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Abstract: In this paper, we investigate the constrained optimal control problem of nonlinear multi-
input safety-critical systems with uncertain disturbances and time-varying safety constraints. By
utilizing a barrier function transformation, together with a new disturbance-related term and a
smooth safety boundary function, a nominal system-dependent multi-input barrier transformation
architecture is developed to deal with the time-varying safety constraints and uncertain disturbances.
Based on the obtained transformation system, the coupled Hamilton-Jacobi-Bellman (HJB) function
is established to obtain the constrained Nash equilibrium solution. In addition, due to the fact that
it is difficult to solve the HJB function directly, the single critic neural network (NN) is constructed
to approximate the optimal performance index function of different control inputs, respectively. It
is proved theoretically that, under the influence of uncertain disturbances and time-varying safety
constraints, the system states and neural network parameters can be uniformly ultimately bounded
(UUB) by the proposed neural network approximation method. Finally, the effectiveness of the
proposed method is verified by two nonlinear simulation examples.

Keywords: barrier function; time-varying safety constraints; adaptive dynamic programming;
multi-input system

MSC: 93C10; 93D05; 93D21

1. Introduction

To solve the optimal control problem of any safety-critical systems (e.g., autonomous
vehicles, intelligent robots, etc.), safety should be the basic requirement. Failure to ensure
the safety of such systems may result in serious consequences, such as casualties, environ-
mental pollution, and equipment damage. The safety control design refers to the control
strategy which satisfies the safety specification stipulated by the physical or environmental
constraints of the system. The barrier function (BF) method [1,2] has been proved to be
an effective method to realize the system safety constraints or state constraints, and have
attracted a wide amount of attention in recent years. For the optimal control problem in the
modern control domain, it usually relies on solving the complex Hamilton—-Jacobi—-Bellman
(HJB) equation [3-5]. However, there is no effective mathematical method to solve the HJB
equation due to its own properties. When designing the controllers that are both safe and
optimal, the proper combination of safety and performance goal is an issue worth studying.

It has been proved that the dynamic programming (DP) method is a feasible and
effective method to solve the HJB equation and derive the optimal solution. However, as
the dimension of the variables increases, the dynamic programming method suffers from
the “dimension curse”. Adaptive dynamic programming (ADP) [6-10] uses the function
approximation, such as neural network (NN) approximation methods, to approximate the
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cost function in the HJB equation, which has been proved to be a valid method to solve the
dimension curse of dynamic programming method. It is an emerging method combining
the development of artificial intelligence and control field, and has become a hotspot of
international optimization research in recent years [11-15]. In [11-13], the authors studied
the optimal control problem with disturbance by using the reinforcement learning (RL)
method. Aiming at the random differential equations systems with coexisting parametric
uncertainties and severe nonlinearities, Zhang et al. [14] studied the problem of event-
triggered adaptive tracking control. Vamvoudakis et al. [15] proposed an online continuous
time learning algorithm based on policy iteration to learn the optimal control solutions of
known nonlinear systems. In [16-18], the robust control problem was transformed into
the optimal control problem of the nominal system by selecting an appropriate utility
function. On the other hand, game theory [19-24] has become a powerful tool to optimize
the coordination and cooperation of multiple controllers, and has been proved in many
practical control problems. In fact, many systems in the real world have the idea of the
non-zero-sum (NZS) game, where each controller of the system tries to minimize its cost
function. Many researchers translate the non-zero-sum game problem [25,26] into the
problem of solving the coupled HJB equation, but it is still a great difficulty to solve
the coupled HJB equation [27-29]. The development of adaptive dynamic programming
and game theory has prompted many scholars to conduct relevant research. For robust
trajectory tracking multiple input control of uncertain nonlinear systems, Qin et al. [28]
proposed a new adaptive online learning method to learn the Nash equilibrium solution.
Song et al. [29] developed a non-strategic integral reinforcement learning (IRL) method to
effectively solve the NZS game control problem with unknown system dynamics. Ming
etal. [30] proposed a single-network adaptive control method to obtain the optimal solution
of NZS differential game for autonomous nonlinear systems. All of the above methods
can effectively solve the NZS game optimal control problem. However, few studies have
been done on the NZS game with disturbance and time-varying safety constraints. This
prompted the author to study this problem.

For the safety constraints, the existing methods based on barrier function and adaptive
dynamic programming have received a lot of attention in recent years. Marvi et al. [31]
proposed a barrier certified method to learn the safety optimal controller and ensure the
operation of the safety-critical system within its safety zone while providing the optimal
performance. By introducing the barrier function into utility function, Xu et al. [32]
augmented the penalty mechanism to the utility function, and solved the state constraints
problem that was difficult to be dealt with by the traditional ADP method. Liu et al. [33]
proposed an adaptive control method to obtain the safety solution of nonlinear stochastic
systems. In addition, the barrier function transformation method has proved that it is
possible to transform the safety-critical system with safety constraints into a general system
without constraints in different scenarios, such as zero-sum game [34], non-zero-sum
game [35], tracking control [36], and event-triggered control [37]. However, without
exception, the above results must satisfy the implicit assumption that the safety constraints
are constant. In fact, the constant constraint is only a special case of time-varying constraints.
In practical applications, the time-varying constraints also have a wide range of application
scenarios, such as UAV or manipulator working in some more complex environments.

For the constrained optimal control problem with time-varying safety constraints
and uncertain disturbances, the constrained Nash equilibrium solutions are obtained
by introducing a novel barrier function transformation and constructing coupled HJB
equations. The novelty of this paper is reflected in the following points:

(1). A novel barrier function transformation method is proposed by introducing a
smooth safety boundary function and a barrier function with a single variable. Com-
pared to previous works [34,35], the proposed method no longer strictly requires the time-
invariance of safety constraints and can deal with both time-invariance and time-varying
safety constraints.
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(2). In order to obtain the constrained optimal Nash equilibrium solution of the
multi-input barrier transformation system with uncertain disturbances, the reasonable
performance index function and coupled HJB function are designed for the nominal system
by introducing a disturbance-related term. It is proved that the obtained constrained Nash
equilibrium solution can make the safety-critical system asymptotically stable under the
uncertain disturbances and time-varying safety constraints.

