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Abstract: In the construction of underground engineering, the determination of surrounding rock
stresses has important theoretical significance for the design of tunnel structure reliability. In this
paper, the nonlinear criterion is introduced to modify and improve the friction resistance in the
calculation formula of Bierbaumer’s loose surrounding rock stresses, and the improved application is
carried out in view of the situation of composite formation. Due to the variability and discreteness
of geotechnical parameters, combined with engineering examples, Monte Carlo random sampling
is carried out for various geotechnical parameters in engineering, and the characteristics of loose
surrounding rock stresses are analyzed from the perspective of statistical reliability by using the
improved shallow tunnel formula. By using the standard regression coefficient, the weight influence
of the parameters in various shallow surrounding rock stress formulas is analyzed, and the confidence
degree of the calculated results of various formulas is analyzed from a statistical point of view, which
verifies the rationality of the improved formula in the statistical sense.

Keywords: surrounding rock stress; nonlinear criterion; statistical characteristics; Monte Carlo
method; sensitivity analysis

1. Introduction

In the construction of underground engineering, the determination and distribution of
surrounding rock stresses have always comprised an important basis for tunnel construc-
tion schemes and structural reliability designs. At present, there are various formulas to
calculate the stresses of the loose rock surrounding shallow tunnels; the premise of these
formulas is to make corresponding assumptions, so there are some limitations to their
application. Because the geological environments of tunnels are each different, complex
and changeable, there is a certain randomness and variability in the geotechnical materials.
When using various formulas to calculate the stresses of loose surrounding rock, it is neces-
sary to make an analysis specific to the geological environment. It is necessary to improve
calculation formulas in order to better determine the results of the loose surrounding rock’s
stresses. Furthermore, it is essential to study how to obtain surrounding rock stresses from
the perspective of statistics and according to the complexity of geological environments.

At present, there are various theoretical, empirical and numerical calculation methods
used in the calculation of the stresses of loose rock surrounding shallow tunnels. These
methods each have their own characteristics and applicability in calculations [1–7].
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Calculation theories for the pressure of loose surrounding rock in shallow buried
tunnels mainly include the total soil column formula, the Bierbaumer formula, the Terzaghi
formula and the Xie Jiajie formula [8–10]. Keawawasvong and Ukritchon [11] studied the
stability of shallow unlined circular tunnels in rock masses based on the Hoek–Brown
criterion and provided design equations.

Li et al. [12] conducted a comprehensive analysis of the influence of various parameters
in various tunnel calculation formulas on surrounding rock stresses and made correspond-
ing evaluations on the advantages, disadvantages and applicability of various methods.
Based on Xie Jiajie’s theory, in order to overcome the shortcomings of the original formula,
Cheng [13] improved the calculation formula for the surrounding rock stresses of shallow
tunnels by using the limit equilibrium method, starting by modifying the width of the rock
column, and discussed the influence of various parameters on the results. Liu et al. [14]
deduced a formula for the stresses of loose rocks surrounding tunnels under the action
of earthquake forces and studied the fracture angle, the failure modes of tunnels and the
distribution of stresses of loose surrounding rocks. Liu and Fang [15] deduced a formula for
calculating the surrounding rock stresses of tunnels with variable slope eccentric stresses.
Yu et al. [16] deduced a stress formula for loose rocks surrounding tunnels on the basis
of assuming the failure modes of the Loess tunnel. Li et al. [17] and Chao et al. [18] de-
duced the Terzaghi formula for homogeneous and composite strata under the nonlinear
criterion. Zhu [19] combined this with the classical calculation theory for the surrounding
rock stresses of shallow tunnels and revised and established the calculation method of
surrounding rock stresses of double-arch shallow tunnels. Qu and Li [20] provided suitable
cave-type conditions for the formulas of Terzaghi, Xie Jiajie and Bierbaumer under the
conditions of existing surrounding rock classification and defined the division of deep and
shallow buried tunnels. According to the failure modes of indoor model tests, Liu et al. [21]
used the strength reduction method to verify said model tests. Through analysis on model
tests and numerical simulation results, a modified algorithm was deduced based on rock
column theory. Gao et al. [22] analyzed the calculation method for loose rock pressures
in surrounding rocks and discussed the impact of rock conditions and cavern size on the
range of loose pressure zones by combining a numerical analysis and an orthogonal test.
Hu et al. [23] studied the surrounding rock pressure characteristics of the Loess tunnel
based on statistical analysis. Chen et al. [24] studied the influence of support parameters
and excavation methods on statistical distribution characteristics of surrounding rock pres-
sures in shallow buried metro tunnels. Ding et al. [25] studied surrounding rock pressure
calculations based on the time functions and stress release rate determination of deep
soft-rock tunnels.

Through the review of previous studies, it was found that there is less improvement in
the calculation of friction resistance using the Bierbaumer formula and that the nonlinear
M-C criterion is more in line with the actual situation of geotechnical materials [26–28].
When using the Bierbaumer formula to calculate the surrounding rock stresses in composite
strata, the weighted average method is often used for the selection of rock mass parameters.
However, there are few reports on the application of the modified Bierbaumer formula in
composite strata, and there are few reports on the analysis of the distribution characteristics
of surrounding rock stresses.

