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Abstract: Many papers on fuzzy risk analysis calculate the similarity between fuzzy numbers. Usually,
they use symmetric and reflexive similarity measures between parameters of fuzzy sets or “centers
of gravity” of generalized fuzzy numbers represented by real numbers. This paper studies bipolar
similarity functions (fuzzy relations) defined on a domain with involutive (negation) operation. The
bipolarity property reflects a structure of the domain with involutive operation, and bipolar similarity
functions are more suitable for calculating a similarity between elements of such domain. On the set of
real numbers, similarity measures should take into account symmetry between positive and negative
numbers given by involutive negation of numbers. Another reason to consider bipolar similarity
functions is that these functions define measures of correlation (association) between elements of the
domain. The paper gives a short introduction to the theory of correlation functions defined on sets
with an involutive operation. It shows that the dissimilarity function generating Pearson’s correlation
coefficient is bipolar. Further, it proposes new normalized similarity and dissimilarity functions on
the set of real numbers. It shows that non-bipolar similarity functions have drawbacks in comparison
with bipolar similarity functions. For this reason, bipolar similarity measures can be recommended
for use in fuzzy risk analysis. Finally, the correlation functions between numbers corresponding to
bipolar similarity functions are proposed.

Keywords: similarity; fuzzy relation; correlation between numbers; bipolarity; fuzzy risk assessment
model

MSC: 62H20; 91B30

1. Introduction

Risk assessment is a significant step of risk analysis, which involves identifying,
analyzing, and controlling, hazards and risks, which are detrimental to the process under
investigation. This allows predicting critical issues that can be addressed to avoid serious
consequences [1]. In risk assessment, both quantitative and qualitative factors can arise,
consequently, these kinds of models should be able to handle both of them. For this reason,
an approach is needed which can handle both types of risk factors. Fuzzy logic is a useful
technique to address the above problem. Its great advantage of being able to handle
uncertainties, subjectivities in inputs and in the evaluation process with the help of fuzzy
set theory [2,3].

Many papers on fuzzy risk analysis are based on similarity measures of generalized
fuzzy numbers or parametric trapezoidal and triangular fuzzy sets [4–11]. These measures
usually calculate the similarity between n-tuples of real-valued parameters defining fuzzy
sets or some properties of fuzzy sets; for example, some “centers of gravity” of generalized
fuzzy numbers can be used. From similarity measures used in fuzzy risk assessment
models, it is usually required that they satisfy the properties of symmetry and reflexivity.
These properties are very natural requirements on any similarity measures, but it would be
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interesting also to require from similarity measures other properties reflecting the general
properties of the domain data. From similarity measures defined on the set of real values
or on the set of n-tuples of real values, it is reasonable to require that these measures will
take into account the symmetry between positive and negative numbers. Generally, such
symmetry of the domain data exists for different types of data and can be represented by
some involutive operation defined on the domain.

This paper studies bipolar similarity functions defined on a domain with involutive
(negation) operation. The bipolarity property reflects some structure of the domain related
to involutive operation, and bipolar similarity functions are more suitable for calculating
a similarity between elements of such domain. On the set of real numbers, similarity
measures should take into account symmetry between positive and negative numbers
given by involutive mapping of positive numbers into negative numbers and vice versa.
Such mapping can be obtained as a result of the multiplication of numbers by −1.

Another reason to consider bipolar similarity functions is that these functions define
measures of correlation (association) between elements of the domain. The paper gives
a short introduction to the theory of correlation functions (association measures) defined
on sets with involutive operation [12–19]. The correlation function (association measure)
is defined on such sets as a function satisfying several simple properties. One of these
properties includes involutive operation defined on the set. It was shown that most of
the correlation and association coefficients introduced in statistics during more than one
hundred years satisfy these properties after a suitable definition of involutive operation on
the domain set. It was proposed several general methods of construction of such correlation
functions using suitable similarity and dissimilarity functions. One of the important results
obtained in [19] establishes the one-to-one correspondence between bipolar similarity or
dissimilarity functions (fuzzy similarity or dissimilarity relations) and correlation functions.

In this paper, we show that the dissimilarity function generating Pearson’s correlation
coefficient is bipolar. Further, we propose new normalized similarity and dissimilarity
functions on the set of real numbers. It is shown that non-bipolar similarity functions
have drawbacks in comparison with bipolar similarity functions. For this reason, bipolar
similarity measures can be recommended for use in fuzzy risk assessment models. Finally,
correlation functions between numbers corresponding to bipolar similarity functions are
proposed.

