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Abstract: This research presents an augmented Kalman estimator and an equivalent replacement-
based Taylor series (ERBTS)-linear quadratic Gaussian (LQG) control strategy to cope with the
control accuracy and response delay of magnetorheological (MR) dampers for vehicle semi-active
suspensions. The parameters in the MR model are identified from experimental measurements.
Then, two main sources of control error, namely, modelling error and real-time variety of the MR
damper output force, are defined as an integrated compound real-time variety. Subsequently, they
are written into a differential equation with characteristics of the minimum system to augment the
state equation of the semi-active suspension system. The augmented Kalman estimator is constructed
to estimate the abovementioned compound real-time variety. To calculate an acceptable time-delay
compensation predictive control force, an equivalent operation is implemented beforehand in the
suspension comprehensive performance index by replacing a part of the squared time-delay control
force with the corresponding predictive control force. Simulation results verify the effectiveness of
the proposed augmented Kalman estimator, and the newly developed ERBTS-LQG controller almost
achieves control effectiveness of the ideal time delay free semi-active suspension.

Keywords: semi-active suspension; magnetorheological damper; augmented Kalman estimator;
optimal control; control accuracy; time delay

1. Introduction

The suspension system is one of the key structural and functional components for vehi-
cles [1,2]. Compared with passive and active suspension systems, the semi-active suspension
system is regarded as a more promising candidate due to its cost-effectiveness, especially for its
ability to improve both ride comfort and handling stability close to the active one [3]. Recently,
semi-active suspension systems featuring magnetorheological (MR) dampers have received
much attention [4]. The MR damper has many clear advantages, such as a simple structure,
low energy consumption, and wide range. However, it should be noted that two key questions
still require further attention. The first is the compensation issue dealing with the response
delay of the MR damper, and the other is the accurate control coping with modelling error and
real-time variety of the output force [5]. Thus, to obtain better suspension performances, the
modelling error, real-time variety, and response delay of the MR damper must all be considered
in designing the controller. To regulate the MR damper to give the objective output force, the
control current must be solved according to the expected control force, the movement state,
and the characteristics model of the MR damper.
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Many researchers have tried to remedy the time delay, modelling error, and time-
varying mechanical characteristics of the MR semi-active suspension system. There are
two main methods for dealing with the time delay problem. In the 1950s, a so-called Smith
predictor was designed and widely used to cope with the system time delay. The Smith
predictor worked by introducing a compensation block in the feedback loop to offset the
influence of time delay on the system [6]. However, the effectiveness of the Smith predic-
tor depended on the modelling accuracy [7]. Recently, another time delay compensation
control method has become increasingly popular [8]. The Lyapunov–Krasovskii general-
ized function containing the time delay of the system was constructed. Then, its integral
terms were eliminated using different integral inequalities to transform the integral of a
vector product into the product of vector integrals to obtain an enlarged linear quadratic
matrix. Moreover, the linear matrix inequality (LMI) solver was used to calculate the
solution, ensuring that the linear quadratic matrix was negative definite. The different
Lyapunov–Krasovskii generic derivatives required linearization using one or more inte-
gral inequalities [9,10]. Therefore, the control solution conservativeness from the specific
Lyapunov–Krasovskii general function was different, which in turn led to different time
delay compensation control effectiveness [11]. Since bounding methods introduce some
conservativeness, many studies have been conducted to address this problem, such as the
Park inequality method, Moon inequality method, and Jensen inequality method [12].

Investigation into the time-varying mechanical characteristics of the MR damper
showed that it was caused by temperature change, component ageing, and ferromagnetic
particle deposition [13]. Several studies have been conducted to address the influence of
temperature change. Dong et al. [14] developed a sliding mode fault-tolerant controller
dealing with the influence of temperature change on the MR damper as one of the model
uncertainties. The method used a simple model to improve robustness at the cost of
a declined suspension performance. It was noted that the temperature was taken as a
variable in modelling the MR damper [15]. Although the accuracy of the MR damper
model was improved, the forwards and inverse models became complex. Among these
above factors, the levels of component ageing and ferromagnetic particle deposition were
difficult to measure. Obviously, in addition to temperature, taking component ageing and
ferromagnetic particle deposition into account has to bring about more complexity.

