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Abstract: This paper addresses the pressing scientific problem of accurately predicting the equivalent
stiffness of local resonance metamaterial concrete unit cells. Existing theoretical models often fail to
capture the nuanced dynamics of these complex systems, resulting in suboptimal predictions and
hindering advancements in engineering applications. To address this deficit, this paper proposes
a novel two-dimensional theoretical vibration model that incorporates shear stiffness, a crucial yet
often overlooked parameter in previous formulations. Motivated by the need for improved predictive
accuracy, this paper rigorously validates a new theoretical model through numerical simulations,
considering variations in material parameters and geometric dimensions. The analysis reveals
several key findings: firstly, the equivalent stiffness increases with elastic modulus while the error
rate decreases, holding geometric parameters and Poisson’s ratio constant. Secondly, under fixed
geometric parameters and coating elastic modulus, the equivalent stiffness rises with an increasing
Poisson’s ratio, accompanied by a decrease in error rate. Importantly, this paper demonstrates that
the proposed model exhibits the lowest error rate across all parameter conditions, facilitating superior
prediction of equivalent stiffness. This advancement holds significant implications for the design and
optimization of metamaterial structures in various engineering applications for vibration isolation,
with promising enhancements of performance and efficiency.

Keywords: metamaterial concrete; equivalent stiffness; local resonance; theoretical model; engineering
vibration isolation

1. Introduction

“Metamaterial” is a general term for composite materials that have artificially de-
signed microstructures and exhibit extraordinary physical properties not found in the
natural materials. These composites exhibit unusual properties when interacting with
electromagnetic waves [1,2], acoustic waves [3–9] and elastic waves.

Metamaterial concrete replaces general aggregates in concrete with spherical aggregates
formed by composite materials [10–13]. The spherical aggregates are designed as a layered
structure consisting of high-density heavy metal cores and an outer soft coating. The energy
dissipation, shock absorption and anti-explosion of the structure are of great significance, and
they are mainly used in major engineering fields such as vibration equipment foundations,
high-speed railway flat tracks, nuclear power plants and offshore platforms [14–18].

The bandgap is one of the most remarkable features of metamaterial concrete, which
can isolate the propagation of specific frequency waves [19–25]. Many scholars have carried
out numerical simulations and experimental studies on the bandgap characteristics and
obtained the parameters and laws affecting the bandgap [26–30]. Although these studies
have calculated the bandgap values of the concrete cells of metamaterials under different
parameter conditions and obtained the corresponding parameter laws, we cannot establish
the specific correspondence between the bandgap frequency and the parameter values,
and in actual engineering, when facing a project-specific frequency, we cannot directly
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determine the parameter conditions of the concrete cells of metamaterials, which creates
a need to study the specific numerical relationships between equations. Gongye Zhang
et al. [31] proposed a new one-dimensional metamaterial model, where they studied a
rod-like metamaterial model under an axial end force, with the results showing that com-
pressional deformation occurred at the free end, with counterclockwise torsion. Youchuan
Zhou et al. [32] designed a novel three-dimensional mechanical metamaterial with low-
frequency bandgaps and a negative Poisson’s ratio, and the bandgap characteristics of
the proposed metamaterial were determined computationally, with the mechanism for
bandgap occurrence characterized as the local resonance of ligaments and resonators. En
Zhang et al. [33] designed the phononic crystal structure of a local resonance compos-
ite unit to have good low-frequency characteristics, and they discussed the formation
mechanism and influencing factors of the bandgap. Jie Han et al. [34–36] established a
three-dimensional vibration model based on a one-dimensional spring–mass system model.
Bo Zhang et al. [37] proposed a new approach for calculating the effective mass density of a
composite containing local resonance units with hard spherical cores, with the calculation
based on vibration theory. Nhi Vo et al. [38,39] proposed a dual-meta panel functioning as
a sacrificial cladding and conducted a theoretical derivation of the bandgap formulation,
which was in good agreement with the numerical model. Junmin Yu et al. [40] produced a
bandgap equation derived from the general mass–spring system, where the final bandgap
was derived by substituting the system into a serpentine resonator.

According to the existing theoretical formula for determining the bandgap bandwidth,
the start and end frequencies of the bandgap are only related to the equivalent stiffness k
value and effective masses M1 and M2, and the equivalent stiffness k is one of the most
important quantities affecting the value of the bandgap. Accordingly, since the existing
research fails to accurately describe the unit cell’s equivalent stiffness, there is a need to carry
out an in-depth study of the equivalent stiffness value, determine its calculation formula
and verify its accuracy. With those aims, based on the previous research, this paper proposes
an improved two-dimensional theoretical vibration model, which is developed by citing
two existing theoretical models. By analyzing the geometric dimensions, elastic moduli and
Poisson’s ratios of the new model and those from which it is developed, the accuracy of
their calculation results is compared using the finite element simulation method.

2. Theoretical Model
2.1. One-Dimensional Vibration Theory Model

The mechanism of bandgap generation in metamaterial concrete monoliths is local
resonance. Local resonance is an important phenomenon in phononic crystals, which
involves the scattering of phonons due to periodic modulation of the lattice. Within the
local resonance region, phonons are damped, creating a local resonance mode and leading
to the formation of a phonon bandgap, which prevents phonons from propagating in a
specific frequency range.

The equivalent mass is used to describe the mechanical properties of metamaterial
concrete. In metamaterial concrete, the basic unit is taken as the research object, as shown
in Figure 1. The metamaterial concrete unit cell is simplified to a mechanical model, as
shown in Figure 2, where the mass of the mortar matrix is m1, the mass of the core column
is m2, the soft coating is equivalent to a spring with a stiffness of ke2 and the displacements
of the mortar and the core column are, respectively, u1 and u2.
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Figure 2. Simplified model of metamaterial concrete unit cell.

In order to calculate the effective mass of metamaterial concrete, Figure 2 can again
be assumed to be a one-dimensional metamaterial concrete lattice system connected by
external springs with stiffness ke (ke→∞), as shown in Figure 3.
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Figure 3. One-dimensional metamaterial concrete lattice system.