The paper has the following structure. Section 2 presents the basic results of the
theory of correlation functions (association measures). Section 2.1 gives the definition of
correlation functions (association measures) on sets with involutive operations. Section 2.2
describes the main properties of similarity and dissimilarity functions (fuzzy relations)
related to the involutive operation defined on the domain. Section 2.3 describes the main
methods of construction of correlation functions using similarity and dissimilarity functions.
Section 3 contains the main results relating bipolar similarity and dissimilarity functions
with correlation functions on the sets of real n-tuples and real numbers. Section 4 de-
scribes an application of bipolar dissimilarity and similarity correlation in Risk Assessment.
Conclusions and discussions are given in Section 5.

2. Materials and Methods
2.1. Correlation Functions (Association Measures)

The concept of correlation function (association measure) was introduced and studied
in [12–19]. Let Ω be a nonempty set. A function N : Ω→ Ω is called a reflection or a
negation on a set Ω if it satisfies for all x in Ω the involutivity property:

N(N(x)) = x, (1)

and N is not an identity function, i.e., N(x) 6= x for some x in Ω. An element x in Ω such
that N(x) = x is called a fixed point and the set of all fixed points of the negation N on Ω is
denoted as FP(N, Ω) or FP(Ω).
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Let N be a negation on Ω, and V be a nonempty subset of Ω r FP(Ω) closed under N,
i.e., for all x in V it is fulfilled N(x) ∈ V. An association measure (correlation function) on V is
a function A : V ×V → [−1, 1] satisfying for all x, y in V the properties:

A1. A(x, y) = A(y, x), (symmetry) (2)

A2. A(x, x) = 1, (reflexivity) (3)

A3. A(x, N(y)) = −A(x, y). (inverserelationship) (4)

From A1–A3 it follows that the correlation function satisfies for all x, y in V the
following properties:

A(x, N(x)) = −1, (opposite elements) (5)

A(N(x), N(y)) = A(x, y), (co-symmetry I) (6)

A(x, N(y)) = A(N(x), y), (co-symmetry II) (7)

The last two properties follow one from another for any function of two arguments
defined on V.

Example 1. It is shown [12–19] that most of the known in statistics correlation and association
coefficients [20–26] satisfy these properties on specific domain Ω with suitably defined involu-
tion operation. Let us show that Pearson’s linear correlation coefficient satisfies A1–A3. Let
Ω be the set of real-valued n-tuples x = (x1, . . . , xn). Define negation operation on Ω as fol-
lows: N(x) = (−x1, . . . ,−xn) This operation is involutive: N(N(x)) = N(−x1, . . . ,−xn) =
(−(−x1), . . . ,−(−xn)) = (x1, . . . , xn) = x with a unique fixed point x = (0, . . . , 0), due
to N(x) = (−0, . . . ,−0) = (0, . . . , 0) = x. Consider the set V of non-constant n-tuples
x = (x1, . . . , xn), such that x 6= (c, . . . , c) for any real c. The Pearson’s linear correlation co-
efficient is defined on V as follows:

r(x, y) =
∑n

i=1(xi − x)(yi − y)√
∑n

i=1(xi − x)2
√

∑n
i=1(yi − y)2

, (8)

where x = (x1, . . . , xn), y = (y1, . . . , yn), x = 1
n ∑n

i=1 xi, y = 1
n ∑n

i=1 yi. It is clear that
Pearson’s correlation coefficient satisfies properties A1 and A2. To check the fulfillment of A3
consider N(y) = (−y1, . . . ,−yn). We have N(y) = 1

n ∑n
i=1(−yi) = − 1

n ∑n
i=1 yi = −y and

finally:

r(x, N(y)) =
∑n

i=1(xi − x)
(
−yi − N(y)

)
√

∑n
i=1(xi − x)2

√
∑n

i=1

(
−yi − N(y)

)2
=

∑n
i=1(xi − x)(−yi − (−y))√

∑n
i=1(xi − x)2

√
∑n

i=1(−yi − (−y))2
=

−∑n
i=1(xi − x)(yi − y)√

∑n
i=1(xi − x)2

√
∑n

i=1(yi − y)2
= −r(x, y).