(3). The single critical neural network is used to approximate the performance index
function online to obtain the constrained control input. It is proved theoretically that the
proposed barrier function transformation and neural network approximation method can
make the system state and NN parameters uniformly ultimately bounded (UUB) under
the condition of satisfying the time-varying safety constraints. In addition, two simulation
examples also verify the feasibility and effectiveness of the proposed method.

The remainder of this article is organized as follows: Problem formulation and barrier
transformation are given in Section 2. Section 3 employs the coupled Hamilton—Jacobi-
Bellman equation to obtain the approximate optimal solution online. Section 4 shows the
efficiency of the proposed method by giving two simulation examples. Finally, conclusions
are given in Section 5.

2. Problem Formulation and Barrier Transformation

Consider the following nonlinear multi-input safety-critical system:

= fx(t) + g1 (x(t))ur () + g2 (x(£) Juz(t) + k(x(£))d(p(x(t))), @

where x € C C R" is the system state, uy € U; C R™,uy € Uy C R™ are the control inputs,
d(¢(x(t))) € R™ is the uncertain disturbance, f(x) € R", g1(x) € R"*™, g>(x) € R"*™2
and k(x) € R™™. C indicates the set of acceptable system state, and Uy, U, indicates
the set of acceptable system inputs. It is supposed that f(x), ¢1(x), g2(x) is Lipschitz
continuous, and f(0) = 0. It is also assumed that the system (1) is stabilizable. The
uncertain disturbance term d satisfies d”d < 675, where 4 is a given function, 6(0) = 0 and
¢(+) satisfy that ¢(0) = 0is a fixed function denoting the uncertainty.

Given the initial system state x, the purpose of this article is to find the constrained
control inputs uj, uy to make the system state x converge to the ideal value under the
impact of the uncertain disturbances and time-varying safety constraints.

Remark 1. In some papers, for example [31,35], the system state is constrained by the constant,
that is, x € (Ca,{a), where (T, a) represent the upper and lower bounds of system state. We
consider a more complex and interesting case where the system safety constraints are time-varying
and can be mathematically expressed as x € ({a(t),{a(t)), where (3a(t),Ca(t)) represent the
bounded smooth time-varying functions.

In order to satisfy the time-varying safety constraints, we define the following barrier
function with a single independent variable T,

b(a(): (), Ea()) = log 4 D T =EN, ®
y(© _y(®)
b (y(1);Ea(7), €4 (7)) = Ea(T)E(T) — o ———— 3)

Ca(T)e 2 —Za(T)e 2

where ¢,(-) : R = R, {a(-) : R = R, z(-) : R = R, y(-) : R = R. The defined barrier
function should satisfy the following assumption.

Assumption 1. The proposed barrier function b(-) has the following characteristics:
(1) &a(7), Ea(T) are two smooth functions and satisfy &,(T) < 0 < &a(T) forany T > 0;
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(2) For any T > 0, the barrier function takes finite value when z(t) € (&a(7),¢a(T))
is satisfied;
(3) For any T > 0, as the function z(T) tends to the prescribed region (Ga(7),Ea(T)), b
proaches infinity, i.e., ( )lim b(z(7);&:(T),Ea(T))=—00, lim  b(z(7);&(T),&A(T))
z(T

—Ea(r)* 2(v) ()~
= +oo;

(4) For any T > 0O, the barrier function b(-) also converges when the function z(T) converges.

It is worth noting that the constraints given by ({,(t),{4(t)) can be many common
trajectories, including sinusoidal waveforms, damping sinusoids, ramp, and so on. In our
study, we will discuss a more useful form. We design the constraints ({,(t),{4(t)) as the
following smooth transformation functions, and satisfy the following conditions:

h, t<t
gul(t) ! PR !
Ga)=1| 1 [Galt)={hi—% —z%cos(nt; ) hstsh “)
gun(t) Iy t >t
I3, t<t
Car(t) > - =h
gA(t) = /CAi(t) ={Il3—0 — 192C05(7'(t44_ ts), t3<t<ty 5)
gAn(t) 14, > t4

wherei =1,---,n,1; <0,lb <0,I3 >0,l4 >0,and l; —2% = I, I3 — 2% = l;. We
can find many similar practical applications where the similar constraints are imposed
(e.g., vehicle entering a narrow road from a wide road, drone entering a tunnel, robotic arm
working in a narrow space, etc.).

Remark 2. A reasonable choice of parameters can be such that Iy = I, I3 = Iy when designing a
smooth transformation function. In other words, the proposed method can also impose time-invariant
safety constraints on the system state when some parameters are selected properly. In addition,
according to the defined smooth transformation function, it can be extended to scenarios with more
complex safety requirements, such as more frequent transformation of constraints and different types
of constraints.

Considering the system (1) with the uncertain disturbances and time-varying safety
constraints, we use the proposed barrier function and smooth transformation function
to convert the multi-input safety-critical system x with the uncertain disturbances and
time-varying safety constraints into the transformation system with uncertain disturbances
only. We define

si = b(x;(t); Tai(t), Cai(t)), (6)
xi = b (si(8); Cai(t), Cai(t))- 7)

According to the chain rule and Equations (6) and (7), the transformed system dynam-
ics $ can be defined as

Xi
db—1 (s (£);Zai (1), i ()
dsi

_ filx () + gui(x(#)ua () + gai(x(#) )ua(t) + ki(x(t))d(@(x(t)))
Tai(H3% (D —Cai ()% (1)

S =

, ®)

t
( t
T2 (1)’ i =204 ()T ai (B +03, (H)e i
= F(s(1)) + Gui(s(£))un (£) + Gas(s(t) ua(t) + Ki(s(D)d(9(b ™ (s(1))),
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where

éﬁi(t)esf =204 (t)Cai(t) + gi\z( Je”*i

F(s() = S gm(t) ) < S o), b (),
Gulelt) = gii(t)aeji(;)z@gifli()) Ag(tg >cAl<(>> — gl 07D

Based on Formula (8), the transformation system s = [sl; s sn] can be written as
§ = F(s(t)) + Ga(s(t))ur(t) + Ga(s(t))ua(t) + K(s(t))d(@(b~"(s(t)))) ©)

where F(s) = [F1(s); - - -; Fa(s)], G1(s) = [Gui(s); - - - G1n(s)], Ga(s) = [Gaa(); - - -5 Gau(s)],
K(s) = [Ki(s); - - ; Ku(s)]. For convenience, we use d to represent d(¢(b~'(s(t)))) and use
s to represent s(f) in the following description.

