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Abstract: The holographic signal-processing method for a single vector scalar receiver (VSR) in
the high-frequency band in shallow water is developed in the paper. The aim of this paper is to
present the results of the theoretical analysis, numerical modeling, and experimental verification of
holographic signal processing for a noise source by the VSR. The developed method is based on the
formation of the 2D interferogram and 2D hologram of a noise source in a shallow-water waveguide.
The 2D interferograms and 2D holograms for different channels of the VSR (P sound pressure and VX

and VY vibration velocity components) are considered. It is shown that the 2D interferogram consists
of parallel interference fingers in the presence of a moving noise source. As a result, the 2D hologram
contains focal points located on a straight line, and the angular distribution of the holograms has the
main extreme value. It is shown in the paper that the holographic signal-processing method allows
detecting the source, estimating the source bearing, and filtering the useful signal from the noise. The
results of the source detection, source bearing estimation, and noise filtering are presented within the
framework of experimental data processing and numerical modeling.

Keywords: shallow water; noise source; sound field; sound rays; interference; interferogram; hologram;
source detection; source bearing

1. Introduction

Interferometric signal processing (ISP) [1–6] is attracting considerable scientific interest
in the field of underwater acoustics as a method that is an effective alternative to matched-
field processing (MFP) [7–10]. ISP is based on the stable characteristics of the interference
structure (pattern) of the broadband sound field in the shallow-water waveguide [1,2].
The sound field normal mode interference in underwater waveguides results in specific
patterns within the sound intensity distribution, observable both in the frequency-range
domain, as noted by Chuprov [1], and in the frequency-time domain, as outlined by Weston
and Stevens [2]. The seminal work of Chuprov [1] laid the foundation for the mathematical
theory of sound field interference in underwater acoustics. Chuprov introduced the concept
of the waveguide invariant—a key factor in the analysis of interference patterns within the
sound field. Notable advances in shallow-water waveguide ISP were detailed in subsequent
research by Grachev and Wood [3], Orlov and Sharonov [4], Ianniello [5], and in the papers
in the conference proceedings edited by Kuperman and D’Spain [6].

ISP in ocean waveguides has enabled the solution of many important problems in
underwater acoustics, such as source ranging (in both passive and active modes), depth
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and bearing estimation, remote sensing of geo-acoustic parameters, etc. D’Spain and
Kuperman [11] used the waveguide invariant for the analysis of single hydrophone spec-
trograms in shallow water environments. Heaney and Cox [12] proposed an incoherent
method for geoacoustic characterization. Thode [13] developed the waveguide-invariant
theory for source ranging with minimal environmental information and used a vertical
receiving array and a guide source to construct a virtual receiver. Hodgkiss et al. [14] used
the waveguide-invariant concept to move the focal point in a time-reversal experiment.
Thode et al. [15] studied the sidelobe structure of a matched-field processor. Yang [16] used
waveguide-invariant theory for source motion compensation. Yang [17] and Rouseff and
Leigh [18] observed interference patterns in the output of a coherent processor such as a
horizontal line array beamformer. Rouseff and Spindel [19] and Baggeroer [20] offered an
approach for estimating invariant parameters in waveguides. In the work of Heaney [21],
ISP was used to classify the seabed based on passing ship signals. In the work of Cockrell
and Schmidt [22], ISP was developed to estimate the source range in shallow water. ISP
was used by Rouseff and Zurk [23] for range-independent invariant estimation. The ISP
approach was used by Harrison [24] to explain the interference fringes by the arrival times
of the eigenrays in a waveguide. ISP was developed in the papers of Bonnel et al. [25,26] for
deep-sea passive sonar. Wang and Gao [27–29] applied dispersion elimination technology
to shallow-water acoustic signal processing and demonstrated some research achievements.
Xiao-Le et al. [30] proposed an ISP method to estimate the range and depth using a single
hydrophone based on the relationship of the horizontal wavenumber difference between
two modes, with the waveguide invariant, for low-frequency underwater acoustic pulse
signals in a range-independent shallow-water waveguide. Zhang et al. [31] proposed a
method using the dispersive transform to extract the source position information from the
dispersion. Lee and Makris [32–34] proposed the concept of the array-invariant technique.
Rui Duan et al. [35] applied ISP to analyze the vertical angle of arrivals for source depth
estimation. Song and Byun [36–38] developed an adaptive ISP method based on array
invariance for source-range estimation in shallow water. Knobles et al. [39] used the ISP
method to solve the geoacoustic inversion problem. Yao et al. [40] analyzed the interference
pattern of a source below the critical depth in a deep-ocean waveguide. Kim et al. [41] de-
veloped an approach to estimate the source localization using the array-invariant technique.
Su et al. [42] analyzed a sound field interference pattern anomaly observed in shallow
water. Li et al. [43] used the interferometric method for depth estimation in shallow water
with a thermocline. Pang et al. [44] developed an algorithm to extract the interference
structure in the reverberation sound field. Li et al. [45] used the ISP approach to suppress
tonal interference. Li et al. [46] developed an interferometric beamforming method for
range estimation.

One of the most advantageous approaches of ISP is holographic signal processing
(HSP) [47–53]. The physical and mathematical principles of hologram formation were
first described by Kuz’kin and Pereselkov [47]. In the papers [48,49], HSP was analyzed
for the low-frequency band in a regular waveguide. In the paper [50], the resolution of
the sources by HSP was used. In the paper [51], HSP was developed for the noise source.
In the papers [52,53], the HSP method was analyzed for an irregular waveguide in the
presence of internal waves. The approach of HSP for sound field mode selection in a
shallow-water waveguide was offered in the paper [54]. Adaptive algorithms of HSP were
developed in the paper [55]. In the paper [56], HSP was used for signals from extended
antennas in shallow water. In the development of HSP, it was assumed that acoustic signals
from the source are recorded by hydrophones (sound pressure) in the low-frequency band.
However, in many useful cases, acoustic signals are recorded by a vector scalar receiver
(VSR) [57–65] in the high-frequency band. The VSR and the high-frequency band give us
additional capabilities in solving underwater acoustics problems. First, the high-frequency
band allows accumulating more sound intensity in focal points in the 2D hologram do-
main. Second, compared to the hydrophone, the VSR records acoustic signals on four
channels: the sound pressure P(t), VX(t), VY(t), and VZ(t) components of the vibration
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velocities [57–66]. Horizontal components VX(t) and VY(t) can be used for source bearing
estimation. Therefore, it seems advisable to develop the HSP method for use with single
VSRs in the high-frequency band.

