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Abstract: In this paper, we provide a novel methodology for high-precision positioning that utilizes
1-bit additional information, which applies to various positioning techniques. The proposed approach
leverages binary information to indicate if a user is within a specified space of interest and refines the
estimated location information outside this area. By matching the estimated locations outside the
area of interest with the valid location information within, this methodology corrects the positional
data obtained through any arbitrary positioning technique, aligning the estimated positions with
the intended spatial boundaries. Performance analysis metrics, such as Average Positioning Error
(APE) and Cumulative Distribution Function for positioning coverage, were employed to assess
the effectiveness of the proposed methods. Numerical simulations demonstrate how the proposed
method enhances the averaged positioning accuracy, significantly outperforming the conventional
time of arrival method. Furthermore, the proposed positioning correction methodology demonstrates
validated feasibility applicable to an arbitrary existing positioning method.

Keywords: Average Positioning Error (APE); Geometric Dilution of Precision (GDoP); Side information;
Time of Arrival (ToA)

1. Introduction

The rapid advancements in mobile communication have driven the emergence of
diverse convergence services [1]. These services, which utilize location information, are
finding commercial applications in areas such as autonomous driving and smart factories.
Location-based services rely on multiple mobile communication technologies, including
beacons, wireless fidelity (Wi-Fi), Ultra-WideBand (UWB), and 5G. Owing to the growing
significance of location information, researchers have extensively investigated positioning
technologies using various wireless communication methods [2–8].

Along with the technical evolution of wireless communications, the 3rd Generation
Partnership Project (3GPP) has been pivotal in standardizing location positioning tech-
nologies across various cellular network generations [9], with significant advancements
observed in recent releases, particularly Release 16 (Rel-16) [10] and Release 17 (Rel-17) [11].
Specifically, Rel-16 introduced multiple enhancements to location services in the 5G context.
This release saw the implementation of time-based positioning methods, such as multi-
round-trip time (RTT), and the downlink and uplink Time Difference of Arrival (TDoA)
for standalone 5G New Radio (NR) deployments. Furthermore, it utilized angle of arrival
(AoA) and angle of departure (AoD) based positioning measurements. These methods
combine timing and angle measurements to achieve a higher positioning accuracy, essential
for applications in sectors like automotive and Industrial Internet of Things (IIoT). Moving
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to Rel-17, there is a further refinement in the positioning accuracy and the introduction of
integrity and reliability measures. Specifically, Rel-17 targeted the indoor location accuracy
to 20–30 cm for certain use cases, such as factory automation, which is critical for Industry
4.0 applications. This release also aimed at reducing the latency in positioning to support
time-critical applications such as remote-control operations. In addition to the accuracy and
latency improvements, Rel-17 emphasized the integrity protection of location information.
This involves ensuring the reliability of the positioning data, particularly for safety-critical
applications where incorrect data could have severe implications. The release also defined
key performance indicators for the reliability and integrity of the measurement reports,
limited primarily to Global Navigation Satellite System (GNSS) procedures.

Location information is commonly acquired using Time of Arrival (ToA) or AoA
techniques. ToA-based positioning measures the signal arrival time to estimate the position.
Typically, a minimum of three anchor points is required to obtain two-dimensional location
information. The difference in the signal arrival times between these anchor points aids
in determining the location of the terminal [12–17]. In contrast, AoA-based positioning
calculates the user terminal’s position by measuring the angles between the terminal and
anchor points. At least two anchors are required to determine the 2D location information.
The terminal’s location is determined by measuring the angle between the target and
reference nodes in a 2D space [18,19].

