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Abstract: The aim of this paper is to provide a robust framework to assist researchers in deciding
which methods to use, depending on the problem at hand, in order to estimate the probability of
failure of marine structural parts that are subjected to variable loads (both hull-girder and local pres-
sure loads) that exhibit uncertainties in their material properties and that involve fabrication-related
uncertainties. The limitations of analytical approaches both in deterministic mathematical modeling
(strength formulas) and probabilistic estimation will be provided, and respective computational tools
will be demonstrated (FEA and Monte Carlo simulation). The approach is showcased in flat and
bow-defected rectangular plates through analytical and numerical approaches.

Keywords: structural reliability analysis; stiffened panel; marine structures; probabilistic modeling;
probability of failure

1. Introduction

Ship hulls involve complex structural arrangements that are designed with the man-
date to ensure the safety of the system for target reliability levels and for a specified time
period. Their structural design involves different types of uncertainties and variabilities
that are encountered both in terms of capacity (i.e., uncertainties in material properties,
manufacturing processes and geometry) and in terms of the applied loads.

Traditionally, to account for these uncertainties and to meet the safety requirements
at the design stage, designers utilize the so-called global safety factor, which has turned
out to be conservative in many cases, since all the uncertainties are summarized in one
single value. During recent decades, a transition has been taking place toward a more
probability-based design method in order to quantify the uncertainties in a more rational
manner, using probabilistic models as performed, for example, in [1–4]. This design method
allows the use of partial safety factors (PSFs), which are defined in accordance with the
regulatory framework and reflect the uncertainties in each of the variables. For instance,
one may consult the Common Structural Rules (CSRs) [5] that are designated for bulk
carriers and tankers. The most common format is the use of load-amplification factors
and resistance-reduction factors. PSFs are determined by a target safety level, which is
defined following reliability analysis of the structure or its components, and the design
method is the so-called Load and Resistance Factor Design (LRFD) format. This approach
has been applied for tankers [6], stiffened panels and grillages of ship structures [7,8] and
unstiffened panels [9,10].

The structural reliability assessment of a ship structure as a whole or its individual
assemblies (unstiffened or stiffened plates, double-bottom structure, etc.) performed
utilizing reliability-based methods (e.g., Monte Carlo statistical simulation method, First-
Order Reliability Method) has been attracting growing attention as it provides a rational
framework for uncertainty quantification. This is, first of all, because of the need to know
the reliability level of a system in order to avoid the risks brought by severe sea conditions
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and emergencies and, secondly, because reliability analysis methods can be used as tools
for safer and more robust engineering designs. Many studies [11–13] have proven the
latter statement, with Mansour [14] being the first to conduct a reliability analysis of a
hull structure. Additionally, the risk of failure in the design is comprehensively quantified
and, as such, structural optimization may be performed in order to achieve weight savings.
Structural reliability analysis (SRA) is concerned, apart from the calculation of PSFs, with
the estimation and prediction of the probability of limit-state violation for an engineered
system at any stage during its life. The violation of predefined limit states or of the so-called
limit-state function (LSF) is considered to be a structural failure and lies at the heart of any
reliability problem. Some possible forms of failure include collapse of the entire structure
or its subcomponents, major cracking or excessive deflection.

In fact, SRA is an effective tool not only for safer engineering design but also for
risk-based design, which is becoming an accepted design process for most ship types,
providing a rational basis for making decisions on their design, operation and regulation.
Risk in general can be defined as the potential of losses as a result of system failure and
depends on the probability of failure and the degree of consequences arising from it. In [15],
the relationship between risk evaluation and structural reliability was introduced, and
then the evolution of structural reliability applied to ship structures was reviewed. The
authors presented the limit-state function of a damaged ship with consideration of the
special situations after collision and grounding, and they obtained the failure probabilities
of the damaged ship based on the Monte Carlo simulation technique. In the context of
risk-based design, the authors in [16] performed an SRA of an Aframax double-hull oil
tanker using a proposed approach that captured, in a rational way, the complex interaction
of different pertinent values influencing the safety of a damaged ship structure. The safety
levels of the intact and the damaged ships indicated by the so-called reliability index was
determined by employing the First-Order Reliability Method (FORM). The importance of
conducting a structural reliability analysis was outlined, since its result, i.e., the probability
of failure, is a vital part of the process of risk assessment and defines a target safety level.

Reliability-based methods have been demonstrated to be appropriate tools for assess-
ing the level of safety or the probability of failure of ship structures and their components.
This approach can lead to improvements in design. In paper [17], a hull-girder reliability
assessment was performed using a Monte Carlo-based simulation method. Hull-girder reli-
ability in an intact condition with several load combinations in the case of an oil tanker and
a bulk carrier was investigated in [18]. The MC simulation method was performed; hence,
the failure probability of still-water and wave-induced bending moments was obtained and
discussed. The authors in [19] described reliability analysis carried out for two oil-tanker
ships, demonstrating the feasibility and usefulness of reliability-based approaches in the
development of ship longitudinal-strength requirements. FORM was utilized to solve
the reliability problem and obtain the probabilities of failure in different load conditions.
Paper [18] focuses on hull-girder reliability analysis via MC simulation and sensitivity
analysis of an oil tanker and a bulk carrier in intact condition.

