imperfection of the ith column, its
probability model distribution is expressed by the following equation.

Pi(∆0i) =
1√

2πσ2
e
− (∆0i−µ2)

2

2σ2
2 i = 1, 2, . . . . . . , n (2)

Assuming that u0i represents the initial imperfection of the ith intermediate-height
horizontal brace, its probability model distribution is expressed by the following equation.

Pi(u0i) =
1√

2πσ3
e
− (u0i−µ3)

2

2σ3
2 i = 1, 2, . . . . . . , n− 1 (3)

Assuming that ν0i represents the initial imperfection of the ith top horizontal brace, its
probability model distribution is expressed by the following equation.

Pi(v0i) =
1√

2πσ4
e
− (v0i−µ4)

2

2σ4
2 i = 1, 2, . . . . . . , n− 1 (4)

where the mean value µ1 = µ2 = µ3 = µ4 = 0 and the mean square deviation
σ1

2 = σ2
2 = L/980 and σ3

2 = σ4
2 = b/980 [21]. The meaning of initial bow and sway

imperfection are shown in Figure 4.
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Figure 4. The initial bow and sway imperfection of the column, the initial imperfection of the
intermediate-height horizontal brace, and the initial imperfection of the ith top horizontal brace.

3.3. Equations for Random Initial Imperfection

The ith column’s initial bow imperfection is given as follows.

δi = δ0i sin(
πx
L
) (5)

The ith column’s initial sway imperfection is expressed as follows.

∆i = ∆0i

( x
L

)
(6)

The ith horizontal brace’s initial bow imperfection at the intermediate height of the
column is displayed as follows.

ui = u0i sin(
πy
b
) (7)

The ith horizontal brace’s initial bow imperfection at the top of the column is shown
as follows.

vi = v0i sin(
πy
b
) (8)

where δ0i represents the initial bow imperfections of the ith column; ∆0i is the initial sway
imperfection of the ith column; u0i represents the initial bow imperfections of the ith
horizontal brace at the intermediate height of the column; and ν0i represents the initial bow
imperfections of the ith horizontal brace at the top of the column. The above parameters
were sampled applying the Monte Carlo method.

4. Numerical Analysis by the Monte Carlo Method
4.1. Numerical Model

In the ANSYS program [16], the Beam 188 element was used to simulate columns
and horizontal braces, while the Link10 element was utilized to simulate the diagonal
braces. The hinged joints were simulated at the nodes of horizontal braces and columns by
coupling translational displacements. There were twelve elements for each column member,
six elements for each horizontal brace member and only one element for each diagonal brace
member. According to Equations (5)–(8), the coordinates including the initial imperfections’
magnitudes and the directions were built up for these elements [22–26].

4.2. Random Sampling of Initial Imperfections

According to GB 50205-2001 [27], the allowable manufacturing variations for columns
in one-story steel buildings are as follows: the maximum initial bow imperfection is
1/1200 of the column’s length, whereas the maximum initial sway imperfection is
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1/1000 of the column’s length. The maximum allowable manufacturing deviations for
horizontal braces are 1/750 of the horizontal brace length.

The function ‘Normrnd()’ in the MATLAB program was used to randomly sample
both horizontal and vertical initial imperfections based on their mean and variance. In this
paper, 1.05 times the permissible manufacturing variation in GB 50205-2001 was regarded
as a sample constraint for initial imperfections, and all samples’ initial imperfections had to
be be fewer than the sample restrictions [28].

4.3. Numerical Analysis

A bilinear elastic–plastic constitutive relationship model was established for FE anal-
ysis. G235 steel was considered as the research objective. The arch-length method was
used for non-linear large displacement analysis, in which the maximum loads of the
column-braced systems were obtained and served as the strengths of columns [29].

The column-braced systems including the initial imperfections with randomness
under horizontal and vertical loads were modeled. When n and horizontal load combi-
nation (H1 = γ1P and H2 = γ2P, see Figure 3) are certain, the values b/L and λb exist in
twenty combinations. For the initial imperfections of both horizontal braces and columns,
a total of 50 groups of random samples were taken from each combination, giving each
specific constitution a total of one thousand random combinations. The findings of the
investigation revealed that both the columns and horizontal braces were extremely sensitive
to the initial imperfections’ direction and magnitude.

5. Effect of Horizontal Load Combinations on Intermediate-height Horizontal
Brace Forces
5.1. Probability Density Figures of F/P under Different Horizontal Load Combinations

Taking column number n = 8 and the horizontal load coefficient γ = 0.02 as examples,
three kinds of horizontal load combinations (γ1 = 0 and γ2 = γ, γ1 = γ/2 and γ2 = γ/2,
γ1 = γ and γ2 = 0) were considered when the horizontal load was to the left or right, as shown
in Figure 3. As shown in Figure 5, two kinds of sway instability deformation modes could
be obtained for column-braced systems under horizontal and vertical loads, respectively, in
which the maximum intermediate-height horizontal brace force was subjected to compression.

