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Abstract: Reconfigurable intelligent surface (RIS) is emerging as a promising technology to achieve
coverage enhancement. This paper develops a tractable analytical framework based on stochastic
geometry for performance analysis of RIS-assisted millimeter wave networks. Based on the frame-
work, a two-step cell association criterion is proposed, and the analytical expressions of the user
association probability and the coverage probability in general scenarios are derived. In addition,
the closed-form expressions of the two performance metrics in special cases are also provided. The
simulation results verify the accuracy of the theoretically derived analytical expressions, and reveal
the superiority of deploying RISs in millimeter wave networks and the effectiveness of the proposed
cell association scheme to improve coverage. Furthermore, the effects of the RIS parameters and the
BS density on coverage performance are also investigated.

Keywords: reconfigurable intelligent surface; millimeter wave; cell association; coverage probability;
stochastic geometry

1. Introduction

Reconfigurable intelligent surfaces (RISs), consisting of elementary units called meta-
atoms, can control wireless propagation, enhance link capacity, increase physical layer
security, and extend network coverage by manipulating the phase and amplitude of re-
flected or refracted electromagnetic waves [1]. The emergence of RISs has changed the
inherent paradigm of wireless communication system design, from passively adapting
to the wireless environment to actively reshaping the electromagnetic environment [2].
RIS-assisted communications provide network planning engineers with new system design
freedom, becoming one of the potential key technologies for sixth generation (6G) wireless
mobile networks. At present, both academia and industry are striving to explore and
evaluate the performance of RIS-assisted wireless communication networks by means of
path loss models [3] and experimental measurements [4] of RIS-assisted links.

The RISs with controllable beams [5], low energy consumption [6], and flexible de-
ployment [7] are regarded as a perfect patch for the blocking-sensitive millimeter wave
networks. RIS-assisted millimeter wave networks are expected to provide mobile users
with extremely high-speed, wide-area coverage, and high-quality communication services.
In fact, RISs are suitable for various indoor and outdoor environments [8-10]. Ref. [8]
established for the first time a universal indoor and outdoor channel model for RIS-assisted
millimeter wave systems in the propagation environment with multiple random diffraction
and scatterers. The model considers many physical characteristics and device characteris-
tics, such as line-of-sight (LOS) probability, time delays, shadowing effects, actual gain of
the RIS elements, and array response. The RIS channel simulator software package of [8]
can be effectively applied to system-level simulations to evaluate the capacity, spectral
efficiency, coverage performance and transmission rate of RIS-assisted systems by provid-
ing channel coefficients and electromagnetic environment parameters separately. It is well
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known that human activities have a significant impact on indoor signal coverage. The
authors of [9] comprehensively considered the occlusion effect of the human body and the
probability distribution of the human position, and proposed an indoor RIS deployment
strategy based on the human movement model. Furthermore, the proposed algorithm that
minimizes the outage probability based on room geometry can calculate the corresponding
RIS locations for single RIS deployments and multiple RISs collaborative deployments.
The simulation results presented show that properly deployed RISs can significantly re-
duce the indoor millimeter wave communication outage probability. Given that both RISs
and ultra-dense micro base stations (BSs) are used to enhance indoor millimeter wave
wireless coverage quality, the authors of [10] explored which deployment option is more
cost-effective. Through the joint analysis of coverage performance and deployment costs in
a common indoor environment, the authors concluded that both pure active deployment
and active-passive hybrid deployment can achieve the same network coverage. How-
ever, in order to meet coverage requirements with the lowest network cost, deploying an
appropriate number of BSs is indispensable for RIS-assisted communication networks.

This paper mainly focuses on outdoor scenarios such as urban areas. Some outstanding
researchers have studied the performance analysis of RIS-assisted outdoor millimeter wave
networks, and this paper is an extension of their research results.