The classical SRA of intact ship hulls is also extended to the case of ships with damage
or completely collapsed ships in order to determine the options for recovery or to result in
a possible review of design rules correspondingly. The MOL Comfort accident in 2007 was
investigated using a reliability-based method, which estimated the possibility of occurrence
of the fracture, i.e., probability of failure, suggesting a review of the relevant classification
rules [20]. In addition, the Prestige accident in 2002 showed the importance of a reliable
assessment of damaged vessels’ longitudinal strength in real emergency situations and time
pressure. The authors in [21] studied the residual strength and the reliability of tankers
following damage using a reliability-based method. In [22], the probabilistic characteristics
of the hull-girder safety level of a Suezmax tanker were assessed. The hull-girder probability
of failure was estimated using the FORM, considering the ultimate collapse of the mid-ship
section. A time-variant reliability analysis of a bulk carrier in damage conditions after a
collision event was performed by MC simulation in [23].
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Concerning the problem of assessing the structural reliability of a structure or one of
its components, a methodological approach needs to be adopted. This approach should
focus on formulating the limit-state equations, which are essential for conducting reliability
analysis. The quantification of the uncertainties involved in the description of the load
and the structural capacity in a rational manner through probabilistic models, i.e., random
variables, is also a vital part of the procedure. The complexity of the problem and the
number of input variables that are considered to be random determine whether the limit-
state equations can have an explicit or an implicit expression.

Having studied the literature body that concerns structural reliability problems, it
can be concluded that a comprehensive guideline for solving the reliability problem has
not yet been proposed. This paper fits in this gap of the literature since it presents a
methodological framework that applies to the estimation of the probability of violating a
certain limit-state equation. It is considered that the problem involves variability in the
uncertain loads, including both hull-girder and local pressure loads and uncertainties in
the material properties and geometrical parameters, e.g., fabrication-related uncertainties
and geometrical tolerances. In simple words, the aim of this paper is to provide a robust
framework that assists the analyst to decide upon which methods to use, depending on the
problem at hand, so as to estimate the probability of failure of marine structural parts. The
presented framework is showcased in a rather simple but important case that is encountered
during the design of ship structures: that is, an unstiffened plate which is subjected to local
and global loads. The approach will be demonstrated in both a flat and a bow-defected
rectangular plate through analytical and numerical approaches. The unstiffened plate is a
good and typical benchmark case. That is because there are analytical methods to solve
the problem when dealing with a flat plate, but once an initial imperfection is added to it,
utilizing numerical methods for the solution is inescapable.

This paper is structured as follows: In Section 2, the fundamentals of structural
reliability are briefly outlined. The proposed SRA framework and its ingredients, i.e., the
proposed methods for solving the reliability problem, are also detailed. Section 3 deals
with the definition of the problem that the framework is going to be showcased in. One
part of the presented framework is demonstrated in a flat plate in Section 4, and the other
part of the framework is demonstrated in a curved plate in Section 5.

2. Reliability Analysis Framework
2.1. Fundamentals of Structural Reliability

The main goal of an SRA of a ship’s structural component is to evaluate its correspond-
ing probability of failure, p f , or its reliability, Ro [24,25]. These two probabilities sum up
to unity,

p f + Ro = 1⇒ p f = 1− Ro (1)

since they are connected with two mutually exclusive complementary events. Defining
the acting loads or the load effects as S and the corresponding resistance as R, the safety
margin or the LSF, G, may be defined as

G = g(r, s) = R− S (2)

The LSF can mathematically articulate the definition of failure. Since SRA is a
probability-based analysis, R and S are considered to be random variables, and as such,
they are associated with a statistical structure that may be denoted by fR(r) and fS(s),
respectively. These correspond to separate probability density functions (PDFs). Con-
sequently, G is also a random variable with a corresponding PDF, which is denoted as
fG(g). Structural failure can be defined as an event where the load effect is larger than
the resistance

G = R− S ≤ 0 or G ≤ 0 (3)
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And thus, the probability of failure for a fundamental reliability problem takes
the form:

p f = P(R ≤ S) = P(R− S ≤ 0) = P(G ≤ 0) =
∫ 0

−∞
fG(g)dg (4)

A rather convenient form of the limit-state function that describes a common family of
structural reliability problems may be written as:

G(R, X) = R− S(X) (5)

Magnitude X corresponds to the random vector that contains the basic random vari-
ables that control the load effect and may be either deterministically or probabilistically
quantified. For example, variability in local or global wave-induced loads (pressure of
hull-girder resultants) influences the stress state at any point of the hull. Variability in the
geometric tolerances and material properties has also an immediate effect on the stress
field. All these quantities may well be considered as basic random variables that influence
the load effect of interest, which in turn may be statistically correlated or uncorrelated.
Function S(·) can be considered to be either an analytical or a numerical predictive model
that provides a mapping between a realized random vector and the load effect. Modeling
the resistance of the structural component as a random variable accounts for the uncertainty
in the geometric and material properties of the structural element. In many practical appli-
cations, the resistance of the structure may be significantly affected by the variability of the
input values, and that correlation is expressed by the correlation coefficient. However, in
the present study, it was considered that the random variables which affect the load effect
(e.g., the load, structure’s dimensions) are statistically independent of the resistance of the
structure (i.e., steel’s yield stress). The objective following the formulation of the LSF is to
estimate the probability of failure of the structural part, using the proper reliability method
in terms of accuracy and time efficiency.