The HSP method for a single VSR in the high-frequency band in shallow water is
developed in the paper. The aim of this paper is to present the results of the theoretical
analysis, numerical modeling, and experimental verification of HSP for a noise source by
the VSR. The developed method is based on the formation of the 2D interferogram and 2D
hologram of a noise source in a shallow-water waveguide. The 2D interferograms and 2D
holograms for different channels of the VSR (P sound pressure and VX and VY vibration
velocity components) are considered. It is shown that the 2D interferogram consists of
parallel interference fingers in the presence of a moving noise source. As a result, the 2D
hologram contains focal points located on a straight line and the angular distribution of the
holograms has the main extreme value. It is shown in the paper that the proposed HSP
method allows detecting the source, estimating the source bearing, and filtering the useful
signal from the noise. The results of the source detection, source bearing estimation, and
noise filtering are presented within the framework of the experimental data processing and
numerical modeling.

This paper is divided into five main sections. Section 1 provides a comprehensive
review of the papers on ISP methods based on the waveguide-invariant technique in oceanic
environments. Section 2 deals with the theory of HSP by the VSR in the high-frequency band
within a shallow-water waveguide and is further divided into five subsections. Section 2.1
contains the ray description of the vector sound field (P sound pressure and VX, VY, VZ,
and VR vibration velocity components) of a moving source in the high-frequency band.
Section 2.2 introduces the HSP method for generating 2D interferograms (IP, IX , IY, IR) in
the frequency-time ( f , t) domain for a moving source by the VSR. Section 2.3 describes
the HSP method for generating 2D holograms (FP, FX , FY, FR) in the time-frequency (τ, ν)
domain by 2D Fourier transform (2D FT) of 2D interferograms (IP, IX , IY, IR). Section 2.4
presents the HSP algorithm for moving source detection using a VSR. Section 2.5 considers
the HSP algorithm for estimating the bearing of the moving source using a VSR. Section 3
analyzes the 2D interferograms (IP, IX , IY, IR), 2D holograms (FP, FX , FY, FR), and angular
hologram distributions (GP, GX, GY, GR) and reconstructs the time dependence of the
source bearing using numerical modeling. Section 4 verifies the developed HSP method
by experimental data processing and analyzes the same sets: 2D interferograms (IP, IX , IY,
IR), 2D holograms (FP, FX , FY, FR), angle hologram distributions (GP, GX , GY, GR), and the
reconstruction of the time dependence of the source bearing. In Section 4, the possibility
of filtering the useful signal from the noise is also demonstrated using experimental data.
Finally, Section 5 summarizes the results of the work, highlighting the main findings and
contributions to ISP.

2. Holographic Method of Signal Processing in a Shallow-Water Waveguide
2.1. High-Frequency Sound Field of a Moving Source in Shallow Water

Consider the high-frequency sound field in a 3D model of a shallow-water waveguide.
The vertical plane of the waveguide is shown in Figure 1. The horizontal plane of the
waveguide is shown in Figure 2. The waveguide is represented in the (X, Y, Z) coordinate
system as a layer of water with sound speed c(⃗r, z). Here, r⃗ = (x, y) is the radius vector in
the horizontal plane. The water layer is limited at depth by a free surface (z = 0) and the
sea bottom (z = H). The reflection coefficient of the water-bottom boundary is W.
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Figure 1. Shallow water waveguide geometry. Vertical plane (⃗r, z).
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Figure 2. Shallow water waveguide geometry. Horizontal plane (x, y).

The VSR is at point Q: r⃗r(xr, yr, zr). The high-frequency sound source moves to point
S: r⃗s(xs(t), ys(t), zs(t)). Here, r⃗s(t) = r⃗0 + v⃗t, where v⃗ is the source velocity. The spectrum
of the signal emitted by the source is s(ω), where ω = 2π f is the sound frequency.

Let us consider the sound field using the method of image sources [67,68]. In the
waveguide, the sound field is multi-reflected between the two boundaries. Each reflection
of a sound ray from a waveguide boundary requires the inclusion of an image source in
the total sound field at the receiver point. Figure 1 shows a schematic representation of the
contributions from the physical source at depth zs and the first two image sources, leading
to the first three terms in the expression of the total sound field. Each free surface reflection
of a ray results in a multiplier (−1) in the corresponding term. Each bottom reflection
results in a multiplier W in the corresponding term. The total complex sound pressure at
point Q can be written as an infinite sum of the fourth terms [67,68] in the following way:

P(r(t), zs, zr, ω) = − s(ω)

4π

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)
rm0

+ W
exp

(
ik(ω)rm1

)
rm1

+

−
exp

(
ik(ω)rm2

)
rm2

− W
exp

(
ik(ω)rm3

)
rm3

]
, (1)

where r(t) = |⃗rr − r⃗s(t)| is the range between the source and VSR and k(ω) = ω/c is the
sound wavenumber. Here,

rmj =
(
r2(t) + z2

mj
)1/2, (2)

where the values zmj are defined as follows:

zm0 = 2Hm + zs − zr; zm1 = 2H(m + 1)− zs − zr;

zm2 = 2Hm + zs + zr; zm3 = 2H(m + 1)− zs + zr;

m = 0, 1, 2, . . . ; j = 0, 1, 2, 3.

