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Abstract: In this work, we will explore the effects of non-commutativity in fractional classical and
quantum schemes using the flat Friedmann–Robertson–Walker (FRW) cosmological model coupled
to a scalar field in the K-essence formalism. In previous work, we have obtained the commutative
solutions in both regimes in the fractional framework. Here, we introduce non-commutative variables,
considering that all minisuperspace variables qi

nc do not commute, so the symplectic structure was
modified. In the quantum regime, the probability density presents a new structure in the scalar field
corresponding to the value of the non-commutative parameter, in the sense that this probability
density undergoes a shift back to the direction of the scale factor, causing classical evolution to arise
earlier than in the commutative world.

Keywords: fractional derivative; fractional non-commutative classical and quantum cosmology;
K-essence formalism

1. Introduction

The study and applications of fractional calculus (FC) to cosmology is a new line
of research that was born approximately twenty years ago. We have recently worked
along this line in the theory of K-essence and in the analysis of the K-essence theory, we
find several relevant indicators for its study. When this theory is analyzed as a perfect
fluid and in particular the barotropic parameter is constant, it is generally demonstrated
that this theory is equivalent to General Relativity coupled to ordinary matter with a
barotropic equation of state [1], which has been verified in particular with the standard
FRW model [2] and an anisotropic model, the Bianchi type I. The second indicator and
the one relevant for our case is that this is the only theory that when quantized under
the ADM formalism, a fractional Wheeler–DeWitt equation (WDW) in the scalar field
component is naturally obtained in different stages of the universe [2]. There are possibly
complementary theories such as quasi-quintessence that could have the same behaviors
given that they have a certain similarity with our approach; we will try to analyze them in
the immediate future [3,4]. However, we have not found any work in the literature, where
the idea of non-commutativity (NC) is applied to this formalism, which is why we are
interested in studying the effects of NC variables from the fractional calculus approach
and seeing their effects on the exact solutions or mathematical structure of the same. It is
well known that there are various ways to introduce non-commutativity in the phase space
and that they produce different dynamical systems from the same Lagrangian [5], as can
be shown, for example, in reference [6] and references cited therein. Therefore, distinct
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choices for the NC algebra among the brackets render distinct dynamic systems. We will
use non-commutativity in the coordinate space, which is where we have some working
practice in the past, leaving the application of moments space for the future [7], where other
quantities such as angular momentum appear between coordinates and momenta [8,9].

Usually, K-essence models coupled with gravity are restricted to the Lagrangian
density of the form [1,10–13]

S =
∫ √

−gLgeod4x, Lgeo = (R + f (ϕ)G(X)), (1)

where R is the scalar of curvature, the canonical kinetic energy is given by G(X) = X =
− 1

2∇µϕ∇µϕ, f (ϕ) is an arbitrary function of the scalar field ϕ, and g is the determinant of
the metric. K-essence was originally proposed as a model for inflation, and then as a model
for dark energy, along with explorations of unifying dark energy and dark matter. During
the development of research in non-commutative formalism within fractional cosmology
in K-essence theory, the presence of non-commutativity that usually accompanied the term
of the scale factor is disrupted here, since essentially Non-commutativity is more present in
the scalar field, modifying the mathematical structure that usually occurs in works in this
direction in non-fractional formalisms.

Then, the field equations are given by

Gµν + f (ϕ)
[
GXϕ,µϕ,ν + Ggµν

]
= Tµν, (2a)

f (ϕ)
[
GXϕ,ν

;ν + GXXX;νϕ,ν]+ d f
dϕ

[G − 2XGX ] = 0, (2b)

where we have assumed the units with 8πG = 1 and, as usual, the semicolon means a
covariant derivative, and the subscript X denotes differentiation with respect to X.

The same set of Equation (2a,b) is obtained if we consider the scalar field X(ϕ) as part of
the matter content, to say LX,ϕ = f (ϕ)G(X) with the corresponding energy-momentum tensor

Tµν = f (ϕ)
[
GXϕ,µϕ,ν + G(X)gµν

]
. (3)

Also, considering the energy-momentum tensor of a barotropic perfect fluid,

Tµν = (ρ + P)uµuν + Pgµν, (4)

with uµ being the four-velocity satisfying the relation uµuµ = −1, ρ the energy density,
and P the pressure of the fluid. For simplicity, we consider a comoving perfect fluid. The
pressure and energy density corresponding to the energy momentum tensor of the field
X are

P(X) = f (ϕ)G, ρ(X) = f (ϕ)[2XGX − G], (5)

thus, the barotropic parameter ωX = P(X)
ρ(X)

for the equivalent fluid is

ωX =
G

2XGX − G . (6)

