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Abstract: In many cases, power inductors are responsible for most of the power loss, volume, and cost
if applied to high-frequency power electronics applications. It is desirable to optimize their design by
the proper calculation of winding and core loss. It allows faster and cheaper commercial product
release, which is the key to being successful in a highly competitive market. This is only possible if
existing calculation techniques and technical data given by, e.g., core manufacturers, are verified and
correct; otherwise, the inductor optimization process is less precise and requires several iterations
to achieve good convergence. This paper addresses existing and proposes improved measurement
and calculation techniques with regard to complex permeability, one of the key quantities that define
inductor behavior in the frequency domain. This is done through impedance measurement and
improved definition of the equivalent inductor model. Moreover, the proposed calculation techniques
fulfill the need for the simple, accurate analytical methods required in commercial designs.

Keywords: complex permeability; equivalent inductor model; core resistance; winding resistance;
power loss; Dowell equation

1. Introduction

The successful inductor optimization process needs verification and improvement in
the calculation of several quantities, such as winding resistance, core resistance, temperature
rise, and power loss, which define inductor shape, size, and cost. These quantities depend
on each other, so miscalculation in one might cause significant discrepancies in others, and
thus, they must be carefully studied.

The tool, which is commonly used to do so, is a vector network analyzer (VNA).
This relatively easily affordable device sweeps through frequency ranges extracting all the
necessary information, which is further required in the design of an equivalent inductor
model. Moreover, the VNA has one significant advantage—it allows measurement in the
“off-line” mode, on the stand-alone inductor, which significantly simplifies the method,
saving time and the resources needed. However, it should be remembered that this type
of inductor analysis is conducted using a small-signal technique, and thus, the large-
signal losses require an additional effort in the measurements, especially if the core loss
is considered.

In the model, the inductor equivalent series resistance (ESR) (Figures 1 and 2) consists
of embedded information on winding and core resistance, and thus an engineer must know
both quantities to split the data. The winding resistance is usually calculated using the
Dowell equation [1,2], while the core resistance depends mostly on the imaginary part of
the complex permeability if an applied testing signal is small enough. Unfortunately, the
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precise estimation of the core resistance is not always possible because the core manufac-
turers’ data are subject to large measurement uncertainties [3]. Moreover, the real inductor
itself is a complex system with many other quantities influencing permeability values.
The best way to achieve good convergence in calculations is to obtain the required infor-
mation directly from the complex permeability measurement, stripping the results from
unwanted information.

Figure 1. (a) Toroidal ferrite coil and (b) its equivalent simplified series model.

Figure 2. Series un-gapped high-frequency equivalent inductor model.

However, several existing complex permeability measurement and calculation tech-
niques do not fully reveal how the complex permeability is measured and fitted, or the
fitting is oversimplified [4–10] or overcomplicated [11]. The fittings are performed based
on not fully complete equivalent inductor models with several fitting variables, which can
take arbitrary values and do not represent the physical behavior of the inductor [12,13].
This approach cannot lead to the valid results needed for simulation programs, with inte-
grated circuit emphasis (SPICE) commonly used in the industry to model electronic circuit
behavior and quicken the time-to-market product release [14,15].

This paper discusses the existing complex permeability measurement and calculation
techniques and proposes a new one based on small-signal impedance measurements,
an improved equivalent inductor model, and the iterative approximation curve-fitting
technique. This allows the relatively accurate estimation of complex permeability values
regardless of inductor size, shape, winding structure, or frequency range. The method is
simple and intuitive to process, assumes the frequency dependence of most of the inductor
model components, and thus overcomes some limitations and the complexity of other
methods [2,5,11–13,16]. This is significant because it might help in the development of
improved inductor loss models, as well as universal simulation models (e.g., SPICE models)
that capture all AC loss mechanisms, which do not yet exist, especially if we consider
high-frequency power electronics applications.



Electronics 2023, 12, 4002 3 of 23

2. Complex Permeability Verification

The verification of complex permeability values and the characteristics given by the
core manufacturers are crucial to the inductor power loss and its overall optimization
process [14–18]. This can be successfully performed if the inductor model is well-defined
together, with all its parasitic components influencing inductor impedance measurement.
It has to be considered that most of the existing inductor models used in standard power
electronics applications are valid for switching frequencies up to 3 MHz, the range of which
shall be significantly extended [5].

2.1. Definition of Inductor Lumped Model and Complex Permeability Values

Some of the research work [4,10,12] and the IEC 62044-2 standard [7] simplify the
measurement procedure by assuming that the toroidal lumped inductor model (Figure 1) is
only a series combination of resistance and reactance. In the case of an un-gapped toroidal
core with only one layer of widely spaced windings, this approach might yield valid results;
however, it is worth the additional effort to go a step further and improve the model to
be even more accurate and include the remaining parasitic components in the overall
calculations.

The existing high-frequency equivalent inductor models, except the simplified R-L
circuit, consider the inductor stray capacitance, core resistance, leakage-inductance-related
components, and the influence of inductor terminals [2,5,14,15,17–19].

Considering the power inductor, these models can be further simplified (Figure 2),
removing all the parasitic components influencing the model until the multi-megahertz
switching frequency is in place, where:

Cs —inductor stray capacitance measured at self-resonance;
Rcs —inductor stray capacitance equivalent series resistance;
Ls —inductor series inductance measured at low frequencies;
Rc —equivalent core series resistance;
Rw —windings resistance;
Rcw —core and windings equivalent series resistance.