(3)
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Consider the VSR, which consists of three accelerometers and a scalar hydrophone.
The scalar hydrophone of the VSR allows measuring the sound pressure P. The three
accelerometers of the VSR allow measuring three components of the vibration acceleration
(particle acceleration), A = (AX, AY, AZ). The complex field of vibration acceleration A
can be expressed by Euler’s equation [57] as follows:

A = −1
ρ
∇P. (4)

From Equation (4), the expressions for the horizontal acceleration components AX and
AY can be obtained by differentiating Equation (1):

AX
(
r(t), zs, zr, ω

)
= −1

ρ

∂P
∂x

=

=
s(ω)

4π

r
ρ

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)(
ikrm0 − 1

)
r3

m0
+ W

exp
(
ik(ω)rm1

)(
ikrm1 − 1

)
r3

m1

−
exp

(
ik(ω)rm2

)(
ikrm2 − 1

)
r3

m2
− W

exp
(
ik(ω)rm3

)(
ikrm3 − 1

)
r3

m3

]
∂r
∂x

,

(5)

AY
(
r(t), zs, zr, ω

)
= −1

ρ

∂P
∂y

=

=
s(ω)

4π

r
ρ

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)(
ikrm0 − 1

)
r3

m0
+ W

exp
(
ik(ω)rm1

)(
ikrm1 − 1

)
r3

m1

−
exp

(
ik(ω)rm2

)(
ikrm2 − 1

)
r3

m2
− W

exp
(
ik(ω)rm3

)(
ikrm3 − 1

)
r3

m3

]
∂r
∂y

.

(6)

The vibration velocity (particle velocity) V = (VX , VY, VZ) is the integral of the accel-
eration in the time domain [57]. As a result of the integration of Equation (4):

V =
i
ω

A = − i
ωρ

∇P. (7)

From Equation (5), Equation (6), and Equation (7), the expressions for the horizontal
velocity components VX , VY, can be obtained as follows:

VX
(
r(t), zs, zr, ω

)
=

i
ω

AX =

=
s(ω)

4π

ir
ωρ

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)(
ikrm0 − 1

)
r3

m0
+ W

exp
(
ik(ω)rm1

)(
ikrm1 − 1

)
r3

m1

−
exp

(
ik(ω)rm2

)(
ikrm2 − 1

)
r3

m2
− W

exp
(
ik(ω)rm3

)(
ikrm3 − 1

)
r3

m3

]
∂r
∂x

,

(8)

VY(r(t), zs, zr, ω) =
i
ω

AY =

=
s(ω)

4π

ir
ωρ

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)(
ikrm0 − 1

)
r3

m0
+ W

exp
(
ik(ω)rm1

)(
ikrm1 − 1

)
r3

m1

−
exp

(
ik(ω)rm2

)(
ikrm2 − 1

)
r3

m2
− W

exp
(
ik(ω)rm3

)(
ikrm3 − 1

)
r3

m3

]
∂r
∂y

.

(9)

Taking into account ∂r/∂x = cos ϕ, ∂r/∂y = sin ϕ, we can simplify Equations (8) and (9):

VX = VR cos ϕ, VY = VR sin ϕ, (10)
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where ϕ is the source bearing and VR is the vibration velocity complex field in the horizontal
plane:

VR
(
r(t), zs, zr, ω

)
=

=
s(ω)

4π

ir
ωρ

∞

∑
m=0

(−W)m
[

exp
(
ik(ω)rm0

)(
ikrm0 − 1

)
r3

m0
+ W

exp
(
ik(ω)rm1

)(
ikrm1 − 1

)
r3

m1

−
exp

(
ik(ω)rm2

)(
ikrm2 − 1

)
r3

m2
− W

exp
(
ik(ω)rm3

)(
ikrm3 − 1

)
r3

m3

]
.

(11)

In the remainder of this paper, we will use the following notation for the sound
pressure P( f , t), and the horizontal components of the vibration velocity VX( f , t), VY( f , t),
VR( f , t):

P( f , t) = P(r(t), zs, zr, ω),

VX( f , t) = VX(r(t), zs, zr, ω),

VY( f , t) = VY(r(t), zs, zr, ω),

VR( f , t) = VR(r(t), zs, zr, ω).

(12)

2.2. The 2D Interferograms of the Moving Source Formed by a Vector Scalar Receiver

In the frequency-time variables ( f , t), we introduce the notation for the interferograms:

IP( f , t) = P( f , t)P∗( f , t),

IX( f , t) = VX( f , t)V∗
R( f , t),

IY( f , t) = VY( f , t)V∗
R( f , t),

IR( f , t) = VR( f , t)V∗
R( f , t).

(13)

The superscript asterisk indicates complex conjugation. Here, IP( f , t) is the sound pressure
interferogram. IX( f , t), IY( f , t), and IR( f , t) are the interferograms of the horizontal com-
ponents of the vibration velocities. The 2D interferograms are generated in the rectangular
domain ( f , t): 0 ≤ t ≤ ∆t, f1 ≤ f ≤ f2. Here, ∆t is the observation time; f1,2 = f0 ∓ (∆ f /2),
where f0 is the mean frequency and ∆ f is the frequency bandwidth. To generate the 2D
interferograms, we need J samples of the source noise. The number of samples J is deter-
mined by the equation:

J =
∆t

δt1 + δt2
, (14)

where δt1 and δt2 are the duration of the signal realizations and the time interval between
them. The realizations are independent if δt2 > 2π/∆ω.