For blocking scenarios, i.e., assuming all direct links between BSs and users are non-
line-of-sight (NLOS), Ref. [11] fully demonstrated the impacts of the RIS density on the area
spectral efficiency improvement based on the conventional path loss model. The research
results confirm that compared with traditional active networks, RIS-assisted networks effec-
tively improve area spectral efficiency and achieve higher energy efficiency. In addition, the
economic and maintenance costs of network deployment need to be considered in actual
engineering applications, which results in the total density of network equipments being
constrained. At this time, a compromise is required between the densities of RISs and BSs.
However, the authors of [12] did not consider NLOS direct links, used random shape theory to
model obstacles such as buildings, and derived the probability of the existence of LOS direct
links. Then, the deployment strategies of RISs in different scenarios were studied. Research
results show that for scenarios with dense obstacles, such as urban areas, deploying more
small-scale RISs is a better choice to improve coverage, while large-scale RISs are more suitable
for scenarios with sparse obstacles, such as rural areas. This paper considers a more realistic
case where both LOS and NLOS coexist, adopting the LOS ball model in [13], and utilizes
the path loss model for RIS-assisted transmission measured in [4].

Based on the analysis of signal-to-interference ratio (SIR), Ref. [14] verified the effec-
tiveness of deploying RISs to improve the SIR coverage of millimeter wave networks from
both theoretical analysis and simulation experiments. However, given that millimeter wave
networks are non-interference limited [15], the impact of noise on system performance can-
not be ignored. In addition, ref. [14] only considers Rayleigh fading in order to simplify the
analysis. Refs. [11,12] directly ignore the impact of small-scale fading. In order to improve
the universality of the research, this paper adopts a more generalized Nakagami-m fading.

Ref. [16] focused on RIS-assisted non-orthogonal multiple access networks, modeled
linear RISs as the user-centered Poisson cluster processes, and derived analytical expres-
sions for coverage and ergodic rate. Simulation results reveal that as the linear RIS length
increases, there is an upper limit to system performance. Ref. [17] extended the carrier
frequency in [16] to the millimeter wave band, modeled network elements as independent
homogeneous Poisson point processes (HPPPs), and adopted an association criterion based
on the maximum average received power. Furthermore, a statistical analysis of the distri-
bution of signal-to-interference-plus-noise ratio (SINR) is performed. Simulation results
show that for linear RISs, there is an optimal length to maximize the network coverage
probability. This paper extends the one-dimensional linear model of RISs in [16,17] to the
actual two-dimensional plane model and optimizes the cell association rules.

It can be seen from the above that the research results of this paper are more universal
because the path loss model, fading model and RIS model used are more consistent with the
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actual propagation environment. This paper provides a set of theoretical analysis results
for coverage analysis of the RIS-assisted millimeter wave networks based on the stochastic
geometric theory. The main contributions are summarized as follows:

¢ Cell association strategies directly affect user service quality. Different from the
traditional one-step association strategies such as maximum average received power
and nearest neighbor, we propose a two-step cell association criterion, where the first
step is based on the minimum distance and the second step is based on the maximum
average received power, which is equivalent to the minimum path loss.

*  With the help of void probability, Slivnyak-Mecke theorem and probability generating
functional in stochastic geometric theory, the tractable analytical expressions of user
association probability and coverage probability for the general scenario are derived.
Additionally, the asymptotic expression and closed-form upper bound of coverage
probability are given for the ultra-dense and high-blocking scenarios, respectively.

¢ Infact, our paper provides a general numerical method for evaluating the coverage
performance of RIS-assisted millimeter wave networks. Specifically, by substituting
system parameters such as network element density and channel parameters into
the formulas, we can directly obtain the value of the coverage probability without
performing the system-level simulations such as Monte Carlo.

The remainder of this paper is organized as follows. The RIS-assisted millimeter wave
system model is described in Section 2. In Section 3, the two-step cell association criterion is
proposed. The analytical expressions of the coverage probability are provided in Section 4.
Numerical and simulation results are presented in Section 5. Finally, Section 6 concludes
this paper.