Mortar, like many other materials, exhibits both elastic and viscous behavior under
stress. When modeling the viscoelastic behavior of metamaterial concrete, one would need
to consider the viscoelastic properties of each constituent material, including the mortar.
This can be achieved by incorporating appropriate constitutive equations for each material
component within the unit cell model. One common model for linear viscoelasticity is
the Kelvin–Voigt model, which combines a spring (representing elasticity) and a dashpot
(representing viscosity) in parallel. The stress–strain relationship for this model can be
expressed as

σ(t) = Eϵ(t) + η
dϵ(t)

dt
(1)

where σ(t) is the stress at time t, ϵ(t) is the strain at time t, E is the elastic modulus and η is
the viscosity coefficient.

For a one-dimensional lattice system, the equation of motion of the jth unit cell can be
given according to the kinetic equilibrium equation:

mj
1

..
uj

1 + ke

(
2uj

1 − uj−1
1 − uj+1

1

)
+ ke

(
uj

1 − uj
2

)
= 0 (2)

mj
2

..
uj

2 + ke2

(
uj

2 + uj
1

)
= 0 (3)

Considering the steady-state simple harmonic vibration of the periodic system, the
displacement solution [14] can be set as

uj+n = Aei(jqL+nqL−ωt) (4)

where A is the wave amplitude, q is the wave number, L is the side length of the unit cell
and ω is the excitation frequency.

Therefore,
..
uj

1 = −ω2uj
i ,

..
uj

2 = −ω2uj
2 (5)

uj+1
1 = uj

1eiqL, uj−1
1 = uj

1e−iqL (6)
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So, Equations (2) and (3) can be simplified as

−mj
1ω2uj

1 + ke1

(
2uj

1 − uj
1e−iqL − uj

1eiqL
)
+ ke2

(
uj

1 − uj
2

)
= 0 (7)

−mj
2ω2uj

2 + ke2

(
uj

2 − uj
1

)
= 0 (8)

Use the following identities again:

eiqL + e−iqL = 2 cos(qL) (9)

1 − cos(qL) = 2sin2(qL/2) (10)

Equations (7) and (8) can be simplified as[
−mj

1ω2 + ke2 + 4kesin2
(

qL
2

)]
uj

1 − ke2uj
2 = 0 (11)

−ke2uj
1 +

(
ke2 − mj

2ω2
)

uj
2 = 0 (12)

In order to obtain the dispersion relation of the system, Equations (11) and (12) can be
regarded as the problem of solving the eigenvalues of the matrix, which can be simplified
to the following form: (

Kr − ω2Mr

)
u = 0 (13)

where Kr and Mr are the stiffness matrix and mass matrix of the system, respectively, ω
is the frequency and u is the displacement vector of the degrees of freedom in the system.
Thus, the equation of motion of the system can be written in the following form:[

−mj
1ω2 + ke2 + 4ke1sin2

(
qL
2

)
−ke2

−ke2 −mj
2ω2 + ke2

](
uj

1
uj

2

)
= 0 (14)

This eigenvalue problem has a non-zero solution only if Kr − ω2Mr = 0. Therefore,

mj
1mj

2ω4 −
[

ke2

(
mj

1 + mj
2

)
+ 4mj

2kesin2
(

qL
2

)]
ω2 + 4keke2sin2

(
qL
2

)
= 0 (15)

Combining Equations (9), (10) and (15), we can obtain

cos(qL) = 1 +
ω4m1m2 − ω2ke2(m1 + m2)

2keke2 − 2ω2kem2
(16)

For the one-dimensional single-atom lattice system in Figure 2, its equivalent mass
me f f [14] can be expressed as

me f f ω2 = 2ke[1 − cos(qL)] (17)

For the one-dimensional single-atom lattice system in Figure 2, its equivalent mass
me f f can be expressed as

me f f = m1 +
m2ω2

1
ω2

1 − ω2
(18)

where ω1 =
√

ke2/m2.
When calculating the equivalent stiffness ke2 of the soft coating, only the tensile and

compressive effects of the left and right soft coatings are considered, and the front and rear
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two sides are ignored. Given the shearing action of the side soft coating, the equivalent
stiffness ke2 can be simplified as

ke2 =
2Ebl

t
(19)

where E is the elastic modulus of the coating, b is the side length of the stem, l is the height
of the stem, regarded as 1, and t is the thickness of the soft coating.

This model considers two parallel surfaces of a single cell since elastic deformation
usually occurs near the surface of the material during force application. However, the
formula is derived based on simplifying assumptions and ignores the complexity of the
internal structure of the material, nor is the circumference of the circle taken into account.

2.2. Two-Dimensional Vibration Theory Model

Figure 4 shows a primary cell of local resonance metamaterial concrete. Assuming
that the metal heavy core vibrates left and right, it can be considered that only the soft
coating in area A plays a major role. Through simple analysis, it can be found that the
soft coating in area A forms an arc-shaped spherical shell, and its thickness is different
in the direction of motion of the heavy core. Among them, the thickness r is the thinnest
at the central point, and the thicknesses of other regions, especially the edges, are much
greater than r. Divide the soft coating in area A into many slender strips in the horizontal
direction; then, the overall equivalent stiffness of the soft coating in area A is the parallel
connection of the equivalent stiffness of each slender strip. Therefore, the overall equivalent
stiffness of the soft coating in area A is recalculated using the integral method. First, set the
mass of a single lead ball as m1 and the mass of the mortar matrix in a single period as m3.
Accordingly,

m1 = ρ1πr2
1 (20)

m3 = ρ3

(
a2 − πr2

2

)
(21)

The cladding equivalent mass is not negligibly small compared to the core and matrix,
so to make the model more accurate, we take the cladding mass into account.
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Figure 4. Simplified element model.