The interferogram of the sound pressure IP( f , t) was analyzed in detail in the pa-
pers [48,49]. The interferograms of the horizontal components of the vibration velocities
IX( f , t), IY( f , t), and IR( f , t) have the same structure and characteristics. Thus, the method
for characterizing the sound pressure interferogram described in [48,49] is applicable to
the analysis of the vibration velocity interferograms. The direction of motion of the noise
source can be determined from the slope of the interference fringes in the interferogram
domain. If the noise source is moving toward the VSR, the slope of the interference fringes
has a negative value δ f /δt < 0. If the noise source is moving away from the VSR, the slope
of the interference fringes has a positive value δ f /δt > 0. If the noise source is moving at
the intersection point of the VSR, the interference fringes are parallel with the time f -axis
in the interferogram domain.

2.3. The 2D Holograms of the Moving Source Formed by a Vector Scalar Receiver

In holographic signal processing, the quasi-coherent accumulation of the intensity
distributions IP( f , t), IX( f , t), IY( f , t), and IR( f , t) is performed in the frequency-time
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domain [48,49]. The 2D Fourier transform (2D FT) is applied to the accumulated intensity
of the interferograms I( f , t). The result of the 2D FT of the interferogram I( f , t) is called
the Fourier hologram (hologram) F(τ, ν). The hologram F(τ, ν) allows concentrating the
intensity of I( f , t) in the focal points of the hologram domain due to the interference fingers
of the interferograms.

Consider the 2D holograms of the sound pressure and horizontal components of the
vibration velocities:

FP(τ, ν) =
∫ ∆t

0

∫ f2

f1

IP( f , t) exp
[
i2π(νt − f τ)

]
dtd f ,

FX(τ, ν) =
∫ ∆t

0

∫ f2

f1

IX( f , t) exp
[
i2π(νt − f τ)

]
dtd f ,

FY(τ, ν) =
∫ ∆t

0

∫ f2

f1

IY( f , t) exp
[
i2π(νt − f τ)

]
dtd f ,

FR(τ, ν) =
∫ ∆t

0

∫ f2

f1

IR( f , t) exp
[
i2π(νt − f τ)

]
dtd f .

(15)

Here, ν and τ are the frequency and time of the hologram domain; ∆t is the observation
time; f1,2 = f0 ∓ (∆ f /2), and f0 and ∆ f are the average frequency and spectrum width;
the initial time t = 0.

The spectral density of the hologram F(τ, ν) is localized in focal points, mirrored with
respect to the origin [48,49]. They are in the first and third quadrants when the source
moves to the receiver (v < 0). They are in the second and fourth quadrants when the
source is moving away from the receiver (v > 0). Focal points located in the first and
fourth quadrants are the real image of the source and, in the second and third quadrants,
are a virtual image. The spectral density of the hologram F(τ, ν) is concentrated mainly in
the band bounded by straight lines [48,49]:

ν = ε̃τ + δν, ν = ε̃τ − δν, (16)

where δν = 1/∆t is the half-width of the focal points in the direction of the axis ν and ε̃ is
the angular coefficient of the line on which the coordinates of the focal points are located. In
the direction of the axis, the half-width of the focal spots is δτ = 1/∆ f . Outside this band,
the spectral density of the hologram is practically suppressed. The angular coefficients of
the interference fringes δ f /δt are given by the expression:

ε̃ = − δ f
δt

, (17)

where δ f is the frequency shift of the wave field maximum over time δt.

2.4. Detection of the Moving Source

Consider the angular distribution of the spectral density of the holograms FP( f , t),
FX( f , t), FY( f , t), and FR( f , t):

GP(χ) =
∫ ∆τ

0

∣∣FP(τ, χτ)
∣∣ dτ,

GX(χ) =
∫ ∆τ

0

∣∣FX(τ, χτ)
∣∣ dτ,

GY(χ) =
∫ ∆τ

0

∣∣FY(τ, χτ)
∣∣ dτ,

GR(χ) =
∫ ∆τ

0

∣∣FR(τ, χτ)
∣∣ dτ,

(18)
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The function G(χ) has its maximum value at χ = ε̃ if the source is present. The maximum
value of G(ε̃) is two- or more times higher than the values in the other directions (χ ̸= ε̃):

G(ε̃) ≥ 2G(χ). (19)

Equation (19) is the criterion for source detection:

• If this condition is satisfied, the source is in the waveguide;
• If the condition is not satisfied, the source is absent.

Here, ∆τ is the linear size of the focal point along the τ-axis; χ is the angular coefficient of
the straight lines ν = χτ in the hologram domain. Information about the transfer function
of the medium is not required. If the criterion Equation (19) is fulfilled, the estimates of the
moving source parameters (bearing, radial velocity, range, depth) in holographic signal
processing are close to the true values [48,49].

2.5. Source Bearing Estimation

Let us consider the method of source bearing estimation. The holograms FX and
FY up to the factors cos ϕ and sin ϕ reproduce the hologram FR, where ϕ is the source
bearing (Figure 2)—the angle in the horizontal plane between the axis X of the VSR and
the direction to the source. Therefore,

| tan ϕ| = GY(ε̃)

GX(ε̃)
. (20)

The determination of the direction to the source is ambiguous: the bearings ±ϕ and
π ± ϕ are indistinguishable. The inverse 2D Fourier transform is used to recover the
interferograms IX , IY, and IR. The ambiguity of the bearing is removed by determining the
sign of the ratio of the interferograms:

IX( f , t)
IR( f , t)

= γX ,
IY( f , t)
IR( f , t)

= γY. (21)

The criterion for unambiguous source bearing estimation is as follows:

• If γX > 0, γY > 0, then the source is located in the first quadrant of the VSR;
• If γX < 0, γY > 0, then the source is located in the second quadrant of the VSR;
• If γX < 0, γY < 0, then the source is located in the third quadrant of the VSR;
• If γX > 0, γY < 0, then the source is located in the fourth quadrant of the VSR.