Notice that the case of a constant barotropic index ωX (with the exception when ωX = 0)
can be obtained by the G function

G = X
1+ωX
2ωX . (7)

Choosing the barotropic parameter as

ωX =
2κ − 1
2κ + 1

, → G = Xα, (8)

where the α parameter

α =
2κ

2κ − 1
, (9)
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is relevant in our approach. Thus, we can write the barotropic parameter in terms of ωX =
1

2α−1 , when κ = α
2(α−1) . With this, we can write the states in the evolution of our universe as:

stiff matter : κ → ∞, ωX = 1, → G(X) = X.
Radiation: κ = 1, ωX = 1

3 , → G(X) = X2.
Radiation like: κ = 5

4 , ωX = 2
3 , → G(X) = X5/2.

dust like: κ → 1
2 , ωX → 0, → G(X) = Xm, m → ∞.

inflation : κ = 0, ωX = −1, → G(X) = 1, f (ϕ) = Λ = constant.
inflation like κ = 1

4 , ωX = − 1
3 , → G(X) = 1

X
κ = 1

10 , ωX = − 2
3 , → G(X) = 1

4√X
.

We construct the Lagrangian and Hamiltonian densities for the plane FLRW cosmo-
logical model, considering a barotropic perfect fluid for the scalar field in the variable X,
and present the general case for commutative formalism in Section 2 and non-commutative
formalism in Section 3. We present the quantum version in both cases, in Sections 4 and 5,
respectively. Finally, Section 6 is devoted to discussions.

2. Commutative Fractional Classical Exact Solution

We start with the following classical Lagrangian density that comes from the flat
Friedmann–Robertson–Walker fractionary cosmological model coupled to a scalar field in
the K-essence formalism [2]

L = e3Ω
[

6
Ω̇2

N
−

(
1
2

)α

(ϕ̇)
2αN−2α+1

]
. (10)

Using the standard definition of the momenta Πqµ = ∂L
∂q̇µ , where qµ = (Ω, ϕ), we obtain

ΠΩ =
12
N

e3ΩΩ̇, → Ω̇ =
N
12

e−3ΩΠΩ, (11)

Πϕ = −
(

1
2

)α 2α

N2α−1 e3Ωϕ̇2α−1, → ϕ̇ = −N
[

2α−1

α
e−3ΩΠϕ

] 1
2α−1

, (12)

and introducing them into the Lagrangian density, we obtain the canonical Lagrangian
Lcanonical = Πqµ q̇µ − NH as

Lcanonical = Πqµ q̇µ − N
24

e−
3

2α−1 Ω
{

e−
6(α−1)
2α−1 ΩΠ2

Ω − 12(2α − 1)
α

Π
2α

2α−1
ϕ

}
. (13)

Performing the variation with respect to the lapse function N, δLcanonical/δN = 0, the
Hamiltonian constraint H = 0 is obtained, where the classical density is written as

H =
1

24
e−

3
2α−1 Ω

e−
6(α−1)
2α−1 ΩΠ2

Ω − 12(2α − 1)
α

(
2α−1

α

) 1
2α−1

Π
2α

2α−1
ϕ

. (14)

For simplicity, we work in the gauge N = 24e
3

2α−1 Ω, and in the following we use the reduced
Hamiltonian density,

H = e−
6(α−1)
2α−1 ΩΠ2

Ω − 12(2α − 1)
α

(
2α−1

α

) 1
2α−1

Π
2α

2α−1
ϕ . (15)

In previous work [2], we found that the barotropic parameter in K-essence theory has
the form ωX = 1

2α−1 , and the fractional parameter is β = 2α
2α−1 , so, when ωX ∈ [0, 1],

then β ∈ [1, 2], and when ωX ∈ [−1, 0), then β ∈ (0, 1]. This is relevant because in the
quantum regime, the Laplace transform of a fractional differential equation depends on the
parameter n = [β] (integer part of the fractional parameter).
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With this, the Hamiltonian density is rewritten as

H = e−3(2−β)ΩΠ2
Ω − 24

β

(
2α−1

α

) 1
2α−1

Πβ
ϕ, (16)

then, the Hamilton equations are

Ω̇ = 2e−3(2−β)ΩΠΩ, (17)

ϕ̇ = −24
(

2α−1

α

) 1
2α−1

Πβ−1
ϕ , (18)

Π̇Ω = 3(2 − β)e−3(2−β)ΩΠ2
Ω, (19)

Π̇ϕ = 0, Πϕ = pϕ = constant. (20)