First of all, as shown in Figure 5, the rubber coating layer in area B mainly vibrates
with the matrix, so the mass mB of this part should be included in the mass point M2, while
the mass mA of the rubber coating layer that acts as a spring in area A should be calculated
according to the ratio of the static point on the spring to the position of the two mass points,
that is [41], 

M1 = m1 + mA
α

1+α
M2 = m3 + mB + mA

α = M2/M1

1
1 + α

(22)

The solution can be obtained:

α =
mA + mB + m3

mA + m1
(23)
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mB = 2ρcoating

∫ r2
r1

2
√

r2
2 − x2dx =

2ρcoating

(
arccos(r1/r2)r2

2 − r2
1

√
r2

2 − r2
1

)
mA = ρcoatingπ

(
r2

2 − r2
1
)
− mB

(24)

By bringing the former two equations into the latter equation, we can obtain M1
and M2.
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As shown in Figure 5, assuming that the central heavy nucleus vibrates up and down,
it can be considered that only the soft coating cladding layer in region A plays a major role.
The rubber coating layer in area A is arc-shaped, and the thickness in the vibration direction
of the vibrator is different. If the soft coating cladding layer in area A is divided into many
slender vertical strips, the overall equivalent stiffness will be the parallel connection of the
equivalent stiffness of each slender strip. Therefore, we will use the integral method to
calculate its equivalent stiffness k.

k = 4C11

∫ r1

0

dx√
r2

2 − x2 −
√

r2
1 − x2

=

2C11

 r1√
r2

2 − r2
1

+
πr2

1/2 + r2
2arcsin(r1/r2)

r2
2 − r2

1

 (25)

In the formula, C11 = λcoating + 2µcoating, λcoating and µcoating are the two lame con-
stants of the rubber coating layer, respectively.

This model only takes into account the effect of the stiffness of the A component of the
soft coating and ignores the possible effect of the B component.

2.3. Finite Element Model

In order to verify the accuracy of the above theoretical models and further discuss the
effects of local resonance metamaterial concrete unit cell’s material parameters and geo-
metric parameters on the equivalent stiffness and the application range of each theoretical
model, the COMSOL Multiphysics 5.6 was used to calculate the equivalent stiffness. The
finite element calculation model is shown in Figure 6, where the side length L is 20 mm, r1
is 8 mm and t is 1 mm, as shown in Table 1. The materials of the matrix, soft coating and
inner core are mortar, rubber and lead, respectively, all of which are elastic materials, and
the corresponding material parameters are shown in Table 2. The mortar, rubber and lead
are connected by a common node, which is used to transmit the corresponding force and
displacement. A fixed boundary condition is applied around the model, a unit line load of
1 N/m is applied to the diameter of the heavy core and the displacement of the center of
the circle and the corresponding equivalent stiffness k are calculated.

Table 1. Model’s geometry.

L (mm) r1 (mm) t (mm)

Basic Model 20 9 1
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Table 2. Basic material parameters.

Material Density (kg/m3)
Modulus of
Elasticity (GPa) Poisson’s Ratio Lame Constant λ

(GPa)
Lame Constant µ
(GPa)

Mortar 2500 30 0.2 8.33 12.5

Lead 11,600 16.00 0.369 42.00 14.90

Rubber 1300 1.2 × 10−4 0.469 6 × 10−4 4 × 10−5
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Use COMSOL Multiphysics 5.6 to carry out finite element simulation, establish the
model as shown in Figure 6, use the solid mechanics module, set fixed constraints around
it, apply a unit line load of 1 N/m to the diameter of the heavy core, as shown in Figure 6,
and calculate the displacement at the center of the circle. The corresponding equivalent
stiffness k is obtained.

In order to verify the accuracy of the model in this paper, the calculation results were
compared with the results in the literature [42]. The material parameters and geometric
dimensions of the model used in the checking calculation were all from the literature [42].
The verification process was as follows: from Equation (19), the natural frequency of the
kernel is

f1 =
1

2π

√
k

M1
(26)

where M1 is the equivalent mass of the center heavy nucleus.
Then, the equivalent stiffness is

k = (2π f1)
2M1 (27)

The equivalent stiffness obtained by finite element calculation is 5.63 × 108 kN/m.
From Figure 5b in the literature [42], it can be seen that the starting frequency f1 of the
bandgap curve is 0.95 kHz, which is determined by the equivalent stiffness k, calculated by
Formula (27) to be 5.27 × 108 kN/m. The value obtained by the finite element calculation is
very close to that found in the literature, so it is thought that the finite calculation is suitable
for the calculation of equivalent stiffness in this paper.

2.4. Model Comparison

In order to compare the accuracy of the one- and two-dimensional vibration theory
models, the selected soft coating material—at thicknesses of 1 mm, 2 mm and 3 mm—was
divided into rubber and nylon. The table lists the one- and two-dimensional vibration
theory computational results for our models and numerical simulations.

It can be seen from Table 3 that the error rate of the two-dimensional vibration theory
model was smaller than that of the one-dimensional model under all working conditions.
For the metamaterial concrete unit cell whose coating material was rubber, the equivalent
stiffness calculated by the two-dimensional vibration theory model is greater than the
equivalent stiffness calculated by the numerical simulation. When the coating thicknesses
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were 1 mm, 2 mm and 3 mm, respectively, the error rates of the equivalent stiffness
calculated by the theoretical model and the equivalent stiffness calculated by the numerical
simulation were −7.73%, −5.94% and −1.04%, respectively. The error rate decreased with
the increase in the coating thickness, and the theoretical prediction results were lower than
the numerical value simulation results, due to us neglecting the stiffness provided by the
soft coating around the circumference when simplifying the model. The one-dimensional
model simplifies the compressed and stretched soft-coated material into a circle of equal
size to the cross-section of the heavy nucleus, and it does not consider the soft-coated
portion as a circle, meaning it does not consider the possibility of different thicknesses
in the direction of vibration of the heavy nucleus. Moreover, the one-dimensional model
contains only the geometrical material of the single cell and the modulus of elasticity in
the coated material, and does not take into account the effect of Poisson’s ratio of the
coated material, which affects the shear stiffness. The two-dimensional model is simplified
without considering the effect of the shear stiffness of the component B on the equivalent
stiffness value, which affects the deformation characteristics of the single cell. On the whole,
the accuracy of the two-dimensional vibration theory model is greater than that of the
one-dimensional model. Coating material parameters (elastic modulus, Poisson’s ratio) and
geometric parameters (thickness) have a great influence on the error rate of the theoretical
model. In the third section, a systematic parameter analysis is reported on this matter.

Table 3. Comparison of two-dimensional and one-dimensional vibration theory models with numeri-
cal simulation results.