3. Numerical Simulation Results

Let us consider the following model of the shallow-water waveguide, which is close
to the experimental waveguide. The vertical plane of the waveguide is shown in Figure 3.
The depth of the waveguide is H = 15 m. The sound velocity profile of the water layer
is constant: cw(z) = 1400 m/s. The parameters of the liquid absorbing bottom are sound
velocity cb = 1780 m/s and density ρb = 2.0 g/cm3. The sound source at a depth of
zs = 5 m moves along the trajectory shown in Figure 4. The source speed is v = 1.5 m/s.
The high-frequency band is ∆ f = 9 kHz (2.5–11.5 kHz). The receiver is located at a point at
a depth of zq = 15 m.

bottom 
cb = 1780 m/s 

b = 2.0 g/cm
3 

cw = 1400 m/s 

receiver 

source 

d
ep

th
 (

m
) 0 

15 

1400 1800 

sound velocity (m/s) 

Figure 3. Model parameters for the shallow-water waveguide.
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The trajectory of the noise source in the horizontal plane of the waveguide is shown in
Figure 4. The source moves along a straight line (A→B→C), which is parallel with the y-axis.

𝑦 

𝑧 

𝑥 

 receiver 
(𝑥𝑟 , 𝑦𝑟 , 𝑧𝑟) 

𝑟3 𝑟1 𝑟2 

А B С �⃗� �⃗� �⃗� 

Figure 4. Trajectory of the noise source. Horizontal plane. A, starting point. B, traverse point. C,
finish point.

The source trajectory parameters are as follows:

• The receiver is located at point: (xr = 0 m, yr = 0 m, zr = 15 m);
• The source velocity: v = 1.5 m/s;
• The motion time: ∆t = 0–15 min;
• The motion starting point: A (xs = 150 m, ys = −675 m, zs = 5 m), r1 = 691.5 m;
• The motion traverse point: B (xs = 150 m, ys = 0 m, zr = 5 m), r2 = 150 m;
• The motion finish point: C (xs = 150 m, ys = 675 m, zr = 5 m), r3 = 691.5 m.

The time dependence of the coordinate ys(t) is:

ys(t) = −675 + 1.5 t.

The time dependence of the range rs(t) between the source and receiver is:

rs(t) =
√
(150)2 + (−675 + 1.5 t)2.

The results of the numerical modeling are shown in Figures 5–10. The interferogram of
the sound pressure IP( f , t) for the time of motion ∆t = 0–15 min and, in the frequency band,
∆ f = 2.5–11.5 kHz, as shown in Figure 5. The interferogram IP( f , t), hologram FP(τ, ν), and
angular distribution GP(χ) for different cases of source motion are shown in Figures 6–9.

Let us consider the results of the numerical modeling of the interferogram IP( f , t) for a
source moving along the trajectory A→B→C (Figure 5) in the time-frequency domain. It can
be seen that the interferogram of the sound pressure IP( f , t) has a quasi-periodic structure
(Tf is the period in the frequency domain). If the source moves from point A to point B,
the interferogram period decreases from Tf = 9 kHz to Tf = 1.8 kHz. The slope of the
interference fringes is negative: δ f /δt = −1.5 kHz/min. When the source passes through
the traverse zone, the interferogram period is Tf = 1.8 kHz. The interference fringes are
parallel to the t-axis. The result is δ f /δt = 0 kHz/min. As the source moves from point B
to point C, the interferogram period increases from Tf = 1.8 kHz to Tf = 9 kHz. The slope
of the interference fringes is positive: δ f /δt = +1.5 kHz/min.

Figure 5. Interferogram IP( f , t) of a source moving along the trajectory A→B→C in the frequency
band ∆ f = 2.5–11.5 kHz.
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The interferogram IP( f , t), the hologram FP(τ, ν), and the angular distribution GP(χ)
for the three cases of source motion are shown in Figures 6–9.

IP( f , t), FP(τ, ν), and GP(χ) for the case of the source moving from point A to point B
in the time interval ∆t =2.5–4.2 min are shown in Figure 6. It can be seen that the slope of the
interference fringes is negative: δ f /δt = −1.5 kHz/min on the interferogram (Figure 6a).
As a result, the focal points lie on a straight line ν = ε̃τ with an angular coefficient
ε̃ = 40 Hz/s in the hologram FP(τ, ν) domain (Figure 6b). The angular distribution GP(χ)
has an extreme value at the point χ ≈ −0.025 s−2 (Figure 6c).

(a)
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Figure 6. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c).
Time: ∆t = 2.5–4.2 min. Frequency: ∆ f = 2.5–11.5 kHz.

IP( f , t), FP(τ, ν), and GP(χ) for the case of the source moving at point B (traverse) in
the time interval ∆t = 6.7–8.4 min are shown in Figure 7. It can be seen that the slope of
the interference fringes is approximately zero. δ f /δt = 0 kHz/min on the interferogram
(Figure 7a). As a result, the focal points are located at points on a straight line ν = ε̃τ with
an angular coefficient of ε̃ = 0 Hz/s in the hologram FP(τ, ν) domain (Figure 7b). The
angular distribution GP(χ) has an extreme value at the point χ ≈ 0 s−2 (Figure 7c).
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Figure 7. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
∆t = 6.7–8.4 min. Frequency: ∆ f = 2.5–11.5 kHz.

IP( f , t), FP(τ, ν), and GP(χ) for the case of the source moving from point B to point
C in the time interval ∆t = 10.8–12.5 min are shown in Figure 8. It can be seen that the
slope of the interference fringes is negative. δ f /δt = +1.5 kHz/min on the interferogram
(Figure 8a). As a result, the focal points are on points on a straight line ν = ε̃τ with an
angular coefficient of ε̃ = −40 Hz/s in the domain of the hologram FP(τ, ν) (Figure 8b). The
angular distribution GP(χ) has an extreme value at the point χ ≈ = +0.025 s−2 (Figure 8c).
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Figure 8. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
∆t = 10.8–12.5 min. Frequency: ∆ f = 2.5–11.5 kHz.

