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Abstract: The construction of pipe jacking has little impact on the environment and is usually used
to build underground passages with shallow buried depths and short lengths. Compared with
circular pipe jacking, rectangular pipe jacking has the advantages of shallow buried depth and high
space utilization. Therefore, research on the excavation of rectangular pipe jacking is necessary.
This paper establishes a cross-section model of shallow buried rectangular pipe jacking excavation.
Taking advantage of complex functions for solving problems involving non-circular tunnels, an
analytical solution is obtained using an approximate mapping function and potential functions in
series forms for the stress and displacement of the stratum with a displacement condition at the
excavation boundary and a stress condition at the ground surface boundary. The finite element
simulation results and the engineering-measured data are used for comparisons and verifications.
With the analytical solution of the complex function, the influence of selecting control points for the
mapping function on the accuracy is calculated and analyzed, as well as the influence of the stratum
loss rate, span, buried depth, and stratum unit weight on surface subsidence and major principal
stress of the excavation boundary. The proposed analytical solution can be applied to the construction
of rectangular pipe jacking tunnels.

Keywords: rectangular pipe jacking; semi-infinite plane; conformal transformation; power series
method; surface subsidence

1. Introduction

With the increasing demand for underground space in cities, the construction of rail
transportation and comprehensive pipeline corridors is developing rapidly. The pipe jack-
ing method has a low environmental impact and is usually used to construct underground
passages with shallow buried depths and short lengths. Rectangular pipe jacking has
the advantages of a shallower buried depth and higher space utilization than circular
pipe jacking and represents the development trend in urban short tunnel construction
technology [1]. Environmental impact control must be considered in pipe-jacking construc-
tion, especially when crossing existing roads, railroads, and other surface or underground
infrastructures [2].

The empirical method, stochastic medium theory, and elastic mechanics theory can
be used to address the ground settlement prediction problem of shallow buried tunnel
excavation. For a shallow buried circular tunnel excavation, the Peck empirical formula
method is widely used in circular tunnel excavation impact prediction [3,4] and has been
continuously supplemented and improved. Chen et al. [5] proposed a modified three-
dimensional Peck formula for the calculation of the ground settlement of double parallel
shield tunnel construction. Wang et al. [6] counted the ground deformation data of sev-
eral tunnel constructions to obtain the corrected parameters of the stratum loss rate and
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the sinkhole width coefficient in Peck’s formula. Using the stochastic medium theory
method [7,8], Xuan et al. [9] proposed a ground settlement calculation formula for the
non-uniform convergence of an elevation arch without augmentation for circular, elliptical,
rectangular, and horseshoe tunnel sections and analyzed the relationship with the empirical
formula of Peck. Zhou et al. [10] proposed a ground settlement calculation formula for
large-section header tunnels and used field measurement data to show the maximum im-
pact of ground loss. Using elastic mechanics and Mindlin’s solution [11,12] to express the
effect of pipe-jacking (shield) thrust, Jia et al. [13] proposed a ground settlement calculation
formula for multi-tube pipe-jacking construction. Based on the theory of elastic mechanics,
Sagaseta [14] deduced the calculation formula for ground settlement using the virtual mir-
ror method. Then, Verruijt [15] and others considered the deformation of tunnel ovalization,
Lee et al. [16] suggested that the ground loss suffers from the influence of over-excavation,
soil deformation, and construction error, and Lin et al. [17] found that the non-uniform
convergence mode of the circular shield tunnel is closer to the actual situation. Based on
the complex function method of elastic mechanics theory [18,19], Verruijt [20] derived an
analytical solution of the ground stress and displacement generated by the convergent
deformation of a shallow circular tunnel. Then, Tong et al. [21] derived the analytical
solution of the ground stress and displacement generated by the elliptical deformation of
a shallow circular tunnel, and Jiang et al. [22] obtained the ground stresses of a shallow
circular tunnel in the conditions of zero stress at the excavation boundary and the surface
boundary under stress.