After the proposed barrier transformation, we have transformed the problem from
the constrained optimal control problem for the safety-critical system (1) with uncertain
disturbances and time-varying safety constraints to the constrained optimal control problem
for the transformation system (9) with uncertain disturbances only. Before proceeding, we
need to make the following proof about the transformation system (9).

Theorem 1. Based on the proposed barrier transformation (6) and (7), the transformation system (9)
obtained from the system (1) satisfies the following properties:
(1) F(s) is Lipschitz with F(0) = 0, and satisfies ||F(s)|| < A¢||s||, where A is a constant;
(2) Gi(s), Ga(s) are bounded, and there exists constants Ayg, Aog, makes ||G1(s)|| < Aqg,
|G2(s)|| < Azg. The transformation system (9) has zero state observability.

Proof of Theorem 1. (1) Based on Equation (8), we can obtain

Fi(s) = fi(x)Ti(s), (10)
2 (£)e5i —204i (1)L ai 2. (e s .
where T;(s) = Cult )éIAi (t)é%i ((:))Eféa(lt()&%:‘ (g) , F;(0) = f;(0) = 0. Based on Assumption 1, we

know that, as long as x € C, then the transformation system state s is bounded, that is, T;(s)
is bounded. We can derive

IE ()| < A ITi()IF < 11 fi(x) 1Az, (11)

where A; represents the upper bound of T;(s). Based on the assumptions about the sys-
tem (1), we can obtain

[Fi(s1) = Fi(s2) || = [[(fi(x1) = fi(x2)) Ti(s) || < [lx1 — x2([kr1Mg, (12)

where x1,xp € C, ki1 is the Lipschitz constant of f;(x). Based on the property of the barrier
function, we can deduce that s; and s, are bounded as long as x1, x, € C. Forany x1,x3 € C,
there is always a constant k;, that makes ||F;(s1) — Fi(s2)|| < [[s1 — s2||kr2. Considering the
fact that F(s) = [Fi(s);- - - ; Fu(s)], we can deduce that

[1E(s1) — F(s2)l < [ls1 — sallkra- (13)

where ki3 is the Lipschitz constant of F(s). Based on the Lipschitz condition [38], F(s)
is Lipschitz continuous. Based on the boundedness of T;(s) and the assumptions about
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system (1), we can obtain that every term in F;(s) is bounded with x € C. Therefore, we
can say that F(s) is also bounded, and there is a constant A such that [[F(s)|| < Af|[s||.

(2) Based on the boundedness of T;(s) and Equation (8), we can obtain that Gy;(s), G;(s)
are bounded with x € C. Considering the fact that G1(s) = [G11(s); - - ; G1,(5)], Ga(s) =
[Ga1(s); - - - ; Gau(s)], there are constants A, and Ajg, such that ||G1(s)]| < Aqg, [|Ga(s)]] < Agg.
Given the initial system state xg, the initial state of transformed system (9) can be obtained
from Equation (6), which proves the zero state observability of transformed system (9).

This completes the proof. [

Based on the transformation system, the nominal system of (9) can be defined as
s = F(s) + Gi(s)ur + Ga(s)ua. (14)

The performance index function related to the design of 1; can be defined as
Vi(s, u1,u) = /0 sTQus + @1 (1, A1) + Do (ug, A2) +T1(s, VV1)dt, (15)

where Q1, Ry1, Ry are positive definite matrices, Ry = [r1, - ,7m] € R>™, Ryp =

[r1, - tmy) € RIxm2 7y, represents the partial derivative of the performance index func-
_ 2

tion V; with respect to s, ®1(uq,A1) = 2/\1(tanh71(%))TR11u1 + /\%RH In(1 - %) is the
1

nonquadratic penalty function of u, ®; (1, A7) = 2A,(tanh ™ (52))" Riguz + A3R12 In(1 —

2

K—%) is the nonquadratic penalty function of uy, T'1(s, VV4(s)) = 676 + §VV3(s)TK(s)KT (s)

V'V (s) represents the disturbance-related term.
The performance index function related to the design of u, is defined as

Vz(s, ul,uz) = /0 STst + @3(141, )\1) + @4(1/[2,)\2) + FZ(S,VVZ)dt, (16)

where Qy, Ry1, Ry are positive definite matrices, Ryy = [ry, -+ ,7m,] € RV™ Ry =
(F1, - tmy| € Rixm2 gV, represents the partial derivative of the performance index

_ 2
function V5, ®3(u1, A1) = 2A; (tanh ™! (%))Tszl + A2Ry1 In(1 — %) is the nonquadratic
1

_ 2
penalty function of uy, ®y(up, Ap) = 2M5(tanh ! (%))TRZZMZ +A3RpIn(1— %) is the non-
2
s)

quadratic penalty function of 1y, and T2 (s, VVa(s)) = 676 + 1 VVa(s)T K(s)KT(s)VVa(s)
represents the barrier-disturbance related term.

Definition 1. The control strategy set (u},u3) is a Nash equilibrium control strategy set if

Vi(ui, usy) < Vi(ug,uy),
Va(uy, u3) < Va(uj, uz), (17)

hold for any admissible control policies uq and u;.