The focus of the present demonstrative study is on the linear elastic structural behavior
of a representative marine geometry; hence, the resistance (R) of the demonstrated structure
was considered to be the yield stress (σy) of the material, and the load effect (S) was
considered to be the maximum equivalent stress (i.e., Von Mises stress) occurring (σVM).
In other applications, a different limit-state design can be studied, such as buckling or
the ultimate limit state of ship structures, as seen in [26–29]. Concerning the former,
the yield stress of the material is supposed to be the resistance (R), while the ultimate
compressive strength (σu) of the structure is supposed to be the load effect (S). However,
when studying an ultimate limit state, R is considered to be a hull girder’s ultimate bending
capacity (Mu), and S is considered to be the applied vertical bending moment (M). In all the
aforementioned limit-state design studies, the limit-state function is formulated according
to Equation (2).

2.2. Proposed SRA Framework and Its Ingredients

The specifications and the nature of the problem determine the method that is going to
be employed in order to estimate the failure probability. The entire framework, illustrated
in Figure 1, is designed in order to help the researcher decide which reliability method to
use depending on the problem in order to estimate the probability of failure of a structural
component. One central question that drives the SRA framework is whether there is
an analytical mathematical expression for the mapping function S(·). If the answer is
positive, then a separate path between a linear S function with respect to the RVs and a
non-linear one is defined. If S is a linear function, there are three ways to solve the problem.
Generally, it should be noted that the random variables can correspond to different types of
probability distributions. In addition to other types of parametric probability distributions
often published in the literature, random variables can be expressed in the case of a large
amount of measured data (e.g., using monitoring) utilizing histograms (empirical non-
parametric probability distribution). In the present study, if the random variables follow a
normal (X ∼ N) or a lognormal (X ∼ LN) distribution and the distribution of the random
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variable R is normal ( R ∼ N) or lognormal ( R ∼ LN), respectively, then this is the only
case where an analytical method can be applied to estimate p f . Another approach is to
estimate the statistical behavior of S, using realizations from a Monte Carlo simulation
(MCS). If S is shown to follow a normal distribution, then an approximate method can be
employed if and only if R is normally distributed or assumed to be. A numerical method,
that is the Monte Carlo (MC) method for estimating the probability of failure, can also
be employed irrespective of the statistical behavior of the input random variables. The
approximate and the numerical method mentioned above can also be used in the case
where the function of S is non-linear. Another approach for this case is to linearize the
function S and then apply an approximate method, which is applicable only if the variable
R is considered to follow a normal distribution.
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In the case where S cannot be analytically expressed, then a numerical procedure, such
as the Finite Element Method (FEM), needs to be applied in order to obtain realizations of
the response of the structure on the applied loads. An MC simulation may be employed
directly for the estimation of the probability of failure or may be employed for estimating
the distribution of S and then solving the reliability problem analytically if the conditions
allow (normality or lognormality in both S and R hold). The aforementioned procedure is
of course applicable for the case where mathematical expression for S does exist, but it is
usually used for benchmarking and validation purposes.

2.2.1. Cornell’s Reliability Index

In case the mapping function, S, is a linear function of the basic variables (X) and if
the basic variables are normally distributed, S is also normally distributed. The mean and
the variance of the load effect, S, may be obtained from operations between the moments of
the basic random vector with information provided in the Appendix A. The mathematical
definition of failure is taken in accordance with Equation (3). Taking into account that R is
also normal, then the reliability index can be defined according to Cornell as follows:

β =
µG
σG

=
µR − µS√

σ2
R + σ2

S + 2ρR,S σRσS

(6)
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where µi=RG,R,S is the mean value of the denoted RV, σi=G,R,S the standard deviation of it
and ρR,S is the correlation coefficient between R and S. More information is provided in
Appendix A.

That is, β is the reciprocal of the coefficient of variation of G. The concept of β is
illustrated in Figure 2 which shows the PDF of G for the fundamental case of a two-variable
problem. The safety is defined by the event G > 0, and consequently, failure is defined by
G < 0. The reliability index may be thought of as the distance from the origin (G = 0) to the
mean µG measured in standard deviation units. As such, β is a measure of the probability
that G will be less than zero.
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In case the basic variables are lognormal and independent, then the logarithm of S,
i.e., lnS, is normally distributed, since the sum of the logarithms of the random variables is
normal distributed. The mean and the standard deviation of the variable lnS are provided
in Appendix A. Taking into account that R is also considered to be lognormal distributed,
the alternative formulation for failure is taken. That is, for failure(

R
S

)
< 1 or ln

(
R
S

)
< 0 (7)

The reliability index can be defined, using the small variance approximations, as

µG = E
[

ln
(

R
S

)]
≈ ln

(
µR
µS

)
(8)

σ2
G = Var

[
ln
(

R
S

)]
≈ σ2

lnR + σ2
lnS + 2ρlnR,lnS σlnRσlnS (9)

β =
ln
(

µR
µS

)
√

σ2
lnR + σ2

lnS + 2ρlnR,lnS σlnRσlnS

(10)

where ρlnR,lnS is the correlation coefficient between the RVs lnR and lnS.
The probability of failure, for both cases, is related to the reliability index as follows:

p f = Φ(−β) (11)

where Φ(.) is the cumulative distribution function for the standard normal distribution.
It should be noted that the mapping function, S, has been assumed to be a linear

combination of the basic variables so far. However, this may not be true most of the time
in practice. If the function for S is non-linear, then the Mean Value First-Order Second-
Moment method (MVFOSM) can be applied. The MVFOSM method does not consider
the distributions of the random variables and directly carries out the first-order Taylor
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expansion of S at the mean. The approximate values of µS and σS are obtained by Equations
(A6) and (A7), respectively. More information is provided in Appendix A. Following the
linearization of the function S, an approximate solution can be implemented if and only if R
is also considered to be normal distributed. That is, the reliability index and the probability
of failure can be estimated using Equations (6) and (11), respectively.