(9)

2.2. Similarity and Dissimilarity Functions (Fuzzy Relations)

Let Ω be a nonempty set with negation N, and V be a nonempty subset of Ω \ FP(Ω)
closed under N. A function S : V ×V → [0, 1] is called a similarity function (fuzzy similarity
relation) on V if it satisfies for all x, y in V the properties [18]:

S1. S(x, y) = S(y, x), (symmetry)

S2. S(x, x) = 1. (reflexivity)

A similarity function is called:
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co-symmetric if for all x, y in V it holds:

S3. S(N(x), N(y)) = S(x, y), (co-symmetry-I)

S4. S(x, N(y)) = S(N(x), y), (co-symmetry-II)

consistent if for all x in V it holds:

S5. S(x, N(x)) = 0, (consistency)

bipolar if for all x, y in V it holds:

S6. S(x, y) + S(x, N(y)) = 1. (bipolarity)

Dually, consider dissimilarity function (fuzzy dissimilarity relation) D : V ×V → [0, 1]
satisfying for all x, y in V the properties:

D1. D(x, y) = D(y, x), (symmetry)

D2. D(x, x) = 0, (irreflexivity)

Dissimilarity function is called:
co-symmetric if for all x, y in V it holds:

D3. D(N(x), N(y)) = D(x, y), (co-symmetry-I)

D4. D(x, N(y)) = D(N(x), y), (co-symmetry-II)

consistent if for all x in V it holds:

D5. D(x, N(x)) = 1, (consistency)

bipolar if for all x, y in V it holds:

D6. D(x, y) + D(x, N(y)) = 1. (bipolarity)

Similarity and dissimilarity functions are called dual if for all x, y in V it holds:

S(x, y) = 1− D(y, x), D(x, y) = 1− S(y, x). (duality) (10)

Proposition 1. The similarity function satisfies one of the properties S3–S6 if and only if the dual
dissimilarity function satisfies the corresponding property from D3–D6.

Proposition 2 [19]. If the similarity (dissimilarity) function is bipolar, then it is co-symmetric and
consistent.

Due to duality, for a specific domain V, one can consider only one of the functions
(fuzzy relations) S or D, but generally, it is convenient to consider both of them.

2.3. Constructing Correlation Functions from Similarity and Dissimilarity Functions

The main results on the construction of correlation functions from similarity functions
are obtained in [13–15,19].

Theorem 1. Let Ω be a nonempty set with a reflection N, and V be a nonempty subset of Ω \ FP(Ω)
closed under N. Let S be a co-symmetric and consistent similarity function on V, then the following
function is an association measure (correlation function) on V:

A(x, y) = S(x, y)− S(x, N(y)). (11)
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Dually, if D is a co-symmetric and consistent dissimilarity function on V, then the following function
is an association measure (correlation function) on V:

A(x, y) = D(x, N(y))− D(x, y). (12)

Let us prove, for example, that the function A(x, y) in (12) takes values in [–1, 1]. Since
D takes values in [0, 1], A(x, y) has the maximal value when D(x, N(y)) has the maximal
possible value 1 and D(x, y) has the minimal possible value 0. In this case A(x, y) = 1, that
happens, for example, when x = y. A(x, y) has the minimal value when D(x, N(y)) has
the minimal possible value 0 and D(x, y) has the maximal possible value 1. In this case
A(x, y) = −1, that happens, for example, when y = N(x).

In [19] it was established a one-to-one correspondence between correlation functions
and bipolar similarity functions. Due to the importance of this result for our research, we
give here the proof of the corresponding theorem.

Theorem 2. Let Ω be a nonempty set with a reflection N, and V be a nonempty subset of Ω \ FP(Ω)
closed under N. Let S be a bipolar similarity function on V, then the following function is a correlation
function on V:

A(x, y) = 2S(x, y)− 1. (13)

Let A be a correlation function on V, then the function

S(x, y) = 0.5(1 + A(x, y)), (14)

is a bipolar similarity function on V. Dually, if D is a bipolar dissimilarity function on V, then the
following relations establish a one-to-one correspondence between correlation functions and bipolar
dissimilarity functions on V:

A(x, y) = 1− 2D(x, y). (15)

D(x, y) = 0.5(1− A(x, y)). (16)

Proof. From the symmetry and reflexivity of S, it follows the symmetry A1 and the
reflexivity A2 of A in (13). From the bipolarity S6 of S, we obtain S(x, N(y)) = 1− S(x, y)
and hence the inverse relationship A3 of A in (13):

A(x, N(y)) = 2S(x, N(y))− 1 = 2(1− S(x, y))− 1 = 1− 2S(x, y) = −A(x, y).