Substituting these results in the Hamiltonian constraint, we have that

Π̇Ω = pβ, ΠΩ(t) = p0 + pβ(t − t0), (21)

where p0 is an integration constant and pβ = 72(2−β)
β

(
2α−1

α

) 1
2α−1 pβ

ϕ. With this and using

Equation (17), the solution for the scale factor A(t) = eΩ becomes,

A(t) =
[

A0 + 6(2 − β)p0(t − t0) + 3(2 − β)pβ(t − t0)
2
] 1

3(2−β) , (22)

and the solution for the scalar field ϕ is

ϕ(t) = ϕ0 − 24
(

2α−1

α

) 1
2α−1

pβ−1
ϕ (t − t0). (23)

3. Non-Commutative Fractional Classical Exact Solution

We start with the following classical Hamiltonian that comes from the flat Friedmann–
Robertson–Walker fractionary cosmological model coupled to a scalar field in the K-essence
formalism (16), written in terms of the fractional parameter β = 2α

2α−1 , and in particular
gauge where to find the commutative equation of motion; we use the classical phase space
variables qµ = (Ω, ϕ), where the Poisson algebra for these minisuperspace variables are

{qµ, qν} = 0
{

Πqµ , Πqν
}
= 0,

{
qµ, Πqν

}
= δ

µ
ν , (24)

H =
1

24
e3(1−β)Ω

e−3(2−β)ΩΠ2
Ω − 24

β

(
2α−1

α

) 1
2α−1

Πβ
ϕ

. (25)

In the commutative model, the solutions to the Hamiltonian equations are the same as
in General Relativity, modified only by the fractional parameter. Now, the natural exten-
sion is to consider the non-commutativity version of our model, with the idea of non-
commutativity between the two variables (Ωnc, ϕnc), so we apply a deformation of the
Poisson algebra. For this, we start with the usual Hamiltonian (16), but the symplectic
structure is modified as follows{

ΠΩ, Πϕ

}
⋆
= 0,

{
qµ, Πqµ

}
⋆
= 1, {Ω, ϕ}⋆ = θ, (26)

where ⋆ is the Moyal product [14], and the resulting Hamiltonian density is

Hnc = e−3(2−β)Ωnc Π2
Ω − 24

β

(
2α−1

α

) 1
2α−1

Πβ
ϕ, (27)
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but the symplectic structure is the one that we know, the commutative one (24). It is well
known that there are two formalisms to study concerning the non-commutative equations
of motion; the first formalism that we exposed has the original variables, but with the
modified symplectic structure,

q̇µ
nc = {qµ,H}⋆,

Π̇µ
nc = {Pµ,H}⋆, (28)

and for the second formalism, we use the shifted variables (Bopp shift approach) but with
the original (commutative) symplectic structure

q̇µ
nc = {qµ

nc,Hnc},

Π̇µ
nc = {Πµ

nc,Hnc}. (29)

In both approaches, we have the same result.
The commutation relations (24) can be implemented in terms of the commuting coor-

dinates of the standard quantum mechanics (Bopp shift) and this results in a modification
of the potential like term of the Hamiltonian density and one possibility is, for example,

Ωnc = Ω +
θ

2
Πϕ, ϕnc = ϕ − θ

2
ΠΩ. (30)

These transformations are not the most general possible to define non-commutative fields.
With this in mind, our Hamiltonian density has the form

Hnc = e−3(2−β)[Ω+ θ
2 Πϕ]Π2

Ω − 24
β

(
2α−1

α

) 1
2α−1

Πβ
ϕ, (31)

the Hamilton equations are

Ω̇ = 2e−3(2−β)[Ω+ θ
2 Πϕ ]ΠΩ, (32)

ϕ̇ = −3θ(2 − β)

2
e−3(2−β)[Ω+ θ

2 Πϕ ]Π2
Ω − 24

(
2α−1

α

) 1
2α−1

Πβ−1
ϕ , (33)

Π̇ϕ = 0, Π̇Ω = 3(2 − β)e−3(2−β)[Ω+ θ
2 Πϕ ]Π2

Ω, (34)

with these equations, the solution for ΠΩ is the same as in the commutative case, so the
solution for the scale factor becomes

Aθ(t) = e−
θ
2 pϕ A(t), (35)

where A(t) is the solution presented in Equation (22). The solution for the scalar field is

related to ΠΩ as ϕ̇ = − θ
2 Π̇Ω − 24

(
2α−1

α

) 1
2α−1 pβ−1

ϕ ; then

ϕ(t) = ϕ0 − 24
(

2α−1

α

) 1
2α−1

pβ−1
ϕ (t − t0)−

θ

2
ΠΩ, (36)

for both commutative solutions, the scale factor y scalar field ϕ are obtained when the
non-commutative parameter θ goes to zero.