Based on the performance index function (15) and (16), the Hamilton functions associ-
ated with the control input #; and u; are defined as

Hi(s,u1,up) = T Q15 + @1 (11, A1) + P (up, A2) +T1(s, V) +

VVI(F(s) 4+ Gi(s)u1 + Ga(s)ua), (18)
Hy(s,u1,up) = T Qps + @3 (11, A1) + Pa(un, A2) + Ta(s, VVa) +

V3 (F(s) + Gi(s)ur + Ga(s)ua). (19)
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We define the optimal performance index functions of u1, us as

Vi (s, ul, ip) = n'gg/o sTQys + @1 (11, Ay) + P (uta, A2) + Ta (s, V'V )dt, (20)
up 1

Vi (s, 1, u) = min/ sT Qs + @3(u1, A1) + Pa(uz, As) + Ta(s, VVa)dt.  (21)

up €l JO

Considering the nominal system (14) and the Formulas (15) and (16), the constrained
optimal control strategys u] and u; can be obtained according to the stationarity condition
of optimization:

up = -\ tanh(z/\ 11G1T(S)VV1*(S)>, (22)
uh = —Ay tanh<2/\R221G2T (s)vvz*(s)), (23)
2

where V}*(s) and V5 (s) are obtained by solving the following coupled HJB equations:

2
u = u
sTQus + ZAl(tanh_l(A—l))TRnul + A2RqpIn(1 — )T;) + 2, (tanh™ (A NTRypuy +
1 1 2

u2

A%Rlzln(l ?) +T41(s, V1) —i—VVl (F(s) — G1(s)M tanh( F 111G1( )VVl*(s)) (24)
2

—Go(s )/\ztanh< R,GI (s )vvz*(s))) =0

42
1. u _
STst +2A (tanh 1 (i))TRﬂul + )L%Rﬂ 11’1(1 )é) + Z)Lz(tal’lh (/\2 ))TRzzuz +
_ u2
A3R In(1 — A%) +To(s, VV1) + VVI (F(s)Gy (s)Aq tanh<2A HlGlT(s)VVl*(s)) - (25)
2

—Gy(s )/\ztanh< R,'GI (s )vvz*(s))) =0

Lemma 1. Assume that Vy(s), Vo(s) are the continuously differentiable function satisfying
Vi(s) > 0,Va(s) > O forall s # 0 and V1(0) = Vo(0) = O, and there exist two bounded
functions T'1(s), T2 (s) satisfying T1(s) > 0,T2(s) > 0, and two control laws uy, uy, such that

a) VVIT(s,uqy,usd) < VVIT(s,ui,up) +Ti(s),
() j ( 12) j ( 12) ]()}]_12 (26)

(b) VV]»TT(s,ul,uz) +Tji(s) <0,5 #0,

where T(s,u1,uz,d) = F(s) + Gi(s)u1 + Ga(s)uz + K(s)d, T(s,uy,u2) = F(s) + G1(s)us +
Ga(s)uy. Then, the transformation system (9) can achieve asymptotic stability under the control
laws 1y and u,.

Proof of Lemma 1. We can use the chain rule to obtain

Vi(s(t)) = w = VV{T(s,uy,up,d). (27)

According to Formula (26), we can obtain V;(s(t)) < 0 for any s # 0. We can derive

that V;(+) is a Lyapunov function for the transformation system (9), which proves that the

transformation system can be asymptotic stability. As long as V; () satisfies the condition

of Formula (26), it is concluded that the control law 14 can realize the asymptotic stability

of the transformation system. Similarly, we can prove that the control law u; can realize
the asymptotic stability of the transformation system. [
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Lemma 2. Under Assumption 1, if the constrained optimal control problem of the transformation
system (9) can be solved by the constrained optimal control laws uy, uy, then the system (1) satisfies
the time-varying safety constraints ({,(t),a(t)) provided that the initial state x( of the system (1)
satisfies time-varying safety constraints.

Proof of Lemma 2. Based on Lemma 1, one can obtain V;(s(t)) < 0 and V,(s(t)) < 0,
such that
Vi(s(t)) < Vi(s(0)), Va(s(t)) < Va(s(0)), vt = 0. (28)

According to the properties of the barrier function in Assumption 1, we can derive
that the performance index functions V;(s(0)) and V,(s(0)) are finite when the initial value
xg of the safety-critical system (1) satisfies the time-varying safety constraints ({,(t),a(t)),
and Vj(+), V(+) satisfies the condition of Formula (26). That is, the performance index
functions V;(s(t)) and V,(s(t)) are finite. Therefore, based on Assumption 1, we obtain

x(t) € (Calt),£a(t)), t > 0. (29)
This proof is completed. [

According to Lemmas 1 and 2, the constrained optimal control laws (22) and (23)
can make the safety-critical system (1) with the uncertain disturbances and time-varying
safety constraints asymptotically stable based on the proposed barrier transformation and
disturbance-related term. Based on (22) and (23), we only need to use the proposed coupled
HJB Equations (24) and (25) to obtain the optimal performance index function, and then
obtain the constrained optimal control solution. However, Equations (24) and (25) are often
difficult or impossible to solve due to their inherently nonlinear nature. In view of this
problem, an approximate structure based on NN is proposed to learn the solutions of the
coupled HJB equations online.

3. Approximate Optimal Solution of Coupled Hamilton-Jacobi-Bellman Equations

In this section, an online approximation method is proposed by constructing a single
critic network. Based on the universal approximation property of NN, the optimal per-
formance index functions (20) and (21) and their partial derivatives can be approximated
as follows:

% _ T * .
VVi(s) = V@; (s)W] + Ve;(s

where W =[wj1 wp wjs - wji]" € RE represents the ideal weight, ¢;(s) = [¢j1 ¢j2 ¢j3 - - -
gojL]T € Rl represents the neural network activation function, V¢;(s) represents the partial
derivative of ¢;(s), L represents the number of hidden layer neurons, ¢;(s) represents the
NN approximation error, and Ve;(s) represents the partial derivative of ¢;(s).

Assumption 2. It is assumed that the ideal weights Wj are limited to constants, i.e., | W; [|< Aw;,
and the neural network approximation residuals satisfy || €; || < Ae,, || Ve; [|< Ade;, and the neural
network activation functions satisfy || ¢; [|< A, | V; [|< Adg,-

Based on Formula (30), the Bellman approximation errors of the neural network
approximation can be expressed as

H](S,Wik,w;) :EBl,Hz(S,Wf,W;) = €R2. (31)

Remark 3. The Bellman approximation errors epy and epy will be equal to 0 with the number
of hidden neurons L — oo. When the number of L is a constant, the Bellman approximation
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errors is bounded, i.e., ej(s) < epjy. In the later proof, we will consider the influence of Bellman
approximation errors eg1 and €py.