Coating

Equivalent Stiffness (103 kN/m)

Numerical
Simulation

One-Dimensional
Model Error Rate (%) Two-Dimensional

Model Error Rate (%)

1 mm rubber 19.41 3.84 −80.22 17.91 −7.73
2 mm rubber 8.59 1.68 −80.44 8.08 −5.94
3 mm rubber 4.80 0.96 −80.00 4.75 −1.04

3. Improved Model and Parameter Analysis
3.1. Improved Model

The second section gave the two-dimensional vibration model. When comparing
the equivalent stiffness values calculated by the two-dimensional theoretical vibration
model with the equivalent stiffnesses calculated based on numerical values, it was found
that when the coating material was rubber, the calculation results of the two-dimensional
theoretical vibration model were lower than the results of numerical calculations, which
was due to the underestimation of the equivalent stiffness of the soft coating; moreover,
component B was not considered, which may have had an impact on the results. Through
simple analysis, it can be found that when the soft coating in region B vibrates left and right,
it undergoes shear deformation and provides a certain degree of rigidity. The shear stiffness
of the B component can affect the elastic properties of the metamaterial concrete, which
modulates the frequency of the single cell and thus the formation and nature of the bandgap
of the metamaterial concrete. Therefore, in the improved two-dimensional vibration theory
model, the stiffness of this part is included in the calculation of the equivalent stiffness
of the soft coating, to achieve an overall equivalent stiffness value that is closer to the
real situation.

As shown in Figure 7, the equivalent stiffness k of the soft coating in area A is calculated
according to Formula (25), denoted as ka, and the equivalent stiffness kb of the soft coating
in area B can be expressed as

kb =
2 × G ×

√
r2

2 − r2
1 + r2arccos(r1/r2)

r2 − r1
(28)
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Then, the overall equivalent stiffness k is

k = ka + kb (29)

According to the material parameters in Table 2 and the geometric dimensions in
Table 1, the equivalent stiffness of the aggregate of the improved two-dimensional vibration
theory model can be calculated by Formula (29). In order to compare the improved two-
dimensional vibration theory model with the first two models, the prediction results of the
three models and the calculation results of numerical simulation are also listed in Table 4.
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Figure 7. Schematic diagram of the selection of equivalent stiffness for the improved two-dimensional
model.

Table 4. Comparison of the improved two-dimensional model and numerical simulation results.

Coating

Equivalent Stiffness (103 kN/m)

Numerical
Simulation

One-
Dimensional

Model

Error Rate
(%)

Two-
Dimensional

Model

Error Rate
(%)

Improved
Two-Dimensional

Model

Error Rate
(%)

1 mm Rubber 19.41 3.84 −80.22 17.91 −7.73 18.58 −4.28
2 mm Rubber 8.59 1.68 −80.44 8.08 −5.94 8.55 −0.47
3 mm Rubber 4.80 0.96 −80.00 4.75 −1.04 5.13 6.88

It can be seen from Table 4 that for the metamaterial concrete unit cell whose coating
material is rubber, the equivalent stiffness calculated by the improved two-dimensional
vibration theory model is greater than the equivalent stiffness calculated by numerical
simulation. When the coating thicknesses are at 1 mm, 2 mm and 3 mm, the error rates
between the equivalent stiffness calculated by the two-dimensional vibration theory model
and the equivalent stiffness calculated by numerical simulation are −4.28%, −0.47% and
6.88%, respectively. When the coating thickness is small, the error rate of the improved
two-dimensional model is negative, and the error rate of the improved two-dimensional
model decreases with the increase in Poisson’s ratio; when the coating thickness is large,
the error rate of the improved two-dimensional model becomes positive. The reason for the
above phenomenon is that when the thickness of the coating material increases, the shear
action considered by the improved two-dimensional theoretical model is less likely to occur,
and the force required for shearing motion is greater, resulting in the predicted values of
the improved two-dimensional theoretical model becoming greater than the numerical
simulation results.

3.2. Parameter Analysis

In the previous section, the one-dimensional theoretical vibration model, the two-
dimensional model and the improved two-dimensional model for calculating the equivalent
stiffness value of the metamaterial concrete unit cell were given, respectively. When
comparing the equivalent stiffness values calculated by the theoretical models and the
equivalent stiffness values of the numerical simulation, it could be seen that the size of
the resonant aggregate and the material parameters of the coating material affected the
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error rates of the three theoretical vibration models. In order to further determine the
application range of the different theoretical vibration models, this section comprehensively
analyzes the prediction results and error rates of the three models under different resonant
aggregate sizes and coating material parameters. This section is divided into three working
conditions, namely working condition 1 (r2 = 9 mm, t = 1 mm), working condition 2
(r2 = 8 mm, t = 2 mm) and working condition 3 (r2 = 7 mm, t = 3 mm). The elastic modulus
and Poisson’s ratio of the soft coating were changed under each working condition. The
elastic moduli G of the coating were 3 × 10−5 GPa, 3 × 10−4 GPa, 3 × 10−3 GPa and
3 × 10−2 GPa. The one-dimensional model, two-dimensional model and improved two-
dimensional model were used to calculate the theoretical solutions under various working
conditions, and the error rates between the calculation results and the numerical simulation
results were calculated.

3.2.1. Working Condition 1

Table 5 shows the law of numerical simulation results changing with coating elastic
modulus and Poisson’s ratio when r2 = 9 mm and t = 1 mm, and the prediction results of
the three theoretical models and their error rates compared to the numerical simulation
results. S11, S12, S13 and S14 in the Table 5 represent the models where the elastic modulI
were 3 × 10−5 GPa, 3 × 10−4 GPa, 3 × 10−3 GPa and 3 × 10−2 GPa, respectively. The
positive and negative values of the error rate indicate that the theoretical result was smaller
than or greater than the numerical simulation result, respectively.

Table 5. Comparison of the improved two-dimensional theoretical vibration model and numerical
simulation results in working condition 1.