4. Commutative Fractional Quantum Exact Solution

The Wheeler–DeWitt (WDW) equation for this model is obtained by making the usual
substitution Πqµ = −ih̄ ∂

∂qµ into (16) and promoting the classical Hamiltonian density in

the differential operator applied to the wave function Ψ(Ω, ϕ), ĤΨ = 0. Then, we have

−h̄2e−3(2−β)Ω ∂2Ψ
∂Ω2 − 24

β
h̄β

(
2α−1

α

) 1
2α−1 ∂βΨ

∂ϕβ
= 0. (37)
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For simplicity, the factor e−3(2−β)Ω may be the factor ordered with Π̂Ω in many ways.
Hartle and Hawking [15] suggested what might be called semi-general factor ordering,
which, in this case, would order the terms e−3(2−β)ΩΠ̂2

Ω as −h̄2e−[3(2−β)−Q]Ω ∂Ωe−QΩ∂Ω =

−h̄2 e−3(2−β)Ω ∂2
Ω + h̄2 Q e−3(2−β)Ω∂Ω, where Q is any real constant that measures the am-

biguity in the factor ordering in the variables Ω and its corresponding momenta.
Thus, Equation (37) is rewritten as

h̄2e−3(2−β)Ω
[
− ∂2Ψ

∂Ω2 + Q
∂Ψ
∂Ω

]
− 24

β
h̄β

(
2α−1

α

) 1
2α−1 ∂βΨ

∂ϕβ
= 0. (38)

By employing the separation variables method for the wave function Ψ = A(Ω)B(ϕ), we
have the following two differential equations for (Ω, ϕ)

d2A
dΩ2 − Q

dA
dΩ

∓ µ2

h̄2 e3(2−β)ΩA = 0, (39)

dβB±
dϕβ

±
( α

2α−1

) 1
2α−1 µ2 β

24h̄β
B± = 0, (40)

where B± considers the sign in the differential equation. The fractional differential Equation (40)
can be given in the fractional frameworks, following [16] and identifying γ = β

2 = α
2α−1 ,

where now γ is the order of the fractional derivative taking values in 0 < γ ≤ 1; then, we
can write

d2γB±
dϕ2γ

±
( α

2α−1

) 1
2α−1 γµ2

12h̄2γ
B± = 0, 0 < γ ≤ 1; (41)

the solution of Equation (41) with a positive sign may be obtained by applying direct and
inverse Laplace transforms [16], providing

B+(ϕ, γ) = E2γ

(
−z2

)
, z =

( α

2α−1

) 1
2(2α−1)

√
γµ

2
√

3h̄γ
ϕγ, 0 < γ ≤ 1. (42)

In the ordinary case, γ = 1; then, the solution is

B+(ϕ, 1) = E2

[
−
(

µ

2
√

3h̄
(ϕ − ϕ0)

)2
]
= cos

(
µ

2
√

3h̄
(ϕ − ϕ0)

)
. (43)

Following the book of Polyanin [17] (page 179.10), we discovered the solution for the
first equation for γ ̸= 1, considering different values in the factor ordering parameter and
both signs in the constant µ2,

A = A0 e
QΩ

2 Zν

[
2
√
±µ2

3h̄(2 − β)
e

3(2−β)
2 Ω

]
=

 A0 e
QΩ

2 Kν

[
µ

3h̄(1−γ)
e3(1−γ)Ω

]
, to −µ2,

A0 e
QΩ

2 Jν

[
µ

3h̄(1−γ)
e3(1−γ)Ω

]
, to +µ2,

(44)

with order ν = ± Q
6(1−γ)

, where we had written the second expression in terms of the

fractional order γ = β
2 , and the solutions which become dependent on the sign of its

argument; when
√

µ2 (for B−), the Bessel function Zν becomes the ordinary Bessel function
Jν. When

√
−1µ2 (for B+), this becomes the modified Bessel function Kν. For the particular

values β = 2 (γ = 1), it will be necessary to solve the original differential equation for
this variable.

Then, we have the probability density |Ψ|2 by considering only B+, γ ̸= 1,

|Ψ|2 = ψ2
0 eQΩ E2

2γ

(
−z2

)
Kν

[
µ

3h̄(1 − γ)
e3(1−γ)Ω

]
, z =

( α

2α−1

) 1
2(2α−1)

√
γµ

2
√

3h̄γ
ϕγ. (45)
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We will now report the solution for the β = 2,→ γ = 1 case, which we have not
reported before, considering the minus sign in the constant µ2; the general solution for the
function A becomes

A = e
Q
2 Ω

[
A0er1Ω + B0e−r1Ω

]
, r1 =

1
2

√
Q2 + 4

µ2

h̄2 , (46)

and for the other sign +µ2, it becomes

A = e
Q
2 Ω

[
A0er2Ω + B0e−r2Ω

]
, r2 =

1
2

√
Q2 − 4

µ2

h̄2 , (47)

and the corresponding solutions to (41) for both signs are

B± =

 Cos
(

µ

2h̄
√

3
(ϕ − ϕ0)