For the prediction of ground settlement in a shallow non-circular tunnel excavation,
Shen et al. [23] converted a rectangular tunnel excavated with the mining method into
a circular tunnel according to the principle of area equivalence and corrected the width
coefficient of the surface subsidence slot in Peck’s formula. For a proposed rectangular
shield tunnel, Zhang et al. [24] discretized the excavation boundary as a series of sets of
rectilinear units. Using the analytical solution of the virtual mirror method and considering
the effect of the dislocation of all linear units, they calculated the ground displacement
generated by the top subsidence and the convergence of the two sides of the excavation
boundary. Wang et al. [25] proposed a calculation model for the surface subsidence of the
excavation of a neighboring double-rectangle header tunnel, and Xu et al. [26] carried out
the calculation and analysis of the surface subsidence–uplift calculation for the excavation
of rectangular header tunnels in layered strata. Using the complex function method
of elasticity, Huangfu et al. [27] proposed a method for determining the coefficients of
the conformal transformation function for a non-circular cross-section tunnel. Zeng [28]
presented a level solution of the ground stress and displacement in a non-circular tunnel
excavation considering the gravity and lateral pressure of the ground. Shen et al. [29]
presented the optimized mapping function of the least-squares method for the excavation
boundary of rectangular tunnels and the level solution of ground stress for a uniformly
convergent situation.

Based on the above literature, the Peck formula is an empirical method for study-
ing surface subsidence, not a theoretical method. The stochastic medium method can
only calculate the displacement of the surface plane, and there is no way to study the
internal displacements and stresses of the stratum. Mindlin solution mainly studies the
displacements and stresses under the action of a lateral force, especially the impact of the
thrust of pipe jacking or shield. The virtual mirror method is mainly aimed at circular
tunnels, and it is not suitable for other shapes. Therefore, for the theoretical analysis of the
excavation problem of non-circular tunnels, using the complex function method has many
benefits. In the early stage of pipe jacking tunnel excavation without grouting backfill, the
complex function analytic theory can analyze the ground displacement and stress problem.
Further research is needed regarding the complex function analytic theory of the impact of
shallow rectangular pipe jacking excavation, especially for the more realistic non-uniform
convergence of the excavation boundary. Of course, the complex function method also has
certain limitations, mainly that it can only study two-dimensional plane strain problems.
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Three-dimensional problems, such as surface subsidence in the longitudinal section, cannot
be calculated with the complex function method. However, they can be calculated with
Mindlin’s solution and the stochastic medium method.

In this paper, the cross-section model for a shallow rectangular pipe jacking excavation
is established; the stress condition of the ground boundary and the displacement condition
of the excavation boundary are considered; the convergence mode for the excavation bound-
ary is provided; and the analytical solution is derived using the approximate mapping
function and potential function of the series form. Then, the displacements and stresses of
the stratum are calculated, and the efficiency and accuracy of the solution are proved with
the contrast verification of the finite element simulation and the engineering-measured data.
Finally, the influence of the relevant theoretical and construction parameters is calculated
and analyzed.

2. Rectangular Pipe Jacking Excavation Cross-Section Modeling
2.1. Semi-Infinite Plane Strain Model

As shown in Figure 1, the excavation area of rectangular pipe jacking is larger than the
pipe section’s outer contour area, resulting in soil loss and causing ground displacements
and stress redistribution. Considering the semi-infinite plane strain model shown in
Figure 2, l is the width of the pipe jacking excavation; h is the height of the pipe jacking
excavation; d is the depth of the upper boundary of the pipe jacking excavation; point A is
the origin of the coordinates (o); point B represents the infinite point of the ground surface;
points C and F are the intersections of the top boundary line of the pipe jacking excavation
and the bottom boundary line with the vertical midline of the cross-section of pipe joints,
respectively; and points D and E are the endpoints of the top boundary line and bottom
boundary line of the pipe excavation, respectively.
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Figure 1. Ground loss model of rectangular pipe jacking excavation. Figure 1. Ground loss model of rectangular pipe jacking excavation.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 4 of 16 
 

(A) B x

y

l

h

d

C D

EF

B

z-plane

o

 
Figure 2. Rectangular pipe jacking excavation model in the semi-infinite plane. 

2.2. Conformal Transformation 
Conformal transformation is the process of transforming a region with complex 

boundary shapes into a region with simple boundary shapes. The result is to transform 
an arbitrary region in the z-plane into a simple region in the ζ-plane, such as within or 
outside a unit circle. This method is particularly effective for solving the problems of holes. 
As shown in Figure 3, the approximate mapping function using the series form [28] is: 

1

1 1( ) i i )
1

(ζω ζ λ β ζ
ζ ζ=

+= = + −
− 

n
k

k k
k

z
 

(1)

The z = x + iy plane is mapped to the ζ = ξ + iη plane, where i is an imaginary unit, βk (k = 
1, 2, 3,…, n) are real constants to be determined, and n is the number of terms in the series. 
In the ζ-plane, any point ζ can be expressed as polar coordinates (ρ, θ). It can be seen that 
the ground surface is mapped as an (outer) circular annulus of radius 1, the excavation 
boundary is mapped as an (inner) circular annulus of radius α < 1, and the points A, B, C, 
F, D, and E are mapped as points A′, B′, C′, F′, D′, and E′, respectively. 