Parameters Equivalent Stiffness (103 kN/m)

S ν
Numerical
Simulation

One-
Dimensional

Error Rate
(%)

Two-
Dimensional

Error Rate
(%)

Improved Two-
Dimensional

Error Rate
(%)

S11

0.20 1.22

0.96

−21.31 0.87 −28.69 1.08 −11.48
0.25 1.28 −25.00 0.94 −26.56 1.14 −10.94
0.30 1.38 −30.43 1.06 −23.19 1.25 −9.42
0.35 1.58 −39.24 1.26 −20.25 1.45 −8.22
0.40 1.99 −51.76 1.68 −15.58 1.86 −6.53

S12

0.20 12.21

9.60

−21.38 8.71 −28.67 10.81 −11.47
0.25 12.78 −24.88 9.41 −25.91 11.43 −10.56
0.30 13.68 −29.82 10.56 −22.81 12.50 −8.63
0.35 15.69 −38.81 12.59 −19.76 14.45 −7.90
0.40 19.90 −51.75 16.81 −15.57 18.61 −6.48

S13

0.20 122.14

96.00

−21.40 87.14 −28.66 108.15 −11.45
0.25 126.98 −24.39 94.11 −25.89 114.28 −10.00
0.30 136.75 −29.80 105.57 −22.80 124.97 −8.61
0.35 156.86 −38.80 125.87 −19.76 144.55 −7.85
0.40 198.76 −51.70 168.05 −15.45 186.07 −6.38

S14

0.20 1205.01

960.00

−20.33 871.39 −28.11 1081.54 −10.78
0.25 1259.84 −23.80 941.10 −25.30 1142.84 −9.29
0.30 1355.93 −29.20 1055.72 −22.14 1249.71 −7.83
0.35 1553.40 −38.20 1258.67 −18.97 1445.47 −6.95
0.40 1955.99 −50.92 1680.53 −14.08 1860.66 −4.87

It can be seen from Table 5 and Figures 8 and 9 that when the elastic modulus of the
coating is constant, an increase in Poisson’s ratio leads to more lateral expansion during
stress, which increases the effective stiffness of the surface, and the equivalent stiffness
value obtained by numerical simulation increases with the increase in Poisson’s ratio.
In contrast, the one-dimensional model may not be able to take into account this lateral
expansion effect, so the prediction results of the one-dimensional theoretical model remain



Buildings 2024, 14, 1035 11 of 25

unchanged. The one-dimensional model assumes that the deformation of the material
occurs in only one direction, ignoring the lateral expansion effect of the surface, and,
therefore, fails to capture the effect of increasing Poisson’s ratio on the surface stiffness.
Taking S11 as an example, when Poisson’s ratio increases from 0.20 to 0.40, the error rate
of the one-dimensional theoretical model increases from −21.31% to −51.76%. When the
elastic modulus is constant, the prediction result of the two-dimensional theoretical model
increases with the increase in Poisson’s ratio, so the error rate of the two-dimensional model
decreases with the increase in Poisson’s ratio. Taking S11 as an example, when Poisson’s
ratio increases from 0.20 to 0.40, the error rate of the two-dimensional theoretical model
decreases from −28.69% to −15.58%. When the elastic modulus is constant, the prediction
results of the improved two-dimensional theoretical model increase with the increase in
Poisson’s ratio. Taking S11 as an example, when Poisson’s ratio increases from 0.20 to 0.40,
the error rate of the improved two-dimensional theoretical model changes from negative
to positive, from −11.48% to 6.53%. This lateral expansion effect may be better accounted
for in the improved two-dimensional theoretical model as Poisson’s ratio increases due
to the model’s more comprehensive consideration of the deformation properties of the
coating material.
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It can be seen from Table 5 and Figures 10 and 11 that when Poisson’s ratio is constant,
the equivalent stiffness value obtained by numerical simulation increases. The prediction
result of the one-dimensional theoretical model increases with the increase in the elastic
modulus, and the error rate of the one-dimensional theoretical model decreases with the
increase in the elastic modulus. Taking a Poisson’s ratio of 0.25 as an example, when
the elastic modulus increases from 3 × 10−5 GPa to 3 × 10−2 GPa, the error rate of the
one-dimensional theoretical model decreases from −25.00% to 23.80%. When Poisson’s
ratio is constant, the prediction results of the two-dimensional theoretical model increase
with the increase in the elastic modulus, and the error rate of the two-dimensional model
decreases with the increase in the elastic modulus. Taking Poisson’s ratio of 0.25 as an
example, when the elastic modulus increases from 3 × 10−5 GPa to 3 × 10−2 GPa, the
error rate of the two-dimensional theoretical model decreases from −26.56% to −25.30%.
When Poisson’s ratio is constant, the prediction result of the improved two-dimensional
theoretical model increases with the increase in the elastic modulus, and the error rate of
the improved two-dimensional model decreases with the increase in the elastic modulus.
Taking a Poisson’s ratio of 0.25 as an example, when the elastic modulus increases from
3 × 10−5 GPa to 3 × 10−2 GPa, the error rate of the improved two-dimensional theoretical
model decreases from −10.94% to −9.29%. The error rate of the improved two-dimensional
model in working condition 1 is generally within 10%, and the error rate of the improved
two-dimensional theoretical model is much lower than the error rates of the one- and two-
dimensional models. The improved two-dimensional model shows significant advantages
in terms of prediction error rate, especially under operating condition 1, where the error rate
usually stays within 10%, which is much lower than that of the one- and two-dimensional
theoretical models.
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Figure 11. Error rate in working condition 1.
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3.2.2. Working Condition 2

Table 6 shows the law of the numerical simulation results changing with the elastic
modulus and Poisson’s ratio of the coating when r2 = 9 mm and t = 2 mm, as well as the
prediction results of the three theoretical models and their error rates with the numerical
simulation results. S21, S22, S23 and S24 in the Table 6 represent the models where the elastic
moduli are 3 × 10−5 GPa, 3 × 10−4 GPa, 3 × 10−3 GPa and 3 × 10−2 GPa, respectively. The
positive and negative values of the error rate indicate that the theoretical result is smaller
than or greater than the numerical simulation result, respectively.

Table 6. Comparison of the improved two-dimensional theoretical vibration model and numerical
simulation results in working condition 2.

