. mathematics

Article

An Approach to Multidimensional Discrete Generating Series

Svetlana S. Akhtamova 1@, Tom Cuchta 2

check for
updates

Citation: Akhtamova, S.S.; Cuchta, T.;
Lyapin, A.P. An Approach to
Multidimensional Discrete Generating
Series. Mathematics 2024, 12, 143.
https://doi.org/10.3390/
math12010143

Academic Editors: Sergei Sitnik and
Patricia J. Y. Wong

Received: 2 December 2023
Revised: 20 December 2023
Accepted: 28 December 2023
Published: 1 January 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Alexander P. Lyapin %*

Lesosibirskij Pedagogical Institute-Branch of Siberian Federal University, 662544 Lesosibirsk, Russia;
ahtamova-ss@mail.ru

2 Department of Mathematics and Physics, Marshall University, Huntington, WV 25755, USA;
cuchta@marshall.edu

School of Mathematics and Computer Science, Siberian Federal University, 660041 Krasnoyarsk, Russia
*  Correspondence: aplyapin@sfu-kras.ru

Abstract: We extend existing functional relationships for the discrete generating series associated
with a single-variable linear polynomial coefficient difference equation to the multivariable case.

Keywords: forward difference operator; difference equation; generating series; shift operator;
characteristic polynomial; Cauchy problem

MSC: 05A15; 39A05; 39A06

1. Introduction

An approach to build the general theory of a discrete generating series of one variable
and its connection with the linear difference equations was introduced in [1] . We extend
those results to the multidimensional case. We define a discrete generating series for
f+ 7" — C and derive functional relations for such series.

The general theory of linear recurrences with constant coefficients and the Stanley
hierarchy [2,3] of its generating functions (rational, algebraic, D-finite) depending on the
initial data function was considered in [4]. Difference equations with polynomial coeffi-
cients is an effective means to study lattice paths with restriction [5,6]. Some properties of
linear difference operators whose coefficients have the form of infinite two-sided sequences
over a field of characteristic zero are considered in [7]. An effective method of obtaining
explicit formulas for the coefficients of a generating function related to the Aztec diamond
and a generating function related to the permutations with cycles was derived in [8,9].
Using the notion of amoeba [10] of the characteristic polynomial of a difference equation, a
description for the solution space of a multidimensional difference equation with constant
coefficients was obtained in [11]. A generalization to several variables of the classical
Poincaré theorem on the asymptotic behavior of solutions of a linear difference equation is
presented in [12]. We can also note that the almost periodic and the almost automorphic
solutions to the difference equations depending on several variables are not well explored
in the existing literature [13].

Let Z> denote the non-negative integers, Z" = Z X - -- X Z be the n-dimensional
integers, and Z = Z> X - -+ X Z> for n € Z> be its non-negative orthant. For any z € C
and n € Z, we define the falling factorial z2 = z(z — 1) -+ - (z — n + 1) with 22 = 1 and
the Pochhammer symbol (or rising factorial) is defined by (z), = z(z+1)---(z+n—1)
with (z)g = 1. Throughout, we will use the multidimensional notation for convience
of expressions: x = (x1,...,Xx,) € Z’;, z = (z1,...,24) € C", & = (&,...,8n) € C,
&= fl coE ZE = z%l~ . ~z%”, L= (t,...,0,) € Zg, x!' = xq!...x,!. We also will use
x < yfor x,y € Z" componentwise, i.e., that x; < y; foralli =1,...,n.
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Given a function f: Z% — C, we define the associated multidimensional discrete
generating series of f as

F(&Gz)= Y f)&==Y ... Y fla,...x0)&" ﬁ”zflﬁusz’ﬁ.

xGZ’; x1=0 X, =0

Let p. € CJz] denote polynomials with complex coefficients. The difference equation
under consideration in this work is

Y pa(x)f(x —a) =0, )

aEA

where set A C ZY is finite and there is m € A such that for all « € A, the inequality
a < m, which means aj < mj, j=1,...,n,holds. Occasionally we will use an equivalent
notation 0 < a < m, assuming that for some & coefficients, pa(x) vanishes and only
pm(x) # 0. In Section 2, we will particularly consider a homogeneous difference equation
with constant coefficients.

The special case where each p, = ¢, is a constant

Zc,xf(x—oc):O 2)

aEA

arises in a wide class of combinatorial analysis problems [3], for instance, in lattice path
problems [4], the theory of digital recursive filters [14], and the wavelet theory [15]. The
question about correctness and well-posedness of (2) was considered in [16-18].