Since the ideal weights W" and W5 are unknown, we use the estimates of ideal weights
to construct the critic neural network:

Vi(s) = Waj(s), VVj(s) = V! (s)W;. (32)

According to Formulas (22), (23) and (32), the approximate optimal control strategys are

M =-M tanh<2/1\RanlT(s)V¢lT(S)W1>/ (33)
1

iy = —\y tanh<2iR221G2T (s)Vl <s>w2>. (34)
2

Substituting (32)-(34) into (18) and (19), the approximate Hamiltonian function can
be obtained

. v
A 4,10 . _ il
Hi(s, Wy, W,) = sTQqs + 241 (tanh 1(i))TR11M1 + AfRqpIn(1 — )Té) +
1

n2

2A2(tanhfl(%))TR12ﬁ2 + AZRppIn(1 — %) +T1(s, Vi) + (35)
2 2

. 1 N
VVI(E(s) — Gy(s)Aq tanh(zMRlllGlT(s)Vvl (s)) -

1

Gy (S)/\z tanh (2)\2

R31GI <s>vvz<s>)> 2,

~ ~2
A A 1,1 R _ u
Hy(s, Wy, W,) = sT Qo5 4 24 (tanh 1(A—1))TR21u1 + A2Ry In(1 — )T;) +
1

" A2
= u ~
2 (tanh " (32)) " Raatty + 3R In(1 — 52) +Ta(s, V) + (36)
2

V3 (F(s) = Gi(s)M fanh(ziRl_llGlT(s)VVl (s)) —
1
Ga(s)ha tanh(ziRzzlczT (s>v172(s))> .
2

The estimates of ideal weights need to be adjusted so that W; and W, can minimize
the squared residual error E = e] e1 /2 + el e, /2. In general, the online adaptive learning
algorithm usually requires a persistence excitation (PE) condition to achieve convergence.

In order to satisfy this condition, we redefine the residual squared error as E = 1 (ele; +

N N
> 31Tl€11 + ezT e+ Y eleezl), where ey, e5; represent the past data with ¢; < t. We choose
=1 =

the normalized graaient descent algorithm as the tuning laws of the estimates to minimize
the residual squared error,

N T

o1 12 20 )P ) ), e ) D),
W, = —"‘228 [o2(H)TWa + ra(s, 1, 12, T2)]T —

w2 30 200 oy )W, 1ot in (), ), T2, (39)
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where &1 > 0 and a, > 0 are learning rates that determine the convergence speed of the
estimate, 01 (t) = V¢1(s)(F(s) + Gi(s)iy + Ga(s)12), 1(t) = (of (t)of (t) +1)%, oa(t) =
Vo (s) (F(s) + Gi(s)i1 + Ga(s)ha), 02(t) = (03 (H)oy (£) +1)%, ri(s, i1, 012, T1) = sTQus +
@1 (11, A1) + Do (2, A2) +T1(s, VV1), ra(s, i1, 12, T2) = T Qos + P31, A1) + Pu(iin, A2) +
I'2(s, VVa), and s(t;), 11 (t;), 42(t;), o1 (t;), 01 (t1), 02 (t;), 02(t;), T1(t;), T2(t;) are all obtained
by storing the past data.

The weight estimation errors W; and W, can be defined as

Wy = W — Wy, Wy = W5 — W,. (39)

Based on (37)-(39), we have

(o1 (1) "W + 7 (s(t1), u1 (1)), ua (1), T1 (1)), (40)

o2 (1) "W + r(s(t1), ur (1)), uz(#1), T2 (t)))]" (41)

Combined with the previous content, the proposed multi-input safety-critical system
structure diagram is shown in Figure 1.

Coupled HIB equations K—

/
/

Vi

Critical neural networks

W, (5),W,4, (5)
/

/
/ /

Constrained Nash equilibrium
solutions

/
VA Nominal system (12)

Multi-input transformation system (9)

X =b7(s, (1) ¢ (0, S () 5 =00 0w ®: 6 M)

Nonlinear multi-input safety-critical system (1)

Figure 1. The structure diagram of the proposed multi-input safety-critical system.

Theorem 2. Consider the system (9), the approximate optimal control strategy (33) and (34), and
the weight tuning laws (37) and (38). Suppose that V1, Vo, €1, Ve, €2, Ve, €1, €py are
all uniformly bounded. Assume that the Assumptions 1 and 2 hold. Then, the system state s, the
neural network weight errors Wy, Wy can be guaranteed to be UUB under the time-varying safety
constraints and uncertain disturbances.

Proof of Theorem 2. See the Appendix A. [

Remark 4. According to the result of Theorem 2, we can obtain that the neural network weight
errors are UUB. According to formulas (33), (34), and (39), we can easily derive that, as Vi(s) —
Vi (s), Va(s) — V; (s), then the control input ity — u}, il — uj. That is, the control strategy
can be approximately optimal.
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Remark 5. Compared with [35], this work considers a more complex and interesting constrained
control problem, that is, the safety constraints change with time. In addition, we establish the coupled
HJB equation to obtain the constrained optimal solution, so that the system state can complete
convergence under the condition that the time-varying constraints are satisfied.

Remark 6. In [34,36], the safety optimal control problem with external disturbance is considered,
and the control scheme based on barrier transformation is designed. However, all of the external
disturbances mentioned are known. In this work, the safety control problem with uncertain distur-
bance is further studied, and it is proved that the system state can complete convergence under the
proposed control strategy.

4. Simulation

To prove the effectiveness of the proposed method, we give two nonlinear examples
with time-varying safety constraints. In both cases, we observe that the system can satisfy
the time-varying safety constraints.

4.1. Nonlinear System Example 1
Consider the affine nonlinear system as follows [30]:

Xy —2x1
x=| (—x3—0.5x1 +0.25x3(cos(2x1 +2))? | + { }Mﬁ-
i 2 2
+0.25x, (sin(4x7)? + 2)?) cos(2x1 +2) )

0 0
{ 4x%+2 ]u2+ { cos(x1)xn ]d'

In addition, x = [x1, x5]" is the system state. One selects #; = ap = 1,Ry; = Ryp = 2,
Ryy = Ry = 1,01 = Q2 = [1 0;0 1]. The initial system state is defined as
xp = [2,2]T. We choose ¢(x) = x and d(¢(x)) = pxysinx,, p € [—1,1]. Similarly, we select
d(x) = x1sin x,. Based on Formula (4) and (5), we define the time-varying parameters for
xpasly = -1, 1, = =06, 9y = —02, t1 =3, tp =4, 13 =22, 1, =18, %, = 0.2.
We define the time-varying parameters for xp as [y = —2.8, I, = —1.8, ¢; = —0.5,
t3 =3, t4 =4, 13 =3, 4 =2, % = 0.5. Before 75 s, the persistence excitation con-
dition is ensured by the probing noise. Since the effectiveness of the barrier transformation
has been demonstrated in many previous works, we no longer compare our work with
scenarios without safety constraints, but with scenarios with constant constraints.