As reported in [14,15], the inductor lumped model should include the equivalent series
resistance of the stray capacitor to make the model more realistic and avoid non-existing
signal spikes if the model is placed in simulation software.

The capacitor ESR is mostly influenced by the dielectric permittivity of the winding
wire coating, which is usually made of polyurethane or polyamide resin, and to a lesser
extent by the dielectric permittivity of the remaining insulation materials such as kapton,
mylar, and others [2]. Usually, the dielectric constant for such materials ranges from 3 to
4 [2,20–22]. Moreover, the IEC 60317-20 [23] imposes on the enameled winding wires an
upper limit for the dielectric loss tangent, which is 300× 10−4 at 1 MHz frequency. Taking
these factors into account, the inductor capacitance ESR (RCs) can be estimated as:

RCs =
tan δ

ω · Cs
(1)

where:
tan δ —dielectric loss tangent, which is assumed to be 300× 10−4 for copper-to-copper
wire turn;
ω —angular frequency.

The impedance, the real and imaginary parts of the inductor equivalent model shown
in Figure 2 can be expressed as:

r =
ω4L2

s C2
s RCs + ω2C2

s RcwRCs(Rcw + RCs) + Rcw

(1−ω2LsCs)
2 + (ωCs(Rcw + RCs))

2 (2)
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x =
ω3LsCs

(
CsR2

Cs − Ls
)
−ωCsR2

cw + ωLs

(1−ω2LsCs)
2 + (ωCs(Rcw + RCs))

2 (3)

where: Rcw = Rw + Rc and thus, the effective real and imaginary parts of the complex
permeability are [7]:

µ′r =
lc

µ0 AcN2 ·
x
ω

(4)

µ
′′
r =

lc
µ0 AcN2 ·

r
ω

(5)

As is self-evident, the effective complex permeability values depend on the inductor
core geometry and winding structure, and thus are unique for each inductor setup [6]. So,
the data given by the core manufacturers are for close-to-ideal inductors and are valid
far from the inductor self-resonance; otherwise, it may only serve as a base for the initial
estimation of the core magnetic permeability behavior. This assumption will be verified in
the next subsection.

2.2. Experimental Verification of Inductor Complex Permeability Values

The experimental verification of inductor complex permeability was performed using
Bode 100 VNA from Omicron Lab together with a homemade impedance adapter similar
to the B-WIC test fixture at 0 dBm testing signal strength (Figure 3). The test prototypes
were built with commercially available cores and winding wires. The inductors’ physical
parameters are shown in Table 1, while the test results are shown in Figure 4a–f and the
inductors themselves in Figure 5a,b, respectively, where:

Ac —core cross-section area;
lc —length of magnetic path;
N —number of turns;
Gap —length of the air gap;
t —distance between two adjacent winding turns;
SRF —inductor self-resonant frequency;
L —inductance measured at approximately 10 kHz;
Cs —inductor stray capacitance at self-resonant frequency;
d —winding wire diameter.

Figure 3. Complex permeability test-bench setup.
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Table 1. Physical parameters of inductors under test.

Sample
No. Core Type Core

Material
Ac

[mm2]
lc

[mm]
N
[-]

Gap
[mm]

t
[mm]

SRF
[MHz]

L
[µH]

Cs
[pF]

d
[mm]

Sample 1 TN 10/6/4 3C90 7.8 24.1 10 N/A 2.5 9.907 103.78 2.48 0.28
Sample 2 TN 20/10/7 3C90 33.6 43.6 10 N/A 4.7 2.814 234.17 13.65 0.75
Sample 3 TN 25/15/10 3C90 48.9 60.2 10 N/A 6.3 2.954 237.23 12.49 0.75
Sample 4 TX 58/41/18 3E25 152 152 10 N/A 15.6 1.262 574.60 27.64 0.75
Sample 5 ETD 44/22/15 3C90 173 103 10 N/A 3.2 2.365 331.23 13.67 0.75
Sample 6 ETD 44/22/15 3C90 173 103 10 1.3 3.2 27.663 21.17 1.56 0.75

Figure 4. Effective complex permeability plots: blue—real part of complex permeability;
orange—imaginary part of complex permeability; (a) sample 1; (b) sample 2; (c) sample 3;
(d) sample 4; (e) sample 5; (f) sample 6.
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Figure 5. (a) Sample 2 used in verification of complex permeability characteristics; (b) sample 3 used
in verification of complex permeability characteristics; (c) sample 5 with possible micro air gaps
affecting complex permeability values.

The testing signal strength as per IEC 62044-2 was chosen so as not to exceed
Bmax = 0.25 mT.

As shown in Figure 4a–f, the core shape and the windings’ structure impact the
complex permeability values as predicted. This makes the permeability characteristics
unique for each inductor, especially near the inductor’s self-resonant frequency.

The imaginary part of the effective complex permeability characteristics bends up-
wards at low frequencies. This phenomenon is mostly due to the resistance of the inductor
windings and, to a lesser extent, the remaining parasitic RLC elements of which the physical
inductor is made (Figure 2).