The structures of the interferograms IX( f , t), IY( f , t), and IR( f , t), holograms FX(τ, ν),
FY(τ, ν), and FR(τ, ν), and their angular distributions GX(χ), GY(χ), and GR(χ) are the
same as shown in Figures 6–8:

• The interferograms IX , IY, and IR have the same slope of the interference fringes as IP;
• The focal points are on the same straight line ν = ε̃τ with the same angular coefficients

in the hologram domain of FX , FY, and FR as in the hologram domain of FP;
• The angular distributions of the holograms GX , GY, and GR have an extreme value at

the same points.
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Figure 9. Angular distribution of holograms GX(χ) (for VX) and GY(χ) (for VY). Time: (a) ∆t = 2.5–4.2 min;
(b) ∆t = 6.7–8.4 min; (c) ∆t = 10.8–12.5 min. Frequency: ∆ f = 2.5–11.5 kHz.

The angular distributions of the holograms GX and GY for three cases of source motion
(∆t = 2.5–4.2 min; ∆t = 6.7–8.4 min; ∆t = 10.8–12.5 min) are shown in Figure 9. It can
be seen that the shapes of GX and GY are the same, but the extreme values are different.
For the time interval ∆t = 2.5–4.2 min, GY(χmax)/GX(χmax) ≈ 2.5. This value of | tan ϕ|
corresponds to ϕ ≈ −68◦. For the time interval ∆t = 6.7–8.4 min, GY(χmax)/GX(χmax) ≈ 0.
This value of | tan ϕ| corresponds to ϕ ≈ 0◦. For the time interval ∆t = 10.8–12.5 min,
GY(χmax)/GX(χmax) ≈ 2.5. This value of | tan ϕ| corresponds to ϕ ≈ +68◦.

Using Equation (20) | tan ϕ| = GY(χmax)/GX(χmax) and Equation (21), the time depen-
dence of the source bearing ϕ(t) can be calculated. The source bearing ϕ(t) reconstructed
by numerical modeling for the time interval ∆t = 0–15 min is shown in Figure 10. The blue
solid line is the source bearing corresponding to the trajectory geometry. The red dots are
the source bearings reconstructed by holographic signal processing. It can be seen that
the source bearing values reconstructed within the numerical simulation are close to the
true values.
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Figure 10. Time dependence of the source bearing ϕ(t). Time: ∆t = 0–15 min. Frequency: ∆ f = 2.5–11.5 kHz.
The blue solid line is the source bearing according to the trajectory geometry. The red dots are the
source bearings reconstructed by holographic signal processing.

4. Experimental Results

Let us consider the experimental results of holographic signal processing in the high-
frequency band in a natural shallow-water waveguide. The depth of the water layer is
H = 8–10 m. The distance from the coast is r ≈ 2 km. Three VSRs (VSR1, VSR2, VSR3)
were used in the experiment. Each VSR consists of three accelerometers and a scalar
hydrophone. The three accelerometers of the receiver allow measuring three components of
the acoustic particle acceleration AX , AY, and AZ. The vibration velocities (acoustic particle
velocity) VX , VY, and VZ are determined from the measured acceleration components AX ,
AY, and AZ using Equation (7). The scalar hydrophone of the VSR is used to measure the
sound pressure P. The VSRs are completely identical. Their working frequency band is
0–2 kHz. The VSRs (VSR1, VSR2, VSR3) are placed at the vertices of the triangle at the
bottom of the waveguide (Figure 11). A small, low-noise underwater source is used in
the experiment for noise signal emission. The source velocity is v = 1.5 m/s. The source
depth is zs = 4 m. The noise source trajectory (A→B→C) in the horizontal plane of the
experimental shallow-water waveguide is shown in Figure 11.

The source trajectory parameters (Figure 11) are as follows:

• Motion time: ∆t = 0–18 min;
• Motion starting point: A;
• Motion start time: t = 14:13;
• Motion first track: along a straight line from point A to point B;
• Motion first track time: t = 14:13–14:24;
• Motion turning point: B;
• Motion turning time: t = 14:24;
• Motion second track: along a straight line from point B to point C;
• Motion second track time: t = 14:24–14:31;
• Motion finish point: C;
• Motion finish time: t = 14:31;
• Distance between point A and receiver VSR1 ≈ 990 m;
• Distance between point A and receiver VSR2 ≈ 740 m;
• Distance between point A and receiver VSR3 ≈ 810 m;
• Distance between receiver VSR1 and receiver VSR2 ≈ 450 m;
• Distance between receiver VSR1 and receiver VSR3 ≈ 440 m;
• Distance between receiver VSR2 and receiver VSR3 ≈ 410 m;
• Distance between receiver VSR1 and line connecting the receivers VSR2 and VSR3 ≈ 390 m.
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Figure 11. Experimental noise source trajectory. Horizontal plane. A, starting point. B, turning
point. C, finish point. VSR1, VSR2, and VSR3 are the positions at the vertices of the triangle at the
waveguide bottom.

Let us consider the experimental results of interferograms IP( f , t), IX( f , t), and IY( f , t)
for a source moving along trajectory A→B→C (Figures 12–14) in the time-frequency do-
main. The experimental results were obtained for frequency band ∆ f = 0–2 kHz and time
interval ∆t = 14:10–14:35. The motion of the first track A→B starts at 14:13. The motion
of the first direct track A→B ends at 14:24. Point B is the turning point. The movement of
the second reverse track B→C begins at 14:24. Th emotion of the second backwards track
B→C ends at 14:31. The duration of motion along the A→B→C trajectory ∆t = 17 min.
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Figure 12. Experimental interferograms of a noise source moving along the trajectory A→B→C.
(a) IP( f , t). (b) IX( f , t). (c) IY( f , t). Receiver: VSR1. Frequency ∆ f = 0–2 kHz. Time ∆t = 14:10–14:35.
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Figure 13. Experimental interferograms of a noise source moving along the trajectory A→B→C.
(a) IP( f , t). (b) IX( f , t). (c) IY( f , t). Receiver: VSR2. Frequency ∆ f = 0–2 kHz. Time ∆t = 14:10–14:35.