We equip (1) with initial data on a set named X,,, which is used often enough. We
introduce the notation Zy as Xy, = ZZ \ (m + Z;) = {x EZL:x % m} (see Figure 1)
and we define the initial data function ¢ : X;, — C so that

flx)=¢@(x), x¢€ Xp. 3)
.
2000
A
A
20
- == 41727777 IIIIIIIIIIIT
@x>m b)x<m (c)x 2m

Figure 1. Illustration of the sets x > m, x < m, and x % m.

For convenience, we extend ¢ to the whole of Z" by taking it to be identically zero
outside of X;;. The Cauchy problem is to find a solution to difference Equation (1) that
coincides with ¢ on X, i.e., f(x) = ¢(x), for all x € X,,.

In Section 2, functional equations for the discrete generating series are derived for
the solution of the difference equations with constant coefficients. In Section 3, a case of
difference equations with polynomial coefficients is considered. Section 4 contains two
examples that illustrate our approach to discrete generating series.

2. Discrete Generating Series for Linear Difference Equations with Constant Coefficients

In this section, we consider a homogeneous difference equation with constant coeffi-
cients (2) and introduce the shift operator by

P(Gitiz)= Y, cal2p™. (4)

oam
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Also useful is its truncation for T € Z", defined by the formula
Pe(&GGz) = Y cal2%p™,
o<asm
aFt
and the discrete generating series of the initial data for T € X;,, by
(&4 z) Z o(x (_",‘xzé—x. (5)

XET

Let 5j : x — x + el be the forward shift operator for j = 1, ..., n with multidimensional

notation 6* = 7! ... 6" and define the polynomial difference operator

PG)= Y cub®

o<asm

With this notation, Equation (2) is represented compactly as

The case of generating series ), f(x)z* and exponential generating series ),

is well-studied for both one and several variables: one of the first convenient formulas to
derive the generating series exploiting the characteristic polynomial and the initial data
function was proven in [19]. We will prove analogues of these formulas for the discrete

generating series F({; ¢;z).

Theorem 1. The discrete generating series F({; {;z) for the solution to the Cauchy problem for

Equation (2) with initial data (3) satisfies the functional equations:

P(GLF(GG2) = ) cal 2%y o(E42)
0<am
= ¥ P p()Ee
xpm
= Z Pm—x(ér'&z)(l’@)zéfx
xEm

Proof. By multiplying (2) by &*z2* and summing over x > m, we obtain

0o=Y Y cof(x —a)E*zt

x>m0<am

:ZCIXZ]( gx/x'

o<am x=m

Now, substituting x with x + « yields

0= ¥ e ¥ floeeteglltn

o<am xXZ>m—u

— Z ngxzitx Lo Z f(x)gxzél

0<asm x>m—uo
= 3 a2 | Y f0FE - Y p(n)gt
Ogagm x>0 x}m—a

— Caéwzz&c o Zf széixi Z éraZsz o Z (P(x)éerQ_

0<am x>0 0<am xFm—a

—_—
:P(@;é;z) :F(é;&z) :Cpm—a(é}&z)
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Thus, by (5), we have established (6). Since

Z Cagaczmpﬂa E q0 x X Z Z (P Cx+a L(x+a)

0<am xFm—u 0<am x},‘m o

:chxzq’ érxéx

Oasm  x#m

¥ [ y ca¢<x—a>] cots,

xpm [0<a<m

=P(6 " )g(x)

which yields (7). Finally, collecting (6) by ¢(x) yields
Y oalz ¥ em@i= ¥ Y s g(x)

0<am xEm—o xFm 0Sasm
apm—x
=Pm-x(5:42)

completing the proof of (8). O

Forz = (z1,...,zx), we denote the projection operator Tz = (z1,---, zi1,0,zj41,- -+, Zp)
and we introduce the notation

mE(&Gz) = F(GGmz) = Y. f(x)Ezt,
x>0

ijO

and we define the combined projection IT = (1 —711) o - - - o (1 — 71, as the composition of
1—7t]-forallj: 1,...,n

For the next result, we introduce the symbols I = (1,1,...,1) € Z" and the unit vectors
ej = ,...,0,1,0,...,0) forj = 1,2,...,n, which is nonzero only for the jth component. In
these two lemmas, we will prove some useful properties of the combined projection I1.