In view of this, in order to overcome the shortcomings of traditional methods, this
paper deduces and establishes an improved Bierbaumer formula suitable for composite
formation, based on the nonlinear M-C criterion, that improves the shortcomings of the
original formula when the friction angle exceeds 30 degrees. Considering the randomness
and uncertainty of geotechnical materials, the Monte Carlo random sampling method
is used to analyze the statistical characteristics of the results to verify the rationality of
the improved formula in the statistical sense. Combined with sensitivity analysis, the
applicability of the various stresses of loose, surrounding, shallow-buried rock is discussed,
which lays the foundation for future structural reliability design and calculation.
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2. The Establishment of the Improved Bierbaumer Formula

The nonlinear M-C criterion can be expressed in the plane τ − σn as follows [29]:

τ = co(1 +
σn

σt
)

1
m

(1)

where m is the nonlinear coefficient whose value is greater than or equal to 1; τ is the shear
stress at yield; σn is the normal stress; σt is the uniaxial tensile strength of the rock–soil
interface; and co is the initial cohesion of the rock–soil interface.

When m = 1, the above formula degenerates into the linear M-C criterion.

τ = c + σn tan ϕ (2)

Therefore, the internal friction angle of the rock–soil interface is:

tan ϕ =
c
σt

(3)

In this paper, the tangent method is used for equivalence, as shown in Figure 1.
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Figure 1. Tangent equivalent nonlinear M-C criterion.

In Figure 1, the tangent equation of point A can be expressed as:

τ = ct + σn tan ϕt (4)

where ϕt is the angle between the tangent and the normal stress axis; ct is the intercept on
the shear stress axis.

The slope of each point can be obtained by deriving Equation (1) as:

tan ϕt =
dτ

dσn
=

co

mσt

(
1 +

σn

σt

) 1−m
m

(5)

The simultaneous Equations (1) and (4) [29] can be obtained as follows:

ct =
m − 1

m
co

(
mσt tan ϕt

co

) 1
1−m

+ σt tan ϕt (6)

According to Equations (3) and (6), it can be concluded that:

ct =
m − 1

m
co

(
m tan ϕt

tan ϕ

) 1
1−m

+
co tan ϕt

tan ϕ
(7)
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In consideration of the change in tan ϕt with σn in the calculation process, the initial
tangent method with σn = 0 is used for equivalence as:

tan ϕt =
c0

mσt
=

tan ϕ

m
(8)

According to the conclusions of reference [30], when the m value is large, the error is
large, so this paper studies when the m value is 1.0–1.5.

According to the actual tunnel failure, Bierbaumer revised the whole soil column
theory and put forward the Bierbaumer calculation formula, as shown in Figure 2.
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Considering the tangent equivalent internal friction angle, the formula is given
as follows:

a1 = a + h tan(
π

4
− ϕt

2
) (9)

where a in Equation (9) is half of the tunnel span.
According to the loose body theory, the friction in the original formula is replaced by

the tangent equivalent friction as:

t = ct + σz tan ϕt (10)

In Equation (10), σz is the Rankine active soil stress:

σz = γz tan2(
π

4
− ϕt

2
)− 2c tan(

π

4
− ϕt

2
) (11)

Integrating Equation (10) along the direction of depth, the lateral resistance of the rock
column side is:

T =
∫ H

0
(ct + σz tan ϕt)dz =

1
2

γH2k1 + ctH(1 − 2k2) (12)

where
k1 = tan2(

π

4
− ϕt

2
) tan ϕt (13)
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k2 = tan(
π

4
− ϕt

2
) tan ϕt (14)

Therefore, according to the rock column theory, the stress of surrounding rock acting
on the top of the tunnel is:

q =
G − 2T

2a1
= γH[1 − H

2a1
k1 −

ct

a1γ
(1 − 2k2)] = kγH (15)

where
k = [1 − H

2a1
k1 −

ct

a1γ
(1 − 2k2)] (16)

When the nonlinear coefficient m = 1, the improved theoretical formula for the rock
column degenerates to the original one.

In practical engineering, composite strata are common, which are simplified as hori-
zontal strata, as shown in Figure 3.
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In calculating the surrounding rock stresses of the composite horizontal strata, the
Bierbaumer formula often makes a weighted average for the physical and mechanical pa-
rameters of the rock–soil interface, but there is a certain deviation associated with the calcu-
lation of the frictional resistance. Due to the discrete variability of physical and mechanical
parameters of the rock–soil interface, different strata should be calculated separately.