The effective complex permeability model itself represents the physical behavior of
a real inductor, where the resistance of the winding wires and other parasites must be
included. Therefore, the bending might be removed from the measurement, e.g., by a curve
fitting [4], because it represents a physical change from the dominance of the core loss to
the winding loss.

The possible cracks in the core material or small air gaps not visible to the naked
eye, which, e.g., exist at the joints of core halves, might significantly decrease the complex
permeability, and thus the inductance of an inductor itself (Figures 4e and 5c).

The above is even more self-evident if the gapped inductor is considered. The influence
of the gap, and thus its resistance and the resistance of the fringing field, dominates, signifi-
cantly decreasing the values of the real and imaginary parts of the complex permeability
characteristics (Figure 4f).

The low-frequency bending phenomenon will be investigated in the next subsection.

2.2.1. Mathematical Verification of Low-Frequency Effective Complex Permeability

As shown, the measured low-frequency imaginary part of complex permeability bends
upwards to the higher values. Mathematically, this phenomenon might be explained by
the fact that when the frequency decreases toward zero (Equation (2)), the real part of the
inductor impedance tends toward the frequency-independent finite value, which is the
windings’ DC resistance (RwDC). This can be written as:

lim
ω→0

r = RwDC (6)
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while at the same time, the imaginary part of the effective complex permeability tends
toward infinity:

lim
ω→0

µ
′′
r =

lc
µ0 AcN2 ·

r
ω

=
lc

µ0 AcN2 ·
RwDC

ω
→ ∞ (7)

The bending indeed exists and is caused by a natural phenomenon, which comes from
the inductor lumped model and is a part of the effective complex permeability model itself.

On the other hand, the above phenomenon does not exist if we consider the real part
of complex permeability. In this case, the imaginary part of the inductor impedance tends
toward zero

lim
ω→0

x = 0 (8)

while the real part of the complex permeability tends toward a high but finite value, which
depends on the inductor’s lumped parameters and can be expressed as follows:

lim
ω→0

µ′r =
lc

µ0 AcN2 ·
x
ω

=
lc

µ0 AcN2 ·
(
−CsR2

cw + Ls

)
≈ lc

µ0 AcN2 · Ls (9)

Based on the measurement results from Section 2.2 and mathematical explanation of
the low-frequency bending phenomenon, the new iterative approximation curve-fitting
technique together with the verification of complex permeability characteristics will be
presented next.

2.2.2. Verification of Effective Complex Permeability Characteristics Based on Inductor
Equivalent Model and Iterative Approximation Curve Fitting

The measured complex permeability curves can be verified by the iterative approx-
imation curve-fitting technique based on a series un-gapped equivalent inductor model
(Figure 2). The inductors chosen to do the fitting are sample 2 and sample 3 with ferrite
core made of 3C90 material from Ferroxcube and wound with 10 turns of widely spaced,
0.75 mm-diameter, enameled copper wire (Figure 5a,b). The average space between ad-
jacent winding wires was assumed to be 4.7 mm for sample 2 and 6.3 mm for sample 3
(Table 1). During the fitting process, the samples’ impedance was measured from
100 Hz to 13 MHz using Bode 100 VNA (Figure 6a–d). The inductance measurement
was taken at a frequency of about 10 kHz, which lies within the plateau range of the
measured characteristics. It is suspected that most of the inductor stray capacitance is
between the wire turns and between the wire turns and the core (Figure 7). Therefore, the
dielectric loss tangent of the capacitor ESR is a complex case influenced by the dielectric
permittivity of several materials such as enameled copper wire coating, the air between the
wire and the core, the core coating, and the core material itself.

Unfortunately, too little research has been conducted on the electrical parameters of
such materials, so not many loss tangent characteristics versus frequency are commonly
available [6,24]. It is assumed that most of the capacitor ESR loss tangent is due to the
ratio of the core imaginary and the real part of complex permittivity, which might sharply
increase at high frequencies due to the ferrite material structure itself, the core shape, and
its dimensional resonance [6,25]. Based on the complex permeability curve-fitting results,
it was assumed that the loss tangent is equal to 4 across the entire frequency range. This
assumption does not influence the low-frequency calculations but allows reasonably good
curve-fitting results close to and above the inductor self-resonance.

The approximation Itself assumes that the Inductor windings’ resistance changes along
the frequency range according to the standard Dowell equation [1,2,17]. This assumption
yields accurate results, especially if the inductor has no distributed or discrete air gaps and
is made of one layer of widely spaced winding turns.
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Figure 6. (a) Sample 2 impedance plot: red—impedance magnitude; blue—impedance phase;
(b) sample 2 inductance plot: red—inductance value; blue—impedance phase; (c) sample 3 impedance
plot: red—impedance magnitude; blue—impedance phase; red—impedance phase; (d) sample 3
inductance plot: red—inductance value, blue—impedance phase.

Figure 7. Sample 2 and 3 cross-section with highlighted turn-to-turn and turn-to-core capacitance.