Figure 5. Instability modes of column-braced systems under horizontal and vertical loads. (a) The
horizontal loads to the left; (b) The horizontal loads to the right.

A total of six groups of F/P ratios were determined by considering three types of
horizontal load combinations and two horizontal load directions (left and right). F refers to
maximum intermediate-height horizontal brace force, and P refers to the column ultimate
load. As noticed previously, for each certain constitution between n and the horizontal load
combination, a total of one thousand FE analysis results are significantly influenced by λb,
b/L, and the initial imperfection with randomness in the horizontal braces and columns.
Obviously, due to the initial imperfections with randomness in the horizontal braces and
columns, the FE analysis results of F/P are also random. The probability statistics method
was used to analyze the FE analysis results.
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The results of six groups of F/P ratios obtained from different horizontal load com-
binations are presented in Figure 6. The relative frequencies were taken as the ordinates
for various values of (F/P) × 100 (the abscissa). The probability of each abscissa value
obtained from the FE analysis is represented by the area of single blue rectangle, and the
sum of all the rectangular areas is 1. The theoretical probability density equations for the
normal distributions represented by the solid lines were selected to fit the data.

Figure 6. Probability density figures of F/P under different horizontal load combina-
tions. (a) The left horizontal loads with γ1 = γ and γ2 = 0; (b) The left horizon-
tal loads with γ1 = γ/2 and γ2 = γ/2; (c) The left horizontal loads with γ1 = 0 and
γ2 = γ; (d) The right horizontal loads with γ1 = γ and γ2 = 0; (e) The right horizontal loads with
γ1 = γ/2 and γ2 = γ/2; (f) The right horizontal loads with γ1 = 0 and γ2 = γ.

5.2. Normal Distribution of F/P

The normal probability density equation for F/P is expressed as follows.

f (x) =
1√
2πσ

exp

[
−1

2

(
x− µ

σ

)2
]

(9)

The distribution equation for F/P is expressed as follows.

F(x) =
1√
2πσ

x∫
−∞

e−
1
2 (

t−µ
σ )

2

dt (10)

where σ is the mean-square deviation and µ is the average value for the one thousand
(F/P) × 100 numerical results. F refers to the maximum intermediate-height horizontal
brace force, and P refers to the column ultimate load. The statistical results for various
values of (F/P)× 100 under different horizontal load combinations are displayed in Table 4.
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Table 4. Statistical results of (F/P) × 100 and Fn/P * under different horizontal load combinations.

n Direction of the
Horizontal Loads

Different Horizontal Load
Combinations (γ = 0.02) Statistical Character Fn/P 1.2 × Fn/P

8

To the left
γ1 = 0, γ2 = γ µ = 5.6789; σ = 0.9944 7.31% 8.77%

γ1 = γ/2, γ2 = γ/2 µ = 5.4559; σ = 0.9468 7.01% 8.41%
γ1 = γ, γ2 = 0 µ = 5.2668; σ = 0.9556 6.78% 8.14%

To the right
γ1 = 0, γ2 = γ µ = 4.7061; σ = 0.8022 6.01% 7.21%

γ1 = γ/2, γ2 = γ/2 µ = 4.6539; σ = 0.8139 5.98% 7.18%
γ1 = γ, γ2 = 0 µ = 4.6083; σ = 0.8308 5.96% 7.15%

* Fn/P: See Figure 7 for the characteristic value Fn/P.

Figure 7. The characteristic values at α = 0.05.

5.3. Design Intermediate-height Horizontal Braces Forces

As mentioned previously, the distribution equations F(x) can predict the F/P ratio to
a certain significance level, α. In this paper, α = 0.05 was selected as the significance level
and then the characteristic values Fn/P were selected as the force of an intermediate-height
horizontal brace with a 95% guarantee rate, as displayed in Figure 7.

Fn/P needs to be multiplied by a coefficient of 1.2 to give more support for longitudinal
columns, and is selected as the design intermediate-height horizontal brace force. The val-
ues for 1.2×Fn/P and Fn/P under different horizontal load combinations are summarized
in Table 4.