 
Figure 3. Plane of conformal transformation. 

ξ

η

C'

D'E'

F' B'A'
α

1

ζ -plane

ζ(ρ,θ)

Figure 2. Rectangular pipe jacking excavation model in the semi-infinite plane.



Appl. Sci. 2024, 14, 1154 4 of 16

2.2. Conformal Transformation

Conformal transformation is the process of transforming a region with complex bound-
ary shapes into a region with simple boundary shapes. The result is to transform an arbi-
trary region in the z-plane into a simple region in the ζ-plane, such as within or outside
a unit circle. This method is particularly effective for solving the problems of holes. As
shown in Figure 3, the approximate mapping function using the series form [28] is:

z = ω(ζ) = iλ
1 + ζ

1− ζ
+ i

n

∑
k=1

βk(ζ
k − 1

ζk ) (1)

The z = x + iy plane is mapped to the ζ = ξ + iη plane, where i is an imaginary unit,
βk (k = 1, 2, 3,. . ., n) are real constants to be determined, and n is the number of terms in the
series. In the ζ-plane, any point ζ can be expressed as polar coordinates (ρ, θ). It can be seen
that the ground surface is mapped as an (outer) circular annulus of radius 1, the excavation
boundary is mapped as an (inner) circular annulus of radius α < 1, and the points A, B, C, F,
D, and E are mapped as points A′, B′, C′, F′, D′, and E′, respectively.
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Using polar coordinates (ρ, θ) in the ζ-plane, it is known that ζ = ρeiθ . In order to
determine the parameters λ and βk (k = 1, 2, 3,. . ., n) in the conformal transformation
Equation (1), for the z-plane, it is known that z = x + iy. For the pipe jacking excavation
boundary, starting from point C to the end of point F, these two points are the necessary
control points, which determine the headroom and the buried depth of the tunnel, and a
total of m ≥ 2 control points need to be selected. The boundary corresponds to ρ = α (α < 1)
in the ζ-plane, and it is known that ζ = ασ = αeiθ . The x and y coordinates of each control
point can be expressed using Equation (1), respectively, as:

xj = −
2λα sin θj

1 + α2 − 2α cos θj
−

n

∑
k=1

βk(α
k +

1
αk ) sin(kθj) (2)

yj =
λ(1− α2)

1 + α2 − 2α cos θj
+

n

∑
k=1

βk(α
k − 1

αk ) cos(kθj) (3)

where j (j = 1, 2, 3,. . ., m) is the number of the control point.
Since points C and F are the necessary control points, which correspond to θ1 = 0◦ and

θm = 180◦ of the ζ-plane, by combining Equations (2) and (3), 2m− 2 independent equations
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can be obtained for the m control points. There are n + m independent parameters in total
including λ, α, βk (k = 1, 2, 3,. . ., n), and θj (j = 2, 3,. . ., m− 1), respectively. Therefore, taking
m = n + 2, the number of independent equations is equal to the number of independent
parameters. Solving this system of independent equations yields all the independent
parameters, thus determining the mapping function shown in Equation (1).

2.3. Potential Function and Boundary Condition

For plane strain problems, stress and displacement can be solved with the potential
function ϕ(z) and ψ(z), and the specific form of the potential function is determined by
the boundary condition. For the semi-infinite plane strain model of rectangular pipe
jacking excavation (Figure 2), the potential function is written in Laurent series form using
conformal mapping (Figure 3):

ϕ(z) = ϕ[ω(ζ)] = Φ(ζ) =
+∞

∑
k=0

akζk +
+∞

∑
k=1

bkζ−k (4)

ψ(z) = ψ[ω(ζ)] = Ψ(ζ) =
+∞

∑
k=0

ckζk +
+∞

∑
k=1

dkζ−k (5)

where ak and bk (k = 0, 1, 2, 3,. . .), ck and dk (k = 1, 2, 3,. . .), and the Laurent coefficient of
the potential function, can be determined with the zero-stress boundary condition at the
surface and the displacement boundary condition of the pipe jacking excavation boundary.