The extraction assumes that the measured complex permeability values follow
Equations (4) and (5) where r and x come from the impedance measurement. Then, the
obtained results are compared with estimated ones, which are also calculated with the help
of Equations (4) and (5); however, this time r and x come from Equations (2) and (3), namely:

µ′restimated
= µ′rmeasured

+ ξµ′r (10)

µ
′′
restimated = µ

′′
rmeasured + ξ

µ
′′
r

(11)

ξµ′r = µ′rmeasured
− µ′restimated

(12)
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ξ
µ
′′
r
= µ

′′
rmeasured − µ

′′
restimated (13)

where:
µ′rmeasured

—real part of effective complex permeability (the measured characteristic);
µ
′′
rmeasured —imaginary part of effective complex permeability (the measured characteristic);

µ′restimated
—estimated real part of complex permeability, using Equations (3) and (4);

µ
′′
restimated —estimated imaginary part of complex permeability, using Equations (2) and (5);

ξµ′r —shift between measured and estimated real part of complex permeability characteristic;
ξ

µ
′′
r

—shift between measured and estimated imaginary part of complex permeability
characteristic.

The fitting variable is the imaginary part of the complex permeability, which is part of
the core series resistance (Rc), and is expressed as follows:

Rc =
µ
′′
r f itted µ0N2 Acω

lc
(14)

The µ
′′
r f itted is the value, which is stripped away from the influence of the parasitics and

represents the actual core loss. Its value can be obtained during the iterative sweep (in this
case, sweep from 1 to 2400 with a step of 1) when the absolute value of the shift given by
Equation (13) is minimal:

ξ
µ
′′
rmin

= MIN |µ′′rmeasured − µ
′′
restimated | (15)

To obtain the best fitting results, the series inductance Ls was assumed to be a variable
one, which changes along the frequency range following the changes in the measured real
part of complex permeability, as such:

Ls =
µ′rmeasured

µ0N2 Ac

lc
(16)

As can be seen from the plots (Figures 8–11), the fitted values of the imaginary part
of the complex permeability flatten out at low frequency, being stripped away from the
influence of winding resistance, as was predicted in [4]. The estimated and measured
complex permeability characteristics align at higher frequencies, suggesting that they are
closely fitted. The relative fitting error between µ

′′
rmeasured and µ

′′
restimated does not exceed 2%

for the loss tangent greater than 2 for both of the testing samples. This proves that the
inductor model matches reality and the method proposed seems to be correct.

Figure 8. Sample 2 real and imaginary parts of complex permeability: dark blue—real part of
measured characteristic; green—real part of estimated characteristic; dark red—imaginary part of
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measured characteristic; purple—imaginary part of estimated characteristic; light blue—imaginary
part of fitted characteristic.

Figure 9. Sample 2 fitting convergence depending on loss tangent value: dark blue—real part of
measured characteristic; green—real part of estimated characteristic; dark red—imaginary part of mea-
sured characteristic; purple—imaginary part of estimated characteristic; light blue—imaginary part
of fitted characteristic; (a) loss tangent 0.03; (b) loss tangent 0.3; (c) loss tangent 2; (d) loss tangent 3.

Figure 10. Sample 3 real and imaginary parts of complex permeability: dark blue—real part of
measured characteristic; green—real part of estimated characteristic; dark red—imaginary part of
measured characteristic; purple—imaginary part of estimated characteristic; light blue—imaginary
part of fitted characteristic.
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Figure 11. Sample 3 fitting convergence depending on loss tangent value: dark blue—real part of
measured characteristic; green—real part of estimated characteristic; dark red—imaginary part of mea-
sured characteristic; purple—imaginary part of estimated characteristic; light blue—imaginary part
of fitted characteristic; (a) loss tangent 0.03; (b) loss tangent 0.3; (c) loss tangent 2; (d) loss tangent 3.

The method heavily depends on the inductor stray capacitor ESR (RCs) value
(Figures 9a–d and 11a–d). Unfortunately, there are not sufficient data available, which
would prove or disprove this phenomenon and would clearly estimate the ESR value along
the frequency range. The approach to limit its range and estimate its value will be shown
in the next subsection.

2.2.3. Estimation of Inductor Stray Capacitor ESR Value

The ESR of the inductor stray capacitor (RCs) depends on the dielectric loss tangent
(Equation (1)) of several materials (Figure 7). As suspected, one of the biggest contributors
to the ESR is the loss tangent of the core coating and the core itself. In order to verify this, a
homemade testing fixture has been developed (Figure 12a,b).

The test fixture has a set of two electrodes placed on adjustable arms to fit in between
toroidal cores with an external diameter of up to 25 mm. During the test, a sample is placed
between electrodes and its admittance is measured.

In the method presented in this paper, the calculations are performed with an inductor
series equivalent model. In addition, the stray capacitance within the model also has the
ESR in series. The relationship between admittance, complex permittivity, and the loss
tangent calculations shall also be described by a series capacitor model, which can be
expressed as follows:

tanδ =
ωε

′′
r + σ

ωεr′
(17)

Ys = Gs + jωCs (18)
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εr = ε′r − jε′′r (19)

ε′r =
Csds

ε0 As
(20)

ε
′′
r =

Gsds

ωε0 As
=

σ

ωε0
(21)

where:

ω —angular frequency;
Gs —measured series conductance;
Cs —measured series capacitance;
εr —series relative complex permittivity;
ε′r —real part of series complex permittivity;
ε
′′
r —imaginary part of series complex permittivity;

σ —material conductivity;
ds —sample thickness;
As —sample cross-section.