Hence, there is a demand for effective countermeasures of both response time delay
and time-varying mechanical characteristics to polish the MR semi-active suspension.
This demand motivates us to develop an augmented Kalman estimator and equivalent
replacement-based Taylor series-linear quadratic Gaussian (ERBTS-LQG) controller to
provide a high observation accuracy for the real-time variety of the MR damper output
force and improve the time delay compensation performance.

The main contributions of this research include two aspects: (1) an augmented Kalman
estimator is established to observe the compound real-time variety of the MR damper
output force; and (2) a novel equivalent replacement technology is presented to ensure that
the Taylor series-LQG-based regulator is feasible and precisely tracks the control objective.

The rest of this paper is organized as follows: Section 2 addresses the nonlinear model
of the MR semi-active suspension system. In Section 3, the ERBTS-LQG control scheme
is presented. Section 4 provides a superiority verification of the proposed control scheme.
Finally, the research is concluded in Section 5.

2. Model of the MR Semi-Active Suspension System
2.1. Vehicle Vertical Motion Model

A quarter-vehicle plant is adopted in Figure 1 to describe the MR semi-active suspen-
sion system.
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Figure 1. Quarter vehicle model with the MR semi-active suspension system.

A quarter-vehicle plant is adopted in Figure 1 to describe the MR semi-active suspen-
sion system. {

m1
..
z1 + k1(z1 − q) + k2(z1 − z2) = −FMR_r

m2
..
z2 + k2(z2 − z1) = FMR_r

(1)

where m1 and m2 are the unsprung mass and the sprung mass, respectively; k1 and k2 stand
for the tire stiffness and the suspension stiffness, respectively; z1 and z2 are the unsprung
mass displacement and the sprung mass displacement, respectively; FMR_r denotes the real-
time output force of the MR damper; and q is the displacement input from road roughness,
expressed as follows [16]:{ .

q(t) = −2π f0q(t) + 2πn0

√
0.5Gq(n0)uw(t)

∆s = (2unmax)
−1

(2)

where n0 is the reference spatial frequency of 0.1 m−1; w indicates the road white-noise
signal; Gq(n0) is the road irregularity coefficient under the reference spatial frequency; u is
the vehicle running speed; f0 is the lower cutoff frequency of road input; nmax represents
the higher cutoff frequency of road input; and ∆s is the set value of sampling interval of
the road white-noise signal.

Compared with other typical parametric models, the magic formula model has the
inherent advantage of good parameter consistency, which is widely used for modelling MR
dampers [17,18]. When the asymptotic saturation magic formula model is adopted, FMR_r
is presented as follows:

FMR_r = ∆F + FMR + Fde (3)

where ∆F is the real-time variety relative to the nominal output force; Fde depicts the
modelled error of the MR damper; FMR depicts the nominal output force of the MR damper
and is usually obtained by bench test, which can be expressed as follows:

FMR = Dtanh
{

Ctanh
[

B(1 − E)v +
E
B

tanh(Bv) + Ftanh(Ma)
]}

+ cdv + kd(z2 − z1) + Fd0 (4)

where B, C, D, E, F, and M are the stiffness factor, shape factor, peak factor, curvature
factor, hysteresis width factor, and inertia factor, respectively; v and a represent the velocity
and acceleration of the asymptotic saturation magic formula, respectively; cd and kd are
the viscous and stiffness coefficients, respectively; Fd0 stands for the basal force of the MR
damper in bench test.



Actuators 2024, 13, 138 4 of 18

Compared with other fitting parameters, the peak factor fluctuation of the asymptotic
saturation magic formula D is most related to the change in the exciting current at different
frequencies. To improve the fitting accuracy of the model, the expression of D can be
rewritten in a nonlinear expression:

D = D0 + D1 I + D2 I2 (5)

where D0, D1, and D2 represent the constant, primary, and secondary term coefficients,
respectively; I represents the exciting current.