Numerous studies have explored various perspectives to improve the average accuracy
of fundamental positioning techniques. External environmental factors, such as multipath
and obstacles, introduce errors in the obtained location information, prompting researchers
to enhance the positioning accuracy [20]. For example, some methods use a variable or
a correct term instead of a square term to effectively reduce Non-Line-of-Sight (NLoS)
errors along the actual axis. Other approaches consider angular anchor placement and
employ a mathematical analysis or grid search technology-based algorithms to enhance
the accuracy by incorporating ToA and AoA in a geometric-based single-bounce circular
model [21]. Additional methods reduce the errors by applying new formulas, such as the
Weighted Centroid Localization (WCL) algorithm with cross-thresholds, to enhance the
location estimation accuracy [22]. Additionally, the proposed two-stage Time of Signal
Estimation (TSE) algorithms update the temporary estimation results using only addition,
multiplication, and square root operations [23]. Researchers have also explored the use of
neural networks, such as Artificial Neural Networks (ANN) and Radial Basis Function
(RBF) neural networks, to address measurement errors [24], offering alternative techniques
for improving positioning accuracy. Recently, there have been studies to enhance not
only the positioning accuracy but also the connectivity in conjunction with connection
information, a low complexity approach with a low-resolution analog to digital converter,
and machine learning [25–27].

The main contribution of this study is to provide a novel methodology that enhances
positioning accuracy by incorporating additional 1-bit information, which indicates if
the estimated location is within a predefined space of interest. Specifically, our main
contribution in comparison with existing related works can be elaborated as follows:

• Enhancement in positioning accuracy by considering the channel environment [20,28–30]

– Combination of Channel Impulse Response (CIR) based fingerprinting position-
ing and iterative-ToA real-time positioning methods

– Non Line of Sight (NLoS) mitigation algorithms were used to improve incorrect
location estimates corrupted by NLoS errors and proposed a cellular-based
location tracking system.

• Localization methods considering geometric arrangements for location estimation
accuracy [21,31,32]

– Analysis of the optimal geometry for the two-dimensional ToA localization
configurations based on minimizing the area of estimation confidence region
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– A new grid search-based technique was proposed to solve the constraint, nonlin-
ear, underdetermined Equations for wireless location in NLoS environments

• New formula-based algorithms for error reduction [22,23,33]

– A novel algorithm for reducing error called TSE computing estimates and updat-
ing the location vector

– ToA method with low computational complexity

• Machine learning-based localization method [24]

– Application of ANN and RBF neural network to localization methods with
ToA measurements

• Our work

– Proposal of position correction method which applies to existing artibrary posi-
tioning schemes.

Since our proposed scheme is a kind of position correction scheme that serves to
correct the position value into the space of interest when the position value is estimated out
of the space of interest, it may be applied to any positioning schemes such as ToA, TDoA,
AoA, fingerprint-based positioning, and so on In this case, the 1-bit information refers to
the amount of information indicating whether the user using the location service is in the
space of interest. More specifically, it means having a value of 1 when it is in the space
of interest and 0 when it is not in the space of interest. Therefore, it is possible to correct
the positioning value obtained through the existing positioning technique through the
information on whether it is in the space of interest, which is the main issue of this paper.
This 1-bit information corrects the obtained location, improving measurement accuracy.
The proposed methodology effectively leverages supplementary 1-bit data to refine and
enhance positioning precision.

The paper is organized as follows: Section 2 presents the positioning system model,
including tailored anchor placement strategies for positioning within a predefined space of
interest. Section 3 introduces Geometric Dilution of Precision (GDoP) as a fundamental met-
ric for assessing positioning accuracy. Section 4 presents novel methodologies for effectively
correcting the acquired location information. Section 5 analyzes the simulation results, fo-
cusing on the average positioning accuracy and the location information correction method.
Finally, Section 6 concludes the paper by summarizing the key findings and contributions.

2. System Model

Figure 1 illustrates the spatial environment designed to accurately estimate the user’s
2D location information (x, y). The positioning setup involves evenly spacing k anchors
at each corner, resulting in a total of N = 4k anchors (where k is a positive integer). Each
anchor is assigned position information denoted as [xi, yi]. It is assumed that the user has
knowledge of these anchor positions.

Figure 1. Spatial environment for 2D location information estimation.