The zero-stress boundary condition at the surface is

ϕ(z) + zϕ′(z) + ψ(z) = 0 (6)

in the mapping plane, it can be expressed as

|ζ| = 1 : Φ(ζ) +
ω(ζ)

ω′(ζ)
Φ′(ζ) + Ψ(ζ) = 0 (7)

The displacement boundary condition for the pipe jacking excavation boundary is

κϕ(z)− zϕ′(z)− ψ(z) = 2G(u + iv) (8)

in the mapping plane, it can be expressed as

|ζ| = α : κΦ(ζ)− ω(ζ)

ω′(ζ)
Φ′(ζ)−Ψ(ζ) = f (ζ) (9)

where κ = 3 − 4υ; υ is Poisson’s ratio of the soil body; G is the shear modulus of the
soil; u = u(z) and v = v(z) are the given x-direction displacement and y-direction displace-
ment of any point of the pipe jacking excavation boundary; and f(ζ) = 2G(u + iv) is the
given displacement function of any point of the pipe jacking excavation boundary in the
mapping plane.

Consider the rectangular pipe jacking excavation boundary displacement pattern
shown in Figure 4. ∆h is the over-excavation gap along the height and ∆l is half of the
over-excavation gap along the span, assuming that the lateral convergence coefficients at
both side boundaries and the vertical subsidence coefficients at the top boundary are the
same, which can be expressed as

ε =
2∆l

l
=

∆h
h

(10)



Appl. Sci. 2024, 14, 1154 6 of 16

Then, the x-direction and y-direction displacement at any point of the pipe jacking excava-
tion boundary are, respectively,

u = −εx (11)

v = −εy− ε(d + h) (12)

The rate of stratum loss for pipe jacking excavation is

η = 2ε− ε2 (13)

Therefore, the lateral convergence coefficients at both boundaries of the excavation and
the vertical subsidence coefficients at the top boundary can be expressed with the rate of
stratum loss as

ε = 1−
√

1− η (14)
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3. Potential Function Solution and Stress–Displacement Calculation
3.1. Potential Function Solution

In the ζ-plane, ζ = ρσ, σ = eiθ , and using the conformal mapping Equation (1), the term
ω(ζ)/ω′(ζ) can be expanded

ω(ζ)

ω′(ζ)
=

a(1 + ρσ)/(1− ρσ) +
n
∑

k=1
βk

[
(ρσ)k − (ρσ)−k

]
−2a/(1− ρσ−1)

2 −
n
∑

k=1
kβk

[
(ρσ−1)

k−1
+ (ρσ−1)

−k−1
] (15)

In particular, for the mapped circle of the surface, ρ = 1, and for the mapped circle of the
pipe excavation boundary, ρ = α. One can accordingly express Equation (15) in terms of the
Fourier series as, respectively,

|ζ| = 1 :
ω(ζ)

ω′(ζ)
=

∞

∑
k=−∞

δkσk (16)

|ζ| = α :
ω(ζ)

ω′(ζ)
=

∞

∑
k=−∞

γkσk (17)

where δk and γk are the Fourier coefficients. Using the boundary surface boundary condi-
tion Equation (7) and substituting Equations (4), (5), and (16), we obtain

+∞

∑
k=0

[
ak +

+∞

∑
v=0

(vδk+v−1av) +
−∞

∑
v=−1

(vδk+v−1bv) + c−k

]
σk = 0 (18)
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+∞

∑
k=1

[
bk +

+∞

∑
v=0

(vδk+v−1av) +
−∞

∑
v=−1

(vδk+v−1bv) + d−k

]
σ−k = 0 (19)

Simplifying Equation (18) and Equation (19), respectively, we obtain

c−k = −ak −
+∞

∑
v=0

(vδk+v−1av)−
−∞

∑
v=−1

(vδk+v−1bv) (20)

d−k = −bk −
+∞

∑
v=0

(vδk+v−1av)−
−∞

∑
v=−1

(vδk+v−1bv) (21)

Using the top pipe excavation boundary condition Equation (9), substituting
Equations (4), (5) and (17), function f (ζ) can be expressed as a Fourier series

f (ζ) =
+∞

∑
k=−∞

Akσk (22)

where AK is the Fourier coefficient, which can be expanded as follows

καkak −
+∞

∑
v=0

(vαv−1γk+v−1av)−
−∞

∑
v=−1

(vαv−1γk+v−1bv)− α−kc−k = Ak (k ≥ 0) (23)

καkbk −
+∞

∑
v=0

(vαv−1γk+v−1av)−
−∞

∑
v=−1

(vαv−1γk+v−1bv)− α−kd−k = Ak (k < 0) (24)