During the experiment, the hydroacoustic signals of the moving noise source were
recorded by four VSR channels: sound pressure P and three vibration velocity components
VX , VY, and VZ. The experimental interferograms IP( f , t), IX( f , t), and IY( f , t) for receiver
VSR1 are shown in Figure 12. The experimental interferograms IP( f , t), IX( f , t), and IY( f , t)
for receiver VSR2 are shown in Figure 13. The experimental interferograms IP( f , t), IX( f , t),
and IY( f , t) for receiver VSR3 are shown in Figure 14. The change in the slope of the
interference fringes indicates the movement of the source dynamics relative to the location
of each VSR.

In the case of the source moving from point A to the traverse point for each VSR, the
slope of the interference fringes is negative δ f /δt < 0, and the period of the interferogram
decreases Tf . It can be seen from the trajectory geometry (Figure 11) and experimental
interferograms (Figures 12–14) that the traverse point time of the first motion track A→B
is different for different VSRs. The traverse point times are 14:21 (VSR1), 14:17:30 (VSR2),
and 14:17 (VSR3). The slope of the spurious fringes is approximately zero, δ f /δt = 0 for all
VSRs at the traverse points. When the noise source moves from the traverse point to the
turning point B, the slope of the interference fringes is positive δ f /δt > 0, and the period
of the interferogram increases Tf . The turning point B time is the same for each VSR: 14:24.
If the source moves from point B to the traverse point for each VSR, the slope of the fringes
is negative δ f /δt < 0, and the period of the interferogram decreases Tf again.
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Figure 14. Experimental interferograms of a noise source moving along the trajectory A→B→C.
(a) IP( f , t). (b) IX( f , t). (c) IY( f , t). Receiver: VSR3. Frequency ∆ f = 0–2 kHz. Time ∆t = 14:10–14:35.

The traverse point time of the second track B→C is different for different VSRs. The
traverse point times are 14:27 (VSR1), 14:30:00 (VSR2), and 14:31:00 (VSR3). In the case of
the source moving from the traverse point C to for each VSR, the slope of the interference
fringes is positive δ f /δt > 0, and the interferogram period increases Tf . When the noise
source moves from the traverse point to the finish point C, the slope of the interference
fringes is positive δ f /δt > 0, and the period of the interferogram increases Tf . The time of
the end point C is the same for each VSR: 14:31.

The interferogram IP( f , t), the hologram FP(τ, ν), and the angular distribution GP(χ)
for different moments of the source motion are shown in Figures 15–19. The parameters of
the holographic signal processing are as follows. The frequency band is from 0.7 kHz to
1.7 kHz, and ∆ f = 1.0 kHz. The 1 Hz is a step in the frequency domain. The time interval
is ∆t = 60 s with the parameters: δt1 = 1.5 s and δt2 = 0.5 s. The single interferogram
consists of a spectrum of J = 30 temporary implementations.

The source was turned off at the beginning of the experiment. The interferogram
IP( f , t), the hologram FP(τ, ν), and the angular distribution GP(χ) corresponding to t = 14:13
and VSR1 are shown in Figure 15. It can be seen (Figure 15a) that the interferogram IP( f , t)
is a set of horizontal and vertical fringes. As a result, the hologram FP(τ, ν) (Figure 15b) is a
set of random focal spots. The angular distribution GP(χ) has a set of peaks corresponding
to other distant sources moving to and from VSR1.
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Figure 15. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
t = 14:13 min. Frequency: ∆ f = 0.7–1.7 kHz. Receiver: VSR1.
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Figure 16. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
t = 14:20 min. Frequency: ∆ f = 0.7–1.7 kHz. Receiver: VSR1.
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Figure 17. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
t = 14:23 min. Frequency: ∆ f = 0.7–1.7 kHz. Receiver: VSR1.
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Figure 18. Interferogram IP( f , t) (a), hologram FP(τ, ν) (b), and angular distribution GP(χ) (c). Time:
t = 14:30 min. Frequency: ∆ f = 0.7–1.7 kHz. Receiver: VSR1.

The interferogram IP( f , t), hologram FP(τ, ν), and angular distribution GP(χ) corre-
sponding to t = 14:20 and VSR1 are shown in Figure 16. The source moved from point A
to the reverse point of VSR1 (Figure 11). It can be seen that the slope of the interference
fringes is negative δ f /δt = −0.9 < 0 kHz/min. As a result, the focal points are located at
points on a straight line ν = ε̃τ with an angular coefficient ε̃ = 20 Hz/s in the hologram
FP(τ, ν) domain (Figure 16b). The angular distribution GP(χ) has an extreme value at the
point χ ≈ 0.012 s−2 (Figure 16c).

At t = 14:23, the source moved from A→B from the traverse point for VSR1 to point B
(Figure 11). The interferogram IP( f , t), hologram FP(τ, ν), and angular distribution GP(χ)
corresponding to t = 14:23 and VSR1 are shown in Figure 17. It can be seen that the slope
of the interference fringes is positive δ f /δt = 0.5 > 0 kHz/min. There are two groups of
focal points on different straight lines ν = ε̃τ in the hologram FP(τ, ν) domain (Figure 17b).
One of them corresponds to ε̃ = −10 Hz/s. The other corresponds to ε̃ = −5 Hz/s. The
angular distribution GP(χ) has a major extreme at the point χ ≈ −0.007 s−2 (Figure 17c).

At the end of the experiment (t = 14:30), the source moved from the traverse point
for VSR1 to point C (Figure 11). The interferogram IP( f , t), hologram FP(τ, ν), and angular
distribution GP(χ) corresponding to t = 14:30 and VSR1 are shown in Figure 18. It can be
seen that the slope of the interference fringes is positive δ f /δt = 0.4 > 0 kHz/min.