By substituting Equation (5) in Equation (4), the equation can be rewritten as follows:

FMR = FMR_I(t − τ) + FMR_0 + cdv + kd(z2 − z1) + Fd0 (6)

FMR_I = (D1 I + D2 I2)tanh
{

Ctanh
[

B(1 − E)v +
E
B

tanh(Bv) + Ftanh(Ma)
]}

FMR_0 = D0tanh
{

Ctanh
[

B(1 − E)v +
E
B

tanh(Bv) + Ftanh(Ma)
]}

where FMR_I denotes the MR damper output force controlled by the current; t is the time
variable; τ refers to the response delay time of the MR damper; FMR_0 stands for the
uncontrolled output force.

2.2. Actual Measurement-Based Parameter Identification

A bench test of the MR damper is implemented to identify model parameters, which
is depicted in Figure 2.
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Figure 2. Experimental bench of MR damper mechanical characteristics. 

Figure 2. Experimental bench of MR damper mechanical characteristics.

The experimental bench of the MR damper mechanical characteristics measurement
mainly consists of a single-channel hydraulic servo excitation console, a force transducer
(DYLY-103), a current source (Zhaoxin KXN-3020D), and an NI data acquisition card.
A commercially available MR damper (Type: BWI-23111781; from China, Beijing West
Industries International Limited) is applied to conduct the damping force characteristics
tests, whose maximum output force and maximum bilateral stroke approximately equal
3.5 kN and 22 cm, respectively. The experimental temperature is chosen as 60 ◦C, and
the displacement inputs are 0.05 m-amplitude sine waves with exciting frequencies from
0.5 Hz to 2 Hz with increments of 0.5 Hz, and the control currents are from 0.5 A to 3 A
with increments of 0.5 A.
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Based on the Lsqcurvefit tool of MATLAB (R2013A) software, the unknown parameters
of Equations (3)–(6) are fitted under different test conditions (each condition with different
frequencies and exciting currents). The fitting principle of the Lsqcurvefit tool is set based
on the least variance algorithm, expressed as follows:

min
∥∥F′

MR − F̂MR
∥∥2

2 = min∑
[
F′

MR − F̂MR
]2 (7)

where F′
MR and F̂MR represent the fitting output force and the actual output force measured

during the mechanical characteristic test, respectively.
The identified results are listed in Table 1.

Table 1. Identified parameter results of the MR damper model.

Parameter Value Parameter Value

D0 0.1702 E 19.7348
D1 0.9304 F −1.0860
D2 −0.0068 M 0.5955
C 0.4116 kd/kN 0.6854
B −0.3092 cd 0.7696

Fd0/kN 0.6908

The comparisons between the modelled and experimental curves under 0.5 Hz and 2 Hz
are presented in Figures 3 and 4. The solid lines represent the experimental curves marked by
“T-XX A”, and the dashed lines refer to the modelled curves marked by “M-XX A”.

Figures 3 and 4 indicate that there is an offset force (including the gravity of the exciting
head, the gravity of the fixture, and the pressure required to compress the piston rod into the
middle position) in the measured output force, which leads to a reduction in the measured
output force range. The value of the offset force is approximately 0.6105 kN. Moreover, when
the exciting frequency is set as 0.5 Hz, the error percentages between the experimental and
optimized parameters are 6.29%, 5.21%, 5.11%, 4.35%, 5.88%, and 6.45%, respectively, and the
control currents are from 0.5 A to 3 A with increments of 0.5 A. Furthermore, when the exciting
frequency is set as 2 Hz, the error percentages are 7.43%, 6.26%, 5.09%, 4.96%, 5.77%, and 7.12%,
respectively, under the same corresponding control currents.
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Although there are still some inevitable errors, the applied asymptotic saturation magic
formula model closely matches the experimental results. When the following augmented
Kalman estimator is adopted, those inevitable modelling errors can be taken as one part of
the real-time variation in the MR damper output force. Hence, one of the advantages of the
proposed augmented Kalman estimator method is not having to construct a complex and
accurate mechanical model of the MR damper.