Lemma 1. The following formula holds:

Y f(0F2 = ¥ f(x)ezL.

x>0 x>1

Proof. First, compute foranyj=1,2,...,n,

1-m) Y fx)E 22 = Y f)e ™ —m Y f(x)ez™

x>0 x>0 x>0

=) flx)Eet

x}ej

Thus, we see that applying ITto ) f(x) )&z yields the desired result. [

x>0

We now obtain a similar result as Lemma 1 but for a shifted discrete generating series.

Lemma 2. The following formula holds:

Mgz (& 62) = X f(x — ez,

x=>1
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Proof. First, compute

N Ay P, By Ry s N Y Aeysuy
(1 ﬂ])g]sz/F((:f,f,Z) C]Z' PIF(E 4 2) ﬂ]é(]ij/F((:f,f,Z)
—c,z,pf Y. f(x)§z™

x>0

_ Zf x+e]Z (x+é))

x>0

= ¥ flx— et

x}ef
l:
Thus, we see that applying I1 to Cjz]f]pei F(&; ¢;z) completes the proof. [
We introduce the inner product
00y _ 4 4 bn 0y
(c,¢zp") = 16127 p1 + -+ cnlnzn Py

and
(¢, ) = c1(51_1 R

We are now prepared to prove an analogue of [20], [Theorem 1.1].

Theorem 2. The following formula holds:

N[(1 = (e, &25p" ))& 62)| = Y (1 - (e, 671))f(x)g72.

x>1
Proof. Applying ITto (1 — (c,&z0"))F(&;¢;z) yields

T[(1— (6, 82%")F(& 6:2) | = TIF(& 6;2) — (e, g2V F(; £:2)
= NIF(§ 62) — TG 20 F(E 62) — - — eul Lz ol F(& 6:2)

=Y fO)FE - Y flx—e)FE - —ey Y f(x —e")E

x=1 x=1 x=1

_Z( x)—cif(x—el) - —cnf(x—e”))éxzz—x

x>1

=Y (1= (e D) f (x5,
x>1
thereby completing the proof. O
The following corollary is straightforward.
Corollary 1. If f solves (1 — (c,67 1)) f(x) = 0, then

H[(1 = (e, 0))F (& 62)] =

(10)

3. Discrete Generating Series for Linear Difference Equations with Polynomial Coefficients

We define the componentwise forward difference operators A; by

A]-F(z):F(z—i—ej)—F(z), j=1,...,n
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If 2% = zf ...z then Ajz* = x]z"_"] . Thus, we can regard A, as a discrete analogue
of a partial derivative operator Now, compute

ANF(EGz) =0 Y f(x)E 2™

x>0

=) f(x)d* Azt

x>0

= 2 Kjxjf(x)éxzu.

x>0

We denote the componentwise backward jump p; by
piF(z) = F(z = ¢)

and we define the componentwise operators 0; = E;lszjAj, which generalizes the single-

variable one defined earlier in [21,22]. Now, we prove some useful properties of the operator
ok == ok .. ok

Lemma 3. Ifk = (ky,... k) € ZY, then the following formula holds:

O°F (& 6z) = Y oF f(x) @2 (11)

x=20
Proof. We obtain:
OXF(; 4;2) = 681 .08 F (& 4;2)
= G{kl k”’] (ZilznpnAn)k"*lfflznPnAn (4 z2)
- (9’1{1. Fn— (0 Lznon )10 200, Y lnxnf( (x)E¥ztx=c"

x>0

= O (0 20 )Y i f () E 2,

x>0

Continuing this process k, — 1 times for 6, and in k; times in turn for the powers of 0;,
j=1,...,n—1completes the proof. [

The proof of the following lemma resembles the proof of Lemma 3 but for the operator

p(6) = Y cab", so we omit explicitly writing the proof.
a€ACZE

Lemma 4. The following formula holds:

p(O)F(&62) = Y p(x)f(x)E 2™ (12)

x>0

We define an operator P4 by

Pal&6z00) = Y pu(0+a)E 2.

aEA

Theorem 3. The discrete generating series F(C; (; -) of the Cauchy problem for Equation (1) with
initial data (3) satisfies the functional equation

PaG GO0 FEL2) = Y Y palx — a)p(x)@ 206, 13)

€A xEm—u
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Proof. Similar to the proof of Theorem 1, we multiply (1) by &*z% and sum over x > m
to obtain