There are two groups of focal points on different straight lines ν = ε̃τ in the hologram
FP(τ, ν) domain (Figure 18b). One of them corresponds to ε̃ = −11 Hz/s. The other
corresponds to ε̃ = −6 Hz/s. The angular distribution GP(χ) has a large extreme at the
point χ ≈ −0.006 s−2 (Figure 18c).

The results of holographic signal processing noise filtering are shown in Figure 19
for VSR1, with time t = 14:19 min and frequency band ∆ f = 0.7–1.7 kHz. The interfero-
gram IP( f , t), the hologram FP(τ, ν), and the angular distribution GP(χ) corresponding
to t = 14:30 for the experimental data are shown in Figure 19a–c. The results of the noise
filtering are shown in Figure 19d–f. It can be seen that the interference fringes of the experi-
mental interferogram IP( f , t) are blurred (Figure 19a). The focal points of the hologram
FP(τ, ν) are in the background noise (Figure 19b). The spectral density of the hologram
FP(τ, ν) is filtered in the band represented by the dotted line (Figure 19e). It can be seen
that the extreme values at this point are the same for the experimental angular distribution
GP(χ) (Figure 19c) and for the angular distribution GP(χ) after noise filtering (Figure 19f).
The filtered interferogram IP( f , t) is shown in (Figure 19d). It can be seen that the filtered
interferogram has more contrast. The interference fringes have the same slope angle.

Using Equation (20) | tan ϕ| = GY(χmax)/GX(χmax) and Equation (21), the time depen-
dence of the source bearing ϕ(t) can be calculated. The source bearing ϕ(t) reconstructed
by holographic signal processing of experimental data for time interval ∆t = 14:10–14:35 min
and frequency band ∆ f = 0.7–1.7 kHz is shown in Figures 20–22. Figure 20 corresponds
to VSR1. Figure 21 corresponds to VSR2. Figure 22 corresponds to VSR3. The blue solid
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line is the source bearing corresponding to the trajectory geometry. The red dots are the
source bearings reconstructed by holographic signal processing. It can be seen that the source
bearings reconstructed by holographic signal processing are close to the experimental values.

(a) (b)

, s
-2

-0.05  0  0.05
0

0.5

1

(c)

(d)

-10 0 10

 (msec)

-0.1

0

0.1

 (
H

z
)

0 0.5 1

(e)

, s
-2

-0.05  0  0.05
0

0.5

1

(f)

Figure 19. Results of the noise filtering in holographic signal processing. (a) Interferogram IP( f , t):
experiment. (b) Hologram FP(τ, ν): experiment. (c) Angular distribution GP(χ): experiment. (d) In-
terferogram IP( f , t): noise filtering result. (e) Hologram FP(τ, ν): noise filtering result. (f) Angular
distribution GP(χ): noise filtering result. Time: t = 14:19 min. Frequency: ∆ f = 0.7–1.7 kHz.
Receiver: VSR1.
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Figure 20. Temporal dependence of the source bearing ϕ(t). Receiver: VSR1. Time: ∆t = 14:10–14:35 min.
Frequency: ∆ f = 0.7–1.7 kHz. The blue solid line is the source bearing according to the trajectory
geometry. The red dots are the source bearings reconstructed by holographic signal processing of the
experimental data.
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Figure 21. Temporal dependence of the source bearing ϕ(t). Receiver: VSR2. Time: ∆t = 14:10–14:35 min.
Frequency: ∆ f = 0.7–1.7 kHz. The blue solid line is the source bearing according to the trajectory
geometry. The red dots are the source bearings reconstructed by holographic signal processing of the
experimental data.
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Figure 22. Temporal dependence of the source bearing ϕ(t). Receiver: VSR3. Time: ∆t = 14:10–14:35 min.
Frequency: ∆ f = 0.7–1.7 kHz. The blue solid line is the source bearing according to the trajectory
geometry. The red dots are the source bearings reconstructed by holographic signal processing of the
experimental data.

5. Conclusions

The HSP method for a single VSR in the high-frequency band in shallow water is
developed in this paper. The ray description of the vector sound field (P sound pressure and
VX , VY, VZ, and VR vibration velocity components) of a moving source in a high-frequency
band is described. The paper presents the HSP methods for the following:

• The generation of 2D interferograms (IP, IX, IY, IR) in the frequency-time domain ( f , t);
• The formatting of 2D holograms (FP, FX , FY, FR) in the time-frequency domain (τ, ν);
• The detection of the moving source using angular distributions (GP, GX, GY, GR) of

2D holograms;
• The estimate of the bearing of the moving source by the ratio GY/GX of the angular

distributions of the 2D holograms (FX , FY,).

The paper shows that the 2D interferogram of each channel of the VSR consists of
parallel interference fingers in the presence of a moving noise source. In this case, the 2D
hologram contains focal points located on a straight line and the angular distribution of
the holograms has the main extreme value. The offered HSP method allows detecting the
source, estimating the source bearing, and filtering the useful signal from the noise. The
results of source detection, source bearing estimation, and noise filtering are presented
within the framework of experimental data processing and numerical modeling. The
values of the source bearing reconstructed by HSP are close to the values defined by the
geometry of the source trajectory for both experimental data processing and numerical
modeling. The results presented in this paper show the efficiency of the proposed HSP
method. The described HSP method for the VSR is capable of solving many important
problems in underwater acoustics. The proposed HSP method is a generalization of the
optimal reception for a two-dimensional linear filter in the time-frequency domain.

In our future work, we intend to explore HSP in the following directions: the influence
of source depth and the possibility of depth estimation by using HSP; the variations of
holograms in the presence of internal waves in the SWARM’95 experiment (Prof. M. Badiey,
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University of Delaware, USA); a comparative analysis of HSP for a VSR with other ap-
proaches of signal processing methods; the generalization of HSP for extended vector
scalar antennas.
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