According to the symmetry of the model, it can be seen that all the Laurent coefficients
of the potential function are purely imaginary, so we have ak = −ak, bk = −bk, ck = −ck,
and dk = −dk, Thus, Equations (20) and (21) can be simplified, respectively, to

c−k = ak −
+∞

∑
v=0

(vδk+v−1av)−
−∞

∑
v=−1

(vδk+v−1bv) (25)

d−k = bk −
+∞

∑
v=0

(vδk+v−1av)−
−∞

∑
v=−1

(vδk+v−1bv) (26)

By eliminating c−k and d−k using Equations (20) and (21), Equations (23) and (24) can be
simplified, respectively, to

Ak = ak(καk + α−k)−
+∞

∑
v=0

v(δk+v−1α−k − γk+v−1αv−1)av −
−∞

∑
v=−1

v(δk+v−1α−k − γk+v−1αv−1)bv (k ≥ 0) (27)

Ak = bk(καk + α−k)−
+∞

∑
v=0

v(δk+v−1α−k − γk+v−1αv−1)av −
−∞

∑
v=−1

v(δk+v−1α−k − γk+v−1αv−1)bv (k < 0) (28)

In this way, solving the linear algebraic equations derived from Equations (25)–(28) yields
all the Laurent coefficients of the potential function ak and bk (k = 0, 1, 2,3,. . .) and ck and dk
(k = 1, 2, 3,. . .).

3.2. Stress–Displacement Calculation

After determining the potential function, the stresses and displacements can be calcu-
lated. The formula for the stress of an arbitrary point is

σx + σy = 2
[

ϕ′(z) + ϕ′(z)
]

(29)
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σx − σy + 2iσxy = 2
[
zϕ′′ (z) + ψ′(z)

]
(30)

The formula for the displacement of an arbitrary point is

u + iv =
1

2G

[
κϕ(z)− zϕ′(z)− ψ(z)

]
(31)

where σx, σy, and σxy are the x-direction normal stress, y-direction normal stress, and xy-
plane stress at point z, respectively, and u, v are the x-direction displacement and y-direction
displacement at point z, respectively.

It is worth pointing out that, in order to eliminate the rigid body displacement, a point
far enough away from the pipe jacking and the ground surface can be chosen, approximated
as the “infinity point”. This means that the displacement component at any point is equal
to the corresponding displacement component at that point in the calculation minus the
corresponding displacement component at a sufficiently far distance in the calculation.
Since the displacement of the rigid body does not change the stress, this treatment does not
affect the stress calculation.

4. Comparative Verification
4.1. Comparison with Numerical Solutions

To verify the theory, we compare and analyze the analytical solution with the numerical
solution. We consider a rectangular pipe jacking excavation with a span of l = 10 m, height
of h = 5 m, buried depth of d = 5 m, stratum loss rate of η = 0.5% (lateral convergence
coefficient of both side boundaries and vertical subsidence coefficient of the top boundary
ε = 0.25%), unit weight of the stratum of γ = 20 KN/m3, elastic modulus of E = 10 MPa,
and Poisson’s ratio of υ = 0.33.

Referring to Figure 2, points C, D, E, and F are selected as control points (m = 4) to
calculate the undetermined coefficients for the mapping function. The first 10 terms of
the Laurent series of the potential function are taken to solve the approximated potential
function according to the method described in the previous section. Then, we calculate
the stresses and displacements of the stratum and compare the result to the corresponding
numerical solution calculated with the numerical software MIDAS GTS NX 2021. The
finite element model mesh is shown in Figure 5, and the model size is 100 m × 50 m. The
central area of triple height and span uses a more precise grid to ensure the accuracy of
the results. There are 1100 elements in the central area and 4553 elements in the outer
area. The boundary conditions are longitudinal constraints on the left and right sides, fixed
constraints at the bottom, given displacements at the boundary of the pipe section contour,
and the excavation boundary is a free boundary.
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Figure 5. Cross-sectional finite element model of rectangular pipe jacking excavation.

Figure 6a shows the analytical solution (AS) and numerical solution (NS) for the
surface y-direction displacement v and x-direction displacement u. In this figure, 2x/l
represents the ratio of the x-coordinate to half the tunnel span, and the ratio of the y-
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coordinate to the buried depth d is 0. Figure 6b shows the analytical and finite element
solutions for the y-direction displacement v and x-direction displacement u at the horizontal
centerline of the pipe jacking, and the ratio of y-coordinate to buried depth d is −1.5. It
can be seen that the distribution characteristics of the analytical solution displacement and
the finite element solution displacement are completely consistent, the analytical solution
displacement values are smaller than the finite element solution displacement values, and
the difference is tiny. Among them, the maximum values of the surface subsidence and
the maximum difference appear at the surface of the vertical centerline of the pipe jacking
excavation, and the settlement values of the analytical solution and the finite element
solution at the location are 12.23 mm and 12.57 mm, respectively. The relative difference of
the analytical solution is less than 3%.
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Figure 6. Comparison of the analytical solution and the finite element solution for displacements:
(a) surface displacements v and u and (b) displacements v and u at the horizontal centerline of the
pipe jacking.