Parameters Equivalent Stiffness (103 kN/m)

S ν
Numerical
Simulation

One-
Dimensional

Error
Rate
(%)

Two-
Dimensional

Error
Rate
(%)

Improved
Two-

Dimensional

Error
Rate
(%)

S21

0.20 0.570

0.42

−26.32 0.393 −31.58 0.540 −5.26
0.25 0.596 −29.53 0.425 −30.00 0.566 −5.03
0.30 0.643 −34.68 0.476 −25.35 0.612 −4.82
0.35 0.731 −42.55 0.568 −22.97 0.699 −4.42
0.40 0.918 −54.25 0.759 −18.21 0.885 −3.63

S22

0.20 5.699

4.20

−26.30 3.932 −31.00 5.404 −5.17
0.25 5.959 −29.52 4.247 −28.73 5.660 −5.02
0.30 6.431 −34.69 4.764 −25.92 6.123 −4.80
0.35 7.311 −42.55 5.680 −22.31 6.988 −4.42
0.40 9.178 −54.24 7.584 −17.38 8.845 −3.63

S23

0.20 56.95

42.00

−26.25 39.32 −30.96 54.04 −5.11
0.25 59.56 −29.48 42.47 −28.69 56.60 −4.97
0.30 64.27 −34.65 47.64 −25.88 61.26 −4.68
0.35 73.06 −42.51 56.80 −22.26 69.88 −4.35
0.40 91.71 −54.20 75.83 −17.32 88.45 −3.55

S24

0.20 566.15

420.00

−25.81 393.22 −30.54 540.40 −4.55
0.25 591.98 −29.05 424.68 −28.26 565.97 −4.39
0.30 638.71 −34.24 476.41 −25.41 612.26 −4.14
0.35 725.61 −42.12 567.99 −21.72 698.81 −3.69
0.40 909.55 −53.82 758.36 −16.62 884.51 −2.75

Note: Since the values of S21 and S22 are relatively small, three decimal places are reserved.

Comparing Tables 5 and 6, it can be found that when the elastic modulus and Poisson’s
ratio are determined, the prediction results of the one-dimensional theoretical model
decrease with the increase in coating thickness t, while the error rate increases with the
increase in coating thickness t. Taking the elastic modulus of 3 × 10−2 GPa and Poisson’s
ratio of 0.25 as an example, when the thickness of the coating increases from 1 mm to 2 mm,
the error rate of the one-dimensional model increases from −23.80% to −29.05%. The
one-dimensional model simplifies the coating thickness variation by treating it as a uniform
layer throughout the structure. As the coating thickness increases, this simplification
becomes less accurate, leading to decreased prediction results and increased error rates.
When the elastic modulus and Poisson’s ratio are determined, the prediction results of the
two-dimensional theoretical model decrease with the increase in coating thickness t, while
the error rate increases with the increase in coating thickness t. Taking the elastic modulus
of 3 × 10−2 GPa and Poisson’s ratio of 0.25 as an example, when the coating thickness
increases from 1 mm to 2 mm, the error rate of the two-dimensional model increases from
−25.30% to −28.26%. The reason for the above phenomenon is that the two-dimensional
model simplifies the mechanical behavior of the coating by neglecting certain deformation
modes, such as shear deformation, which become more significant as the coating thickness
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increases. This simplification contributes to larger errors in predicting mechanical behavior,
particularly in regions with thicker coatings. When the elastic modulus and Poisson’s ratio
are determined, the prediction results of the improved two-dimensional theoretical model
decrease with the increase in coating thickness t, while the error rate decreases with the
increase in coating thickness t. Taking the elastic modulus of 3 × 10−2 GPa and Poisson’s
ratio of 0.25 as an example, when the coating thickness increases from 1 mm to 2 mm, the
error rate of the two-dimensional model decreases from −9.29% to −4.39%. Compared to
the two-dimensional model, the improved model addresses limitations such as neglecting
shear deformation, resulting in decreased error rates, particularly in regions with thicker
coatings. In working condition 2, the error rate of the improved two-dimensional model is
generally within 5%, and the error rate of the improved two-dimensional theoretical model
is much lower than the error rates of the one- and two-dimensional theoretical models.

From Table 6 and Figures 12 and 13, it can be seen that when the geometric conditions
are determined, the predicted change laws of the three models are basically consistent with
those of working condition 1 (r2 = 9 mm, t = 1 mm). That is, when the elastic modulus of
the coating is constant, the equivalent stiffness value obtained by numerical simulation
increases with the increase in Poisson’s ratio; the prediction result of the one-dimensional
theoretical model remains unchanged, so the error rate of the one-dimensional theoretical
model increases with the increase in Poisson’s ratio. Taking S21 as an example, when
Poisson’s ratios are 0.20, 0.25, 0.30, 0.35 and 0.40, the error rates of the one-dimensional
theoretical model are −26.32%, −29.53%, −34.68%, −42.55% and −54.25%, respectively.
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It can be seen from Table 6 and Figures 14 and 15 that when the elastic modulus is
constant, the prediction result of the two-dimensional theoretical model increases with
the increase in Poisson’s ratio, so the error rate of the two-dimensional model decreases
with the increase in Poisson’s ratio. Taking S21 as an example, when Poisson’s ratios are
0.20, 0.25, 0.30, 0.35 and 0.40, the error rates of the two-dimensional theoretical model
are −31.58%, −30.00%, −25.35%, −22.97% and −18.21%, respectively. When the elastic
modulus is constant, the prediction result of the improved two-dimensional theoretical
model increases with the increase in Poisson’s ratio, so the error rate of the improved
two-dimensional model decreases with the increase in Poisson’s ratio. Taking S21 as an
example, when Poisson’s ratios are 0.20, 0.25, 0.30, 0.35 and 0.40, the error rates of the
improved two-dimensional theoretical model are −5.26%, −5.03%, −4.82%, −4.42% and
−3.63%, respectively. When Poisson’s ratio is constant, the equivalent stiffness value
obtained by numerical simulation increases with the increase in the elastic modulus, while
the prediction result of the one-dimensional theoretical model increases and its error rate
decreases. Taking Poisson’s ratio of 0.25 as an example, when the elastic modulus increases
from 3 × 10−5 GPa to 3 × 10−2 GPa, the error rate of the one-dimensional theoretical model
decreases from −29.53% to −29.05%. When Poisson’s ratio is constant, the prediction results
of the two-dimensional theoretical model increase with the increase in the elastic modulus,
while the error rate of the two-dimensional model decreases. Taking Poisson’s ratio of 0.25
as an example, when the elastic modulus increases from 3 × 10−5 GPa to 3 × 10−2 GPa, the
error rate of the two-dimensional theoretical model decreases from −30.00% to −28.26%.
When Poisson’s ratio is constant, the prediction result of the improved two-dimensional
theoretical model increases with the increase in the elastic modulus, while the error rate
of the improved two-dimensional model decreases. Taking Poisson’s ratio of 0.25 as an
example, when the elastic modulus increases from 3 × 10−5 GPa to 3 × 10−2 GPa, the error
rate of the improved two-dimensional theoretical model decreases from −5.03% to −4.39%.
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3.2.3. Working Condition 3