Electronics 2024, 13, 1574 4 of 13

This study introduces a correction method that utilizes ToA-based 2D positioning
to enhance positioning accuracy. The ToA-based 2D location information, represented as
X = [xi, yi]

T , is defined as follows:

X = (HTH)−1HTY, (1)

where

H =



2(x2 − x1) 2(y2 − y1)
2(x3 − x1) 2(y3 − y1)

...
...

2(xN − x1) 2(yN − y1)
2(x3 − x2) 2(y3 − y2)

...
...

2(xN − x2) 2(yN − y2)
2(x4 − x1) 2(y4 − y3)

...
...

2(xN − xN−1) 2(yN − yN−1)



, (2)

Y =



d2
1 − d2

2 + x2
2 − x2

1 + y2
2 − y2

1
d2

1 − d2
3 + x2

3 − x2
1 + y2

3 − y2
1

...
d2

1 − d2
N + x2

N − x2
1 + y2

N − y2
1

d2
2 − d2

3 + x2
3 − x2

2 + y2
3 − y2

2
...

d2
2 − d2

N + x2
N − x2

2 + y2
N − y2

2
d2

3 − d2
4 + x2

4 − x2
3 + y2

4 − y2
3

...
d2

N−1 − d2
N + x2

N − x2
N−1 + y2

N − y2
N−1



, (3)

di =
√
(x − xi)2 + (y − yi)2, i = 1, 2, 3, . . . , N, (4)

and A−1 represents the inverse matrix of A.

3. Preliminaries on GDoP

The GDoP is a theoretical indicator that correlates measurement errors with errors in
the position estimation, particularly within the domain of type-position estimation [23]. It
serves as a valuable tool for understanding the linear position estimators’ limitations in the
positioning performance.

GDoP =
σp

σr
(5)

The term σp denotes the root mean square (RMS) value of the positioning error,
whereas σr represents the RMS value of the measured value error in (5). The GDoP is
calculated based on this equation, with a lower GDoP value indicating a more accurate
position measurement. Therefore, it is crucial to utilize positioning anchors with lower
GDoP values to enhance the accuracy. The specific calculation outlined in this study was
employed to determine the GDoP of the location estimation technique.

si =
√
(x − xi)2 + (y − yi)2, i = 1, 2, 3, . . . , N (6)
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At =


x−x1

s1

y−y1
s1

...
...

x−xN
sN

y−yN
sN

, (7)

GDoP =
√

Tr(ATA)−1 (8)

The variable si represents the distance between the anchor and the user’s exact location
in (6). The term A is employed in the calculation of GDoP, where Tr(A) represents the trace
of matrix A, which is the sum of its main diagonal components. As the distance between
the anchors and the user’s location increases, the GDoP also increases. Moreover, increasing
the number of anchor nodes decreases the GDoP. This formula demonstrates the impact of
measurement errors on location accuracy, emphasizing how the geometric arrangement
of the anchor nodes affects the GDoP. Figure 2 illustrates the uniform distribution of the
anchors around the terminal. The GDoP at the center point can be calculated using the
formulas outlined in [23,33].

s1 = s2 = s = 3 = . . . = sN = R,

GDoP =
√

Tr(ATA)−1
(9)

Here, N represents the number of anchors, and as N increases, the positioning accuracy
at the center point also improves proportionally to

√
N.

Figure 2. Space partitioning for applying position correction methodology.

4. ToA-Based Positioning Technology Using Additional Information

The proposed method aims to enhance the location accuracy by adjusting the estimated
location information using 1-bit data that indicate the user presence within a predetermined
space. Correcting the estimated position value when it exceeds the specified space is a
logical step, as this reduces the measurement errors. Analyzing the measurement results
separately minimizes errors and enhances the location estimation accuracy. To achieve
this objective, the given space was divided into S0, S1, and S2. These divisions rectify
the location estimation information for each specific area. S0 denotes the user space, S1
represents the space located at the edge beyond the user space, and S2 corresponds to the
space adjacent to the user space. Consequently, the position estimation value is corrected
based on the following facts pertaining to each area:

• Owing to the absence of external positioning points in space S0, the position is esti-
mated using only the general ToA. In space S1, located outside the user space, the ToA
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value is used for measurement, and an additional method is employed to adjust the
positioning point within this space;