2. System Model

Consider a RIS-assisted millimeter wave network in which the distributions of BSs,
RISs, and users are modeled as three independent HPPPs &, ®,, and ®,, with densities Ay,
Ar, and Ay, respectively. The BS with no user connection is in idle mode, and otherwise
in active mode [18]. The active BS distribution is also a HPPP &5, whose density is

expressed as:
s (1o (14 2 )7 1)
B—7 35N, '

Assume a typical user under consideration is located at the origin. The typical user can
receive signals directly from the BS or the RIS reflection; the former is called a direct link
and the latter is called an RIS-assisted link. The communication links for the RIS-assisted
millimeter wave network are shown in Figure 1. The LOS ball model suitable for dense
network scenarios is adopted to distinguish whether the direct link is LOS or NLOS, then
the path loss of the direct link can be expressed as:

Ly(x) = Cyx "tI(x < R¢) + Cyx "NI(x > R,), )
where C; = (%)2 is the intercept factor, v is the wavelength, I(a) is the indicator function,
x is the distance between the typical user and the BS, a; and ay are the LOS and NLOS
path loss exponents, respectively, and R. is the radius of LOS ball. Assume the typical user
and the BS are both in the far field of the RIS, then the path loss of the RIS-assisted link is in
the form of “distance products”, denoted as:

Lr(y,z) = Crlyz) ™, ®)

where C;, = 6%; is the path loss intercept factor of RIS-assisted links [4], S is the RIS
area, y is the distance between the RIS and the BS, z is the distance between the typical
user and the RIS, and ay is the path loss exponent of RIS-assisted links. It is generally

assumed that a, > 2, where x = {L, N, R} [19]. Since the signal propagation of LOS direct
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links and RIS-assisted links contains direct components, it is more universal to assume
that they experience Nakagami-m fading. NLOS direct links are assumed to experience
Rayleigh fading.

()

-

(@) @ Typical user
(A)) LOS BSs
* (B) NLOS BSs
/ RISs

LOS direct links

NLOS direct links

RIS-assisted links

Buildings

Trees

Figure 1. Communication links for reconfigurable intelligent surface (RIS)-assisted millimeter wave
networks.

The transmit power of BSs is P;. Antenna arrays at BSs perform directional beamform-
ing. For tractability of analysis, the power pattern of antenna arrays is modeled as a simple
sector model [13], in which the power gain of the main lobe with beamwidth 6 is a constant
M and the power gain of the side lobe with beamwidth 27t — 6 is a constant m. All users
are equipped with omnidirectional single antenna. The serving BS adjusts the radiation
direction to make the serving link obtains the maximum array gain M. The array gain of
the j-th interfering link can be denoted as a discrete random variable D;, whose value is M

with probability p; = % and m with probability p, =1 — %.

3. Cell Association

Cell association criterion often directly affect network performance indicators such
as user fairness, coverage, and transmission rate. In traditional active wireless networks,
commonly used association strategies include nearest neighbor, maximum average re-
ceived power, and maximum instantaneous SINR. Based on the above one-step association
methods, we design a two-step cell association criterion for the RIS-assisted millimeter
wave network, which is an active/passive hybrid wireless network. Specifically:

¢ First step: If the typical user can observe at least one LOS BS, connect to the nearest one.

*  Second step: If there is no LOS BS observed, the typical user accesses the link with
the smallest path loss, i.e., the typical user connects to the nearest NLOS BS or RIS,
which reflects signals from the nearest BS.