)
,

Cosh
(

µ

2h̄
√

3
(ϕ + ϕ0)

)
,

(48)

so, the probability density becomes

|Ψ|2 =

 Cos2
(

µ

2h̄
√

3
(ϕ − ϕ0)

)
eQΩ[

A0er1Ω + B0 e−r1Ω]2, for −µ2,

Cosh2
(

µ

2h̄
√

3
(ϕ + ϕ0)

)
eQΩ[

A0er2Ω + B0e−r2Ω]2, for +µ2.
(49)

On the other hand, it is well known that in the standard quantum cosmology, the wave
function is un-normalized. There is no systematic method to do this, as the Hamiltonian
density is not Hermitian. In particular cases, wave packets can be constructed, and from
these wave packets, we can construct a normalized wave function. In this work, we could
not construct these wave packets. We hope to be able to do this in future studies.

5. Non-Commutative Fractional Quantum Exact Solution

As already mentioned, we are looking for the non-commutative deformation of the flat
FRW quantum cosmological model. In order to find the non-commutative generalization,
we need to solve the non-commutative Einstein equation; this is a formidable task due
to the highly non-linear character of the theory; fortunately, we can circumvent these
difficulties by following Ref. [18].

Now, we can proceed to the non-commutative model; we will consider that the minisu-
perspace variables qi = (Ω, ϕ) do not commute, so that the symplectic structure is modified
as follows

[qi, qj] = iθij, [Π̂i, Π̂j] = 0, [qi, Π̂j] = iδi
j. (50)

In particular, we choose the following representation

[Ω, ϕ] = iθ, (51)

where the θ parameters are a measure of the non-commutativity between the minisuper-
space variables. The commutation relations (50) or (51) are not the most general ones for
defining a non-commutative field.

We consider the non-commutative Hamiltonian density in a simple way, as

h̄2e−3(2−β)Ωnc

[
− ∂2Ψ

∂Ω2 + Q
∂Ψ
∂Ω

]
− 24

β
h̄β

(
2α−1

α

) 1
2α−1 ∂βΨ

∂ϕβ
= 0. (52)

It is well known that this non-commutativity can be formulated in terms of non-
commutative minisuperspace functions with the Moyal star product ⋆ of functions. The
commutation relations (50) can be implemented in terms of the commuting coordinates
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of the standard quantum mechanics (Bopp shift) and this results in a modification of the
potential-like term of the WDW equation [18,19], and one possibility is, for example,

Ωnc → Ω +
θ

2
Π̂ϕ, ϕnc → ϕ − θ

2
Π̂Ω. (53)

These transformations are not the most general possible for defining non-commutative
fields. However, these shifts modify the potential term in the following way

h̄2e−3(2−β)[Ω+ θ
2 Π̂ϕ ]

[
− ∂2Ψ

∂Ω2 + Q
∂Ψ
∂Ω

]
− 24

β
h̄β

(
2α−1

α

) 1
2α−1 ∂βΨ

∂ϕβ
= 0. (54)

As in the commutative case, we choose the wave function to be separable, Ψ(Ω, ϕ) =
A(Ω) C(ϕ), obtaining

e−ih̄ θ
2

d
dϕ C

[
h̄2e−3(2−β)Ω

(
−d2A

dΩ2 + Q
dA
dΩ

)]
−A24

β
h̄β

(
2α−1

α

) 1
2α−1 dβC

dϕβ
, (55)

which can be rewritten as

e−ih̄ θ
2

d
dϕ C

h̄2e−3(2−β)Ω

(
− d2A

dΩ2 + Q dA
dΩ

)
A

− 24
β

h̄β

(
2α−1

α

) 1
2α−1 dβC

dϕβ
. (56)

If we want this equation to be separable, we must choose to make the term within
the square parentheses [ ] a constant, in particular ∓µ2; with this choice, we retrieve the
commutative quantum equation for the function A, (39), with the same quantum solution (44).

At this point, we want to note that in commutative quantum cosmology, the prefactor
that accompanies its moments is not contemplated when we use a particular gauge, and
usually the non-commutative parameter enters the solution of the Ω function, not that
of the scalar field ϕ. In this case, the appearance of the prefactor in fractional cosmology
makes the solution in Ω remain the same, but not the part of the scalar field, where the non-
commutative parameter appears and the mathematical structure is completely different.