If A is a correlation function, then from symmetry and reflexivity of A we obtain the
symmetry and reflexivity of S in (14). From the inverse relationship A3 of A, we obtain for
similarity function S in (14):

S(x, N(y)) = 0.5(A(x, N(y)) + 1) = 0.5(−A(x, y) + 1) = −0.5(A(x, y)− 1) =
−0.5(A(x, y) + 1− 2) = −0.5(A(x, y) + 1) + 1 = −S(x, y) + 1,

and from S(x, N(y)) = −S(x, y) + 1 follows the bipolarity S6 of S.
The dual results for bipolar dissimilarity function D follow from (10), (13), (14). �

The dual bipolar similarity and dissimilarity functions, such that S(x, y) = 1−D(y, x),
together with a correlation function A related by (13)–(16) are called complementary to each
other and compose complementary (or correlation) triplet (S, D, A) [19]. The functions S(x, y),
D(x, y) and A(x, y) from the complementary triplet (S, D, A) are also related as follows [19]:

A(x, y) = S(x, y)− D(x, y). (17)

This formula has clear interpretations:
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(a) Correlation between x and y is positive if the similarity between x and y is greater than the
dissimilarity between them. In the opposite case, the correlation between x and y is negative.

(b) Correlation between x and y is positive if they are “similar” and negative if they are “different”.

From (13), it follows that the correlation function is nothing else but rescaled bipolar
similarity function. For this reason, a correlation function satisfying A1–A3 will also
be referred to as a similarity correlation function. Note also that the formula (15) can be
considered as a generalization of Spearman’s rank correlation coefficient on any domain
with involutive negation and bipolar dissimilarity function.

The proposed approaches to the definition and construction of correlation functions on
a set with involutive operation using (dis)similarity functions give a new look at correlation
coefficients. The concept of correlation (association) coefficient developed in statistics
can be extended now on any set with involutive operation if we can introduce a suitable
similarity or dissimilarity function on this set. Such an approach to the construction of
correlation functions gives new tools for discovering interesting relationships in data [27,28].
Similarity measures used in pattern recognition and machine learning can be used for the
representation of new, correlation-like relationships in data.

In the following Sections we will use the method of construction of dissimilarity
functions from Minkowsky distances proposed in [18] and considered below.

Let F be a transformation of elements x of some set Ω into n-tuples F(x) = (F(x)1, . . . , F(x)n).
This transformation is called a p-transformation (p-standardization) for some real p ≥ 1 if it
satisfies the following property:

∑n
i=1|F(x)i|

p = 1.

Proposition 3 [18]. Let F(x) be a p-transformation of elements of the set Ω into n-tuples
F(x) = (F(x)1, . . . , F(x)n) then the function

D(x, y) =
1
2

p
√

∑n
i=1|F(x)i − F(y)i|

p,

is a dissimilarity function (metric) on Ω, i.e., it takes values in [0, 1], it is symmetric (D1) and
irreflexive (D2).

From this Proposition, it follows that the following functions are dissimilarity functions
for p = 1 and p = 2, respectively:

D(x, y) =
1
2 ∑n

i=1|F(x)i − F(y)i|, (18)

D(x, y) =
1
4 ∑n

i=1|F(x)i − F(y)i|
2. (19)

Additionally to the methods of construction of dissimilarity and similarity functions
considered in [18] one can obtain these functions from a metric d(x, y) as follows:

D(x, y) = min(1, d(x, y)),

S(x, y) = 1− D(x, y).

In the following section, we describe the bipolar dissimilarity function complemen-
tary to Pearson’s correlation coefficient, and based on Theorems 1 and 2, we introduce
correlation functions between numbers.
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3. Results
3.1. Constructing Pearson’s Linear Correlation Coefficient Using Bipolar Dissimilarity Function

For the notations and details used here, see Example 1.