Figure 7 shows the horizontal normal stress σx and vertical normal stress σy of the pipe
jacking excavation boundary. It can be seen that the distribution characteristics of analytical
solution stress and finite element solution stress are basically the same, and the stress
concentration occurs at the corner point of the excavation boundary. The analytical solution
stress values are smaller than the finite element solution stress values; the difference is more
significant when the stress values are larger, and the difference is more negligible when the
stress values are smaller. The horizontal normal stress is close to zero at the boundary of
both sides of the excavation and is larger at the top and bottom boundaries of the excavation,
and the maximum values and the maximum difference appear at the top boundary of the
excavation (θz = 33◦, θz is the counterclockwise angle to the positive direction of the x-axis).
The values of the analytical and numerical solutions of the vertical positive stresses are
−0.39 MPa and −0.54 MPa, and the relative error of the analytical solutions is 27.8%. The
vertical positive stress is close to zero at the top and bottom boundaries of the excavation
and is larger at the boundaries of the two sides of the excavation; the maximum values
and the maximum difference appear at the corner point of the bottom boundary of the
excavation (θz = −26◦). The values of the analytical and numerical solutions of the vertical
normal stress are−1.16 MPa and−1.33 MPa, and the relative error of the analytical solution
is 12.8%.

Overall, the displacements and stresses of the analytical solution are smaller than
those of the finite element solution, which is because the mapping function of the analytical
solution only takes m = 4 control points. The four straight edges of the actual excavation
boundary are approximated as four arcs, and the four right angles are approximated as
four arcs. Meanwhile, the fact that only the first 10 terms of the Laurent series of the poten-
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tial function are taken will cause some differences. Nevertheless, the basic characteristics
of the analytical solution and the finite element solution are identical. If the finite ele-
ment solution is regarded as an exact solution, the error of the analytical solution for the
displacements is tiny, and the error for the stresses is acceptable.
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4.2. Comparison with Engineering-Measured Data

We consider a rectangular pipe jacking project for a rail transit entrance channel [26].
Regarding the outer edge of the pipe section cross-section, the height is 4.9 m, and the span
is 6.9 m; regarding the excavation boundary, the height is 4.92 m and the span is 6.92 m.
The buried depth at the top boundary is 5.04 m, the ground heaviness is 19.6 kN/m3, the
modulus of elasticity is 19.2 MPa, the Poisson’s ratio is 0.2, and the rate of ground loss is
0.7%. For this project, the analytical solution of the complex function of this paper is used to
calculate the surface subsidence caused by pipe jacking excavation using the midpoint and
corner point of the bottom boundary of the excavation and the midpoint and corner point
of the top boundary as the control points of the mapping function. The surface subsidence
is compared with the engineering-measured data, as shown in Figure 8. It can be seen that
the surface subsidence patterns, maximum values, and ranges are relatively close to each
other, and the measured value of the maximum surface subsidence is 4.64 mm, while the
analytical solution is 4.77 mm, and the relative error between the latter and the former is
2.8%, which is acceptable.
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Figure 8. Measured data and analytical solution of the surface subsidence of a rectangular pipe
jacking project.



Appl. Sci. 2024, 14, 1154 11 of 16

5. Parametric Analysis
5.1. The Effect of the Control Points of the Mapping Function on the Accuracy of Analytic Solutions

As shown in Figure 2, considering five different cases of control points for the mapping
function:(1) point C, point F (m = 2); (2) point C, midpoint of DE, point F (m = 3); (3) point C,
point D, point E, point F (m = 4); (4) point C, point D, midpoint of DE, point E, point F (m = 5);
and (5) point C, midpoint of CD, point D, point E, midpoint of EF, point F (m = 6), and
solving 2m independent equations that are derived from Equations (2) and (3), the parameter
values of the mapping function can be obtained, as shown in Table 1. It can be seen that the
parameter values of the mapping function are not stable enough and have poor consistency
in the first case (m = 2) and the second case (m = 3), so they should not be used. Then,
they are basically stable and have good consistency in the third case (m = 4), the fourth case
(m = 5), and the fifth case (m = 6), which can be used. When the number of control points
m ≥ 4, the values of the parameter βk (k = 1, 2, 3,. . ., n) tend to be stable with the increase
in the number of control points, which indicates that the increase in m does not have much
effect on the accuracy of the mapping function, and the accuracy of the third case (m = 4) is
basically reasonable.