2.2.2. Monte Carlo Simulation (MCS) Method

It should be noted that the accuracy and the feasibility of the methods described in
Section 2.2.1 decrease with increasing non-linearity for the response of the structure (S) and
the number of non-normal random variables. In such cases, the failure probability may be
estimated by simulation methods, such as the Monte Carlo simulation method. The MC
method can be used either for a direct estimation of the probability of failure irrespective
of the distribution of the random variables or for the estimation of the statistical behavior
of the variable S, which may lead afterwards to an approximate solution of the problem
under certain conditions.

Concerning the MC probability of failure estimator (p̂ f ), the technique involves “sam-
pling” at “random” to simulate artificially a large number of experiments and to observe
the result. In this case of analysis for structural reliability, this means, in the simplest
approach, generating (or simulating) a large number of realizations of the basic random
variables X (i.e., xj, j = 1, 2, . . . , N) and of the variable R (i.e., rj, j = 1, 2, . . . , N). The
realizations are then fed forward to Equation (5), and for each of the outcomes gj, it is
checked repetitively whether or not the limit-state function taken in (xj, rj) is positive. All
the simulations, for which this is not the case, are considered as failure and are counted (n f ).
After n simulations, an unbiased estimation of the failure probability p f may be estimated
through the following:

p̂ f =
n f

n
(12)

which then may be considered a sample expected value of the probability of failure. Obvi-
ously, the number of N trials required is related to the desired accuracy of p̂ f . In fact, for
N → ∞ , the estimate of the probability of failure becomes exact. However, simulations are
often costly in computation time, and the uncertainty of the estimate is thus of interest.

The MC method is also used for Uncertainty Quantification (UQ), aiming to provide
quantifiable estimations on the variability (uncertainty) associated with the Quantities
of Interest (QoIs). As already mentioned in Section 2.2, a mapping between X and Y
can be assigned to the computational model, S, which receives a specific realization of X
and returns the corresponding output y = S(x). Sampling a sufficiently large amount of
realizations from the random variables

{
xj=1, xj=2, . . . , xj=n, j = 1, 2, . . . n

}
, which will be

then fed forward to the computational model S(x), outcome instances are produced, i.e.,{
yj=1, yj=2, . . . , yj=n, j = 1, 2, . . . , n

}
. The latter are collected and statistically analyzed.

It has been shown that the method can achieve a complete description of the statistical
behavior of the output Y if a large number of random samples are simulated. The QoIs are
considered to be fy, µ and σ2 with the goal of providing statistical inferences for them.

Sample statistics may be used as point estimates, since the MC estimators are unbiased
in the sense that they converge to the true, yet unknown, value of the QoI: that is, the
sample mean value of Y and the variance, which along with the underlying PDF fY may
fully characterize the statistical behavior of the variable S. The sample mean (average), yn,
is a point estimator for the expected value of Y:

µ = Yn =
1
n

n

∑
i=1

yi (13)

And the sample variance is the point estimator for the variance of Y:

σ2 = s2
n =

1
n− 1

n

∑
i=1

(yi −yn)
2 (14)
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Following the procedure above, if S is concluded to be normal distributed, as the
variable R is considered to be, an approximate solution can be implemented. That is, the
reliability index and the probability of failure can be estimated using Equations (6) and (11)
correspondingly, where µS is taken from Equation (13) and σS is taken from Equation (14).

3. Problem Definition
3.1. Problem Description

The plate considered as a case study in the present reliability assessment is an external
bottom plate (unstiffened area between two successive floors and two successive stiffeners)
from a typical tanker geometry. The plate has a length α of 3780 mm, a width b of 800 mm
and a thickness t of 13 mm. The considered vessel has a mid-ship section modulus Z of
29.02 m3. The material of the plate was considered to be high tensile strength steel with a
characteristic yield stress magnitude of 315 MPa. Figure 3a shows the mid-ship section of
the fictional tanker, and Figure 3b shows a top view of the plate under consideration.
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Concerning the load effects acting on the plate, it was considered to be either the
tertiary stresses resulting from a uniformly applied pressure on the surface of the plate
or the combination of the primary stresses resulting from the hull girder bending and the
tertiary stresses together. The pressure involves the hydrostatic pressure due to still waves,
Psw, with a design value of 0.133 MPa and the pressure due to waves, Pw, with a design
value of 0.076 MPa. The bending moment involves the still water bending moment, Msw,
with a design value of 1873 MNm and the wave-induced bending moment, Mw, with a
design value of 3827 MNm.