• Two methods are available for correcting points in the S1 space. The first method
involves using the anchor point located at the closest corner of the user space. The
second method involves correcting points outside the space by considering the inter-
section formed by the center point of the user space and the anchors, with straight
lines passing through them;

• Two methods are available for correcting points in the S2 space. The first method
corrects the external point by lowering it perpendicularly to the user space formed by
the anchor, while the second method corrects the external point using the intersection
of the user space and the straight line passing through the center point of the user
space. Table 1 provides an overview of the correction methods employed for each area
in relation to the position estimation values.

Note: This study employed ToA for location estimation, but any technique can be used
for the proposed schemes #1–3. Figures 3–5 depicts each three schemes.

Figure 3. Conceptual description of Scheme #1.

Figure 4. Conceptual description of Scheme #2.
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Figure 5. Conceptual description of Scheme #3.

Table 1. Three cases according to the applicable method.

S0 S1 S2

Conventional ToA ToA

Scheme #1 ToA
Correction of location

information based
on Euclidean distance

Project to the adjacent
boundary by leveraging

Scheme #2 ToA
Correction of location

information based
on Euclidean distance

Correction of location information
by leveraging intersection
of the adjacent boundary

with the line outside the center

Scheme #3 ToA

Correction of location information
by learning intersection of
the boundary with the line

outside the center

Correction of location information
by leveraging intersection
of the adjacent boundary

with the line outside the center

4.1. Scheme #1

The first method corrects the outer point in the S1 area by using the close anchor
coordinates of each corner. Additionally, it corrects the outer point located in the S2 area
(xout, yout) by vertically lowering it to the nearest side of the user space and replacing
it with the point U = [x∗, y∗]. This method, which is simpler compared to Scheme #1,
aligns the external point with a point in the user space, effectively reducing the overall
positioning error.

4.2. Scheme #2

The second method corrects the outer point in S1 by utilizing the close anchor coor-
dinates of each corner. Additionally, it corrects the outer point in the S2 area by finding
the intersection of the user space and the straight line passing through both the user
space’s center point and the user space’s side. The intersection is determined using the
following method:

0 =
yi − yi+1

xi − xi+1
(0 − xi+1) + yi+1 (10)

0 =
0 − yout

0 − xout
(0 − xout) + yout (11)
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In this case, the center point is set at the origin (0, 0). If we represent the measurement
coordinates as U = [x∗, y∗], and combine (10) and (11) into a single matrix, the expression
becomes as follows:

G = RU (12)

R =

[ yi−yi+1
xi−xi+1

−1
0−yout
0−xout

−1

]
(13)

G =

[ yi−yi+1
xi−xi+1

xi+1 − yi+1
0−yout
0−xout

xout − yout

]
(14)

U =
(

RTR
)−1

RTG (15)

Accordingly, the modified U = [x∗, y∗] can be obtained using (15).

4.3. Scheme #3

The third method corrects both spaces S1 and S2 at the intersection of the external
point and the straight line passing through the center point of the user space. The formula
used is depicted in Scheme #2.

This study analyzes schemes #1 to #3 from the GDoP perspective. Establishing a regu-
lar polygon around the center is preferable for accurate position estimation at the center
point (0, 0) regarding GDoP. As the number of anchors increases, the spatial arrangement
resembles circles, leading to a decrease in location accuracy in the following order: Scheme
#3, Scheme #2, and Scheme #1. Therefore, an effective approach is to correct the points out-
side the designated space by connecting the corresponding corner’s origin and intersection
with a straight line.

5. Performance Analysis
5.1. Simulation Environment

In this location estimation simulation, we evaluated the effectiveness of the proposed
correction methods applied to the basic linear location measurement methods (ToA and
AoA). To incorporate measurement errors, we introduced noise with varying variances
drawn from a normal distribution [23]. A lower variance noise indicates a greater mea-
surement precision, while a higher variance noise corresponds to a reduced accuracy. We
calculate σp using the GDoP to assess the theoretical limitations of the linear position
estimation method, ToA. This calculation determines the maximum expected positioning
error and is a simulation performance metric. The positioning error from each simulation is
converted into σp. The simulations are repeated 106 times to ensure statistically significant
results. Initially, we randomly generated terminal coordinates within a 10 m × 10 m user
range for the positioning simulation.