Proposition 4. Let Ω be a set of real-valued n-tuples x = (x1, . . . , xn) with involution opera-
tion N(x) = (−x1, . . . ,−xn). The following function D on the set V of non-constant n-tuples
x = (x1, . . . , xn) is a bipolar dissimilarity function complementary to Pearson’s correlation coeffi-
cient:

D(x, y) =
1
4 ∑n

i=1

 xi − x√
∑n

i=1(xi − x)2
− yi − y√

∑n
i=1(yi − y)2

2

. (20)

Proof. The transformation: F(x)i =
xi−x√

∑n
i=1(xi−x)2

, is a p-transformation (with p = 2) of n-tuples

x = (x1, . . . , xn) from V because it satisfies the condition: ∑n
i=1 F(x)i

2 = ∑n
I=1

(
xi−x√

∑n
i=1(xi−x)2

)2

= 1.

Hence, from (19), it follows that (20) is a dissimilarity function.
Let us show that D(x, y) is bipolar. We have:

D(x, y) = 1
4 ∑n

i=1

(
xi−x√

∑n
i=1(xi−x)2

− yi−y√
∑n

i=1(yi−y)2

)2

= 1
4

(
∑n

i=1(xi−x)2

∑n
i=1(xi−x)2 −

2 ∑n
i=1(xi−x)(yi−y)√

∑n
i=1(xi−x)2

√
∑n

i=1(yi−y)2
+ ∑n

i=1(yi−y)2

∑n
i=1(yi−y)2

)

= 1
4

(
∑n

i=1(xi−x)2

∑n
i=1(xi−x)2 −

2 ∑n
i=1(xi−x)(yi−y)√

∑n
i=1(xi−x)2

√
∑n

i=1(yi−y)2
+ ∑n

i=1(yi−y)2

∑n
i=1(yi−y)2

)
= 1

4

(
1− 2 ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

+ 1

)

= 1
2

(
1− ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

)
.

In the obtained formula

D(x, y) =
1
2

1− ∑n
i=1(xi − x)(yi − y)√

∑n
i=1(xi − x)2

√
∑n

i=1(yi − y)2

, (21)

replace y by N(y) = (−y1, . . . ,−yn) and from N(y) = −y obtain:

D(x, N(y)) = 1
2

(
1− ∑n

i=1(xi−x)(−yi−N(y))√
∑n

i=1(xi−x)2
√

∑n
i=1(−yi−N(y))

2

)

= 1
2

(
1− ∑n

i=1(xi−x)(−yi−(−y))√
∑n

i=1(xi−x)2
√

∑n
i=1(−yi−(−y))2

)
= 1

2

(
1 + ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

)
.

Finally, obtain bipolarity of D:

D(x, y) + D(x, N(y)) = 1
2

(
1− ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

)
+

1
2

(
1 + ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

)
= 1.
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From (15) and (21) obtain Pearson’s correlation coefficient:

A(x, y) = 1− 2D(x, y) = 1− 2 1
2

(
1− ∑n

i=1(xi−x)(yi−y)√
∑n

i=1(xi−x)2
√

∑n
i=1(yi−y)2

)
=

∑n
i=1(xi−x)(yi−y)√

∑n
i=1(xi−x)2

√
∑n

i=1(yi−y)2
= r(x, y).

�

Really, the property of bipolarity of the dissimilarity function (20) is surprising because,
in the definition of this function, the concept of negation of n-tuples is not used! From
the theoretical results of the new theory of correlation functions (association measures)
developed in [12–19] and from our previous results, it was shown that Pearson’s correlation
coefficient could be constructed from (20) by the method given in Theorem 1 due to (20)
satisfies co-symmetry and consistency properties. The bipolarity is more strong property
than these two properties together, and in Proposition 4, it is shown that bipolarity is also
fulfilled for (20). Pearson’s correlation plays an important role in statistics [26]. Proposition
4 gives a new look at this correlation coefficient.

Theorem 2 is also important because sometimes it is easier to check the fulfillment of
one bipolarity property than two properties of co-symmetry and consistency for potential
similarity or dissimilarity functions as required in Theorem 1. Both Theorems we use
further for the construction of the correlation of numbers. Note that Theorem 1 is a part
of a more general theorem [13–15] where instead of difference operation in (11), it uses
pseudo-difference operation associated to t-conorm.

3.2. Non-Bipolar Similarity, Dissimilarity, and Correlation Functions for Real Numbers

On the set of real numbers, Ω = R, consider negation: N(x) = −x. It has the fixed
point x = 0, because N(0) = −0 = 0; for this reason, we define similarity, dissimilarity,
and correlation functions on the set V = R\{0}. Note that in the fixed point x = 0
the consistency and reflexivity properties are incompatible due to: S(0, N(0)) = 0, and
S(0, N(0)) = S(0, 0) = 1.