Figure 12. (a) Complex permittivity test-bench; (b) complex permittivity test fixture.

During the measurement, the inductor core together with the coating is placed between
electrodes, and its impedance is measured by a Bode 100 VNA. Before measurement, to
minimize any possible measurement error, the short, open, and load compensation is
performed. Fortunately, the loss tangent is not directly dependent on the sample size
and shape except for the effect of dimensional resonance (Equations (17)–(21)). This
phenomenon [6,25] in this particular case depends on more than the influence of the
granular structure of the 3C90 ferrite, and this will be discussed later in this paper.

The test results show (Figure 13a,b) that the loss tangent of the polyamide 11 (PA11)
dielectric coating to 3C90 ferrite core for both samples (sample 2 and sample 3) can reach
up to 0.048 at the inductor self-resonant frequency and up to 0.16 at 13 MHz, which is the
end of the complex permeability measurement range. The 0.16 value sets the lower limit
for the sought loss tangent. This value, even though expected, is surprisingly low and far
from the assumed 4. In fact, a toroidal inductor has a relatively complex structure, and thus
the loss tangent mechanism might originate somewhere else.

One of the ways to figure this out is to look at the inductor’s behavior at and beyond its
self-resonant frequency, where the inductor becomes a capacitor, and the complex permit-
tivity defines its value and the value of the loss tangent with regard to the whole inductor.
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Figure 13. Coating-to-core permittivity and loss tangent characteristics. (a) Real and imaginary
parts of complex permittivity: grey—real part of sample 2; yellow—imaginary part of sample 2;
blue—real part of sample 3; orange—imaginary part of sample 3; (b) loss tangent: orange—sample 2;
blue—sample 3.

The impedance sweeps of sample 2 and sample 3 were again performed from
100 Hz up to 40 MHz and the inductor admittance, complex permittivity and the loss
tangent was calculated using Equations (17)–(21) (Figure 14a,d). In this case, we do not
know the exact value of the capacitor thickness and cross-section due to the non-obvious
capacitor structure, which is, in fact, a structure of a toroidal inductor. The loss tan-
gent does not depend very much on the sample thickness and cross-section, and thus
Equation (17) can be simplified to:

tanδ ≈ ε
′′
r

εr′
=

Gs

ωCs
(22)

Figure 14. Sample 2 and sample 3 loss tangent and complex permittivity characteristics. (a) Loss
tangent: orange—sample 2; blue—sample 3; (b) loss tangent—zoom at self-resonant frequency:
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orange—sample 2; blue—sample 3; (c) real and imaginary parts of complex permittivity: gray—real
part of sample 2; yellow—imaginary part of sample 2; blue—real part of sample 2; orange—imaginary
part of sample 3; (d) real and imaginary parts of complex permittivity zoom at self-resonant frequency:
gray—real part of sample 2; yellow—imaginary part of sample 2; blue—real part of sample 2; orange—
imaginary part of sample 3.

The characteristics show an exponential decay of the loss tangent ranging from ap-
proximately 753 for sample 2 and 156 for sample 3 at the inductor self-resonant frequency
to approximately 2.7 for sample 2 and 2.3 for sample 3 at 13 MHz. The sought loss tangent
value lies somewhere between these extremes, and if we include the value from the previ-
ous measurement, then the possible loss tangent range starts from 0.16 to 753 for sample 2
and 0.16 to 156 for sample 3.

Because the equivalent inductor model beyond the self-resonant frequency consists of
two parallel branches of a series R-C connection, it is difficult to distinguish the exact value
of the inductor stray capacitor ESR (RCs) directly from the measurement of the overall
capacitive inductor admittance/impedance. The loss tangent range does not give us an
exact answer to what the loss tangent is, but it narrows the possible choice.

The calculations and the test-bench results show that the best fitting results are with
the peak loss tangent values obtained at the inductor self-resonance. It suggests that the
stray capacitance has only a negligible impact on the complex permeability values in the
method presented herein.

A better understanding of the origin of the inductor stray capacitance and its ESR
requires an investigation of the core resonance phenomena and their influence on the
complex permeability values, which will be shown next.

2.2.4. Influence of Core Natural and Dimensional Resonance on Complex Permeability

In general, there are at least three factors that contribute to the resonance in Mn-Zn
ferrites [26–28], namely:

• resonance due to the windings’ stray capacitance and the inductor self-inductance;
• the windings behave as a distributed constant line;
• inherent characteristics of the magnetic material.

As stated in previous paragraphs, the inductor stray capacitance and its ESR, which
are assumed to be mostly related to the windings, seem not to impact the inductor complex
permeability characteristics, and the stray capacitor is somehow excluded from the overall
calculations. It contradicts what one might expect and suggests that the inductor resonance
originates somewhere else.

Moreover, the phenomenon when the winding behaves as a distributed constant line
is mostly profound in inductors with multiple turns at multi-megahertz frequencies in the
form of self-repeating resonance. This phenomenon is not visible in Figure 6a–d, so it shall
also be excluded.

The resonance phenomenon, which still pertains, is the resonance due to the inherent
characteristics of the magnetic material. In this case there are two phenomena:

• natural resonance;
• dimensional resonance.

Natural resonance happens to the ferrites with high magnetic permeability due to
the resonance of magnetization rotation under the action of the anisotropy field [26,27].
Above the resonance, the real part of complex permeability drops along the line called
Snoke’s limit.