5.2. Simulation Result
5.2.1. Average Positioning Error Perspective

The Average Positioning Error (APE) compares the RMS values with the estimated
position coordinates obtained through the location estimation for randomly generated 2D
position coordinates within a 10 m × 10 m space. In addition, we express the RMS value σr
of the position estimation error based on GDoP using the following equation:

σp = GDoP ∗ σr (16)

The simulation values were obtained for each scheme, and the GDoP values were
calculated using (9) for the proposed method and the general ToA method with uniformly
distributed anchors. Additionally, the corresponding σp values were calculated and pre-
sented alongside the results.
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Analyzing Figures 6 and 7, it is evident that the noise value remains small, except for
σ = 100, resulting in minimal differences among the three methods. The overall accuracy
follows this improvement order: general ToA, GDoP-based error estimation with general
ToA, Scheme #1, Scheme #2, and Scheme #3. Notably, employing eight anchors instead of
four reduces the error in all five cases.
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Figure 6. APE when utilizing four anchors (k = 1).
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Figure 7. APE when utilizing eight anchors (k = 2).

Tables 2 and 3 show the difference between the APE value obtained through the GDoP
value and the APE of each method. Therefore, the three newly proposed methods have
better accuracy than the obtained positioning error, and the performance is good in the
order of Scheme #3, Scheme #2, and Scheme #1.

Table 2. Difference σp when using four anchors.

Difference in σp σp = 10−3 σp = 10−3 σp = 10−3 σp = 10−3 σp = 10−3

Conventional ToA 0.0000 0.0001 0.0010 0.0072 1.8063
Scheme #1 0.0000 0.0001 0.0013 0.0509 4.2573
Scheme #2 0.0000 0.0001 0.0014 0.0616 4.7129
Scheme #3 0.0000 0.0001 0.0015 0.0614 5.0164
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Table 3. Difference σp when using eight anchors.

Difference in σp σp = 10−3 σp = 10−3 σp = 10−3 σp = 10−3 σp = 10−3

Conventional ToA 0.0000 0.0008 0.0082 0.0840 3.2280
Scheme #1 0.0000 0.0008 0.0080 0.0738 1.4560
Scheme #2 0.0000 0.0008 0.0078 0.0477 2.0225
Scheme #3 0.0000 0.0008 0.0078 0.0481 2.3023

5.2.2. CDF Perspective of Mean Positioning Error

The Cumulative Distribution Function (CDF) of the APE used to generate the following
Figures 8 and 9. Figure 8 illustrates the increasing order of the x-axis error value as the
probability value approaches one for four anchors. The order of increasing magnitude is as
follows: Scheme #3, Scheme #2, Scheme #1, and the general ToA technique. In addition, a
distinct CDF value is observed when the σ value equals 100. Figure 9 depicts the CDF value
of the eight anchors at a σ value of 101. Among the eight cases, the magnitude of the x-axis
error value follows an increasing order: Scheme #3, Scheme #2, Scheme #1, and general
ToA. Scheme #1 investigates the correction of the point outside the user space to the nearest
anchor coordinate using the Euclidean distance in the edge area S0. It aims to align the
point with the user space by adjusting the estimated positioning value outside the given
space. Subsequently, Scheme #2 is introduced, improving the performance and reducing
positioning errors by aligning the center coordinates of the user space and the estimated
point at the intersection of a straight line and the user space. Notably, in the S0 area, the
accuracy is further enhanced by correcting the value based on the intersection of the center
coordinate and the straight line passing through the external point, surpassing the accuracy
of Scheme #2. From Figures 8 and 9, for achieving the same positioning coverage, the
required noise variance becomes more reduced in the following order: Conventional ToA,
Scheme #1, Scheme #2, and Scheme #3, which show that the Scheme #3 proves to be the
most effective approach for further enhancing the positioning accuracy.
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Figure 8. CDF when utilizing four anchors σ = [10−3, 101] (k = 1).