3.2. Stochastic Models of the Parameters of the Problem

The basic parameters of the problem under consideration concern the strength of
the plate and the loads acting on it. As described in Section 2.2, the actual values of the
variables related to the strength of the plate, such as the yield stress of the material, the
plate thickness, etc., and to the loads acting on it, such as the hydrostatic pressure, primary
stresses, etc., tend to behave in a random manner. Variations in strength, load and load
effects greatly impact the reliability of a structural system. Therefore, in order to account for
this variability in the variables, the latter need to be approached in a probabilistic manner,
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i.e., as random variables. The research team in [30] compiled statistical information and data
based on a literature review on both strength and load random variables for quantifying
the probabilistic characteristics of these variables. The recommended distribution for the
yield stress, R, of a high tensile steel with a design value of 315 MPa was the lognormal one
with a mean equal to 342 and a COV of 0.089. The probabilistic characteristics of all the
random variables considered in the problem are calculated in line with [30] and are shown
in Table 1. The random variables were considered to be uncorrelated. Poisson’s ratio ν was
assumed to be deterministic, and thus, a value of 0.3 was considered.

Table 1. Stochastic models of the parameters of the problem.

Variable Distribution Mean µ COV

Msw (MNm) Normal 936.7 0.6
Mw (MNm) Largest Extreme Value (Type I) 3827.10 0.15
Psw (MPa) Normal 0.067 0.15
Pw (MPa) Largest Extreme Value (Type I) 0.076 0.15

b (m) Normal 0.7936 0.028
t (m) Lognormal 0.0137 0.044

Z (m3) Normal 30.18 0.05

It should be noticed that although R is lognormal distributed, it can be assumed to
be normal distributed without introducing error to the estimation of the probability of
failure, as Figure 4 depicts. Figure 4 shows the PDF of the lognormal distributed R and the
PDF of a normal distributed random variable with a mean equal to 342 MPa and standard
deviation equal to 30.4 MPa.
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Concerning the bow deflected plate, the geometry and magnitude of the imperfection
are stochastic per se, and as such, there are considered to be uncertain quantities, as
proposed by the authors in [31]. More specifically, the initial geometric imperfection shape
(Wo) of the plates can be represented by only one component of the Fourier series as follows:

Wo(x, y; Wmax) = Wmaxsin
(πx

a

)
sin
(πy

b

)
(15)

where α and b are the plate’s dimensions and Wmax is the amplitude of the shape of
the initial imperfection. The mean value of Wmax was equal to 2.015 and the coefficient
of variation (COV) was equal to 1.57, according to [31]. A visual representation of the
underlying statistical structure of Wmax is shown in Figure 5.
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Figure 5. Probability density function plot of the maximum magnitude of the initial deflection Wo.

It should be noted that the uncertainty of the geometric imperfection could be mod-
eled in various ways. In paper [32], where the ultimate strength of stiffened panels of
ships considering uncertainties in geometrical aspects was assessed, the initial geometric
imperfection was imposed in the form of a column imperfection mode on the entire stiff-
ened panel, a torsional imperfection mode on the stiffener and a local imperfection mode
on the plate and flange. The authors in [4] introduced a newly proposed probabilistic-
based imperfection model via the spectral representation method, while in paper [33], a
comparison of the prevailing geometric imperfection models (e.g., hungry-horse mode,
admiralty research establishment mode and critical buckling mode) and their influence on
the ultimate compressive strength of ship grillages is completed.

4. Reliability Analysis of Flat Plates

Considering the framework proposed in Figure 1, Section 4 demonstrates the cases for
which there is an analytical mathematical expression for the mapping function S(·). Case
study 1 refers to the path where S is a linear function with respect to the RVs, whereas case
study 2 refers to the path where S a non-linear one.

4.1. Case Study 1: Flat Plate Subjected to Tertiary Stresses

In case study 1, the plate is subjected only to hydrostatic pressure due to still water
(Psw), which is considered random along with the resistance of the plate R. The values of
the thickness and width of the plate were the design ones. Concerning the constraints at
the edges of the plate, a clamped plate, which is shown in Figure 6, was examined. The
point where the maximum equivalent stress (or Von Mises stress) occurs is denoted as 1 in
Figure 6.
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The equivalent stress is a function of the random variable Psw, as can be seen by
Equation (16), which refers to point 1.
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Therefore, the LSF is formulated as follows:

G1(Psw, R) = R− S1(Psw)
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√[
1
2 νPsw

(
b
t

)2
]2

+

[
1
2 Psw

(
b
t

)2
]2
−
[

1
2 νPsw

(
b
t

)2
][

1
2 Psw

(
b
t

)2
]

= R− 1.683Psw

(17)

Equation (16) indicates that S is a linear function of the RVs, i.e., Psw. Therefore, the
probability of failure can be estimated three different ways, if the conditions allow, as
Figure 1 proposes: with the analytical method, with the approximate method that utilizes
the MCS and with the numerical method that applies MC to estimate the probability
of failure.

The analytical method, i.e., Cornell’s reliability index method (Equation (16)), resulted
in a probability of failure of 2.13 × 10−11, which was estimated according to Equation (11).
Concerning the approximate method, it includes the utilization of the MC method in order
to estimate the distribution of S and then solve the problem using Cornell’s reliability index
if the conditions allow. In simple words, a sample of size 105 was generated from the
normal distributed Psw. Each sample was then fed forward to the load effect S, according to
Equation (16). The sample statistics of S were estimated, and the histogram indicated that
S follows a normal distribution. Therefore, Cornell’s reliability index could be calculated
according to Equation (6), resulting in a p f equal to 2.04 × 10−11, which was estimated
according to Equation (11). For the sake of applying the MCS directly for estimating the p f ,
a sample of size at least 1.4 × 1011 was needed to be generated from R and S in order for
the method to result in an indicative probability of failure, according to [34]. The size of
these simulations was neither cost efficient nor achievable timewise.