Snoke’s limit can be calculated as follows [26,27]:

f · µr =
v · Bs

3 · π · µ0
(23)
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v = ge · qe ·
µ0

2 ·me
(24)

where:

f µr —Snoke’s limit in [MHz];
f —switching frequency;
µr —relative magnetic permeability;
v —gyromagnetic constant;
Bs —assumed magnetic saturation level of ferrite material;
µ0 —magnetic permeability of free space;
ge —electron g-factor;
qe —electron charge;
me —electron mass.

As shown in Figure 15a,b, the change in the real part of the complex permeability
characteristics for sample 2 and sample 3 is preceded by the permeability increase and then
followed by its sharp drop. The drop happens significantly before Snoke’s limit, which
suggests that the magnetic resonance cannot be attributed to the natural resonance but
rather to the second phenomenon, which is related to the shape and dimensions of the
inductor core.

Figure 15. Sample 2 and sample 3 real part of complex permeability characteristics at different
number of turns and Snoke’s limit; (a) sample 2: blue—1 turn; red—2 turns; green—6 turns;
violet—8 turns; light blue—10 turns; orange—Snoke’s limit; (b) sample 3: blue—1 turn; red—2 turns;
green—6 turns; violet—8 turns; light blue—10 turns; orange—Snoke’s limit.

For the sake of explanation, in the steady state at low frequencies, the field inside the
core is uniform and in phase with the excitation field provided by the windings, which
represents the quasi-static field assumption. However, if the frequency increases, then the
field tends to be concentrated at the surface of the core, and this is a well-known skin effect
that also applies to conducting materials such as ferrites.

Because of the combined effect of the high-resistivity phase of the ferrite grains and the
high permittivity and high permeability at the same time, the excitation field will propagate
through the core at a different velocity than in free space. This reduced velocity can be
expressed as a product of the wavelength, which is:

λ =
c

f
√

µrεr
(25)

where:

c —speed of light;
f —switching frequency;
µr —ferrite relative permeability;
εr —ferrite relative permittivity.
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In this case, the shorter wavelength causes phase displacement between the mag-
netic field inside the core and the magnetic field on its surface, and the quasi-static field
assumption does not apply anymore. It causes the net flux linking the windings to no
longer be a function of the core cross-sectional area. Moreover, if the dimensions of the
core are integer multiples of the wavelength, then the electromagnetic wave will resonate
inside the core and the crest of the standing wave will trigger the dimensional resonance.
If this happens, then the net flux linkage of the windings is zero, resulting in no apparent
inductance [26–28].

As mentioned, the phenomenon of dimensional resonance is clearly visible in Figure 15a,b,
where the real part of the complex permeability increases just below the resonant frequency
and then sharply drops above the resonance significantly before Snoke’s limit. The char-
acteristics show that the resonant frequency is almost independent of the number of the
winding turns, suggesting that the inductor stray capacitance and its ESR in the given
configurations is mostly due to the capacitance and the ESR of the core, which will be
discussed in the next paragraph.

2.2.5. Estimation of Inductor Stray Capacitance Value

An estimation of the core and the winding capacitances and their ESRs would im-
prove the lumped inductor model and help in the more precise extraction of the complex
permeability characteristics.

The theoretical estimation of the windings’ capacitance has been made using the
method given in [2] (Table 2), namely:

Ctt =
2ε0MLT√(

1
εr

ln d0
di
+ 1
)2
− 1

arctan

√1 +
2

1
εr

ln d0
di

 (26)

Csnc =
Ctt

N − 1
(27)

C1,N = Ctt +
C1(N−2)Ctt

2C1(N−2) + Ctt
(28)

Cswc ≈ 1.366Ctt f or N ≥ 10 (29)

Csdc ≈ 1.366Csnc = 1.366
Ctt

N − 1
f or N ≥ 10 (30)

where:

Ctt —turn-to-turn capacitance of single layer inductor;
N —number of turns;
MLT —mean length of turn;
εr —relative permittivity;
ε0 —permittivity of free space;
d0 —winding wire diameter with coating;
di —bare winding wire diameter;
Csnc —inductor stray capacitance without a core;
C1,N —inductor stray capacitance with a core and N turns;
Cswc —approximated inductor stray capacitance with a core;
Csdc —approximated inductor stray capacitance with a dummy core;
SRFdc —self-resonant frequency of an inductor with a dummy core;
Csdc(meas) —measured inductor stray capacitance with a dummy core;
Ldc —inductance of an inductor with a dummy core.
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Table 2. Dummy-core-based sample 2 and sample 3 parameters.

Sample
No.

MLT
[mm]

di
[mm]

d0
[mm]

εr
[-]

N
[-]

Ldc
[nH]

SRFdc
[MHz]

Ctt
[pF]

Cswc
[pF]

Csnc
[pF]

Csdc
[pF]

Csdc(meas)
[pF]

Sample 2 34.5 0.75 0.775 4 10 211 305 7.18 9.80 0.80 1.09 1.29
Sample 3 42.0 0.75 0.775 4 10 328 236 8.74 11.93 0.97 1.33 1.39

This method has been verified two-fold: empirically by laboratory measurements and
by the finite element method (FEM) analysis.