Obviously, the derivation of user association probability is based on the statistical
analysis of the nearest distance. The probability density functions (PDFs) of the distances
from the typical user to its nearest NLOS BS and LOS BS are denoted as follows:

fﬁn (r) = 2mAyr exp(—n)\brz)ﬂ(r < R,), 4)

f}c\i(r) = 27tAyr exp(— 1A r?)I(r > R.). (5)
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The equivalent distance from the typical user to the nearest BS of the RIS-assisted

link is defined as w;, 4 YnZn, where y,, is the distance from the assist RIS to its nearest BS
and z;, is the distance from the typical user to its nearest RIS. The PDFs of y, and z, are
fyu(r) = 27Arexp(—mApr?) and £, (r) = 27mA,r exp(—7A,r%), respectively. The PDF of
wy is given by:

£8,() = 42 A Ko (277 Aoy ), ©)

where Ky (a) is the modified Bessel function of the third kind [20].
Next, the user association probability based on the two-step cell association criterion
is given by Lemma 1.

Lemma 1. The probability of the typical user associated with a LOS BS in the direct link is
as follows:

AL =1— exp(—mbkg). @)

The probability of the typical user associated with a NLOS BS in the direct link is:
Ay = /Rc [exp (—n)tbe) —exp (—N/\bq)z(r)) } f?ﬁn (r)dr, (8)

~ 1
where R = ¢~ 1 (R.) with function ¢(x) = (4nS~1xR) ™ . The probability of the typical user
connects to a RIS in the RIS-assisted link is Ag =1 — Ap — AN.

Proof. According to the void probability of HPPPs, (7) can be obtained. The proof of (8) is
similar to Lemma 2 in [13], which is omitted here. [

For the case of no LOS direct links, i.e., R; = 0, (8) can be written in the following
closed form when ayn = 2ag:

AN—1—1[ 9 1n<19—|—\/l92—1>—1}, )

2 —-1|v/82 -1

1 2
where ¢ = %(/A\—’;)z<%” e
Furthermore, the distribution of the distance from the typical user to its serving BS is

given by Lemma 2.

Lemma 2. Conditioning on that the typical user associated with a LOS BS in the direct link,
the PDF of the distance to the serving BS is:

: f5, (1)
for) = == (10)

Given that the typical user connects to a NLOS BS, the PDF of the distance to the serving BS is:

geel

e =50 7w a)
° AN Jorrn T
The PDF of the equivalent distance from the typical user to the serving BS in the RIS-assisted link

is: . .
(1) = u;'il(?exp(—nAhRgﬁ(r <R+ fujg](:) exp(—n)\bqoz(r)>]l(r >Re). (12

Proof. It can be proved by a method similar to Lemma 1. It is omitted here for brevity. [J



Electronics 2023, 12, 4270

6 of 14

4. Coverage Analysis

In this section, the SINR of the typical user is firstly analyzed, and then the analytical
expression of the SINR coverage probability is given.

4.1. SINR Analysis
When the typical user connects to the LOS serving BS in the direct link, the perfor-
mance is mainly limited by the interference from other LOS BSs, so the NLOS interference
and the thermal noise are neglected. The SINR can be approximately expressed as:
Mhkx, ™

SINR, = —
L

, (13)

where I} = Y hJIf Djx;”L is the LOS interference normalized by P;Cy, CI>§ is the LOS BS
je@g / bo
set, the serving BS is denoted by by, the small-scale fading channel gain hjL follows a gamma
distribution, expressed as h].L ~ Gamma(gr,1/g1), and shape parameter g; is related to
the physical propagation environment.
The SINR of the typical user associated with the NLOS BS in the direct link is as follows:

Pch(I)\]CdxaaN
SINRy = ———— 14
N Iy + 02 (14)
where Iy = PiC; Y h]N D]-x]._aN is the interference from other BSs in the NLOS BS set

je@Y /by
ol h]N is the channel gain of NLOS direct links, following an exponential distribution with

mean 1, and 02 is the power of additive white Gaussian noise.
When the typical user associates with the assist RIS, the SINR is given by:

PMhRCrwy R

SINRg = ,
R Iy + Ig + 02

(15)

where Ig = ¢P,C, ) hf D;(yizn) "R is the interference caused by the assist RIS reflect-
iedp/b
ing the signals from fntgrfering BSs. Similarly, as it is experiencing Nakagami-m fading,
the small-scale fading channel gain is h}{ ~ Gamma(gg,1/gr). It is assumed that only the
reflected signals of the assist RIS point to the typical user, and other RISs do not interfere
with the typical user. ®p is the set of interfering BSs located on the same side of the assist
RIS as the serving BS. ¢ is the interference factor, which is actually related to the incident
angle difference between the interfering BS and the serving BS relative to the center point of
the assist RIS. For tractability of analysis, the interference factor is assumed to be a constant.