2.3. Time Delay Measurement of MR Damper

Measuring the MR damper response time is the basis of time delay compensation
control. Therefore, a rapid response current source driving the MR damper is designed, as
depicted in Figure 5. The current source adopts a topology composed of two symmetrical
N-channel MOS transistors and P-channel MOS transistors.
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Figure 6 shows the demanded current, actual current, and output force of the MR
damper under the testing condition with the sine displacement and square wave current
inputs. The impact of offset force is removed through data processing in this figure.
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It can be seen that, whatever the exciting displacement frequency, both the MR
damper’s rising and descending response times (time delays) linearly increase with the
control current. The sine displacement excitation has an amplitude of 50 mm and a fre-
quency of 2.0 Hz. The square wave current excitation has an amplitude of 3.0 A and a
frequency of 10 Hz. Figure 6 shows that, on the one hand, the rising and falling response
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times of the actual current equal 2.2 ms and 2.1 ms, respectively. The corresponding rising
and falling response times of the output force are 9.0 ms and 7.9 ms, respectively. Considering
that the rising response time is nearly equal to the falling response time, a mean of 8.5 ms is
adopted as the response time of the MR damper output force in the following research. On the
other hand, at this point, the current output force is equal to 2.267 kN, which does not exceed
the maximum amplitude of 2.6 kN measured in Figure 4 for the MR damper. Due to some
systematic errors (such as the variation of the current controlling the magneto-rheological fluid
and the properties of the fluid itself), there are visible fluctuations in the MR damper force.

2.4. Control Objective

The suspension comprehensive performance index J is expressed as follows [19]:

J = lim
T→∞

1
T

∫ T

0

[..
z2

2 + δ1(z1 − q)2 + δ2(z2 − z1)
2
]
dt (8)

where δ1 and δ2 are the weights of (z1 − q)2 and (z2 − z1)
2, respectively, when the weight

of
..
z2

2 is set as 1. A smaller J means better suspension comprehensive performance.
When the MR damper is installed on board, Fd0 shall be offset by the suspension static

deflection, and substituting Equations (3)–(6) into Equation (1) yields
m1

..
z1 + k1(z1 − q) + (k2 + kd)(z1 − z2) + cd

( .
z1 −

.
z2
)

= −∆F − FMR−0 − FMR_I(t − τ)− Fde
m2

..
z2 + (k2 + kd)(z2 − z1) + cd

( .
z2 −

.
z1
)

= ∆F + FMR−0 + FMR_I(t − τ) + Fde

(9)

When the state vector X = (x1, x2, x3, x4)
T, it is defined as follows:

x1 = z1 − q, x2 = z2 − z1, x3 =
.
z1, x4 =

.
z2 (10)

.
X = AX + BU + GW (11)

A =


0 0 1 0
0 0 −1 1

− k1
m1

k2+kd
m1

− cd
m1

cd
m1

0 − k2+kd
m2

cd
m2

− cd
m2

,

B =
[
0 0 − 1

m1
1

m2

]T
, G =

[
−1 0 0 0

]T,

U = [∆F + FMR_0 + FMR_I(t − τ) + Fde], W =
[ .
q
]

3. Scheme for Time Delay Compensation Control

The scheme of the augmented Kalman estimator and the ERBTS-LQG controller is
illustrated in Figure 7.

The proposed scheme involves three key steps.

(1) The system state equation is augmented by the differential equation of the compound
time variation of the MR damper output force.

(2) The corresponding augmented Kalman estimator is designed to observe the system
state vector and the compound real-time variety.

(3) The ERBTS-LQG controller is developed by replacing a part of the squared time
delay control force in the suspension comprehensive performance index with the
corresponding predictive control force.
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3.1. Design of the Augmented Kalman Estimator

For the sake of convenience, write ∆F + Fde as follows:

Fd = ∆F + Fde (12)

Here, we name Fd the compound real-time variety of the MR damper output force.
To ensure the augmented system state equation with the characteristic of the minimum

system, Fd is written in the differential equation as follows [19]:

.
Fd = −λFd + qd, λ > 0 (13)

where qd is the related parameters of Fd, and λ indicates the positive infinitely small quantity.
Substituting Equations (12) and (13) into Equation (11) yields the augmented system

state equation as follows:
.
X1 = A1X1 + B1U1 + G1W1 (14)

X1 =

[
X
Fd

]
, A1 =

[
A B

01×4 −λ

]
, B1 =

[
B
0

]
, G1 =

[
G 04×1
0 1

]
U1 = [FMR_I(t − τ) + FMR_0], W1 =

[ .
q
qd

]
.