σiz = γiz tan2(
π

4
− ϕi t

2
)− 2ct tan(

π

4
− ϕi t

2
), i = 1, 2, 3 . . . n (17)

where: i is the stratum number.
Therefore, the friction resistances of the first layer, the second layer and the nth layer

are obtained as:

T1 =
∫ H1

0
(ct + σz tan ϕt)dz =

1
2

γ1H2
1 k11 + ctH1(1 − 2k12) (18)
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T2 =
∫ H2

H1

(ct + σz tan ϕt)dz =
1
2

γ2(H2
2 − H1

2)k21 + c1t(H2 − H1)k22 (19)

Tn =
∫ Hn

Hn−1

(ct + σz tan ϕt)dz =
1
2

γ2(H2
n − H2

n−1)kn1 + c1t(Hn − Hn−1)kn2 (20)

where:
k11 = tan2(

π

4
− ϕ1t

2
) tan ϕ1t, k12 = tan(

π

4
− ϕ1t

2
) tan ϕ1t (21)

k21 = tan2(
π

4
− ϕ2t

2
) tan ϕ2t, k22 = tan(

π

4
− ϕ2t

2
) tan ϕ2t (22)

kn1 = tan2(
π

4
− ϕnt

2
) tan ϕnt, k22 = tan(

π

4
− ϕnt

2
) tan ϕnt (23)

The total friction resistance can be formed by superposition of the friction resistances
of individual layers:

T =
n

∑
i

T = T1 + T2 + . . . + Tn (24)

The total self-weight of the soil masses in different strata can be calculated by the
formula:

G =
n

∑
i

G = G1 + G2 + . . . . . . + Gn = 2γ1H1a + 2γ2H2a + . . . . . . + 2γn Hna (25)

P =

n
∑
i

G − 2
n
∑
i

T

2a1
= k1γ1H1 + k2γ2(H2 − H1) + knγn(Hn − Hn−1) (26)

where:
k1 = [1 − H1

2a1
k11 −

c1t
a0γ 1

(1 − 2k12)] (27)

k2 = [1 − H2 + H1

2a1
k11 −

c1t
a0

(1 − 2k12)] (28)

kn = [1 − Hn + Hn−1

2a1
kn1 −

cnt

a0
(1 − 2kn2)] (29)

In composite strata, due to the different parameters of different strata, the width of the
rock column in different strata is different. Therefore, the width of the rock column in the
first layer, the second layer and the nth layer is:

a1 = a + h tan(
π

4
− ϕ1t

2
) (30)

a2 = a + h tan(
π

4
− ϕ2t

2
) (31)

an = a + h tan(
π

4
− ϕnt

2
) (32)

In order to facilitate the calculation and the conservatism of the results, the method of
reference [18] is taken as a0 = max(a1, a2,. . ., an).

When the tunnel depth reaches a certain value, the surrounding rock stresses decrease;
the surrounding rock stresses can even be negative. This situation is not consistent with
engineering practice, so the formula derived in this paper can overcome existing defects.
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3. Example Analysis and Verification

In order to verify the rationality of the derived formula, the reference [18] data is cited
for verification. For a metro shield tunnel project, stratum information is shown in Table 1,
and the geological sections and instrument layout are shown in Figure 4. The horizontal
surrounding rock stresses at the crown can be obtained from the earth pressure cells on the
left and right sides.

Table 1. Ground parameters.

Stratum Information Density
ρ/g/cm3 c/kPa ϕ/◦ Lateral Stress

Coefficient k

Mixed backfill soil 1.90 50 15 0.45
Strong weathered slate 2.17 65 27 0.30

Moderately weathered slate 2.33 100 36 0.28
Slightly weathered slate 2.65 122 32 0.25
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It can be seen from Table 2 that the improved Bierbaumer formula can more closely
predict surrounding rock stress values obtained from monitoring than other formulas. With
an increase in the nonlinear coefficient m, the calculated value is closer to the measured
value, which shows the rationality of the improved formula to some extent. Because m
needs to be tested and the nonlinear coefficient m values of different types of strata should
be different, the improved Bierbaumer formula is more adaptable.
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Table 2. Comparison with the monitoring data.

Position
Calculation Results/kPa Monitoring Data/kPa

m = 1.0 m = 1.2 m = 1.5 Terzaghi Bierbaumer Xie Jiajie Left Side Right Side Average

A 74.57 73.40 68.20 73.78 76.58 80.38 61.87 65.50 63.685
B 80.86 83.00 81.34 83.75 86.25 89.65 75.40 79.49 77.445
C 96.31 94.14 92.15 103.63 106.13 109.53 96.28 101.09 98.685

3.1. Comparative Analysis on Statistical Characteristics of Stresses of Loose Class V and VI
Surrounding Rocks

In order to further verify the rationality of the calculation method and considering the
discreteness of geotechnical materials and the variations in spatial distributions, the statisti-
cal distribution characteristics of the calculated stress results of various rocks surrounding
shallow tunnels are explored, which lays the foundation for the reliable design of tunnel
lining. In this paper, based on the Monte Carlo method, the statistical laws of stresses of
loose surrounding rock obtained by the improved Bierbaumer formula and other shallow
tunnel calculation methods are compared. Refer to reference [31] and code TB-10003-2016
for the design of railway tunnels [32]; the physical and mechanical parameters of rock
masses corresponding to classes V and VI are shown in Table 3.

Table 3. Statistical distribution of the physical and mechanical parameters of class V and VI surround-
ing rocks.