That said, the expression (56) becomes

∓µ2e−ih̄ θ
2

d
dϕ C − 24

β
h̄β

(
2α−1

α

) 1
2α−1 dβC

dϕβ
. (57)

Since the non-commutative parameter θ is very small, we can stay until the first term
in this one, obtaining

dβC±
dϕβ

±
( α

2α−1

) 1
2α−1 µ2 β

24h̄β
C± ∓ h̄θ

( α

2α−1

) 1
2α−1 iµ2 β

48h̄β

dC±
dϕ

= 0. (58)

In this fractional differential equation, when θ = 0 we recover the commutative equation
for the quantum function C = B (40). Now, we solve Equation (58) written as follows

dβC±
dϕβ

∓ i h̄θ

2
qα,β

dC±
dϕ

± qα,βC± = 0, (59)

where qα,β =
(

α
2α−1

) 1
2α−1 µ2 β

24h̄β . For the particular value β = 2, we can observe that Equation (52)
becomes the ordinary commutative quantum equation; then, the quantum solutions, commu-
tative and non-commutative, are the same in this approach to K-essence theory.

However, in the dust scenario (β = 1, α → ∞), q∞,1 =
√

2µ2

48h̄ . Equation (59) takes the
form

z0
dC±
dϕ

± C± = 0, z0 =
48h̄√
2µ2

∓ i
h̄θ

2
, (60)
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whose solution is given by

C± = η± e∓ ε∆ϕ e−i θψ∆ϕ, ε =
96
√

2h̄µ2

µ4h̄2θ2 + 4608h̄2 , ψ =
2h̄µ4

µ4h̄2θ2 + 4608h̄2 . (61)

Thus, the probability density becomes (considering only the real part of the complex
exponential in θ)

Ψ2 =

 A0 e−2ε∆ϕ Cos2[θψ∆ϕ] eQΩ K2
ν

[
2µ
3h̄ e

3
2 Ω

]
, to −µ2,

A0 e2ε∆ϕ Cos2[θψ∆ϕ] eQΩ J2
ν

[
2µ
3h̄ e

3
2 Ω

]
, to +µ2.

(62)

To make Figure 1, we use the ordinary Bessel function. We can see the effect of the
combination of the parameters θ and µ, where the probability density undergoes a shift
in the behavior of the scalar field, at the beginning and at the end, that is, modifying the
structure. As we can see, at θ = 0, a crack appears; at θ = 0.1, it separates and a peak
appears; at θ = 0.5, the peak decreases and disappears at θ = 1, when µ = 5. However, the
fact that some peaks no longer appear does not mean that they have been canceled, but
rather that, due to the change in probability density, the scales of these peaks are no longer
on the graph. This pattern is repeated when the factor ordering parameters are Q = 1,−1;
that is why we do not introduce these graphs.

Figure 1. In the following plots, we show the behavior of the probability density of Equation (62),
considering the sign in +µ2, taking the values µ = 5, Q = 0 and θ = 0, 0.1, 0.5, 1, respectively.

For the other scenarios, employing the modified Bessel function, the behavior is very
different, as shown in Figures 2–4, when the combination of the parameters µ = 15 and
θ = 0, 0.5, 0.8, 1 has decaying behavior in the direction of the evolution of the scale factor
like (Ω) and oscillatory behavior in the direction of the scalar field, or making the scalar
field relevant in quantum evolution and remaining in classical evolution, as has been found
in other alternative models to Einstein’s theory [20].

Since we do not know the initial conditions of the universe in the dust epoch, we have
graphed both probability densities, where it is observed that the scalar field persists in the
evolution of both densities, remaining as a remnant towards the classical evolution of the
universe, being a cosmic background currently.

The global effect of the non-commutativity between the field coordinates of the system
in the fractional quantum cosmology scheme causes the probability density to shift or
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shrink in the opposite direction to the scale factor, causing the classical universe to emerge
sooner, which would mean that the current universe should have more time than is usually
mentioned, as mentioned in reference [21], employing the fractional framework.

On the other hand, if the order of the differential Equation (59) is rational, then solutions
have two cases.

Figure 2. In the following plots, we show the behavior of the probability density of Equation (62),
considering the sign in −µ2, taking the values µ = 15, Q = 0 and θ = 0, 0.5, 0.8, 1, respectively.

Figure 3. In the following plots, we show the behavior of the probability density of Equation (62),
considering the sign in −µ2, taking the values µ = 15, Q = 1 and θ = 0, 0.5, 0.8, 1, respectively.
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Figure 4. In the following plots, we show the behavior of the probability density of Equation (62),
considering the sign in −µ2, taking the values µ = 15, Q = −1 and θ = 0, 0.5, 0.8, 1, respectively.