Table 1. Parameter values of the mapping function under different cases of control points.

m = 2 m = 3 m = 4 m = 5 m = 6

λ −7.07103 −7.56903 −7.79914 −7.79835 −7.79811
α 0.17157 0.08030 0.26592 0.26573 0.26569
β1 −0.30093 −0.56187 −0.58143 −0.58425
β2 −0.10561 −0.10527 −0.10516
β3 0.00139 0.00149
β4 −0.00002

The degree of approximation of the excavation boundary under the different cases is
shown in Figure 9. It can be seen that the excavation boundary can be mapped as a circle
and an ellipse at the z-plane in the first case (m = 2) and the second case (m = 3), respectively.
The third case (m = 4) maps the four straight edges of the excavation boundary as four arcs
and the four corners as four arcs. The approximation of the fourth case (m = 5) about the
straight edges and the corners of the excavation boundary is more precise, and the fifth case
(m = 6) is nearly perfect. The effect of the number of control points on the displacements
and stresses at specific points of the stratum is shown in Figure 10. It can be seen that there
is a lot of change in the values in the first case (m = 2) and the second case (m = 3). When
m ≥ 4, the values of the displacements and stresses tend to be stable. The accuracy of the
third case (m = 4) is basically acceptable.
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5.2. The Effect of Model Parameters on Settlement and Stress

Considering the same situation as in Section 4.1, point C, point D, point E, and point F
(m = 4) are used as the control points of the mapping function. The values of the stratum
loss rate η, buried depth d, span l, and stratum unit weight γ of the pipe jacking excavation
are changed individually. Then, the analytical solution is used to calculate and analyze the
effect of the changes in each parameter on the surface subsidence and the major principal
stress (σ1) at the excavation boundary, respectively.

As shown in Figure 11a, the surface subsidence keeps increasing with the increase
in the stratum loss rate and shows an accelerating trend, but the influence range of the
surface subsidence does not change much. When the stratum loss rate η = 1% (change in
lateral convergence coefficient of both boundaries of the excavation and vertical subsidence
coefficient of the top boundary ε = 0.5%), the maximum value of surface subsidence is
21.7 mm. As shown in Figure 11b, with the increase in the strata loss rate, the major
principal stress near the top corner and near the bottom corner have a more obvious
increase, and the major principal stress in other positions has a smaller effect.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 13 of 16 
 

  
(a) (b) 

Figure 11. The effect of different stratum loss rates η: (a) displacements v of the surface and (b) major 
principal stress σ1 around the excavation boundary. 

As shown in Figure 12a, with the increase in buried depth, the maximum surface 
subsidence gradually decreases and tends to a constant value, but the settlement range 
gradually increases and tends to a constant value. As shown in Figure 12b, the major prin-
cipal stress at the top boundary decreases and tends to a constant value, the major princi-
pal stress at the bottom boundary increases and tends to a constant value, and the differ-
ence between the two values gradually decreases with the increase in buried depth. The 
change in the major principal stress is more obvious in the position nearer to the top corner 
(θz = 26°) or the bottom corner point (θz = −26°) and tends to be closer to 0 at the position 
of the two side edges. 

  
(a) (b) 

Figure 12. The effect of different buried depths d: (a) displacements v of the surface and (b) major 
principal stress σ1 around the excavation boundary. 

As shown in Figure 13a, the value and range of surface subsidence increase with the 
increase in span. When the span is 12.5 m (span-height ratio is 2.5:1), the maximum surface 
subsidence is 27.3 mm. As shown in Figure 13b, no matter how the span increases, the 
major principal stress in the vicinity of the corners is very obvious (the angle correspond-
ing to the corner point might not be able to be), and the increase in the major principal 
stress at other locations is also more obvious. The major principal stresses near the top 
corner point and near the bottom corner point in each condition increase very obviously 
(the corresponding angles of the corners θz are different). The increase in the major prin-
cipal stress at the top boundary is also more obvious, and the changes in the major prin-
cipal stress at other positions are very small. 
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principal stress σ1 around the excavation boundary.

As shown in Figure 12a, with the increase in buried depth, the maximum surface
subsidence gradually decreases and tends to a constant value, but the settlement range
gradually increases and tends to a constant value. As shown in Figure 12b, the major
principal stress at the top boundary decreases and tends to a constant value, the major
principal stress at the bottom boundary increases and tends to a constant value, and the
difference between the two values gradually decreases with the increase in buried depth.
The change in the major principal stress is more obvious in the position nearer to the top
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corner (θz = 26◦) or the bottom corner point (θz = −26◦) and tends to be closer to 0 at the
position of the two side edges.
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principal stress σ1 around the excavation boundary.