Rock Mass
Classification

Physical and Mechanical
Parameters

Statistical
Distribution Type Mean Standard

Deviation
Coefficient of

Variation

V

Unit weight/kN/m3 Normal 18 0.9 0.05
Cohesive force/kPa Normal 46.30 19.45 0.42

tan ϕ Normal 0.57 0.12 0.21
tan ϕc Normal 1 0.25 0.25

VI

Unit weight/kN/m3 Normal 16 0.8 0.05
Cohesive force/kPa Normal 12.45 5.60 0.45

tan ϕ Lognormal 0.54 0.11 0.20
tan ϕc Normal 0.7 0.25 0.175

Due to the lack of statistical data of the nonlinear coefficients of class V and VI rocks,
the values of the nonlinear coefficient m is taken as 1.0–1.5 in this paper. When m is taken
as 1.0, 1.2 and 1.5, different tan ϕ values can be obtained. When m = 1.0, it is the control
group, and it is the linear M-C criterion.

Assuming the span of the rectangular tunnel is 10 m, the burial depth and span of the
rectangular tunnel in different numerical test groups are shown in Table 4.

Table 4. Buried depths and spans of tunnels under different coverage ratios.

Group Thickness–Span Ratio Depth (m) Span (m)

1 0.5 5 10
2 1.5 15 10
3 2.5 25 10

According to the statistical distribution shown in Table 3, a certain random number is
generated by MATLAB, and the calculation results of different burial depths (5 m, 15 m
and 25 m) are obtained. After K-S tests, the calculation results obey the normal distribution,
as shown in the Figures 5 and 6, and the sensitivity analysis results are shown in Figure 7.

Through variance analysis, the mean values and standard deviations of the surround-
ing rock stresses calculated by individual formulas are significantly different. As shown
in Figure 5, in class V surrounding rock, when the burial depth of the tunnel is 5 m, the
average values of the surrounding rock stresses calculated by individual formulas follow
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the order: total soil column formula > Xie Jiajie formula > m = 1.5 > m = 1.2 > m = 1.0 >
Terzaghi formula. When the burial depth of the tunnel is 15 m, the mean values of the
surrounding rock stresses calculated by individual formulas follow order: total soil column
formula > Xie Jiajie formula > m = 1.0 > m = 1.5 > m = 1.2 > Terzaghi formula. When
the burial depth of the tunnel is 25 m, the mean values of the surrounding rock stresses
calculated by individual formulas follow the order: total soil column formula > Xie Jiajie
formula > m = 1.5 > m = 1.2 > m = 1.0 > Terzaghi formula.
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Figure 5. Statistical characteristics of class V and VI surrounding rocks at different burial depths.
(a) Statistical characteristics of the surrounding rock stresses at 5 m burial depth for class V surround-
ing rock. (b) Statistical characteristics of the surrounding rock stresses at 15 m burial depth for class
V surrounding rock. (c) Statistical characteristics of the surrounding rock stresses at 25 m burial
depth for class V surrounding rock. (d) Statistical characteristics of the surrounding rock stresses
at 5 m burial depth for class VI surrounding rock. (e) Statistical characteristics of the surrounding
rock stresses at 15 m burial depth for class VI surrounding rock. (f) Statistical characteristics of the
surrounding rock stresses at 25 m burial depth for class VI surrounding rock.
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Figure 6. Mean values of the surrounding rock stresses at different burial depths. (a) Mean values of
the surrounding rock stresses using individual formulas at 5 m burial depth. (b) Mean values of the
surrounding rock stresses using individual formulas at 15 m burial depth. (c) Mean values of the
surrounding rock stresses using individual formulas at 25 m burial depth.



Appl. Sci. 2023, 13, 12986 12 of 18

Appl. Sci. 2023, 13, x FOR PEER REVIEW 13 of 21 
 

 
(c) 

Figure 6. Mean values of the surrounding rock stresses at different burial depths. (a) Mean values 
of the surrounding rock stresses using individual formulas at 5 m burial depth. (b) Mean values of 
the surrounding rock stresses using individual formulas at 15 m burial depth. (c) Mean values of 
the surrounding rock stresses using individual formulas at 25 m burial depth. 

 
Figure 7. Analysis of coefficient of variation. 

Through variance analysis, the mean values and standard deviations of the sur-
rounding rock stresses calculated by individual formulas are significantly different. As 
shown in Figure 5, in class V surrounding rock, when the burial depth of the tunnel is 5 
m, the average values of the surrounding rock stresses calculated by individual formulas 
follow the order: total soil column formula > Xie Jiajie formula > m = 1.5 > m = 1.2 > m = 1.0 
> Terzaghi formula. When the burial depth of the tunnel is 15 m, the mean values of the 
surrounding rock stresses calculated by individual formulas follow order: total soil col-
umn formula > Xie Jiajie formula > m = 1.0 > m = 1.5 > m = 1.2 > Terzaghi formula. When 
the burial depth of the tunnel is 25 m, the mean values of the surrounding rock stresses 
calculated by individual formulas follow the order: total soil column formula > Xie Jiajie 
formula > m = 1.5 > m = 1.2 > m = 1.0 > Terzaghi formula. 