Proposition 5. The function

D(x, y) =
|x− y|
|x|+ |y| , (22)

is a co-symmetric and consistent dissimilarity function on V = R\{0}, generating by Theorem 1
the following correlation function on the set V = R\{0}:

A(x, y) =
|x + y| − |x− y|
|x|+ |y| . (23)

Proof. It is clear that D(x, y) ≥ 0, D is symmetric and irreflexive.
From |x− y| ≤ |x|+ |y| obtain D(x, y) ≤ 1.
D is co-symmetric: D(N(x), N(y)) = |−x−(−y)|

|−x|+|−y| =
|x−y|
|x|+|y| = D(x, y).

D is consistent: D(x, N(x)) = |x−(−x)|
|x|+|−x| =

|2x|
2|x| = 1.

Using (12) in Theorem 1, obtain from D the correlation function (23):

A(x, y) = D(x, N(y))− D(x, y) =
|x− (−y)|
|x|+ |−y| −

|x− y|
|x|+ |y| =

|x + y| − |x− y|
|x|+ |y| .

Note that dually to D, we obtain a co-symmetric and consistent similarity function:

S(x, y) = 1− D(x, y) = 1− |x− y|
|x|+ |y| =

|x|+ |y| − |x− y|
|x|+ |y| . (24)



Mathematics 2022, 10, 797 9 of 16

According to Theorem 1, this similarity function will generate the same correlation
function (23) as follows: A(x, y) = S(x, y)−S(x, N(y)) = |x|+|y|−|x−y|

|x|+|y| − |x|+|−y|−|x−(−y)|
|x|+|−y| =

|x|+|y|−|x−y|
|x|+|y| − |x|+|y|−|x+y|

|x|+|y| = |x+y|−|x−y|
|x|+|y| �

The shape of the similarity function (24) for the numbers from the set [−100, 100]\{0}
is depicted in Figure 1. The main diagonal due to the reflexivity has the maximal values
S(x, x) = 1. Due to the symmetry property, the shape is symmetric with respect to the
vertical plane passing through the main diagonal. Due to the co-symmetry property, the
shape of the similarity function is symmetric with respect to the vertical plane passing
through the second diagonal.
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Below we show that the correlation function (23) can be obtained from another pair of
dual co-symmetric and consistent similarity and dissimilarity functions.

Proposition 6. The function

S(x, y) =
|x + y|
|x|+ |y| , (25)

is a co-symmetric and consistent similarity function on V = R\{0}, generating by Theorem 1 the
correlation function (23).

Proof. It is clear that S(x, y) ≥ 0, S is symmetric and reflexive.
From |x + y| ≤ |x|+ |y| obtain S(x, y) ≤ 1.
S is co-symmetric: S(N(x), N(y)) = |−x+(−y)|

|−x|+|−y| =
|x+y|
|x|+|y| = S(x, y).

S is consistent: S(x, N(x)) = |x+(−x)|
|x|+|−x| = 0.

Using Theorem 1, we obtain from S the correlation function (23):

A(x, y) = S(x, y)− S(x, N(y)) =
|x + y|
|x|+ |y| −

|x + (−y)|
|x|+ |−y| =

|x + y| − |x− y|
|x|+ |y| .

Dually to S, we obtain a co-symmetric and consistent dissimilarity function:

D(x, y) = 1− S(x, y) = 1− |x + y|
|x|+ |y| =

|x|+ |y| − |x + y|
|x|+ |y| . (26)

According to Theorem 1 this dissimilarity function generates the same correlation
function (23). �
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The shape of the similarity function (25) for the numbers from the set [−100, 100]\{0}
is depicted in Figure 2.
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Note that dissimilarity and similarity functions (22), (24)–(26) are not bipolar. To
construct from them a correlation function, we need to use the formulas from Theorem
1. This is an interesting result that the same correlation function (23) can be generated
by different non-bipolar similarity and dissimilarity functions. According to Theorem 2,
we can find bipolar similarity and dissimilarity functions complementary to correlation
function (23) and generating it by (13) and (15).