Considering that the acceleration is easy to detect, and
..
z2 are chosen as the outputs of the

MR semi-active suspension system. In this work, to improve observation accuracy, integrals of
the two accelerations are chosen as the inputs of the augmented Kalman estimator.

The corresponding output equation is expressed as

Y1 =
[ .
z1

.
z2

..
z1

..
z2
]T

= C1X1 + D1U1 (15)
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C1 =


[
0 0 1 0 0

][
0 0 0 1 0

]
A1(3, :)
A1(4, :)

, D1 =
[
01×1 01×1 B1(3, 1) B1(4, 1)

]T

The augmented Kalman estimator is designed as follows:{ .
X̂1 = A1X̂1 + B1U1 + L1

(
Y1 − C1X̂l − D1U1

)
Ŷ1 = X̂1

(16)

L1 =
(

PKCT
1 + G1NK

)
R−1

K (17)

where X̂1 stands for the estimate of X1; PK represents the unique solution of the following
Riccati equation.

A1PK + PKAT
1 −

(
PKCT

1 + G1NK

)
R−1

K

(
C1PK + NT

KGT
1

)
+G1QKGT

1 = 0
(18)


QK = E

{
WT

1 W1

}
RK = E

{
VT

1 V1
}

NK = E
{

WT
1 V1

} (19)

where V1 is the measurement noise vector.
Therefore, using the newly developed Kalman estimator, in addition to the system state

vector X, the compound real-time variety of the MR damper output force Fd is estimated.

3.2. Design of the ERBTS-LQG Controller

Usually, FMR−I(t − τ) is expressed as
FMR−I(t − τ) =

{
Fa(t − τ) when ve[Fa(t − τ) + D0ve] < 0
−D0ve else

ve = tanh
{

Ctanh
[

B(1 − E)
( .
z2 −

.
z1
)

+ E
B tanhB

( .
z2 −

.
z1
)
+ FtanhM

(..
z2 −

..
z1
) ]} (20)

where Fa refers to the active control force.
To obtain better suspension performance, the constant time delay of the MR damper must

be considered in the controller sign. When the Taylor series-LQG strategy is applied, the active
predictive control force Fp and the corresponding FMR_I_p are expressed as follows:

Fp = Fa(t + τ) ≈ Fa + τ
.
Fa (21)

FMR_I_p(t − τ) =


Fp(t − τ) = Fa

when ve
[
Fp(t − τ) + D0ve

]
< 0

−D0v
else

(22)

Substituting Equation (21) into Equation (14) yields the state equation as follows:

.
X2 = A2X2 + B2U2a + G2W2 (23)

X2 =

[
X̂1
Fa

]
, A2 =

[
A1 B1

01×5 − 1
τ

]
, B2 =

[
05×1

1
τ

]
,

G2 =

[
G1

01×2

]
, U2a =

[
Fp
]
, ·W2 = W1.
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On the basis of X2, U2a, and Equation (10), the cost function of the ideal time delay
compensation system is written as

Ja = lim
T→∞

1
T

∫ T

0

[
XT

2 QX2 + 2XT
2 NU2a + UT

2aRU2a

]
dt (24)

Q = δ1
[

1 0 0 0 0 0
]T[ 1 0 0 0 0 0

]
+δ2

[
0 1 0 0 0 0

]T[ 0 1 0 0 0 0
]

+A2(4, :)TA2(4, :),

N = A2(4, :)TB2(4, :) = 06×1,

R = B2(4, :)TB2(4, :) = 01×1.

In Equation (24), R = 0 does not satisfy the second LQG controller design condition
that R > 0.

To solve the abovementioned problem, the approximate transformation can be ex-
pressed as follows: 

Fp(t − τ) = αFp(t − τ) + βFp(t)
α + β = 1
α >>> 0

(25)

Although R = 0 is avoided, that method will give an overly large value of Fp. This
factor could be due to the following two reasons. The first is that, by using Equation (25), the
control objective becomes inaccurate. The other is that Equation (25) brings a considerably
small R that cannot effectively constrain Fp.

To obtain a better time delay compensation control effect, Corollary 1 is proposed to
effectively constrain the predictive control force to precisely track the control objective Ja.

Corollary 1. when sufficiently large, positive γ satisfies

Q2E = Q2 −
[

05×5 05×1
01×5 γ

]
≥ 0 (26)

and the following active forceFp−Eprecisely tracks the control objective Ja.