4.2. Coverage Probability

The network coverage probability is defined as P 2 P(SINR > 7), where 7 is the
SINR threshold. Based on Lemmas 1 and 2, and the total probability formula, P. can be
given by the following theorem.

Theorem 1. The coverage probability P, can be evaluated as:
P. = A PL + ANPN + ARPR, (16)

where P- 2 P(SINR}, > 7) is the coverage probability of the typical user associated with the LOS
BS in the direct link, measured by:

Re 8L
ph= [ <gnL> exp (—mhor™ ¥ (g1, a1, 1)
n=1

exp(n)\BR%‘Yl (gL, ar, myLr“LR;“L) )f}o (r)dr, (17)
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flzy) =

2
where Y1(a,b,c) £ Y. Bi2Fi(a, —%,1 — %, —BEY — 1] with By = 1, Bp = &, 2F1(a,b;c;d) is
i=1

_1
the Gauss hypergeometric function and n; = g1 (g1!) ¢; PN 2 P(SINRy > T) is the coverage
probability of the typical user connected to the NLOS BS in the direct link, computed as:

PN = [ exp (07 a(an, 1) exp(~onr™) P (r)dr, (1)

A 2 A
where Y5 (a,b) = % El Bipi2F1 (1,1 — 2 a,—Tplb) 6 =2mApT, and vn = MPth PR =

P(SINRR > 7) is the conditional coverage probability when the typical user access to the RIS-
assisted link, given by:

A 2
/ / 1)l <3R> exp(—nszlPl(gRraR’énﬂR)

fzn( )fyn (y)
R

—5¢*(zy)¥a(an, nyr) — vR (Zy)”R)f (z,y)dzdy, (19)

- 2
where ngr = gr(gR!) 2R, VR = ‘;\A}%If, and f(z,y) is denoted as:

fz (Z)fyn (v)
AR

exp(—mApR)I(zy < Re) + exp(—mApp? (zy))l(zy > Rc), (20)

Proof. See Appendix A. [

For some special scenarios, the analytical expression of P. can be simplified to a
relatively simple form or even a closed form. The network coverage probability for the ultra-
dense and high-blocking scenarios is given by Corollary 1 and Corollary 2, respectively.

Corollary 1. For the ultra-dense case, the asymptotic expression of coverage probability is expressed
as PYP = A PL,

Proof. When A, — oo, A — 1. Then, the asymptotic result can be obtained directly
from (16). O

Corollary 2. For the high-blocking case, the closed-form expression for a tight upper bound of
coverage probability is given by:

(1) (gR> M oo (az‘f'l(gR, ag, §nir) + ) Ei (_ a2'¥1(gr, ar, GniyR) + 1 ) , 1)
nj)n n n
where 0 = M, ty = TABAMPC, , and Ei(x) is an exponential integral function.

o2TyR 202TyR

Proof. Users access the network through the RIS-assisted links because the signals of the
direct links are severely attenuated in the high-blocking case, i.e., Ax = 1. We can reduce
the exponential term vg (zy)"® in (19) to vg (zy)z, as follows:

oogR TABY?
=L B (e (- v o)

—5([)2 (zy)¥2(an, nyRr) — vR(zy)2>f(z,y)dzdy. (22)

Then, with the help of Equation (3.352.4) and Equation (8.211.1) in [20], it is easy to obtain
21). O
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5. Simulation Results