We define the activation functions as

91(5) = do(s) = st ;132 3"
Meanwhile, the critic weight parameters are denoted as
Wi =[on @n @p)" Wo=[on @n @]

The critic parameters after 100 s converge to the value of Wy = [-0.392 1.789 1.162],
Wy =[~1.849 2590 0.142].

It is obtained from Figure 2 that the method of using constant constraints can satisfy
constant constraints (—1,2.2), (—2.8,3) in the process of system state convergence, but
can not satisfy the time-varying constraints ((,1,41), (a2, (a2)- It can be seen that the
trajectory of system state x obtained by the proposed method can converge to zero under
the condition that time-varying safety constraints are satisfied. Figure 3 gives the evolution
of the critic parameters for player 1. The evolution of the critic parameters for player 2 is
shown in Figure 4. It can be seen that, according to the proposed tuning laws (37) and (38),
the critic weight parameters converge to their ideal values. Figure 5 shows the state
trajectories of the transformation system (9).
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T T T T T

= = Time—Varying Boundary
= = Time—Varying Boundary

State Under Constant Constraints
State Under Time—Varying Constraints

Figure 2. Evolution of the state x(t) by using the presented method and the method in [35].

Parameters of the critic NN
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Time (s)
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Figure 3. Evolution of the critic estimates for player 1.
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Parameters of the critic NN
6 T T T T T T T T T

— Wy,
Wy

-3 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 4. Evolution of the critic estimates for player 2.

Transformed System States
T T T

_5 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 5. Transformed system states using the presented method.

4.2. Nonlinear System Example 2

Consider the following nonlinear system of a single link robot arm:

. Xy — 2% 0 0 0
= —5sin(x1) — 0.2xp } + [ 0.1 }ul + [ 0.1 }”24‘ [ 1 ]d- (43)

In addition, x = [x1, x5]” is the system state. One selects a1 = 5,a; = 1,Ry; = Rp =2,
Ry =Rp=1,Q1 =Q =[5 0;0 5]. The initial system state is defined as xy = [2,2]".
Similarly, we choose ¢(x) = x, d(¢(x)) = pxysinxp, p € [-1,1], and §(x) = x; sinxp. In
this example, we apply the more complex time-varying safety constraints to the system
state, where the constraints on the upper bounds of x1, xp vary at 3 and 8 s, respectively,
and the constraints on the lower bounds of x; and x; vary at 3 and 10 s, respectively.
Define A; = 3, Ay = 18 as the boundaries of the control inputs. Before 75 s, the persistence
excitation condition is ensured by the probing noise.
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We define the activation function as

s150 53T,

$1(s) = ¢a(s) = [s7
Meanwhile, we denoted the critic weight parameters as

Wi =@ @ @), Wo=[d @n @n]"

The critic parameters after 100 s converge to the value of Wy =[—1.319 0.249 —0.023],

W, =[0.250 —1.113 0.658].

In Example 2, we further consider the case of input constraints. Figure 6 shows that
the method using constant constraints cannot satisfy the time-varying safety constraints
(Ca1,Ca1), (a2, Ca2) in the process of system state convergence, while the proposed method
can ensure that the system state x converges under the time-varying safety constraints. The
constrained control inputs are shown in Figure 7. The evolution of the critic parameters
is given in Figures 8 and 9. The transformation system state trajectories are shown in
Figure 10.

o mm omm o Em mm Em e Em Em Em R Em Em Em M Em Em EE Em Em Em Em Em Em Em Em R Em Em Em Em Em Em |

T T T T

= = Time—Varying Boundary

= = Time—Varying Boundary

State Under Constant Constraints
= State Under Time—Varying Constraints

= VA AVLVA
AFY -
D) I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
Time (s)
4 T T T T T T T T T

= = Time—Varying Boundary
= = Time—Varying Boundary
State Under Constant Constraints

s State Under Time—Varying Constraints | =

1

1

1 1

1 1 1 1

20

30

40 50
Time (s)

60 70 80 90 100

Figure 6. Evolution of the state x(t) by using the presented method and the method in [35].
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Constrained Control Inputu

) e [
= = Control Input Boundry
s Control Input 1
2 - —
3‘_ 1+ -
0 LI\
1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Time (s)
Constrained Control Input u 5
20 T T T T T T T T T

= = Control Input Boundry
== Control Input 2

-5 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 7. Constrained control inputs of player 1 and player 2.

Parameters of the critic NN

1 T T T T T T T T T
— Wy
0.5 Wip ]
. 1 W,
O — —
-0.5 B
A -
as T ]
_2 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Time (s)

Figure 8. Evolution of the critic estimates for player 1.
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Parameters of the critic NN

1.5 T T T
— W,
1k Wy |
W23
0.5 4
0 '!-‘-’r,_- -
0.5 b
-1 - -
15 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
Time (s)
Figure 9. Evolution of the critic estimates for player 2.
5 Transformed System States
T T T
s1
1 = -
ol \ /\ Y AV - —
-1 -
2+ _
-3r -
4+ .
5 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Time (s)
Figure 10. Transformed system states using the presented method.