5.4. The Most Unfavorable Horizontal Load Combination

Table 4 shows a comparison of the design intermediate-height horizontal brace forces
1.2 × Fn/P under different horizontal load combinations. It can be seen that 1.2 × Fn/P
under the left horizontal loads is higher than that under the right horizontal loads, and
that 1.2 × Fn/P is the maximum when the left horizontal loads act fully at the right top
of the braced columns, i.e., γ1 = 0 and γ2 = γ. The above phenomenon may be related
to the direction and position of the horizontal loads. When the horizontal loads are to
the left, the intermediate-height horizontal brace force is in the same direction as the left
horizontal load, which can increase the intermediate-height horizontal brace force. When
the horizontal loads are away from the diagonal braces, the diagonal braces will resist less
horizontal load, which can result in higher intermediate-height horizontal brace forces [30].
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6. Intermediate-height Horizontal Brace Forces under the Most Unfavorable
Horizontal Load Combination
6.1. Probability Density Figures of F/P under the Most Unfavorable Horizontal Load Combination

As noted before, it is most unfavorable for the intermediate-height horizontal brace
force when the left horizontal loads act entirely at the right top of the columns; therefore,
Figure 8 depicts the analytical model for a column-braced system under the most unfa-
vorable horizontal load combination. A total of 20 sets of column-braced systems under
the most unfavorable horizontal load combination were analyzed using the Monte Carlo
method, with consideration given to the number of columns n (n = 4, 6, 8, and 10) and the
horizontal load coefficient γ (γ = 0.02, 0.04, 0.06, 0.08, and 0.1). Similarly, 20 groups of F/P
ratios were identified, and 20 groups of F/P ratio probability density figures are shown in
Figure 9.

Figure 8. The analytical model under the most unfavorable horizontal load combination.

Figure 9. Cont.
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Figure 9. Cont.
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Figure 9. Probability density figures for F/P under the most unfavorable horizontal load combination.
(a) n = 4 and γ = 0.02; (b) n = 4 and γ = 0.04; (c) n = 4 and γ = 0.06; (d) n = 4 and γ = 0.08; (e) n = 4
and γ = 0.1; (f) n = 6 and γ = 0.02; (g) n = 6 and γ = 0.04; (h) n = 6 and γ = 0.06; (i) n = 6 and γ = 0.08;
(j) n = 6 and γ = 0.1; (k) n = 8 and γ = 0.02; (l) n = 8 and γ = 0.04; (m) n = 8 and γ = 0.06; (n) n = 8 and
γ = 0.08; (o) n = 8 and γ = 0.1; (p) n = 10 and γ = 0.02; (q) n = 10 and γ = 0.04; (r) n = 10 and γ = 0.06;
(s) n = 10 and γ = 0.08; (t) n = 10 and γ = 0.1.

6.2. Equations of Design Intermediate-height Horizontal Brace Forces

Table 5 displays Fn/P and 1.2×Fn/P under the most unfavorable horizontal load
combination. Furthermore, according to the number of columns n and the horizontal load
coefficient γ, 1.2 × Fn/P can be given as follows:

Table 5. Statistical results of (F/P) × 100 and Fn/P* under the most unfavorable horizontal
load combination.

n Horizontal Load
Coefficient γ

Statistical Character Fn/P 1.2 × Fn/P

4

0.02 µ = 4.0113; σ = 0.3830 4.92% 5.90%
0.04 µ = 6.6207; σ = 0.6571 7.94% 9.53%
0.06 µ = 8.4798; σ = 0.9039 10.48% 12.58%
0.08 µ = 10.8835; σ = 0.9929 13.45% 16.14%
0.1 µ = 13.4693; σ = 1.1447 15.31% 18.37%

6

0.02 µ = 4.8525; σ = 0.692 5.99% 7.19%
0.04 µ = 7.7989; σ = 0.6184 8.82% 10.58%
0.06 µ = 10.0892; σ = 0.9500 11.99% 14.39%
0.08 µ = 12.3699; σ = 1.4123 15.40% 18.48%
0.1 µ = 15.5835; σ = 1.4011 17.88% 21.46%

8

0.02 µ = 6.0589; σ = 0.9944 7.89% 9.47%
0.04 µ = 9.3664; σ = 1.0182 11.04% 13.24%
0.06 µ = 11.888; σ = 1.1361 13.76% 16.51%
0.08 µ = 14.141; σ = 1.3949 16.47% 19.76%
0.1 µ = 16.3568; σ = 1.6762 19.16% 22.99%

10

0.02 µ = 7.7995; σ = 1.2853 9.98% 11.98%
0.04 µ = 9.9542; σ = 1.4562 12.35% 14.82%
0.06 µ = 12.8625; σ = 1.6991 15.67% 18.80%
0.08 µ = 15.4395; σ = 1.6526 18.18% 21.82%
0.1 µ = 17.6446; σ = 1.9234 20.82% 24.98%

The equations for design intermediate-height horizontal brace forces were obtained
by a curve-fitting method from the FE analysis results summarized in Table 5, which are
shown as follows.