0 1 2 3 4 5

x 10
-3

0

0.2

0.4

0.6

0.8

1

F
(x

)

Conventional ToA

Scheme #1

Scheme #2

Scheme #3

0 20 40 60 80 100

x

0

0.2

0.4

0.6

0.8

1

F
(x

)

Conventional ToA

Scheme #1

Scheme #2

Scheme #3

Figure 9. CDF when utilizing eight anchors σ = [10−3, 101] (k = 2).



Electronics 2024, 13, 1574 11 of 13

5.3. Discussion

First, the most challenging part of applying the positioning technique is the part corre-
sponding to the corner of the space of interest. A typical service scenario corresponds to a
route to see displayed things in museums or art galleries. Typically, in such a scenario, you
will move along the boundary of the space of interest. In this situation, when estimating
the position on the boundary, it is very likely that the corresponding position estimation
information will not be accurate. Therefore, in such a non-trivial environment, this tech-
nique is meaningful in that it can be correctly corrected with the location information in
the space of interest. Second, the positioning correction technique proposed in this paper
has the advantage of being agnostic to a positioning technology that acquires positioning
information. In other words, the proposed positioning correction technique can be used no
matter what positioning technology (ToA, TDoA, AoA, fingerprint-based positioning, and
so on) is used. From this point of view, the proposed positioning correction technique has a
high possibility of expansion.

6. Conclusions

In this paper, we investigated two strategies to enhance positioning accuracy using
1-bit additional information. This approach involved incorporating information that indi-
cates if the estimated location coordinates are outside a predetermined range and applying
a corrective formula to refine the values. By leveraging the known spatial boundaries in
indoor environments, obtaining estimations closely corresponding to the actual positions
became feasible, even when the estimates exceeded the intended space. The performance
analysis metrics, including APE and CDF, were employed to evaluate the effectiveness of
the proposed methods. The results demonstrated that employing 1-bit additional infor-
mation for the location estimation correction improves the average positioning accuracy
compared to the conventional ToA method. The study highlighted that achieving optimal
performance involved correcting the location information estimated outside the designated
space by using a straight line that connects the center (0, 0) with the intersection point of the
corner. Notably, the proposed correction technique was not limited to ToA alone but can be
implemented across diverse positioning technologies, including AoA or hybrid ToA&AoA
approaches. Consequently, this method provided an additional algorithmic solution to
enhance the accuracy of location estimation systems deployed in various location-based
services. Based on this study, a location information-based linkage service can be conceived
as another work by linking location information and control information. For example,
when a user opens the door of the space, information that is in the space of interest can
be obtained implicitly through the act of opening the door, so 1-bit information that is in
the space of interest can be obtained through the control information that opens the door.
Based on such a representative use case, it will be possible to commercialize an ultra-precise
positioning service by linking 1-bit spatial information and control services. This study
is also not limited to a specific positioning technology but has the effect of correcting the
estimated positioning value by appropriately using the presence or absence of a user in the
space of interest in connection with any positioning technology. Based on this, it is expected
that various services can be implemented under the 6G communication infrastructure.
From the perspective of the 3GPP standard, the ongoing work in subsequent releases, such
as Rel-18 and beyond, continues to build on these foundations with more enhancements
planned in the areas of Artificial Intelligence (AI) and extended reality, aiming to leverage
positioning data for even more sophisticated applications. The evolution of 3GPP standards
illustrates a clear trajectory toward integrating more complex and accurate positioning
technologies into cellular networks. This is not only to meet regulatory requirements but
also to support a wide array of commercial applications across diverse sectors, including
automotive, logistics, smart manufacturing, and beyond. The focus on enhancing both tech-
nical capabilities like accuracy and reliability, as well as ensuring the integrity of location
data, reflects the increasing importance of positioning in the context of next-generation
mobile communications and applications.
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