4.2. Case Study 2: Flat Plate Subjected to Primary & Tertiary Stresses

In case study 2, the plate was subjected to both primary and tertiary stresses. More
specifically, the tertiary stresses were a result of the combination of the hydrostatic pressure
due to waves and the one due to still water, and the primary stresses were a result of
the combination of the bending moment due to waves and the one due to still water.
Concerning the constraints at the edges of the plate, a clamped plate, which is shown in
Figure 7, was examined. The points where the maximum equivalent stress may occur are
denoted as 1 and 2 in Figure 7.
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Since it is not known a priori where the maximum equivalent stress is going to occur,
the function of S was formulated for both point 1 and point 2 as follows:

S1 =
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All the variables that appear in Equations (18) and (19), apart from Poisson’s ratio,
ν, are considered to be random. Concerning the limit-state function, it can be expressed
according to Equation (5); Equation (20) refers to point 1 and Equation (21) refers to point 2:

G1(t, b, Psw, Pw, Msw, Mw, Z, R) = R− S1 (20)

G2(t, b, Psw, Pw, Msw, Mw, Z, R) = R− S2 (21)

Equations (18) and (19) indicate that S is not a linear function of the basic random
variables. Therefore, the probability of failure can be estimated three different ways, if
the conditions allow, as Figure 1 proposes: with the approximate method that includes
the linearization of S, with the approximate method that utilizes the MCS and with the
numerical method that applies MC to estimate the probability of failure.

Following the linearization of S1 and S2, the mean value and the standard deviation of
these RVs were estimated according to Equations (A9) and (A11), respectively. In order to
evaluate the linearization that was made by Taylor’s series expansion, the function of the
maximum Von Mises stress was plotted seven times for both points, and each time, one of
the independent variables was taking values inside the interval (−4σ + µ, 4σ + µ) (where σ

is the standard deviation and µ is the mean of the variable), and the other variables were
held constant using their mean values.

It can be concluded from Figure 8 that the linear approximation of the load, S, seems to
be a good fit around the mean value for each of the curves. It should be noted that the mean
value of the maximum equivalent stress that occurred at point 2 (=281.18 MPa) was higher
than that which occurred at point 1 (=227.87 MPa), so the former was used to proceed
with the estimation of the probability of failure. An approximate solution that utilizes
Cornell’s reliability index, calculated by Equation (6), could be implemented, resulting in a
probability of failure of 8.51 × 10−2, according to Equation (11).

According to the Central Limit Theorem, it was expected that the distribution of S
would be normal, following its linearization. However, the approximate method used in
this case is a simplified method for linearizing a function, and it could introduce significant
errors in the final result. More specifically, Figure 8 shows that for values around the mean
value of each random variable, the linear approximation seems to be a good fit to the real
function. However, when the values of the random variables come from the outliers of
their distribution, the linear approximation deviates a lot from the real function. Therefore,
significant errors may be introduced at increasing distances from the linearizing point by
neglecting higher-order terms in Taylor’s series expansion. On top of that, the linearization
point was chosen to be the mean value of the maximum Von Mises stress, which of course
might not be the optimal choice.

The problem could also be solved utilizing the MC p̂ f estimation method. In order
to do so, a sample of size 105 was generated from each of the RVs. Each sample was then
fed forward to Equations (20) and (21) while examining which value that resulted from
them was higher. The probability of failure was estimated according to Equation (12) and
was equal to 2.9 × 10−3. Figure 9 shows that the MC mean estimator of the probability of
failure converges to the true yet unknown probability of failure. The lower and the upper
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bounds correspond to confidence intervals of 95% confidence level. It should be noted that
a simulation with an increasing sample size up to 106 or 107 was not achievable timewise.
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Figure 9. MC convergence graph—sample size up to 105.

Concerning the approximate method, which includes the utilization of the MC method
in order to estimate the distribution of S and then solve the problem using Cornell’s reliabil-
ity index, it could not be applied because the conditions did not allow it. More specifically,
a sample of size 4 × 104 was drawn from each of the RVs from Equations (18) and (19),
and the realizations were then fed forward to Equations (18) and (19), respectively. The in-
stances of S1 and S2 were then collected and statistically analyzed. Since the number of the
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samples that were simulated was large, the method could achieve a complete description
of the statistical behavior of the output S1 and S2. The moments of S1 and S2 that were
estimated indicated that the mean value of the maximum equivalent stress is higher at
point 2 (267 MPa) than that at point 1 (220 MPa). A convergence plot of the MC estimator
of the maximum equivalent stress at point 2 was also constructed, as shown in Figure 10,
for illustrative purposes. A histogram and a QQ plot were created out of the realizations of
S2 in order to examine whether the distribution of S2 is normal, as shown in Figure 11.
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Figure 11. (a) Maximum equivalent stress (Von Mises stress) normalized histogram; (b) QQ plot out
of the instances of S2.