5. Conclusions

For the affine nonlinear multi-input safety-critical systems with uncertain disturbances
and time-varying safety constraints, a new adaptive learning algorithm based on the
coupled HJB equations was proposed to solve the constrained optimal control problem.
In order to satisfy the time-varying safety constraints, the novel barrier function and
smooth safety boundary function were used to transform the safety-critical system into the
transformation system without the time-varying safety constraints. The proposed barrier
function solves the time-varying safety constraint problem which cannot be solved by
the traditional constant constraint method. The influence of uncertain disturbances on
the transformation system was dealt with reasonably by establishing the nominal system
and disturbance-related term. In addition, two critic neural networks were used to learn
the optimal solutions of the coupled HJB equations. The effectiveness of this method
was verified by the theoretical proof. In addition, we test both the nonlinear system of
the robotic arm and the numerical nonlinear example. Simulation results also verify the
effectiveness of the proposed method.
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Appendix A
Proof of Theorem 2. Consider the following Lyapunov function candidate
1 < T 1 oo
L(s) = Vi(s) + Va(s) + EoqlwlTwl + Eaglwng. (A1)
The time derivative on the trajectory of the transformation system is calculated as
. _ . . 71 ~ T ~ 71 ~ T ~
L=Vi+VWV+a] Wy Wi +a, W, W,. (A2)
Considering (40), we derive that

o1(t)
a1 (t)

a;1W{Wl = a;lwlT(le [Ul(t)Twl + 1 (S, Uy, uy, Tl)]T +

N
o 3 S ()W (s(0), 1) () Ta )T (49)

Define IT; = oy (t)TWy + 71 (s, u1, up,T1). Based on Formula (31), one has

I = oy () Wy +sTQqs + @1 (g, M) + Dalila, Ap) +
T1(s, VVi) — o7 () TW} — s Qys — @1 (uf, A1) — P2 (u3, A2)
—T1(s, VV) + epy, (Ad)
= @1 (1, A1) + Do, A2) — P1(uf, M) — Pa(uz,A2) +ep1
— Wi (t) + Wit (e1(t) — of (1)) + T1(s, VVi) = T4 (s, VVY),

where 07 (t) = V1 (s)(F(s) + Gi(s)uj + Ga(s)uz).
Define Iy = ®1 (111, A1) — ®1(uj, A1). Based on the results in [39,40], we can obtain

Iy = Wi V1 (s)Gi(s)Artanh(Dy) + Wi Vi (s)Gi(s)Artanh(cy D)
—WiTV ¢, (s)Gy (s)Atanh(Dy) — Wi TV ¢y (s)Gy(s)A[tanh(o, Dy)  (A5)
—tanh(c,, D)) + A2Ry (¢p, — €py) + €01,

where D; = iRﬁlGlT(s)V@(s)TWl, D; = ﬁRﬁlGlT(s)V(p](s)TWl*, ¢p, and ep, are
bounded approximation errors, 0,1 is a big constant, and ¢, is the approximate error
between the tanh and sgn functions.

Define Iz = ®,(11p, Ay) — Do (u3, Ay). Similarly, we can obtain

T3 = W, Vo (s)Ga(s)Aatanh(Dy) + Wy Vo (s) Ga(s) Agtanh(aDy)
—W5 TV ¢(5)Ga(s)Aatanh(Da) — W5 Vo (s)Ga(s)Aa[tanh(caDy) - (A6)
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—tanh((Tszz)] + )\%Rzz(sbz — SDZ) + &m0,

where D, = iRZ*zleT(s)Vq)z(s)TWz, D, = ﬁR{zng(s)V(pz(s)TWZ*, ¢p, and ep, are
bounded approximation errors, ¢, is a big constant, and ¢, is the approximate error.
Based on (A5) and (A6) and some manipulation, one has

Iy = W) V1 (s)Gi(s)Artanh(Dy) + WY Vi (s) G (s) Ay tanh(c,n Di )
~WiTV ¢, (s)Gy(s)Atanh(Dy) — Wi TV i (5) Gy (s) A [tanh(oy,1 Dy)
—tanh(oyu1D1)] + WLV (s)Ga(s) Aatanh(Dy)

—W;TV ¢y (5)Ga(s)Agtanh(Dy) — Wy TV ¢ (s)Ga(s)Aa[tanh(cma Do)
—tanh(0yD2)] = W o (£) + Wi (01() — 07 (1)) + en1 + €1

+WIV o (s)Ga(s)Aatanh(oynDy), (A7)
= —W[ o1 (t) + W] V1 (5)G1(s) A1 [tanh (0 Dy) — tanh(Dy )]

—W; TV 1 (s)Gy(s)A[tanh(oy, Dy) — tanh(o Dy))

+ WV (5)Ga(s)Az[tanh(Dy) — tanh(ouDy)]

+ W TV o (5)Ga(s) Az [tanh (o Dy) — tanh(Ds)]

+W; TV ¢, (5)Ga(s) A [tanh(D}) — tanh(Dy)] + €11 + €12,

= Wi o1 () + W g1 + Wil (5 — o) + W) s + W3 Ty + enn +ena,

where
€11 = Fl (S, V‘A/l) — Fl (S, VVl*) + €B1,
ez = MRui(ep, —ep,) + €01 + AR (ep, —ep,) + €02,
P = V¢1 (S)Gl (S))\l [tﬂnh(U’mlbl) — tanh(Dl)],
P = Vp1(s)Gy(s)Aq [tanh (o D1) — tanh(o,, D1)],
3 = Vo (s)Ga(s)Az[tanh(Dy) — tanh(oypDy)],
Py = V(I)Q(S)GQ(S))Q[tanh(o’szz) — fﬂnh(Dz)],
Y5 = V1(s)Ga(s)Az[tanh(Dy) — tanh(Dy)].

Similarly,

o1 (4) Wy + r(s(t:), 1 (1), B2 (1), T1 (£:))]T = =W o1 (1) + Wi 9y
+WiT (s — o) + W5 s + Wi T tpy + €11 + €. (A8)

Substituting Formulas (A7) and (A8) into Formula (A3) yields

AT ron (el ()Xo (k)] (1),
&g "W = —WlT[lmi(tl) + 1:21 W}Wl
N , - ,

5+ B MW MGG L
oron(t) | oot

+W1 [_1(1’) +l=21 -1(ti>](¢5 ‘/12) Wy
2101 () o (t) ) T

+Wl [_1(t) +l:21 _1(ti)]¢4 WZ (A9)

T oq(t) N o1 (t;)
+W1 [5.1(1,) +Z_Z% _1(tl’)](611 +€12)/

= *W1T(O1V~V1 + Wchi)zlP{V\ﬁ + W{(Dzl,bng + Wchi)zl/)IWZ*
+Wi @2(5 — 92) W1 + Wi 3,
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- - [ - 1 - - - ~
< *W1TCO1W1 + fwfwzwgwl + leTt,l)1¢7{W1 + WchDzle:{Wz
HW@W?W@M+W&mw%@%%,

where 7. is a positive constant to be determined,

()l (t) X or(t)of (£)
gl t1 +,; (‘71(5)
o1 (t) Nam
@ =G5m * Lo
(7' N (%]
03 = | = Eg +l; - E :; €11 + €12).