Table 7 shows the law of numerical simulation results changing with the coating elastic
modulus and Poisson’s ratio when r2 = 9 mm and t = 3 mm, as well as the prediction results
of the three theoretical models and their error rates compared to the numerical simulation
results. S31, S32, S33 and S34 in the Table 7 represent models where the elastic moduli are
3 × 10−5 GPa, 3 × 10−4 GPa, 3 × 10−3 GPa and 3 × 10−2 GPa, respectively. The positive
and negative values of the error rate indicate that the theoretical result was smaller than or
greater than the numerical simulation result, respectively.

Table 7. Comparison of the improved two-dimensional theoretical vibration model and numerical
simulation results in working condition 3.

Parameters Equivalent Stiffness (103 kN/m)

S ν
Numerical
Simulation

One-
Dimensional

Error
Rate
(%)

Two-
Dimensional

Error
Rate
(%)

Improved
Two-

Dimensional

Error
Rate
(%)

S31

0.20 0.350

0.24

−31.51 0.230 −34.28 0.349 −0.14
0.25 0.366 −34.36 0.249 −31.97 0.364 −0.55
0.30 0.393 −38.97 0.279 −29.01 0.389 −1.02
0.35 0.445 −46.01 0.333 −25.27 0.439 −1.15
0.40 0.552 −56.49 0.445 −19.38 0.547 −0.75

S32

0.20 3.504

2.40

−31.51 2.310 −34.08 3.500 −0.11
0.25 3.656 −34.36 2.494 −31.78 3.636 −0.55
0.30 3.933 −38.97 2.798 −28.86 3.897 −0.92
0.35 4.445 −46.01 3.336 −24.95 4.394 −1.15
0.40 5.515 −56.49 4.454 −19.24 5.474 −0.74

S33

0.20 35.03

24.00

−31.49 23.10 −34.06 35.00 −0.09
0.25 36.55 −34.34 24.94 −31.76 36.37 −0.49
0.30 39.31 −38.95 27.98 −28.82 38.97 −0.86
0.35 44.28 −45.80 33.36 −24.66 43.89 −0.88
0.40 55.12 −56.46 44.54 −19.19 54.74 −0.69

S34

0.20 348.91

240.00

−31.21 230.97 −33.80 348.89 −0.01
0.25 364.02 −34.07 249.45 −31.47 363.67 −0.10
0.30 391.46 −38.69 279.83 −28.52 389.66 −0.46
0.35 442.24 −45.73 333.63 −24.56 439.39 −0.64
0.40 548.21 −56.22 445.45 −18.74 547.43 −0.14

Note: Since the values of S31 and S32 are relatively small, three decimal places are reserved.

When comparing Tables 5–7, it can be found that when the elastic modulus and
Poisson’s ratio are determined, the prediction results of the one-dimensional theoretical
model decrease with the increase in coating thickness t, while the error rate increases t.
Taking the elastic modulus of 3 × 10−2 GPa and Poisson’s ratio of 0.25 as an example, when
the coating thicknesses are 1 mm, 2 mm and 3 mm, the error rates of the one-dimensional
model are −23.80%, −29.05% and −34.07%. Consistent with the analysis in Section 3.2.2,
the reason for the above phenomenon is that when the coating thickness is small (1 mm),
the thickness difference between the coating at the center and the coating at both ends is
small. According to the one-dimensional theoretical model, it is relatively reasonable to
simplify the coating to a round rod with equal thickness. When the elastic modulus and
Poisson’s ratio are determined, the prediction results of the two-dimensional theoretical
model decrease with the increase in coating thickness t, while the error rate increases.
Taking the elastic modulus of 3 × 10−2 GPa and Poisson’s ratio of 0.25 as an example, when
the coating thicknesses are 1 mm, 2 mm and 3 mm, the error rates of the two-dimensional
model are −25.30%, −28.26% and −31.47%. When the elastic modulus and Poisson’s ratio
are determined, the prediction results of the improved two-dimensional theoretical model
decrease with the increase in coating thickness t, while the error rate decreases. Taking the
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elastic modulus of 3 × 10−2 GPa and Poisson’s ratio of 0.25 as an example, when the coating
thicknesses are 1 mm, 2 mm and 3 mm, the error rates of the improved two-dimensional
model are −9.29%, −4.39% and −0.10%, respectively. In working condition 3, the error
rate of the improved two-dimensional model is generally within 1%, and the error rate of
the improved two-dimensional theoretical model is much lower than the error rates of the
one- and two-dimensional theoretical models.

From Table 7 and Figures 16 and 17, it can be seen that when the geometric conditions
are determined, the predicted change laws of the three models are basically consistent with
those of working condition 1 (r2 = 9 mm, t = 1 mm) and working condition 2 (r2 = 9 mm,
t = 2 mm). That is, when the elastic modulus of the coating is constant, the equivalent
stiffness value obtained by numerical simulation increases with the increase in Poisson’s
ratio. The prediction result of the one-dimensional theoretical model remains unchanged,
so the error rate of the one-dimensional theoretical model increases with the increase in
Poisson’s ratio.
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Figure 17. Error ratio of the improved two-dimensional theoretical vibration model and numerical
simulation results in working condition 3.