In the laboratory measurement, the inductors’ windings are wound on acrylonitrile
butadiene styrene (ABS) dummy cores with an assumed relative permeability (µr) equal to
1. This approach allows for keeping the turns properly structured without influencing the
ferrite core and with negligible impact on the windings’ capacitance by the non-magnetic
dummy core.

At the beginning, the windings’ self-inductance is measured at approximately 5 MHz,
which is the plateau region of the impedance phase and close to the 90-degree phase shift
(Figure 16a,b). Then, the windings’ self-resonant frequency is captured using HP8753E
VNA (Figure 16c,d) with the one-port method. The measured winding capacitance is
simply a product of the inductor’s self-resonant frequency and the value of the inductance,
which is:

Csdc(meas) =
1

(2πSRFdc)
2 · Ldc

(31)

Figure 16. Sample 2 and sample 3 width of ABS dummy core. (a) Sample 2 inductance value
measured at 5 MHz: red—inductance value; blue—impedance phase; (b) sample 3 inductance value
measured at 5 MHz: red—inductance value; blue—impedance phase; (c) sample 2 imaginary part of
Z11 impedance with visible resonant transition: blue—impedance value; orange—impedance phase;
(d) sample 3 imaginary part of Z11 impedance with visible resonant transition: blue—impedance
value; orange—impedance phase.

The empirical results show that the winding capacitance wound on the non-magnetic
dummy core is considered an interwinding capacitance between the wire windings them-
selves (Equation (27)); however, the slight increase in the capacitance due to the presence
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of a core material with a certain permittivity (Equation (30)) must be taken into account.
Moreover, the results show that the method given in [2] yields consistent results, with the
relative discrepancy between Cp (Table 1) and Cswc (Table 2) being 28.2% for sample 2 and
4.4% for sample 3. Even better results are obtained for the inductors with the dummy cores,
with the discrepancy between Csdc and Csdc(meas) being 15.5% for sample 2 and 4.3% for
sample 3 (Table 2).

The estimation of the inductor stray capacitance and self-inductance has also been
made by the FEM simulation carried out in Ansys Q3D. In the simulation, the frequency
range has been set from 100 Hz to 6 MHz, which is twice beyond the self-resonant frequency
of sample 2 and sample 3. The permeability, permittivity, and conductivity for both 3C90
and ABS cores have been assumed to be constant to exclude any possible natural or
dimensional core effects. The values of the inductors’ inductance and stray capacitance
have been measured at 10 kHz in the case of the ferrite core and at 5 MHz in the case of
the ABS core, which, as previously assumed, is the inductors’ inductance plateau region.
Additionally, the 1 mm spacing between windings and the core has been added for both
samples to account for copper wire stiffness and its bending curvature around the core
(Figure 5a,b).

The results show (Table 3, Figure 17a–f) that the discrepancy between the theoretical
prediction of the windings’ stray capacitance if a dummy core is used

(
Cscd

)
and the FEM

simulation (CsFEM) is almost negligible, with a relative error of 0.9% for sample 2 and
1.53% for sample 3. Moreover, the simulation shows that the 3C90 magnetic core with a
high permittivity of 105, high permeability of 2400, and relatively high conductivity of 4
has only a negligible impact on the windings’ capacitance, increasing its value only by
17.3% for sample 2 and by 17.6% for sample 3. This suggests that the resonant frequency
seen in the impedance characteristics of sample 2 and sample 3 (3C90 core based), and thus
the overall equivalent stray capacitance of the inductor, is mostly due to the dimensional
resonance of the core and associated with these phenomena.

Table 3. Ansys Q3D FEM simulation parameters and results for sample 2 and sample 3.

Sample
No.

Core
Material

MLT
[mm]

di
[mm]

N
[-]

εr
[-]

µr
[-]

σ

[S/m]
L(FEM]
[nH]

Cs(FEM)
[pF]

Sample 2 ABS 34.5 0.75 10 4 1 6.25 × 10−18 257.3 1.10
Sample 3 ABS 42.0 0.75 10 4 1 6.25 × 10−18 290.7 1.31
Sample 2 3C90 34.5 0.75 10 105 2400 4.00 228.9 × 103 1.29
Sample 3 3C90 42.0 0.75 10 105 2400 4.00 253.7 × 103 1.54

2.3. Improved Equivalent Inductor Model

As mentioned, the inductor self-resonant frequency depends not only on the windings’
capacitance but also on the apparent capacitance of the core.

In the case of the windings’ capacitance, it is assumed that in certain inductor config-
urations, the ferrite core has only a negligible impact on it. Therefore, this capacitance is
mostly defined by the coreless turn-to-turn capacitance (Csnc) and the capacitance of the
core coating or bobbin (Cswc) (Equations (26)–(30)) [2].

In the case of the core, the capacitance exists between core crystal grains due to the
high-resistivity phase deposited on the grain boundaries. This causes a high effective
permittivity [26], which, when combined with ferrite high permeability, significantly re-
duces the length of the electromagnetic waves propagating through the core. At certain
frequencies, the electromagnetic wave will resonate within the core, triggering dimen-
sional resonance, and thus causing a sharp drop in the real part of the complex perme-
ability. We might call the core capacitance an apparent one because it is not due to the
charge storage but rather due to the complex resonance-based phenomena, which causes a
winding–core flux decay. Its ESR is also a product of complex phenomena inside the ferrite
crystal structure.
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Nevertheless, to properly model the inductor, its stray capacitance shall be split into
two parts, one related to the windings and one related to the core (Figure 18).