Fp−E = −Kp−EX2 (27)

Kp_E = R−1
2E

(
BT

2 Sp−E + NT
2

)
(28)

R2E = [γ] (29)

where Sp−Eis the unique solution of the Riccati equation as follows:

AT
2 Sp−E + Sp−EA2 −

(
Sp−EB2 + N2

)
R−1

2E

(
BT

2 Sp−E + NT
2

)
+ Q2E = 0 (30)

Proof. Implementing the Fourier transform on Fp_E(t − τ) yields

F
[
Fp_E(t − τ)

]
=

∫ ∞
−∞ Fp_E(t − τ)e−jωtdt =

∫ ∞
−∞ Fp_E(t)e−jω(t+τ)dt

= e−jωτ
∫ ∞
−∞ Fp_E(t)e−jωtdt = e−jωτF

[
Fp_E(t)

]
,

(31)

where j =
√
−1 and ω is the circular frequency. □

Then, the 2-norm value of F
[
Fp_E(t − τ)

]
can be written as follows:∥∥F [

Fp_E(t − τ)
]∥∥

2 =
∥∥F [

Fp_E(t)
]∥∥

2

∥∥∥e−jωτ
∥∥∥

2
=

∥∥F [
Fp_E(t)

]∥∥
2. (32)
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Writing Equation (32) into the time domain form yields

lim
T→∞

∫ T

0
F2

p−E(t − τ)dt = lim
T→∞

∫ T

0
F2

p−E(t)dt (33)

According to Equations (21) and (33), the following equation can be obtained.

lim
T→∞

∫ T

0
F2

p−Edt = lim
T→∞

∫ T

0
F2

a dt (34)

Thus,

lim
T→∞

1
T
∫ T

0

[
XT

2 Q2EX2 + 2XT
2 N2U2E + U2E

TR2EU2E

]
dt

= lim
T→∞

1
T
∫ T

0

[(
X1
Fi

)T[
Q2 −

[
05×5 05×1
01×5 γ

]](
X1
Fi

)
+

(
Fp_E

)T
[γ]

(
Fp_E

)]
dt

= lim
T→∞

1
T
∫ T

0

[
XT

2 Q2X2

]
dt − lim

T→∞

∫ T
0 γF2

i dt + lim
T→∞

∫ T
0 γF2

p_Edt

= lim
T→∞

1
T
∫ T

0

[
XT

2 Q2X2

]
dt = Ja

(35)

Hence, all the design conditions of the LQG controller are satisfied, and Fp_E precisely
tracks Ja. The proof is completed.

By using Equations (26), (29) and (34), a part of the squared time delay control force in
the suspension comprehensive performance index is equivalently replaced by the corre-
sponding part of the predictive control force. Because this replacement is completely equiva-
lent, this novel time delay compensation control method is called the equivalent replacement-
based Taylor series-LQG control approach. It should be noted that the above operation is
proposed first in this work and is difficult to realize by using the H2 control method.

Therefore, the corresponding semi-active predictive control force Fp−E−s is as follows:

Fp−E−s =

{
Fp−E when ve

[
Fp−E(t − τ) + D0ve

]
< 0

−D0ve else
(36)

Because |D1| ≫ |D2|, the predictive control current Ip−E is calculated as follows:

Ip−E =



Imax

when veFp−E−s < 0 and
−Fp−E−s

sign(ve)(|ve|+0.001) < Imax
−Fp−E−s

sign(ve)(|ve|+0.001)

when veFp−E−s < 0 and
−Fp−Es

sign(ve)(|ve|+0.001) ≤ Imax

0 else

(37)

where Imax is the maximum control current to the MR damper.
In Equation (37), by replacing ve with sign(ve)(|ve|+ 0.001), we can avoid the issue

of Ip−E not being calculated when ve = 0.

4. Superiority Verifications

From the point of view of vehicle weight and operating conditions, the abovemen-
tioned MR semi-active suspension system can be fitted on sport or utility vehicles.