0 0.05 0.1 0.15 0.2 0.25

V Class surrounding rock tunnel with a
depth of 5 m

V Class surrounding rock tunnel with a
depth of 15 m

V Class surrounding rock tunnel with a
depth of 25 m

 VI class surrounding rock tunnel with a
depth of 5 m

 VI class surrounding rock tunnel with a
depth of 15 m

 VI class surrounding rock tunnel with a
depth of 25 m

Total soil column Xie Jiajie  Terzaghi m = 1.5 m = 1.2 m = 1.0

Figure 7. Analysis of coefficient of variation.

As shown in Figure 6, for class VI surrounding rock, when the burial depth of the
tunnel is 5 m, the mean values of the surrounding rock stresses calculated by individual
formulas follow the order: total soil column formula > Xie Jiajie formula > m = 1.5 > m = 1.2
> m = 1.0 > Terzaghi formula. When the burial depth of the tunnel is 15 m, the mean values
of the surrounding rock stresses calculated by individual formulas follow the order: total
soil column formula > Xie Jiajie formula > m = 1.5 > m = 1.2 > m = 1.0 > Terzaghi formula.
When the burial depth of the tunnel is 25 m, the mean values of the surrounding rock
stresses calculated by individual formulas follow the order: total soil column formula > Xie
Jiajie formula > m = 1.5 > m = 1.2 > m = 1.0 > Terzaghi formula. As for the dispersion
degree of data, through the comparison of the coefficients of variation in Figure 7, it can
be concluded that the dispersion degree of the improved Bierbaumer formula is between
that of the Xie Jiajie formula and the Terzaghi formula, and the dispersion degree increases
with an increase in the burial depth.

When the burial depth reaches a certain value, with an increases in the stress and
surrounding rock level (the geological engineering conditions become worse), the calculated
results of the improved Bierbaumer formula are larger than those for m = 1.0, which is due
to the adoption of the nonlinear criterion correction result.

For further discussion, the formulas’ parameter sensitivities in different cases are
analyzed with standardized regression coefficient beta as shown in Figure 8.

In the case of the same burial depth, the calculation results of the surrounding rock
stresses of class VI surrounding rocks are less than those of class V surrounding rocks
by the improved Bierbaumer formula, the Xie Jiajie formula and the total soil column
formula, which shows that the surrounding rock gravity is an important index affecting
the surrounding rock stresses of shallow tunnels with the greatest impact. For the Terza-
ghi formula, mechanical parameters, such as cohesion and friction angle, may affect the
calculation results more than the above formulas, and more attention should be paid to
the self-bearing capacities of surrounding rocks in soft and shallow-buried strata. The
Terzaghi formula is more suitable for shallow tunnels with better geological engineering
conditions. The improved Bierbaumer formula (including the theory of principle), the Xie
Jiajie formula and the total soil column formula are suitable for shallow tunnels with poor
geological engineering conditions. This can be seen from the parameters’ sensitivity in
the improved Bierbaumer formula corresponding to different m values, i.e., the improved
Bierbaumer formula improves the deficiency of the original Bierbaumer formula when the
friction angle exceeds 30◦.
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Figure 8. Standard regression coefficients using different formulas for different burial depths.
(a) Standard regression coefficients at 5 m burial depth. (b) Standard regression coefficients at
15 m burial depth. (c) Standard regression coefficients at 25 m burial depth.
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According to the results of the confidence analysis in Table 5, the confidence interval
widths of different formulas for class V and VI surrounding rocks are ranked in the follow-
ing order: Terzaghi formula > m = 1.5 > m = 1.2 > m = 1.0 > total soil column formula >
Xie Jiajie formula. The confidence interval width of the improved Bierbaumer formula is
between the commonly used formulas and increases with an increase in the burial depth,
which shows that its statistical law is the same as other formulas.

Table 5. Bilateral 95% confidence analysis.

Depth m = 1.0 m = 1.2 m = 1.5 Terzaghi Xie Jiajie Total Soil
Column

5 m (Class V
surrounding rock) [82.16, 82.32] [81.57, 81.75] [81.04, 81.22] [67.89, 68.17] [86.55, 86.69] [90.47, 90.63]

15 m (Class V
surrounding rock) [228.84, 229.32] [228.03, 228.53] [228.15, 228.69] [169.12, 170.00] [236.31, 236.73] [271.58, 272.04]

25 m (Class V
surrounding rock) [351.69, 352.47] [352.19, 353.01] [355.10, 356.00] [236.73, 238.23] [355.25, 355.91] [452.56, 453.36]

5 m (Class VI
surrounding rock) [75.91, 76.03] [75.98, 76.10] [76.12, 76.24] [70.47, 70.65] [77.74, 77.86] [79.99, 80.11]

15 m (Class VI
surrounding rock) [213.69, 214.03] [214.94, 215.30] [216.72, 217.10] [185.14, 186.16] [219.85, 220.19] [239.88, 240.26]

25 m (Class VI
surrounding rock) [332.10, 332.72] [335.81, 336.47] [341.54, 342.28] [270.38, 272.88] [344.34, 344.88] [399.93, 400.55]