We can also obtain an upper bound on &, ! 124 W using the similar method,

a;1W;W2 = —WZTCU4W2 + WZTUO51,D6TW2 + Wgwg,szTWl + WzTcoypgTW
+ W @s(ply — 7 )Wa + WJ @e,
< —WZTCD4W2 +

Te « - 1 . - - A
o W3 @505 Wa + 5 =W petpg Wa + W5 osips Wi (A10)
Cc

+W, @5 (ly — 7 ) Wa + W3 @6 + W3 @s1pg Wy,

where € b, and ¢ep, are bounded approximation errors, 0,3, 0,3 are two big constants, and
€43, €74 are approximate errors,

2) — tm’lh(f)z)],

W6 = V() Ga(s) Az [tanh(oysD
P7 = V(PQ(S)GQ(S)/\Z[tll]’lh((ng,Dz) — tanh(amg,Dz)],
lpg = V(IJl (S)Gl (S)/\1 [tll?’lh(Dl) — tanh(am4D1)],
P9 = V1(s)Gy(s)A [tanh(0,aD1) — tanh(Dy)],
P10 = Vo (s)Gy(s)A [tanh(D3) — tanh(Dy)],
oty (1) a2 (ti)oy ()
*%=T5m Th T nm
o) | E o)
% =[50 " Laom
N
@ =25+ L iy (e + o)

€71 = rz(S VVZ 1"2(s,VV2*) + €py,
€n = 7\1R11(€153 —ép,) t&p3 + /\%Rzz(sm —€p,) + €04

~—

Considering (30), we derive that
Vi = (WiTV @1 (s) + Vel ) (F(s) + Gi(s)ur + Ga(s)uz)

= (WiTV@1(s)F(s) — Wi Vi (s)Gi(s)Artanh(Dy)
— (Wi TV 1(s)Ga(s)Aatanh(Dy) + e, (A11)

—~

where g9 = Vel (F(s) — Gy(s)Artanh(D1) — Gy(s)Aqtanh(D,)). Based on Assumptions 1
and 2, one has

€0 < Agey Asllsll + Age, Mg + Age AogAa. (A12)

Based on (31), one has
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Wl*TV(P] (S)F = —STle — q)l (ul,)tl) — CDZ(uz, }\2) — 1"1 (s,VVl) + €81
+(WiTV 1 (5)G1(s)Atanh(Dy) + (Wi TV ¢y (s) Gy (s) Aatanh(Dy). (A13)

Based on (A13) and the facts that (W; T V¢ (s)G1(s)A [tanh(Dq) — tanh(Dy)] < 2M A0
Mg WS 1|, (Wi TV 1(s)Ga(s)Az[tanh(Dy) — tanh(Dy)] < 2A2A A ap W5 I, €81 < €pn,
and @1 (u1, A1), P2(up, Ap), I'1(s, VV;) are positive definite, one has

Vi < —sTQus + egip + Age, Aflls]| + Age, AMgAt + Age, AzgAz
F2M A Adg, [WT ] 4 2A2A 02444, W5 . (Al4)
Similarly, we can derive
Vo < —sTQos + epoy + Adey Aflls]| + Ade, MgAt + AgeyA2gha
+2MAg1 A, [IWT || + 24202 Aag, (W5 |- (A15)

Collecting the results in (A9), (A10), (A14) and (A15), one has

L < —sTQis —sTQps — Wiy Wy + %WlTwzszwl + %W{l[}llpfwl
+ W] @3 Wa + W @2 (3 — ¢3)Wy + Wi @3 + W] @9y W3
W @4, + W] 050l Wy + zircw;%lpng + W syl Wy (A16)
+ W] @s(ply — I YWo + WE @6 + WT @s5pd Wy + hy + hy,
= —sTQys — 5T Qos — Wl haWy + Wl hy — W hsWy + W he + hy + ho,
where
hy = epun + Ade, AflISI| + Age, AMgAt + Age, AagAa + 2A1 A g1 Aag, |WH || + 242462440, W5 |,

hy = egop + Ade, AflIS I 4 Ade, Mg At + Ade, AagAo + 201 Ag1 Ay, W1 || + 24240244, (W5 |,

Tc
2

hy = @3 Wa + @2 (3 — 93 )Wy + @3 + @a9pf W5,

Te
2

he = @sy§ Wi + @5 (ig — §7) + @6 + @s5¢pg W'
Finally, collecting the results in (A9), (A10), (A14), (A15) and (A16), one has

1
h3 = (w1 + QZ(DZT + 27/61/)11/]1T,

1
hs = @4 + ~ @501 + 276%#’5,

L < —STQ15 — STQ25 — thg,Wl + WlTh4 - WZTI’Z5W2 + W2Th6 + hy + hy,
< = Ain QOIS I = Apmin (Q2) I8 I1* = Asin (h3) || Wi [|* + || WA ||| s | (A17)
—Ain (h5) [ Wa |12 + [ Wa ||| 6 || + By + ho.

Reasonable selection of parameters makes i3 > 0,hy > 0,h5 > 0,hg > 0, and the
Lyapunov derivative (A2) is negative if

5 |74 hall>, [[Wallllhell + P1 + I

Wil > , Al8
H ! H 2A i (h3) 4/\%11‘11 (h3) Amin (hB) ( )

3 |76l |76 ]I [Wa || lFea | + Fy + T2

Wal| > + + . Al19
H 2” ZAmm(h5) 4)\%11.” (h5) Amin (hS) ( :
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Based on the Lyapunov theorem and Formulas (A18) and (A19), we can select param-
eters appropriately to ensure that the system state s and critic neural network weight errors
Wy, W, are UUB.

This completes the proof. [
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