The driving condition of v = 50 m·s−1 over the D-class road (D-cr) is investigated, which
corresponds to a poorly constructed road with a relatively low velocity [20]. Under the
v = 50 km/h over the D-class road, the value of Gq(n0) presented in Equation (2) is set as 1024
× 10−6 m−1. From Equation (2), we can obtain the displacement input curve in Figure 8.
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Figure 8. Displacement input under the ISO D-class road.

The other vehicle parameters are listed in Table 2.

Table 2. Parameters needed in research.

Parameters Values Parameters Values

m1 [kg] 36 k2 [N/m] 50,000
m2 [kg] 520 u [km/h] 50

k1 [N/m] 270,000 δ1 37,888
δ2 4660.1

4.1. Observation Accuracy of the Augmented Kalman Estimator

To clearly display the work effectiveness of the augmented Kalman estimator, four
cases are checked:

Case 1: A small modelling error with Fd = 0.05 ×
(

FMR_0 + Fp_E_s
)
;

Case 2: A large modelling error with Fd = 0.1 ×
(

FMR_0 + Fp_E_s
)
;

Case 3: A considerably large real-time variety with Fd = 0.3 sin(πt)×
(

FMR_0 + Fp_E_s
)
;

Case 4: A considerably large and fast real-time variety with Fd = 0.3 sin(6πt) ×(
FMR_0 + Fp_E_s

)
.

The observation error and the corresponding root mean square (RMS) error are defined
as follows:

Eob = Fd − F̂d (38)

RMSE =
RMS

(
Fd − F̂d

)
RMS(Fd)

(39)

where F̂d is the observation of Fd and RMS() denotes the function calculating the root mean
square. The observation effectiveness of the augmented Kalman estimator is described in
Figures 9 and 10. In these figures, “OBF” and “EOB” stand for the observation of Fd and
the observation error, respectively.
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The observation errors, the RMSEs, and the corresponding suspension comprehensive
performance indexes of those five cases are listed in Table 3.

Table 3. Parameters needed in research.

RMS (Eob) RMSE J

Case 1 1.7134 0.0549 5.2127
Case 2 1.7047 0.0280 5.2129
Case 3 1.7631 0.0126 5.2472
Case 4 1.7590 0.0130 5.2296

Figures 9 and 10 show that all F̂d curves track the Fd curves well under the above
investigation cases. Moreover, Table 3 shows that the root mean square of Eob is at almost
the same level of less than 2. When a modelling error of 5% exists, the worst observation
accuracy occurs, and the RMSE equals 0.0549. Compared with the integral of Fp_E_s, the
RMSE is just 0.0027. This is a very high observation accuracy. Even though there are 10%
modelling errors and 30% real-time variations, compared with the integral of Fp_E_s, the
RMSE is just 0.0031. In addition, subjected to those investigation cases, the maximum
difference in the suspension comprehensive performance index is equal to 0.0048.

The above investigation results demonstrate that the augmented Kalman estimator
is a perfect solution for both the modelling error and real-time variety of the MR damper
output force.

4.2. Work Effectiveness of the ERBTS-LQG Controller

It is assumed that the MR semi-active suspension suffers from both modelling error
and real-time variety. To verify the superiority of the ERBTS-LQG controller, the sprung
mass acceleration, the tire deflection, the suspension deflection, and the suspension com-
prehensive performance index are compared among the passive suspension, the time delay
free semi-active suspension, and the MR semi-active suspension regulated by the proposed
time delay compensation controller. These three suspensions are denoted by “PS”, “ISAS”,
and “MRSAS”. The ideal active force (IAF), the ideal semi-active force (ISAF), and Fp_E_s
curves in the time domain are illustrated in Figure 11. The comparison curves of the
suspension performances in the frequency domain are drawn in Figures 12 and 13.
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At the turning point when the ideal semi-active force is in need or disappears, Figure 11
illustrates that Fp_E_s and the ideal semi-active force are almost synchronous. This means
that after a time delay, the predictive semi-active force can accurately track the ideal semi-
active force. Additionally, Fp_E_s is less than the ideal semi-active force. The reason can be
explained as follows: the actual MR damper output force is constrained by the maximum
control current of 3 A.