As shown in Figure 13a, the value and range of surface subsidence increase with the
increase in span. When the span is 12.5 m (span-height ratio is 2.5:1), the maximum surface
subsidence is 27.3 mm. As shown in Figure 13b, no matter how the span increases, the
major principal stress in the vicinity of the corners is very obvious (the angle corresponding
to the corner point might not be able to be), and the increase in the major principal stress
at other locations is also more obvious. The major principal stresses near the top corner
point and near the bottom corner point in each condition increase very obviously (the
corresponding angles of the corners θz are different). The increase in the major principal
stress at the top boundary is also more obvious, and the changes in the major principal
stress at other positions are very small.
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creases. With the increase in the excavation span, both the surface subsidence value and 
the influence range increase. For the major principal stress, it can be seen that the variation 
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stress σ1 around the excavation boundary.

As shown in Figure 14a, the surface subsidence keeps increasing with the increase in
the stratum unit weight and shows an accelerating trend, but the influence range of the
surface subsidence does not change much. As shown in Figure 14b, with the increase in
stratum unit weight, the major principal stresses near the top corner, near the bottom corner,
and the top boundary have a more obvious increase, and the major principal stresses in
other positions have a smaller effect.
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In general, the pattern of the influence of the stratum loss rate and stratum unit weight
on displacements and stresses is similar. With their increase, the surface subsidence keeps
increasing, and the range of influence has a small change. With the increase in buried
depth, the value of surface subsidence decreases, and the range of influence increases. With
the increase in the excavation span, both the surface subsidence value and the influence
range increase. For the major principal stress, it can be seen that the variation in stress
at the top and bottom corners is similar, only the absolute value at the bottom corners is
slightly larger than that at the top corners. Except for the buried depth parameter, there is
an obvious positive correlation between the stress at the corners and the surface subsidence
value under the rest of the cases, and the variation in the two is the same. Except near the
corners, the stress at the top boundary gradually increases from both sides to the center
and reaches the peak at the center, and the bottom boundary also follows this rule, but the
magnitude of change is smaller than that at the top boundary. The value of stress at the top
boundary tends to be larger than that at the bottom boundary, and the value of stress at
both sides tends to be close to zero.

6. Conclusions

In this paper, for shallow rectangular pipe jacking excavation, the cross-section model,
which considers an excavation boundary’s displacement condition and the surface’s stress
condition, is established clearly. The analytical solution of the complex function of the
ground displacements and stresses is obtained using the approximate mapping function
and the approximate potential function of the series form. The finite element simulation and
engineering-measured data are used for verification and comparison. Then, the influence of
different cases of mapping function control points on the accuracy of the analytical solution
is calculated. Finally, for the pipe jacking excavation boundary, the influence of the layer
loss rate, span, depth of buried, and layer gravity on the settlement and major principal
stress is analyzed and studied. The conclusions are as follows:

1. The displacements and stresses of the analytical solution are consistent with the
corresponding finite element solution, and the differences between the analytical
solution and the engineering-measured data are acceptable in surface subsidence
patterns, maximum values, and ranges.

2. For the top pipe excavation, the midpoints and corners of the top boundary and
the midpoints and corners of the bottom boundary can be used as the four control
points of the mapping function. The accuracy of the calculation results can meet
engineering requirements.
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3. The surface subsidence increases with the increase in the stratum loss rate, the span,
and the stratum unit weight. Moreover, it decreases with the increase in the buried
depth, but it will eventually tend to a constant value.

4. The major principal stress at the top boundary of the pipe jacking excavation and near
the corner points changed obviously with the change in the stratum loss rate, span,
buried depth, and the stratum unit weight. Nevertheless, the change in the major
principal stress at the other locations was not obvious. The stress concentrations at the
four corners and the center of the top boundary of the excavation were more obvious.

In order to simplify the calculation process, several assumptions were made in the
model. For example, the grouting process of pipe jacking was not considered. In actual
pipe jacking construction, the grouting process affects the final displacements and stress
of the stratum. And then the convergence model of tunnel excavation boundary is still
assumed. The real convergence situation helps to improve the displacement boundary
conditions and improve the accuracy of analytical solutions. There is currently no research
on the convergence deformation of non-circular tunnel excavation. These problems need to
be studied further.
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