3.2. Comparative Analysis of Statistical Characteristics of Surrounding Rock Stress in
Composite Strata

The validity and rationality of the improved Bierbaumer formula in composite strata
are verified. However, considering the variability and discreteness of the geotechnical
materials, the statistical characteristics of the surrounding rock stresses in composite strata
are calculated by the improved Bierbaumer method, and the other formulas are used to
analyze the sensitivities of the soil parameters. It is assumed that the burial depth of the
tunnel is 10 m and the span is 10 m. The combination of class VI surrounding rock in the
upper layer and class V surrounding rock in the lower layer is discussed. The thickness of
class VI surrounding rock is set at 2.5 m, 5 m and 7.5 m, respectively, as shown in Figure 9.
In the same way, the Monte Carlo method is used, and the improved Bierbaumer Formula
with m = 1.5 is used to obtain the statistical characteristics of different calculation results of
surrounding rock stresses, as shown in Figures 10–12.
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Figure 10. Statistical characteristics of surrounding rock stress in different layers. (a) Statistical char-
acteristics of the surrounding rock stresses for 2.5 m thick class VI surrounding rock. (b) Statistical 
characteristics of the surrounding rock stresses for 5 m thick class VI surrounding rock. (c) Statistical 
characteristics of the surrounding rock stresses for 7.5 m thick class VI surrounding rock. 

Figure 10. Statistical characteristics of surrounding rock stress in different layers. (a) Statistical
characteristics of the surrounding rock stresses for 2.5 m thick class VI surrounding rock. (b) Statistical
characteristics of the surrounding rock stresses for 5 m thick class VI surrounding rock. (c) Statistical
characteristics of the surrounding rock stresses for 7.5 m thick class VI surrounding rock.
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Figure 11. Mean values of the surrounding rock stresses in different layers.
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Through variance analysis, the mean values and standard deviations of the surround-
ing rock stresses calculated by individual formulas are significantly different. In terms of
the mean values of the surrounding rock stresses, total soil column formula > Xie Jiajie
formula > Bierbaumer formula > improved Bierbaumer formula > Terzaghi formula. With
an increase in the layer thickness of class VI surrounding rock, the mean values of the
surrounding rock stresses using the improved Bierbaumer formula, Bierbaumer formula,
Xie Jiajie formula and the total soil column formula with m = 1.5 decrease, and those of
the Terzaghi law are contrary, which is consistent with the above conclusion. The mean
values of the improved Bierbaumer formula’s surrounding rock stresses are between those
of the Terzaghi formula and the Bierbaumer formula, which shows that the formula is
statistically reasonable.

From Table 6, the bilateral 95% confidence intervals of individual formulas are stud-
ied. The confidence interval width of the improved Bierbaumer formula decreases with
increases in the class VI surrounding rock thickness, which is the same as those obtained
by Bierbaumer, Terzaghi, Xie Jiajie and total soil column formulas. The widths of the confi-
dence intervals follow the order: Terzaghi > improved Bierbaumer formula > Bierbaumer
formula > total soil column formula > Xie Jiajie formula. That is to say, the width of the
confidence interval using the improved Bierbaumer formula is between the values obtained
by the Bierbaumer formula and the Terzaghi formula, which also shows the rationality of
the formula in statistical significance.
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Table 6. Bilateral 95% confidence interval analysis.

Thickness (Class
VI Surrounding

Rock)

Bierbaumer
Confidence

Interval

m = 1.5
Confidence

Interval

Xie Jiajie
Confidence

Interval

Terzaghi
Confidence

Interval

Total soil Column
Confidence

Interval

2.5 m [158.21, 158.48] [155.89, 156.16] [164.15, 164.37] [133.67, 134.07] [175.75, 175.99]
5 m [155.08, 155.28] [153.33, 153.55] [157.95, 158.12] [133.75, 134.11] [170.66, 170.84]

7.5 m [151.85, 152.04] [150.95, 151.15] [151.95, 152.14] [133.87, 134.26] [165.38, 165.58]

4. Conclusions

(1) Based on the nonlinear M-C criterion, a nonlinear improvement was made to the
original Bierbaumer formula, and a formula for calculating the surrounding rock
stress in composite strata was provided, and its rationality was verified. The influence
of nonlinear coefficient m on the results of the surrounding rock stress was revealed
through Monte Carlo simulation statistics and weight analysis;

(2) We analyzed the calculated results of the formula proposed in this paper using
the mean, coefficient of variation and confidence and obtained statistical rational-
ity. Finally, it is concluded that the formula proposed in this paper can solve the
shortcomings of the original Bierbaumer formula when the internal friction angle
is large;

(3) By analyzing the mean and sensitivity of the calculated results of various surrounding
rock stress formulas modeling shallow-buried tunnels, it can be concluded that the
improved Bierbaumer formula in this paper is more suitable for calculating the
surrounding rock stress of shallow-buried tunnels.