Figures 12 and 13 clearly illustrate that both the tire deflection and the suspension
deflection of the MR semi-active suspension are almost the same as those of the ideal
suspension. Moreover, compared with the passive suspension, the proposed ERBTS-LQG
controller regulates the MR semi-active suspension to obviously reduce the suspension
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comprehensive performance index and the peak value of the PSD of the unsprung mass
acceleration. Moreover, the PSD of tire deflection for ISAS and MRSAS are worse compared
to the PS in the frequency range from 10 to 20 Hz. This is because the driving condition of
v = 50 m·s−1 over the ISO D-class road (D-cr) is regarded as a low-velocity driving condition.
In this condition, the riding comfort is usually given priority. To obtain a better riding
comfort, a larger weight coefficient of sprung mass acceleration is selected, which results in
unsatisfactory improvement of tire deflection. This result is reasonable. The RMSs of those
suspension performance indicators are listed in Table 4.

Table 4. Statistical data of the four suspension performance indicators.

Indicator PS ISAS MRSAS

RMS(a2) [m/s2] 2.2210 1.6732 1.7510
RMS(z1 − q) [m] 0.0053 0.0057 0.0056
RMS(z2 − z1) [m] 0.0136 0.0146 0.0142

J 6.8525 5.0350 5.2089

In this table, compared with the passive suspension, the MR semi-active suspension
and the ideal semi-active suspension decrease the unsprung mass acceleration by 21.16%
and 24.66%, respectively. For the suspension comprehensive performance index, the
corresponding decreases are 23.99% and 26.52%, respectively.

Figures 12 and 13 and Table 4 show that the unsprung mass acceleration and the
suspension comprehensive performance index of the ideal semi-active suspension are just
slightly better than those of the MR semi-active suspension using the proposed ERBTS-LQG
controller. The reason can be explained as follows. First, by using Equation (21), there
is a system error in calculating the active predictive control force. Moreover, when an
active force with negative damping characteristics is needed, unlike the ideal semi-active
suspension, which can be given a control force equal to zero, the MR semi-active suspension
inevitably suffers from an uncontrolled positive damping output force.

To check the adaptability of the proposed ERBTS-LQG controller, some other large
time delay cases are investigated. These cases refer to time delays equal to 16 ms, 24 ms,
and 32 ms. Comparison curves of the unsprung mass acceleration and the suspension
comprehensive performance index are depicted in Figures 14 and 15, respectively. Statistical
data of the four suspension performance indicators are provided in Table 5.
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Table 5. Statistical data of the four suspension performance indicators.

Indicators 16 ms 24 ms 32 ms

RMS(a2) [m/s2] 1.7673 1.7831 1.8037
RMS(z1 − q) [m] 0.0056 0.0056 0.0056
RMS(z2 − z1) [m] 0.0142 0.0140 0.0138

J 5.2613 5.2850 5.3384

Figure 14 shows that when the time delay changes from 16 ms to 32 ms, the PSD of the
unsprung mass acceleration only slightly increases around the natural frequency of wheel vi-
bration. Similarly, Figure 15 clearly illustrates that the suspension comprehensive performance
index only slightly degrades. It can be seen in Tables 4 and 5 that when the time delay increases
from 8.5 ms to 16 ms, 24 ms, and 32 ms, the RMS of the unsprung mass acceleration is enlarged
by 0.93%, 1.83%, and 3.01%, respectively. The corresponding increases in the suspension
comprehensive performance index are 1.01%, 1.46%, and 2.49%, respectively.

The above results indicate that when subjected to a time delay from 8.5 ms to 32 ms,
the ERBTS-LQG controller always regulates the MR semi-active suspension to achieve very
near control effectiveness of the ideal time delay-free semi-active suspension. In particular,
the proposed controller has excellent time delay compensation ability and adaptability.

5. Conclusions

A novel augmented Kalman estimator and ERBTS-LQG controller are developed to
cope with the modelling error and large time delay of MR dampers for vehicle semi-active
suspension. The main conclusions are summarized as follows:

(1) The augmented Kalman estimator is established to observe the compound real-time
variety of the MR damper output force by expressing it as a differential equation with
the characteristic of the minimum system to augment the state space equation of the
semi-active suspension system.

(2) The equivalent replacement-based Taylor series-LQG controller is newly developed
to improve the effect of time delay compensation by replacing a part of the squared
time delay control force in the suspension comprehensive performance index with
the corresponding predictive control force.
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