In this section, the proposed two-step cell association criterion, the analytical expres-
sion of coverage probability in general scenarios given by Theorem 1, and the closed-form
expression of coverage probability in high-blocking scenarios given by Corollary 2 are
verified by the Monte Carlo method where the main system parameters [13] shown in
Table 1 are adopted if not mentioned otherwise and the RIS area S in square meters is set

as ZOOOW(MAr)_%. The number of simulations for each sampling point is 10°. For each
simulation, the network topology is generated within a disk with a radius of 5 km according
to the stochastic geometric model described in Section 2, and the typical user is located
in the center of the two dimensional region. Figure 2 visually presents the process of the
Monte Carlo method. In addition, the effects of different system parameters on network
coverage performance are shown in Figures 3-7, where the theoretical values obtained
by the formulas are labeled “Formula”, and the simulation results obtained by the Monte
Carlo method are labeled “Simulation”.

Figure 3 shows the coverage performance comparison of different cell association
criteria and different network architectures. As it shows, when the SINR threshold is less
than 12 dB, the two-step cell association criterion proposed in this paper achieves better
coverage performance than the one-step cell association criterion in [17]; when the SINR
threshold is greater than 12 dB, the performance of the two is almost the same. In addition,
it can be observed that deploying RISs in millimeter wave networks can effectively improve
the coverage probability because the RIS-assisted links have better channel conditions than
NLOS links. Moreover, the theory results are almost the same as the Monte Carlo simulation
results, verifying the accuracy of the analytical expressions in Theorem 1. Furthermore, it
can also be observed that the coverage performance of the network decreases as the SINR
threshold increases, which is obvious because the coverage probability is essentially the
complementary cumulative distribution function of the SINR threshold.

Figure 4 shows the effects of the RIS area on the coverage performance. Note that
according to the assumption of “far field” in Section 2, the RIS area needs to satisfy

s < ZOOOW(M/\r)_% [4]. We can find the network coverage probability increases with
the increase of RIS area due to the contribution of NLOS direct link and RIS-assisted link
coverage performance improvement. However, there is no change in the coverage proba-
bility of LOS direct links for increasing the RIS area, since P! is independent of S according
to (17). Although using larger-area RISs can effectively improve network coverage, com-
munication operators need to make a compromise between network performance and
equipment cost during actual deployment. Ref. [2] conducts an in-depth study on the
total deployment cost of active and passive hybrid networks under the premise of meeting
performance requirements. Additionally, Figure 4 also reveals that the direct LOS links
have extremely high coverage performance, which implies that stable transmission can be
provided to users. This is because the LOS service BS is usually close to the user, resulting
in relatively small signal loss.

A more complicated trend for the coverage performance is revealed in Figure 5. When
the millimeter wave network is sparse, e.g., A, < 102 km~2, the coverage probability quickly
increases with Ay, because the more BSs are deployed, the greater the probability of users
accessing the LOS direct link. As for the dense scenario, e.g., 10 km=2 < A, < 103 km™2,
the coverage probability suffers rather slow growth and even decline in a certain BS density
interval due to stronger interference experienced by users connected to the LOS direct link.
When the network is ultra-dense, e.g., A;, > 10° km~?2, the coverage probability is inde-
pendent of the RIS density, and increases gradually with the increase of the BS density.
In this scenario, the users are almost only associated with the LOS BSs, so the denser the
BSs, the closer the users are to the serving BSs. Furthermore, the asymptotic results in
Corollary 1 are the same as the theoretical results in Theorem 1, verifying the validity of
the asymptotic expression for ultra-dense scenarios.
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. The process of the Monte Carlo method.
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Table 1. Parameter settings.