Author Contributions: R.J.: Writing of the whole manuscript and data processing. Z.Y.: Language
editing and polishing of the entire manuscript. S.C.: Technical guidance for the entire manuscript
and the production of tables. Y.Y.: Technical guidance and some drawing and table making and
manuscript typesetting. L.L.: The production of some tables; drew some figures in the manuscript
and performed data processing. All authors have read and agreed to the published version of
the manuscript.

Funding: This research is sponsored by the Science and Technology Project of Hebei Education
Department (Grant No. QN2023060) and the National Preresearch Funds of Hebei GEO University
in 2023 (Grant No. KY202305) and the Key Research and Development Projects in Hebei Province
(Grant No. 22371701D) and Funding for the Science and Technology Innovation Team Project of
Hebei GEO University (Grant No. KJCXTD-2021-08).

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available upon reasonable request
from the corresponding author. The data are not publicly available due to privacy.

Conflicts of Interest: Author Rong Jiang is employed by the Shanxi Geological Group Co., Ltd.
Author Zhao Yang is employed by the Guangdong Hualu Transport Technology Co., Ltd. The
remaining authors declare that the research was conducted in the absence of any commercial or
financial relationships that could be construed as a potential conflict of interest.

References
1. Almeida e Sousa, J.; Negro, A.; Matos Fernandes, M.; Cardoso, A.S. Three-Dimensional Nonlinear Analyses of a Metro Tunnel in

São Paulo Porous Clay, Brazil. J. Geotech. Geoenviron. Eng. 2011, 137, 376–384. [CrossRef]
2. Lei, M.F.; Peng, L.; Shi, C. Calculation of the surrounding rock pressure on a shallow buried tunnel using linear and nonlinear

failure criteria. Autom. Constr. 2014, 37, 191–195. [CrossRef]
3. Yun, Y.F.; Wu, D.L. Discussion on the Calculation Method of the Deep Buried Tunnel Surrounding Rock Loose Pressure. Appl.

Mech. Mater. 2012, 193–194, 757–761. [CrossRef]
4. Wang, H.; Liu, L.; Liu, X. Discussion on the Calculation and Analytic Method of the Surrounding Rock of Tunnel on the ADINA.

Adv. Mater. Res. 2013, 779–780, 680–684. [CrossRef]

https://doi.org/10.1061/(ASCE)GT.1943-5606.0000433
https://doi.org/10.1016/j.autcon.2013.08.001
https://doi.org/10.4028/www.scientific.net/AMM.193-194.757
https://doi.org/10.4028/www.scientific.net/AMR.779-780.680


Appl. Sci. 2023, 13, 12986 18 of 18

5. Wang, Z.W.; Qiao, C.S.; Song, C.Y.; Xu, J.F. Upper bound limit analysis of support pressures of shallow tunnels in layered jointed
rock strata. Tunn. Underg. Space Technol. 2014, 43, 171–183. [CrossRef]

6. Vitali, O.P.M.; Celestino, T.B.; Bobet, A. Construction strategies for a NATM tunnel in São Paulo, Brazil, in residual soil. Undergr.
Space 2021, 6, 1–18. [CrossRef]

7. He, S.; Li, Y.; Aydin, A. A comparative study of UDEC simulations of an unsupported rock tunnel. Tunn. Undergr. Space Technol.
2017, 72, 242–249. [CrossRef]

8. Lyu, H.M.; Shen, S.L.; Zhou, A.; Chen, K.L. Calculation of pressure on the shallow-buried twin-tunnel in layered strata. Tunn.
Undergr. Space Technol. 2020, 103, 103465. [CrossRef]

9. Zareifard, M.R.; Fahimifar, A. Analytical solutions for the stresses and deformations of deep tunnels in an elastic-brittle-plastic
rock mass considering the damaged zone. Tunn. Undergr. Space Technol. 2016, 58, 186–196. [CrossRef]

10. Xie, J.J. Formation pressure of shallow tunnel. J. Civil Eng. 1964, 6, 58–70.
11. Keawsawasvong, S.; Ukritchon, B. Design equation for stability of shallow unlined circular tunnels in Hoek-Brown rock masses.

Bull. Eng. Geol. Environ. 2020, 79, 4167–4190. [CrossRef]
12. Li, P.F.; Zhou, Y.; Wu, D. Calculation method and application scope of tunnel surrounding rock pressure. Chin. Railw. Sci. 2013,

34, 55–60.
13. Cheng, X.H. Improved calculation method of loose surrounding rock pressure in shallow tunnel. J. Railw. 2014, 36, 100–106.
14. Liu, X.R.; Li, D.L.; Wang, J.B.; Wang, Z. Surrounding rock pressure of shallow-buried bilateral bias tunnels under earthquake.

Geomech. Eng. 2015, 9, 427–445. [CrossRef]
15. Liu, X.; Fang, Q. Calculation method of loose surrounding rock pressure of shallow buried bias tunnel with variable slope surface.

Chin. Railw. Sci. 2017, 38, 64–70.
16. Yu, L.; Lu, C.; Duan, R.Y.; Wang, M.N. Calculation method of surrounding rock pressure of shallow buried loess tunnel. Chin.