Proposition 7. The correlation function (23) has the following dual complementary bipolar similar-
ity and dissimilarity functions:

S(x, y) =
1
2
|x|+ |y|+ |x + y| − |x− y|

|x|+ |y| =
1
2

(
1 +
|x + y| − |x− y|
|x|+ |y|

)
, (27)

D(x, y) =
1
2
|x|+ |y| − |x + y|+ |x− y|

|x|+ |y| =
1
2

(
1− |x + y| − |x− y|

|x|+ |y|

)
. (28)

Proof. Obtain (27) and (28) from (23) and from (14) and (16), respectively.
S is bipolar: S(x, y) + S(x, N(y)) = 1

2

(
1 + |x+y|−|x−y|

|x|+|y|

)
+ 1

2

(
1 + |x+(−y)|−|x−(−y)|

|x|+|y|

)
=

1
2

(
1 + |x+y|−|x−y|

|x|+|y|

)
+ 1

2

(
1 + |x−y|−|x+y|

|x|+|y|

)
= 1.

Dually show that D is also bipolar. �

The shape of the bipolar similarity function (27) for the numbers from the set
[−100, 100]\{0} is depicted in Figure 3.
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As we can see, the similarity measures (24) and (25) presented in Figures 1 and 2 have
the following drawbacks compared to the bipolar similarity function (27) presented in
Figure 3.

The similarity function (24) presented in Figure 1 has large non-monotonic sections
such that S(x, y) = 0 if x ∈ (0, 100], y ∈ [−100, 0) and if x ∈ [−100, 0), y ∈ (0, 100], i. e. it is
not sensitive to the change of values of x and y within these sections. Indeed, if x ∈ (0, 100],
y ∈ (−100, 0] then in (24) we have:

S(x, y) = 1− |x− y|
|x|+ |y| = 1− x + |y|

|x|+ |y| = 1− 1 = 0.

Similarly, we obtain S(x, y) = 0 if x ∈ [−100, 0), y ∈ (0, 100].
Comparing the similarity function (25) presented in Figure 2 with the bipolar similarity

function (27) presented in Figure 3, we see that the similarity function (25) also has large
non-monotonic sections such that S(x, y) = 1 if x, y ∈ [−100, 0), and if x, y ∈ (0, 100], i.e.,
when both x and y are negative or both are positive. Indeed, when both x and y are negative,
or both are positive, we have in (25):

S(x, y) =
|x + y|
|x|+ |y| =

|x|+ |y|
|x|+ |y| = 1.

3.3. Bipolar Similarity, Dissimilarity, and Correlation Functions for Real Numbers

In this section, we find simple bipolar similarity and dissimilarity functions together
with correlation function from a complementary triplet (S, D, A).

Let Ω be a set of real numbers. Consider negation N on Ω = R: N(x) = −x. It has a
unique fixed point x = 0.

Proposition 8. The functions

D(x, y) =
(x− y)2

2(x2 + y2)
, (29)

S(x, y) =
(x + y)2

2(x2 + y2)
, (30)

are dual bipolar dissimilarity and similarity functions on V = R\{0}, generating by Theorem 2 the
complementary correlation function:

A(x, y) =
2xy

x2 + y2 . (31)
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Proof. It is clear that D(x, y) ≥ 0, D is symmetric and irreflexive. Let us show the bipolarity
of D:

D(x, y) + D(x, N(y)) = (x−y)2

2(x2+y2)
+ (x−(−y))2

2(x2+(−y)2)
=

(x−y)2

2(x2+y2)
+ (x+y)2

2(x2+y2)
= x2−2xy+y2+x2+2xy+y2

2(x2+y2)
= 2x2+2y2

2(x2+y2)
= 1.

From D(x, y) ≥ 0 and the bipolarity of D, it follows that D(x, y) ≤ 1, i.e., D is a bipolar
dissimilarity function.

Dually to D, we obtain the bipolar similarity function (30):

S(x, y) = 1− D(x, y) = 1− (x−y)2

2(x2+y2)
=

2x2+2y2−(x2−2xy+y2)
2(x2+y2)

=

x2+2xy+y2

2(x2+y2)
= (x+y)2

2(x2+y2)
.

Using this bipolar similarity function S, obtain from (13) a correlation function:

A(x, y) = 2S(x, y)− 1 = 2
(x + y)2

2(x2 + y2)
− 1 =

x2 + 2xy + y2 − (x2 + y2)

x2 + y2 =
2xy

x2 + y2 .

�

The shape of the bipolar similarity function (30) for the numbers from the set
[−100, 100]\{0} is depicted in Figure 4.
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Figure 4. Bipolar similarity function (30) on the set of real numbers [−100,100]\{0}.