5.1. ωx ∈ [0, 1], β ∈ [1, 2], n = ⌈β⌉ = 2

Taking into account the Laplace transform in [16], considering that L[cDβ f (t)] =
sβF(s)− sβ−1 f (0)− sβ−2 f ′(0), L[ d f (t)

dt ] = sF(s)− f (0), and L[ f (t)] = F(s), then let the
fractional differential equation

dβC
dϕβ

+ A
dC
dϕ

+ BC = 0, (63)

where

A = ∓ iθ
2

( α

2α−1

) 1
2α−1 µ2β

24h̄2γ
B = ±

( α

2α−1

) 1
2α−1 µ2β

24h̄2γ
. (64)

Applying the Laplace transform to all the terms in (63), we have

sβC(s)− sβ−1C(0)− sβ−2C′(0) + As C(s)− A C(0) + B C(s) = 0. (65)

Solving with respect to C(s), we obtain

C(s) =
C(0)sβ−1

sβ + As + B
+

C′(0)sβ−2

sβ + As + B
+

AC(0)
sβ + As + B

. (66)

For the particular value β = 2, the two last terms can be considered as one, making
C′(0) + AC(0) = κ = constant, and for β = 1, the first and last term can be simplified to
C(0) + AC(0) = κ1 = constant

From the formula in [16] (page 40, equation (3.11) with a correction), we have

L−1
[ sγ

sα + asβ + b

]
= tα−γ−1

∞

∑
n=0

∞

∑
k=0

(−b)n(−a)k(n+1+k
k )

Γ[k(α − β) + (n + 1)α − γ]
tk(α−β)+nα, (67)

adapting our parameters to the master Equation (67), we have the following three cases

1. For the first term in (66), we use γ = β − 1, α = β, β = 1

L−1
[ sβ−1

sβ + as + b

]
=

∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β − (β − 1)]
ϕk(β−1)+nβ. (68)
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2. For the second term in (66), we use γ = β − 2, α = β, β = 1

L−1
[ sβ−2

sβ + as + b

]
= ϕ

∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β − (β − 2)]
ϕk(β−1)+nβ. (69)

3. For the third term in (66), we use γ = 0, α = β, β = 1

L−1
[ 1

sβ + as + b

]
= ϕβ−1

∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β]
ϕk(β−1)+nβ. (70)

Then, the inverse Laplace transform of (66) is

C(ϕ) = L−1
[ C(0)sβ−1

sβ + As + B
+

C′(0)sβ−2

sβ + As + B
+ Ac0

1
s2γ + As + B

]
=

= C(0)
∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β − (β − 1)]
ϕk(β−1)+nβ +

+ C′(0)ϕ
∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β − (β − 2)]
ϕk(β−1)+nβ +

+ A C(0)ϕβ−1
∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β]
ϕk(β−1)+nβ. (71)

For the case when A = ∓i θ
2 qα,γ and B = ±qα,γ, qα,γ =

(
α

2α−1

) 1
2α−1 µ2β

24h̄2γ , we see that the
complex solution can be read as

C = a

{
1 − θ2q2

4 Γ(2β − 1)
ϕ2β−2 ∓ q

Γ(β + 1)
ϕβ ± 3θ2q3

4 Γ(3β − 1)
ϕ3β−2 +

q2

Γ(2β + 1)
ϕ2β

− 3θ2q4

2 Γ(4β − 1)
ϕ4β−2 + . . .

}
+ b

{
ϕ − 3q2θ2

4 Γ(2β)
ϕ2β−1 ∓ q

Γ(β + 2)
ϕβ+1 ± 3θ2q3

2 Γ(3β)
ϕ3β−1

+
q2

Γ(2β + 2)
ϕ2β+1 − 5θ2q4

2 Γ(4β)
ϕ4β−1 + . . .

}
± i

{
a

[
qθ

2 Γ(β)
ϕβ−1 +

3θ3q3

8 Γ(3β − 2)
ϕ3β−3

+
θq2

Γ(2β)
ϕ2β−1 + . . .

]
+ b

[
qθ

Γ(β + 1)
ϕβ +

3q2θ

2 Γ(2β + 1)
ϕ2β +

2q3θ

Γ(3β + 1)
ϕ3β + . . .

]}
, (72)

where C(0) = a and C′(0) = b.