=L LrWf-aft =1 ¥ plo-a)f (et

x>macA aEAXZ>m—un

Replacing x with x + « then leads to

O—Zé‘“(Zw« VEE T - a)g >cx“+“>)

k€A x>0 xEm—un
and routine algebraic manipulation completes the proof. [

4. Examples
Example 1. We will derive the functional equation for the discrete generating series

F(;;21,22) = F(81,82; 61,2521, 22)
for the basic combinatorial recurrence

f(xl,xz) — f(xl — 1, JCZ) —f(xl, Xy — 1) =0. (14)

41961

Multiplying both sides of (14) by &1'&5z zi 22 ond summing over (x1,x3) > (1,1) yields

lxy L .
Y flum)EGntn - Y fa-Ln)i & g
(x1,%2)>(1,1) (x1,%2)>(1,1)
- Y, flaxn-10 gzzfﬁziﬁ =0
, )
(x1,%2)=(1,1)

We consider each sum separately:

Y fm)i e tn
(x1,22)=(1,1)
=F(;;z1,22) — F(;;0,22) — F(;;21,0) + F(;;0,0);

lxy lyx
X1 xX: 141 _£242
flx1 —1,x0)87' 8%z 25
(x1,x2)>(11)

1 Oy (x1+1) lox
- Z fx1,x2)¢3 Xt 52 711 ! zzzfz:

(%1,42)>(0,1)
:glzﬂ’ll Y flx,x)E 2 flxlzﬁzxz
(x1,42)=(0,1)
¢
= 6121*157?( F(;;z1,22) — F(;;21,0));

flr,m = DEf e
7
(x1,42)>(1,1)

14
= 5222052 (F(;21,22) — F(;;0,22)).
Finally, we obtain

F(;;21,22) — F(;;0,22) — F(;;21,0) + F(;;0,0)
/ V4
— &2 (F(i21,22) — F(521,0)) — 8225205 (F (3521, 22) — F(;50,22)) =0,
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which yields the functional equation on F(;;z1,2p):

14 V4
(1— &1zt — E2z202)F (5521, 22)
V4 V4
— (1= &z o) F(;50,20) — (1 — &1z ) F(;521,0) + F(;;0,0) = 0,

Example 2. We consider a difference equation with polynomial coefficients whose solution is a
p-recursive series [23]:

Flxg,x0) — (1+x12%0) f (31 — 1,x2) — x3f (x1, %0 — 1) = 0. (15)

Multiplying both sides of (15) by &;'&5? @z?fz and summing over (x1,x3) = (1,1) yields

l1x1 lrx l1x1 lrx
Z fxy, x0) 8] &%z 2y - — Z (T4 x1x0) f(x1 — 1,20) &1 &322 25—
(x1,%2)>(1,1) (x1,%2)>(1,1)

2 x1 zxp, 1x1_Laxo
- Y x5f(x,x—1)81 8%z = 0.
(x1,42)>(1,1)

The first sum is the same as in the previous example. We consider the second and third
sum separately:

Z (1+x122) f(x1 — 1, x2) i‘l gzzflngzxz
(x1,%2)>(11)

O (x1+1) £
- (14 (31 + D)xa) f (21, 1) & @322 252

(x1,x2)=2(0,1)

Y4 l1x1 Uox
= (1+ (B +1)0)Ez'0) Y flo,x0)E) 8z 2
(x1,%2)>(0,1)

V4
= (1+ (61 + 1)62)&121 0 (F(521,22) — F(;521,0));

2 x1 xxp 011 (X
Y x5f(x,x0—1)81 802 2,
(x1,22)=(1,1)

= (92 + 1)262222P§2( (r;zerZ) - F(;;OrZZ))/

which yields the functional equation

‘ ¢
(1= (14010, +05)&1z70)" — (02 + 1)°8225°05 ) F (G321, 72)
V4
— (1= (14616 + 62) &1z 041 ) F(;;0,22)
— (1= (02 + 1)%E222202) F(;;21,0) + F(;;0,0) = 0.

5. Conclusions

We have initiated the theory of discrete generating series for multidimensional poly-
nomial coefficient difference equations. We introduced a multidimensional polynomial
shift operator and established three functional equations that these new discrete generating
series obey, revealing some of their structural properties. A strong direction for future
research is to generalize to the time scales calculus [24]. The falling factorial functions here
are called generalized hj polynomials in time scales. This suggests some directions for the
time scales analogue of this research, which was arguably anticipated with the definition of
a moment-generating series for distributions in [25]. One particularly interesting question
is what the proper analogue of (1) is for an arbitrary time scale, and perhaps analysis from
a generating series perspective would reveal new insights to this problem.
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