The shape of the correlation function (31) for the numbers from the set [−100, 100]\{0}
is depicted in Figure 5. The blue plane cuts the figure on the level where correlation equals
0. As we can see, the correlation is positive when both x and y are positive, or when both
are negative. According to (13): A(x, y) = 2S(x, y)− 1, the correlation function (31) is a
rescaling of the bipolar similarity function (30). The bipolar similarity function (30) takes
values in [0, 1] but the correlation function takes values in [−1, 1]; compare Figures 4 and 5.
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4. Bipolar Dissimilarity and Similarity Correlation in Risk Assessment

Similarity measures have an important role in risk assessment. In conventional models,
the computational requirement is very high due to the complicated fuzzy arithmetic
operations and performing linguistic approximations. However, using similarity measures,
computational requirements can be reduced [6]. In some cases, this advantageous property
has vital importance, e.g., in real-time and adaptive systems.

Nowadays, patient monitoring systems are very popular because of their several
advantages. Nevertheless, the development of an appropriate evaluation model which
serves realistic results is still the most serious issue. In these kinds of systems risk of
the current activity can be monitored based on the measured physiological parameters.
The problem is that the current physiological values of the patient are influenced by
many factors. However, if the previous measurements under the same condition (resting
heart-rate, intensity and duration of the activity, sampling rate, etc.) are available, a patient-
specific evaluation can be built to result in a more realistic risk level. In this case a fuzzy set
can be created based on the histogram of the previously measured values, and similarity
can be calculated with the medical recommendation, or with the current values. Based on
this similarity a risk can be assessed.

The process of creating a fuzzy set based on previous measurements through a simpli-
fied example is shown below:

1. Measured values (see Figure 6) are stored in a database.
2. Histogram is created based on the stored data as illustrated in Figure 7.
3. Fuzzy set is fitted to the histogram, (see in [29]). This set represents the normal

reactions of the patient under the same conditions. Medical recommendations for
the specific patient should be available in the database as well, or the age- and sex-
specific values from the literature can be used instead. Figure 8. shows the fuzzy sets
generated based on the measurements and medical recommendations for the above
case study.
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Finally, the obtained sets can be compared, which is good feedback for the doctor or
the patient themselves.

5. Discussion

The paper studied the important role of bipolar similarity and dissimilarity functions
in the analysis of relationships between real variables or real numbers when negation
operations on the data domain are considered. We showed the previously unexpected
result that the dissimilarity function generating Pearson’s correlation coefficient is bipolar.
Further, we proposed new normalized similarity and dissimilarity functions on the set of
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real numbers. Using the graphic representation of the similarity functions, we showed
that non-bipolar co-symmetric similarity functions have drawbacks in large subdomains,
such that the similarity between any two elements from these subdomains is equal to
zero or one. The proposed bipolar similarity functions have no such drawbacks. For this
reason, bipolar similarity measures can be recommended for use in fuzzy risk assessment
models and in other applications where the symmetry of positive and negative numbers
is a natural requirement. Finally, correlation functions between numbers corresponding
to bipolar similarity functions were proposed. In inferential statistics, to apply Pearson’s
correlation between two variables, it is usually required from these variables the fulfillment
of some assumptions, at least to have a sufficient number of measurements. Generally,
the representation of correlation and association coefficients as functions obtained as a
rescaling of bipolar similarity and dissimilarity functions is quite different from looks
at these measures used in statistics [26]. In the new similarity-based approach to the
construction of correlation functions, it is possible to measure the correlation between just
two numbers or two measurements. We suppose that similarity correlation can be used in
descriptive statistics, data analytics, data mining, and exploratory data analysis [27,28,30]
rather than in inferential statistics. In such applications, similarity correlation functions
and bipolar similarity and dissimilarity functions give new measures of relationships of
data [27,28].

The similarity and dissimilarity functions considered in the paper are fuzzy relations,
and the bipolarity property of these relations can be used in the analysis of fuzzy systems.
Propositions 4–8 are proved for real numbers, and similar propositions could also be proven
for the real numbers of the interval [0, 1]. But technically, the results will have another form
because the negation on [0, 1] is different from the negation of real numbers. Similarity and
correlation functions (association measures) for elements of [0, 1] and for fuzzy sets are
studied in [15,16].
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