Railw. Sci. 2019, 40, 69–76.
17. Li, Y.F.; Peng, L.M.; Zhang, Y.H.; Huang, G.F.; Lei, M.F. Calculation of surrounding rock pressure of shallow tunnel under linear

and nonlinear failure criteria. Mode. Tunn. Technol. 2013, 50, 68–74.
18. Chao, F.; Liu, D.G.; Yang, X.R.; Li, L.; Huang, H.B. Study on calculation method of arch load of subway tunnel in uneven stratum.

Mode. Tunn. Techno. 2017, 54, 77–82.
19. Zhu, Z.G. Calculation Method of Surrounding Rock Pressure and Dynamic Construction Mechanical Behavior of Multi Arch

Tunnel. Ph.D. Thesis, Beijing Jiaotong University, Beijing, China, 2008.
20. Qu, X.; Li, N. Analysis of calculation method of vertical pressure in loose rock mass and Study on division method of tunnel

depth and shallow depth. J. Rock Mech. Eng. 2011, 30 (Suppl. 1), 2749–2757.
21. Liu, J.; Liu, X.R.; Lai, Y.; He, C.M.; Wang, Z.J. Failure modes of shallow buried weak tunnels under different overburden ratios.

J. Centr. South Univer. 2016, 47, 1744–1751.
22. Gao, H.; Ma, W.; Zou, W.; Zhang, J.; Li, X.; Han, J. Calculation Method of Loose Pressure in Surrounding Rock Mass. Appl. Sci.

2023, 13, 6334. [CrossRef]
23. Hu, Z.; Zhang, J.; Yang, Y.; Wang, Z.; Xie, Y.; Qiu, J.; He, S.; Wang, X. Study on the Surrounding Rock Pressure Characteristics of

Loess Tunnel Based on Statistical Analysis in China. Appl. Sci. 2022, 12, 6329. [CrossRef]
24. Song, C.; Zhao, Y.; Yibo, Z.; Ying, Y.; Jinglai, S.; Liufang, L. Influence of Support Parameter and Excavation Methods on Statistical

Distribution Characteristics of Surrounding Rock Pressure in Shallow-Buried Metro Tunnel. Adv. Civil Eng. 2023, 2023, 3845703.
25. Ding, X.; Deng, X.; Zhang, X.; Wang, R. Surrounding rock pressure calculation based on time functions and stress release rate

determination of deep soft rock tunnel: Taking Zhonghe Tunnel as an example. Front. Earth Sci. 2023, 11, 1223419. [CrossRef]
26. Lade, P.V. Elasto-plastic stress-strain theory for cohesionless soil with curved yield surfaces. Intern. J. Soli. Struct. 1977, 13,

1019–1035. [CrossRef]
27. Hoek, E.; Brown, E.T. The Hoek-Brown failure criterion and GSI-2018 edition. J. Rock Mech. Geotech. Eng. 2019, 11, 445–463.

[CrossRef]
28. Agar, J.G.; Morgenstern, N.R.; Scott, J.D. Shear strength and stress-strain behaviour of Athabasca oil sand at elevated temperatures

and pressures. Can. Geotech. J. 1987, 24, 1–10. [CrossRef]
29. Wan, Y.; Gao, X.; Wu, D.; Zhu, L. Reliability of spatially variable soil slope based on nonlinear failure criterion. Nat. Hazar. 2023,

117, 1179–1189. [CrossRef]
30. Zhao, L.H.; Li, L.; Dan, H.C.; Luo, S.P.; Ren, D.Y. Discussion on the introduction of nonlinear failure criterion by “tangent method”

in limit upper limit analysis. J. Changjiang Acad. Sci. 2010, 27, 34–39.
31. Tan, Z.S. Theoretical Research and Engineering Application of Tunnel Support Structure System Reliability. Ph.D. Thesis,

Southwest Jiaotong University, Chengdu, China, 1998.
32. TB 10003-2016; Industrial Standard of the People’s Republic of China—Code for Design of Railway Tunnels. China Railway Press:

Beijing, China, 2017.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1016/j.tust.2014.05.010
https://doi.org/10.1016/j.undsp.2021.04.002
https://doi.org/10.1016/j.tust.2017.11.031
https://doi.org/10.1016/j.tust.2020.103465
https://doi.org/10.1016/j.tust.2016.05.007
https://doi.org/10.1007/s10064-020-01798-8
https://doi.org/10.12989/gae.2015.9.4.427
https://doi.org/10.3390/app13106334
https://doi.org/10.3390/app12136329
https://doi.org/10.3389/feart.2023.1223419
https://doi.org/10.1016/0020-7683(77)90073-7
https://doi.org/10.1016/j.jrmge.2018.08.001
https://doi.org/10.1139/t87-001
https://doi.org/10.1007/s11069-023-05868-4

	Introduction 
	The Establishment of the Improved Bierbaumer Formula 
	Example Analysis and Verification 
	Comparative Analysis on Statistical Characteristics of Stresses of Loose Class V and VI Surrounding Rocks 
	Comparative Analysis of Statistical Characteristics of Surrounding Rock Stress in Composite Strata 

	Conclusions 
	References