Although the histogram in Figure 11a seems to be normal distributed, the point
estimates of the maximum equivalent stress in the QQ plot in Figure 11b seem to deviate
from the straight diagonal line. This is an indication that the set of data is not normally
distributed. Therefore, Cornell’s reliability index cannot be utilized for the purpose of
estimating the probability of failure.

5. Reliability Analysis of Curved Plates

This section lies within the proposed framework depicted in Figure 1, demonstrating
the case for which there is not an analytical mathematical expression for the mapping
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function S(·), that is, case study 3: a bow-defected plate subjected to hull-girder loads. In
this case, a numerical procedure, such as the FEM, needs to be applied in order to obtain
realizations of the response of the structure on the applied loads.

An FE model of the plate geometry with length a and width b, as shown in Figure 6,
was generated. The problem has been cast in a linear static setting with the material being
regarded as linear elastic and isotropic, since the applied loads were not expected to result
in plastic deformation. In this context, a Young’s modulus of 200 GPa and a Poisson’s
ration of 0.3 were used as representative values of the shipbuilding steels. A clamped
plate was considered for the study, and it was modeled using eight-node rectangular shell
elements (SHELL281). Element size was determined by checking whether the maximum
equivalent stress and the maximum deflection of the plate converged to a specific value.
The mesh convergence study was made for alternative reasonably sized mesh options, and
it was considered safe to assume that solution accuracy with respect to the mesh size has
adequately converged by the 50 mm element edge case. The meshed plate is presented in
Figure 12.
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Figure 12. Clamped meshed plate—deformed and contour plot of the Von Mises stress component
for an indicative pressure load realization and an indicative maximum initial deflection realization
(aspect ratio α/b = 4.725).

It should be noted that for an indicative pressure load and indicative maximum initial
deflection realizations, the structural displacement of the nodes of the clamped plate in the
z direction seems to have the shape of camel humps in the longitudinal direction, as shown
in Figure 13. This happened when the aspect ratio, α/b, was 4.725. However, when the
plate was square, with an aspect ratio α/b = 1, the same structural displacement had the
shape of one half-wave in the longitudinal direction and one half-wave in the transverse
direction, as shown in Figures 13 and 14.
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Figure 13. Clamped meshed plate—deformed and contour plot of the Von Mises stress component
for an indicative pressure load realization and an indicative maximum initial deflection realization
(aspect ratio α/b = 1).
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Figure 14. Shape of the structural displacement of the nodes of the plate in the z direction for various
aspect ratios.

More specifically, it was noticed that when the aspect ratio took values higher than
2.3, the structural displacement of the nodes of the plate in the z direction was starting to
take the shape of camel humps, which is obvious in the longitudinal direction. The above
observation is also noticeable in Figure 14, where the shape of the structural displacement
of the nodes of the plate in the z direction was plotted for various aspect ratios. The x axis
corresponds to the x coordinate of the nodes over the total length, α, of the plate, and the
y axis corresponds to the structural displacement of the nodes in the z direction over the
maximum structural displacement of the plate with aspect ratio α/b = 1.

However, as for the plates with an aspect ratio higher than 2.3, the irregular shape of
the displacement of the nodes in the z direction (Figure 14) does not seem to contribute
significantly to the final shape of the plate, as can be seen in Figure 15. Figure 15 depicts
the final shape of the plate in the longitudinal direction for various aspect ratios.
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The above observation is more obvious in Figure 16, where the initial shape, the
structural displacement of the nodes of the plate in the z direction and the final shape of
the plate were plotted along the length of a plate with an aspect ratio equal to 4.725.
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Concerning the method that was utilized in order to estimate the probability of failure,
there were two options, as indicated in Figure 1: the first option is to employ the MC
simulation for the direct estimation of the probability of failure. In this case, a sample of
size at least 1.4 × 1011 was needed to be generated from Psw, and the FE model needed
to be solved the same amount of times in order for the method to result in an indicative
probability of failure, according to [34]. The size of these simulations was neither cost
efficient nor achievable timewise. The second option is to employ the MC simulation for
estimating the distribution of S and then solving the reliability problem analytically if
the conditions allow. Following the latter path, the finite element model was repeatedly
solved for 500 randomly sampled realizations of the load, Psw, and of the maximum initial
deflection, Wmax, using the MC method.

After the FEA, the results of the maximum Von Mises stress (or S) were collected and
statistically analyzed. As far as the distribution of the maximum Von Mises stress resulted
from the FEA is concerned, a histogram and a Q-Q plot were constructed, as shown in
Figure 17.
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The plots shown in Figure 17 indicate that the values of the maximum Von Mises
stress could come from a population which is normal distributed. Following the complete
description of the statistical behavior of S, Cornell’s reliability index could be estimated
according to Equation (6), resulting in a p f equal to 6.30 × 10−11, which was estimated
according to Equation (11).

6. Discussion on Limitations of the Proposed Methods and Conclusions

In this work, a methodological framework for structural reliability assessment of
marine structural elements is proposed. The fundamentals of structural reliability are
briefly outlined, and the proposed SRA framework and its ingredients, i.e., the proposed
methods for solving the reliability problem, are also detailed. The presented framework is
demonstrated in a flat plate and a bow-defected one.