Parameter Value
Carrier frequency 28 GHz
Bandwidth 100 MHz
BS transmit power, P; 40 dBm
Noise power, o2 —94 dBm

Main lobe power gains of BS antenna arrays, M 10 dBi

Side lobe power gains of BS antenna arrays, m —10 dBi
Main lobe beamwidth, 6 /3

Path loss exponent of LOS direct links, ay, 2.1

Path loss exponent of NLOS direct links, ax 4.2

Path loss exponent of RIS-assisted links, ag 2.1

Shape parameter of Nakagami-m fading, gr. 3

Shape parameter of Nakagami-m fading, gg 2

Radius of LOS ball, R, 50 m
Interference factor, ¢ 0.1

User density, A, 5 x 102 km—2
BS density, A, 1 x 102 km—2
RIS density, A, 2 x 103 km—2

Figures 6 and 7 focus on high-blocking cases. As shown in Figure 6, the gap between
the upper bound and the exact result gradually decreases as ag tends to 2, which verifies
the validity and applicability of the closed-form expression in Corollary 2. It can be seen
from Figure 7 that narrowing the beamwidth of antennas effectively improve the coverage
performance, because the narrower main lobe can reduce the interference from other
BSs. Although the dense deployment of RISs also contributes to increasing the coverage
probability, the efficiency of performance improvement is not high, and there is a coverage
performance ceiling. Furthermore, as the RIS density increases, the gap between the upper
bound and the exact value gradually decreases.
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6. Conclusions

In this paper, the two-step cell association criterion was proposed for the RIS-assisted
millimeter wave networks, and the tractable analytical expressions of the user association
probability and the coverage probability were provided. The accuracy of the theoretical
expressions was verified through Monte Carlo simulations. In addition, simulation results
revealed that the proposed cell association criterion can achieve better coverage perfor-
mance. Moreover, it is interesting to find that in sparse, dense, and ultra-dense scenarios,
the coverage performance presents different trends with the increase of the density of
BSs and RISs, which provides inspiration for system design and deployment. Further-
more, utilizing highly directional antennas is a more efficient method to improve coverage
probability than densely deploying RISs.
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Appendix A

Proof of Theorem 1. For brevity, only the proof of (19) is given, and the proofs of (17) and
(18) follow a similar method:

PR = P(SINRg > )

o Ig+1 )R\
@f P<h§>(R+N+U)Tr )fR(r)dr
0

PMC, “o

0o 00 Ip + In + 2 ar
@/0 /0 P<h§>(R N +0?)T(zy) >f(Z,y)dzdy, AD

PMC,

where (a) follows from (15) and the distribution of wy, while (b) follows from w, = y,z,.

(Ir + In + 0?)T(zy)"™® 9rli_ |1 exp(_'?R(IR + Iy + o) T(zy)™ ) o
PMC, PMC,
d 8R
9 Yo (-1t (gnR) L (sr) L1y (sr) exp(—vr (yz)"?), (A2)
n=1

where L(s) = E[exp(—sI)] is the Laplace transform of I and sg = %. Here,
(c) follows from Lemma 6 in [13] and (d) is based on the Binomial theorem. Note that gg
is assumed to be an integer here, and the interpolation method in [2] can be used for the
non-integer case.

Resorting to the derivation method similar to Proposition 1 in [21], we can obtain:

A 2
,CIR(SR) = exp(—n ZBy 1Ifl(gR,ClR,CI’lﬁR)). (A3)
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(e 1
EIN(SR) = Ech D —
el m 1+ rnnR(%‘iM’(zy)“ij N

6 2 ) v
> exp(—27mAp 2/31/ 2 do)

i=1 plzy) 1+ %

4mS—ltnnrg;(zy)"R

(8)
= eXp(—fS(Pz(zy)‘Pz(aN, nnR)), (A4)

where (e) directly follows from the distribution of h]N , (f) is based on the probability
generating functional and reducing the lower limit of integral from R to ¢(zy) for the case
zy < R, and (g) follows from Equation (3.194.2) in [20].

Then, substituting (A4), (A3), and (A2) into (A1), (19) is obtained. Finally, (16) is
obtained based on the total probability formula. O
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