5.2. ωx ∈ (0,−1], β ∈ [0, 1], n = ⌈β⌉ = 1

For this case, the equation to solve is

C(s) =
C(0)sβ−1

sβ + As + B
+

AC(0)
sβ + As + B

. (73)

Similarly, as in the previous case, we have

C(ϕ) = L−1
[ C(0)sβ−1

sβ + As + B
+

AC(0)
sβ + As + B

]
=

= C(0)
∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β − (β − 1)]
ϕk(β−1)+nβ +

+ A C(0)ϕβ−1
∞

∑
n=0

∞

∑
k=0

(−B)n(−A)k(n+1+k
k )

Γ[k(β − 1) + (n + 1)β]
ϕk(β−1)+nβ, (74)
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which can be rewritten as

C(ϕ) = a

{
1 − q2θ2

4 Γ(2β − 1)
ϕ2β−2 ∓ q

Γ(β + 1)
ϕβ ± 3q3θ2

4 Γ(3β − 1)
ϕ3β−2 +

q2

Γ(2β + 1)
ϕ2β

− 3q4θ2

2 Γ(4β − 1)
ϕ4β−2 + . . .

}
± ia

{
qθ

2 Γ(β)
ϕβ−1 +

3q3θ3

8 Γ(3β − 2)
ϕ3β−3 − q2θ

Γ(2β)
ϕ2β−1

− 3q4θ3

4 Γ(4β − 2)
ϕ4β−3 +

3q3θ

2 Γ(3β)
ϕ3β−1 − 5q5θ3

4 Γ(5β − 2)
ϕ5β−3 + . . .

}
, (75)

with this, we write the probability density for this case as

|Ψ(Ω, ϕ)|2 = C2(ϕ) eQΩ

 A0 K2
ν

[
µ

3h̄(1−γ)
e3(1−γ)Ω

]
, to −µ2,

A0 J2
ν

[
µ

3h̄(1−γ)
e3(1−γ)Ω

]
, to +µ2

(76)

In the following, we present the quantum behavior to post-inflation-like case ωX = − 2
3 ,

then β = 1
3 , taking the value in the non-commutative parameter θ = 0.5 for different values

in the factor ordering parameter Q = −1, 0, 1. In Figure 5, it can be observed that in a
very small interval in the evolution of the scalar field, the probability density presents a
mountain, which fades in the direction of the scalar field to a constant plateau. The behavior
of the constant plateau for this stage of the universe was found in the commutative part in
paper [2] using the Mittag–Leffler functions; now, they are obtained under this solution in
power series of the scalar field and the modified Bessel functions of the case.

Figure 5. In the post-inflation-like scenario ωX = − 2
3 , which corresponds to β = 1

3 or γ = 1
6 in

Equation (76), for Q = −1, 0, 1; from top to bottom, respectively, we consider the value for the parameter
µ = 0.5 and θ = 0.5. In these graphs, we use the Re[z] only and the modified Bessel function.

6. Discussion

During the development of research in non-commutative formalism within fractional
cosmology in K-essence theory, the presence of non-commutativity that usually accompanied
the term of the scale factor here is disrupted, since essentially non-commutativity is more
present in the scalar field, modifying the mathematical structure that usually occurs in works
in this direction in non-fractional formalisms.
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In our non-commutative quantum development, the method of separation of variables
does not appear in a traditional way as the sum of the operators in their variables; now, it is
produced as factors; thanks to this, it can be separated; in addition, now complex fractional
differential equations arise, even in cases with derivatives of integer order, which means
that these solutions in the scalar field have a real part and an imaginary part.

In previous non-commutative quantum work [7], the term is usually modified with the
scale factor, but in fractional cosmology in K-essence, this term remains unchanged, only
the scalar field term undergoes important modifications, in the sense that the probability
density undergoes a shift back to the direction of the scale factor, causing classical evolution
to arise earlier than in the commutative world. This effect is due to the non-commutativity
between the field coordinates in this formalism, which is related to some crucial effects due
to the fact of having a fractional equation, such that the age of the universe is greater, of the
order of 13.8196 Gyr., or more [21]. Recently, another age of our universe was found using
fractional geometric parameter and thermodynamics variables, that being 13.91 Gyr. [22].
Although these authors use a different formalism than ours, we consider that something
can be done using different methods, such as the one proposed in a previous work by one
of the authors of this work [23]. These results on fractal K-essence theory add to the fact
that this formalism without considering ordinary matter is falsified with this approach
according to the classical solutions that are identical using the FRW model [2], but it is
found that this is a more general result mentioned in reference [1].

Since the prefactor that is usually linked to the ordering of the factors under a certain
gauge does not appear in the standard quantum Hamiltonian, the important contribution
of non-commutativity appears in the wave function linked to the scale factors, which is
why this term continues to persist. This causes the momentum associated with the scalar
field to produce an additional total derivative term to the non-commutative fractional
equation due to the Bopp shift in the scale factor term, producing in this case a significant
contribution of the non-commutative parameter in the wave function; see Equation (59).

This methodology can be replicated to the Bianchi type I anisotropic model, where up
to six non-commutative parameters appear, and possibly to the Bianchi Class A, results
that will be reported at another time.
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