Having studied the literature body, it could be concluded that the MCS method for
solving reliability problems is one of the most utilized methods when dealing with reliability
problems. However, the large amount of sample data needed in order for the MC method to
result in a more accurate solution, i.e., an indicative probability of failure, is usually neither
cost efficient, concerning the computing resources, nor achievable timewise. That can be
concluded after examining case study 1. One way to alleviate this computational burden
and to improve the efficiency and accuracy of Monte Carlo estimation is to employ variance
reduction techniques such as importance sampling [35–37]. In importance sampling, an
alternate sampling density, i.e., importance sampling density (ISD) is chosen in order to
sample realizations of the input random variables that greatly affect the estimate more
frequently. This technique reduces the number of realizations required for an estimate while
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introducing a bias on it, which is corrected by weighting the sample realizations. Therefore,
a good choice of an ISD is of primary importance. Melchers [38] addressed the accuracy
and efficiency of importance sampling and its application to series and parallel systems in
structures. Generally, though, whenever computationally feasible, MCS is a robust method
when sampling-based reliability methods are concerned, because its performance does not
depend on the particular formulation of the limit-state function underlying the problem
nor on the number of the input random variables.

Generally, another way to address the issues of accuracy and efficiency of the structural
reliability assessment is to utilize surrogate models which replace the computationally
expensive model with one that is much less expensive to evaluate, as seen in [39]. Various
surrogate modeling approaches, such as polynomial response surface (PRS) [40,41], radial
basis function (RBF), support vector machine (SVM) and Kriging [42], among others, have
been adopted for reliability estimation [43]. In paper [44], the probability of failure was
estimated utilizing a limit-state function that was approximated by a SVM-based radial
basis function. The authors in [45] used the combination of response surface, FORM and
importance sampling to perform reliability estimation.

The limitations of the analytical approach arose when examining more complicated
problems, such as those in case study 2 and case study 3. Since most of the reliability
problems deal with complex load effect functions and the random variable’s distributions
tend to be different, the analytical approach seems to be rarely applicable to the reliability
problems. Additionally, MVFOSM methods have two basic shortcomings. Firstly, the limit-
state function is linearized at the mean value of basic variables, and when it is nonlinear,
significant errors may be introduced at increasing distances from the linearizing point
by neglecting higher-order terms in Taylor’s series expansion. Secondly, since the linear
expansions are taken about the mean value point, the method fails to be invariant to
different mechanically equivalent formulations of the same problem.

Finally, the present study showed that when dealing with a more practical and realistic
problem, such as the one in case study 3, then a numerical procedure, such as FEM, needs
to be applied in order to proceed to the solution. In fact, if no explicit expression exists
for the load effect function, then the analytical method and the MVFOSM method are no
longer applicable. Following the FEA, the utilization of the MC method, either for a direct
estimation of the probability of failure or for the estimation of the distribution of the load
effect, is unavoidable. The latter method, though, is not always applicable, since certain
conditions must be met.
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Appendix A

As far as the mapping function S, that is considered to be a linear function of the basic
variables (X), is concerned, its formulation is as follows:

S = α0 +
n

∑
ι=1

αiXi (A1)
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Taking into account that the basic random variables are taken to be normal distributed,
the mean and the standard deviation of the variable S can be defined as

µS = α0 +
n

∑
ι=1

αiµι (A2)

σ2
S =

n

∑
ι=1

α2
i σ2

X ι + 2
n

∑
i=1

n

∑
j=i+1

ρijαiαjσiσj (A3)

where α0 and αi are constants and ρij is the correlation coefficient between Xi and Xj and
µi = µX ι and σi = σXi. According to Equation (5), the mean value and the standard
deviation of G are:

µG = µR − µS (A4)

σG =
√

σ2
R + σ2

S + 2ρR,SσRσS (A5)

where ρR,S is the correlation coefficient between R and S.
Concerning the case in which the basic variables are lognormal and independent,

then the logarithm of S, i.e., lnS, is normal distributed, since the sum of the logarithms of
the random variables is normal distributed. The mean and the standard deviation of the
variable lnS can be defined as

µlnS = b0 +
n

∑
ι=1

biµi′ (A6)

σ2
lnS =

n

∑
ι=1

b2
i σ2

Xi′+ 2
n

∑
i=1

n

∑
j=i+1

ρij′bibjσi′σj′ (A7)

where b0 and bi are constants and ρij′ is the correlation coefficient between lnXi and lnXj
and µi′ = µlnX ι and σi′ = σlnXi.

If S is a non-linear function of the basic random variables Xi, the approximate mean
and variance of S are obtained by using Taylor’s series expansion and truncating the series
to the required approximation. If

S = f (X1, X2, . . . Xn) (A8)

the first-order approximations of the mean and the variance S are given by

µS ≈ f (µ1, µ2, . . . µn) (A9)

σ2
S ≈

n

∑
i=1

n

∑
j=1

[
∂ f
∂Xi

∣∣∣∣
µ

][
∂ f
∂Xi

∣∣∣∣
µ

]
ρij (A10)

[
∂ f
∂Xi

∣∣∣
µ

]
means that the derivative is evaluated at the mean values of the variables. If

Xi is uncorrelated, then

σ2
S ≈

n

∑
i=1

[
∂ f
∂Xi

∣∣∣∣
µ

]2

σX
2
i (A11)

Figure 9 illustrates the transformation of the density function fS(s) according to the rela-
tion s = f (x) and the linear approximation of the relation between the two random variables.
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