For n = 4,
Fn

P
= 155γ+3.02 (11)
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For n = 6,
Fn

P
= 160γ+5.10 (12)

For n = 8,
Fn

P
= 155γ+7.26 (13)

For n = 10,
Fn

P
= 150γ+9.72 (14)

where γ is the horizontal load coefficient and the application range of equations for design
intermediate-height horizontal brace forces is such that the value of γ is not more than
0.1. In some cases, such as earthquake load, the horizontal load will be more than 0.1 P,
which is beyond the research scope of this paper. An extensive parametric study would
be conducted, and new equations would be proposed based on the extensive paramet-
ric study data in a separate paper, but this will be done in the future. The results listed
in Table 5 are compared with Equations (11)–(14), as illustrated in Figure 10. This indi-
cates that the design horizontal brace forces could be accurately and safely calculated by
Equations (11)–(14) under different horizontal load coefficients. When λc is larger, P much
depends on the stability, so a larger F is required to ensure the stability of the column, and
vice versa. In this paper, it is worth pointing out that the whole slenderness ratio of the
column about the weak axis 2λc = 200 was adopted. As a result of 2λc ≤ 150 is used in
most cases in engineering practice, the intermediate-height horizontal brace forces are less
than those obtained in this paper. It is suggested that Equations (11)–(14) may be safely
used in practice for column-braced systems under horizontal and vertical loads.

Figure 10. Variation in 1.2 × Fn/P against γ.

7. Comparison with the Condition under Only Vertical Loads

Both Table 6 and Figure 10 show a comparison of 1.2 × Fn/P between horizontal
and vertical loads (γ = 0.02 − 0.1) and only vertical loads (γ = 0) [6]. It can be seen that
1.2 × Fn/P under horizontal and vertical loads is much larger than 1.2 × Fn/P under only
vertical loads when n is certain, and that 1.2 × Fn/P under vertical and horizontal loads
increases with an increase in the horizontal load coefficient γ from 0.02 to 0.1. The reasons
are the following: the horizontal loads decrease P and the lateral stiffness of the columns,
which can result in an increase in F for σ, ensuring the longitudinal stability of columns.

The simple superposition results for the horizontal load coefficient γ and 1.2 × Fn/P
(γ = 0) under only vertical loads are shown in Table 6. It is shown that 1.2 × Fn/P
under horizontal and vertical loads is also larger than the simple superposition result
γ + 1.2 × Fn/P (γ = 0), and the reasons are the following: the horizontal loads amplify
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the P − ∆ second-order effect and decrease the effective stiffness of intermediate-height
horizontal braces, resulting in an increase in the intermediate-height horizontal brace force.

Table 6. Comparison of 1.2 × Fn/P under horizontal and vertical loads with that under only
vertical loads.

n γ 1.2 × Fn/P γ + 1.2 × Fn/P (γ = 0)

4

0 3.02% —
0.02 5.90% 5.02%
0.04 9.53% 7.02%
0.06 12.58% 9.02%
0.08 16.14% 11.02%
0.1 18.37% 13.02%

6

0 5.10% —
0.02 7.19% 7.10%
0.04 10.58% 9.10%
0.06 14.39% 11.10%
0.08 18.48% 13.10%
0.1 21.46% 15.10%

8

0 7.26% —
0.02 9.47% 9.26%
0.04 13.24% 11.26%
0.06 16.51% 13.26%
0.08 19.76% 15.26%
0.1 22.99% 17.26%

10

0 9.72% —
0.02 11.98% 11.72%
0.04 14.82% 13.72%
0.06 18.80% 15.72%
0.08 21.82% 17.72%
0.1 24.98% 19.72%

8. Conclusions

The design horizontal brace forces under horizontal and vertical loads were derived
using the Monte Carlo method, FE analysis, and probability model statistics, which ac-
counted for initial imperfections with randomness in the horizontal braces and columns.
The following is a summary of the conclusions:

(1) The normal probability density equation for intermediate-height horizontal brace forces
under horizontal and vertical loads was proposed, and practical equations for design
intermediate-height horizontal brace forces under horizontal and vertical loads were
also developed, and it was determined that the design brace forces under vertical and
horizontal loads are significantly greater than those under vertical loads alone.

(2) The intermediate-height horizontal brace forces under horizontal and vertical loads
are also much larger than the simple superposition results for the horizontal load
coefficient γ and the intermediate-height horizontal brace forces under only vertical
loads, because the horizontal loads amplify the P− ∆ second-order effect and decrease
the effective stiffness of intermediate-height horizontal braces.

(3) The whole slenderness ratio of the column about the weak axis 2λc = 200 is conser-
vatively adopted. This is mainly because the intermediate-height horizontal brace
force increases with an increase in λc. As a result of 2λc ≤ 150 is used in most cases
of practical design, the intermediate-height horizontal brace forces in engineering
practice are much less than those proposed in this study.
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