Figure 17. Ansys Q3D FEM RLC parasitic extraction of sample 2 and sample 3. (a) Sample 2 3D
model with mesh shown; (b) sample 3 3D model with mesh shown; (c) sample 2 L-C characteristics
with dummy core: red—stray capacitance; green—inductance; (d) sample 3 L-C characteristics with
dummy core: red—stray capacitance; green—inductance; (e) sample 2 L-C characteristics with 3C90
core: red—stray capacitance; green—inductance; (f) sample 3 L-C characteristics with 3C90 core:
red—stray capacitance; green—inductance.

Figure 18. Improved series equivalent inductor model.
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Unfortunately, the relationship between the core and the windings is complex and im-
plicit, and thus, there is not enough scientific evidence as to what is the correct relationship
between their ESRs. To keep the model consistent with the obtained data, both ESRs have
been combined into one resistance (RCscw).

The windings’ capacitance (Csw) can be estimated using Equations (26)–(30). The
core capacitance (Csc) can be estimated by simply subtracting the capacitance obtained
from the L-C product at the inductor self-resonant frequency (Table 1). The combined
ESR (RCscw) of the windings and the core can be obtained using Equations (17)–(22) and
iterative approximation curve-fitting technique until the relative fitting error is small
(e.g., less than 2%) along the entire frequency range.

3. Discussion

As stated, several existing complex permeability measurement and calculation tech-
niques do not fully reveal how the complex permeability is measured and fitted, or the
fitting is oversimplified [4–10,12] or overcomplicated [11]. Moreover, these techniques
are often based on mathematical approximations and incomplete equivalent inductor
models where several fitting variables fitted at once take any arbitrary values [12,13].
This approach cannot lead to valid results and does not represent the physical behav-
ior of the inductor needed for SPICE-based simulation software commonly used in the
industry [14,15].

The proposed method addresses this issue by implementing the iterative approxi-
mation curve-fitting technique. This technique is based on the inductor series equivalent
model, with only one fitting variable, assuming that the inductance and the other quan-
tities change along the frequency range according to the measured inductor impedance.
This change and the model represent the physical behavior of an inductor, and only
one fitting variable assures high fitting accuracy without the possibility of taking any
arbitrary values by other quantities, which would otherwise be fitted. This allows for
the accurate estimation of complex permeability regardless of inductor size, shape,
winding structure, or frequency range. If the inductor stray capacitor ESR loss tangent
is correctly defined (in case of sample 2 and sample 3 is set above 2), then it is
possible to obtain a relative fitting error less than 2% along the entire frequency range
(Figure 19a–d).

This careful study shows that the change in inductor inductance and other quan-
tities is mostly due to the core’s dimensional resonance and the windings’ turn-to-turn
and turn-to-core capacitance. The dimensional resonance also influences the inductor
stray capacitance and its ESR values. The mechanism of how they originate is further
investigated by test-bench measurements, calculations, and the FEM simulation, which
are shown to be in good agreement. This has resulted in the proposal of an improved
inductor equivalent model, which splits the stray capacitance into two parts: one re-
lated to the windings and one related to the core and frequency-dependent ESR of the
stray capacitor.

However, the proposed techniques shall be further examined, especially if we consider
multi-winding, multi-layer inductors with a significant stray capacitance related to the
windings. Furthermore, the FEM simulation shall be improved using models with PA11
ferrite core coating and a close winding alignment to the core. This might prove with higher
precision the capacitance relationship between the core and the windings, allowing for
further verification of stray capacitance and its ESR values.
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Figure 19. Relative fitting error between µ′′rmeasured and µ′′restimated (a) sample 1: orange—tandδ = 0.03;
blue tanδ = 0.3; (b) sample 1: green—tandδ = 2; grey—tandδ = 3; red—tandδ = 4; (c) sample
2: orange—tandδ = 0.03; blue tanδ = 0.3; (d) sample 2: green—tandδ = 2; grey—tandδ = 3;
red—tandδ = 4.

4. Conclusions

This paper shows improved measurement and calculation techniques regarding the
complex permeability of ferrites, one of the essential quantitates that define inductor behav-
ior in the frequency domain. This is significant because it might help in the development
of improved inductor loss models and universal simulation models (e.g., SPICE models)
that capture all AC loss mechanisms (core loss, winding loss, etc.), which do not yet exist,
especially if we consider high-frequency power electronics applications.

The proposed method is based on the inductor equivalent model, and thus allows
for the correct estimation of complex permeability values directly from the impedance
measurement regardless of inductor size, shape, winding structure, or frequency range.
As the results show, it reveals with high accuracy not only the low-frequency complex
permeability values, e.g., the values of the imaginary part stripped from the influence of
windings’ resistance, but also the permeability peak values existing in the vicinity of the
resonance. This information would be otherwise hidden or diminished by parasite(14ic
components, of which the real inductor is made.

The method is also simple and intuitive to process, assumes the frequency dependence
of most of the inductor model components, and thus overcomes some limitations and
complexity of other methods.
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