It can be seen from Table 7 and Figures 18 and 19 that when the elastic modulus is
constant, the prediction result of the two-dimensional theoretical model increases with the
increase in Poisson’s ratio, so the error rate of the two-dimensional model decreases. When
the elastic modulus is constant, the prediction results of the improved two-dimensional
theoretical model increase with the increase in Poisson’s ratio. The two-dimensional model
is able to capture the additional deformation associated with transverse strains. Higher
Poisson’s ratios indicate a greater tendency for transverse expansion or contraction under
loading, which can be more accurately accounted for by the two-dimensional model than
the one-dimensional model. When Poisson’s ratio is constant, the equivalent stiffness
value obtained by numerical simulation increases; meanwhile, the prediction result of
the one-dimensional theoretical model increases with the increase in the elastic modulus,
while its error rate decreases. When Poisson’s ratio is constant, the prediction results of the
two-dimensional theoretical model increase with the increase in the elastic modulus, while
the error rate of the two-dimensional model decreases. When Poisson’s ratio is constant,
the prediction result of the improved two-dimensional theoretical model increases with the
increase in the elastic modulus, while the error rate of the improved two-dimensional model
decreases. The improved two-dimensional model takes into account the shear behavior in
the material when modeling, rather than being limited to considering only its tensile and
compressive properties. Meanwhile, the two-dimensional model usually assumes that the
material will only deform orthogonally, ignoring shear deformation. However, in some
cases, especially when the material is subjected to complex loading, shear deformation can
have a significant effect on the behavior of the structure.
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4. Discussion

Through the above study, we found that the values of the newly proposed two-
dimensional model were closest to the numerical simulation results, with the smallest error
rates under various working conditions. The model was compared with the theoretical
model of metamaterial concrete monoclonal cells proposed by Yingjie Gao [43] in a con-
crete wave-absorbing plate,. The model proposed by Yingjie Gao takes into account the
influence of the soft-coated circular material on the basis of a one-dimensional model, and
multiplies the perimeter π on the basis of the formula of that model. From Tables 5–7, it
can be seen that, when the results of the one-dimensional model are multiplied by the
perimeter π, the value of the model will be much larger than the results of the numerical
simulation, and the corresponding error rate will be much higher than that of the improved
two-dimensional model.

Bandgap is an important property of metamaterials, which refers to the specific
blocking effect of metamaterials on the propagation of electromagnetic or mechanical
waves in a specific frequency range. Introducing metamaterial structures with bandgap
properties into concrete can give concrete new functions, such as vibration isolation.

The study of bandgap characteristics enables us to obtain the parameters and laws
affecting the bandgap value of metamaterial concrete, which guides the application of
metamaterial concrete in practical vibration isolation projects. The calculation of theoretical
formulas helps us to better understand the vibration mode and vibration mechanism
of the monoclonal cell of metamaterial concrete and its energy absorption and vibration
isolation mechanism. Equivalent stiffness, as one of the important quantities in the bandgap
calculation formula, is of great significance in determining the geometric dimensions and
material parameters of the metamaterial concrete’s single cell. In actual projects such as
subway and underpass tunnels, its vibration frequency is relatively fixed, within a range,
and the vibration frequency that needs to be blocked is the target bandgap. The accurate
calculation of the formula can be obtained from the concrete cell of metamaterials and
parameter optimization to achieve the safety, economy and efficiency of the project.

Other influences on the equivalent stiffness of metamaterial concrete’s unit cell deserve
to be discussed. Equivalent mass is one of the important quantities affecting the bandgap
of metamaterial concrete, so it is also necessary to derive the effective mass formula
accurately. Meanwhile, the model in this paper only includes a single aggregate, and the
bandgap characteristics and corresponding theoretical formulas for multiple aggregates,
such as double-cladding and multi-cladding metamaterial concretes, have not yet been
investigated. In addition, aggregate shape is also a point of interest, which can be optimized
using computer technology. The above will be studied in subsequent work.

5. Conclusions

Based on the existing one- and two-dimensional theoretical vibration models, an
improved two-dimensional theoretical vibration model has been proposed, and finite
element simulation has been carried out to analyze the influence of different parameters on
its equivalent stiffness. The following conclusions are drawn:

(1) When the elastic modulus and Poisson’s ratio are constant, the prediction results of
the one- and two-dimensional theoretical vibration models and the improved two-
dimensional model all decrease with the increase in the coating thickness, while the
error rates increase. When the geometric parameters and Poisson’s ratio are constant,
the prediction results of the one-and two-dimensional theoretical vibration models
and the improved two-dimensional model increase with the increase in the elastic
modulus, while the error rates decrease.

(2) When the geometric parameters and elastic modulus of the coating remain unchanged,
the prediction results of the one-dimensional vibration-theoretical model remain
unchanged, and the error rate increases with the increase in Poisson’s ratio. The
prediction results of the two-dimensional vibration theory model and the improved
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two-dimensional model increase with the increase in Poisson’s ratio, while the error
rates decrease.

(3) The one-dimensional theoretical vibration model cannot accurately predict the sim-
ulation results; in the research scope of this paper, the error rate is up to −56.49%
(the negative sign means that the theoretical result is smaller than the simulation
result). The two-dimensional theoretical vibration model is suitable for the case of a
large elastic modulus, large Poisson’s ratio and thin coating thickness. In other cases,
the error rate of the two-dimensional theoretical vibration model can reach up to
−34.28%. The improved two-dimensional theoretical vibration model is applicable to
all situations. The absolute value of the error rate of working condition 2 is generally
within 5%, and it is generally within 1% for working condition 3. This shows that the
improved two-dimensional theoretical vibration model proposed in this paper is more
accurate, can better explain the vibration characteristics of the metamaterial concrete
unit cell and is more suitable for the prediction of its equivalent stiffness value.

The proposed model provides simpler and more transparent descriptions of the
underlying physical phenomena. It is derived from fundamental principles and equations,
making it easy to understand the assumptions and limitations of the model. The proposed
model can also be computationally more efficient compared to numerical methods like
those used in COMSOL, since it requires less computational resources and time, which can
be advantageous for quick analysis or exploration of a wide range of scenarios. In addition,
the application of specific formulas to mathematical computation software can speed up
the calculation of the equivalent stiffness values of a single metamaterial concrete unit cell
under different parameter conditions compared to finite element software calculations. The
theoretical formulation of equivalent stiffness can be established to solve the problem of
a specific vibration isolation frequency in practical engineering, and in this way, we can
determine the geometric and material parameters of metamaterial concrete according to
the frequency range.
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