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Abstract: In this paper, we obtain multifractals (attractors) in the framework of Hausdorff b-metric
spaces. Fractals and multifractals are defined to be the fixed points of associated fractal operators,
which are known as attractors in the literature of fractals. We extend the results obtained by Chifu
et al. (2014) and N.A. Secelean (2015) and generalize the results of Nazir et al. (2016) by using
the assumptions imposed by Dung et al. (2017) to the case of ciric type generalized multi-iterated
function system (CGMIFS) composed of ciric type generalized multivalued G-contractions defined
on multifractal space C(U/) in the framework of a Hausdorff b-metric space, where U = Uy x Up x
-+ x Uy, N being a finite natural number. As an application of our study, we derive collage theorem
which can be used to construct general fractals and to solve inverse problem in Hausdorff b-metric
spaces which are more general spaces than Hausdorff metric spaces.

Keywords: generalized multivalued G—Contraction; generalized multivalued iterated function
systems; Hausdorff b metric space; fractal space; multifractal space; fixed point

1. Introduction

Dynamic systems characterization has been intensively investigated in diverse areas of
physics [1-5], population biology [6-10], neural networks [11-14], mathematical modeling [15-17],
etc. Especially fractals and multifractals play an important role in applications such as signal and
image compression, creation of digital photographs, soil mechanics, fluid mechanics, computer
graphics and so on. Most of these fractals and multifractals are obtained by using iterated function
(or multifunction) systems (IFS). In 1981, Hutchinson [18] defined iterated function systems (IFS) and
Barnsley [19] enriched the theory of IFS. This theory is known as Hutchinson—-Barnsley (HB) theory.
Hutchinson defined IFS as a finite collection of contractive self mappings and introduced HB operator
on hyperspace of nonempty compact sets. He defined the unique fixed point of HB operator as a fractal
(attractor). Thus, fixed point theory plays prominent role in the construction of fractals. For years,
IFS has been an emerging technique for researchers to generate and analyze new fractal objects. In the
sequel, numerous developments and extensions of IFS to construct fractals and similar sets are made
(see, e.g., [20-22] and references therein).
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Banach contraction principle [23] contributed a lot in fixed point theory. Several researchers
enhanced the Banach contraction principle either by generalizing the domain [24-27] or by taking
more general contractive conditions on mappings [28-30]. Further, several fixed point results were
obtained by generalizing the concept of metric space [31]. For other new fixed point results and their
applications, see [32-34].

The idea of a b-metric space was given by Czerwik [35]. This opened a new door for researchers
and they published several research papers of fixed point theory (see, e.g., [35-38]). Kamran et al. [39]
and Ali et al. [40] introduced F-contraction mappings in the framework of b metric spaces. They proved
several fixed point results and applied their results to solve Fredholm and Volterra integral equations,
respectively. In 2014, Chifu et al. [41] proved some results for multivalued fractals by using ciric type
contractive conditions. Secelean [42] considered the generalized iterated function systems, defined
on product of metric spaces to improve some fixed point results. Dung et al. [43] revised the results
of Nazir et al. [37,44] by adding a commutativity assumption on the maps. Inspired by their work,
we attempt to extend their results to find the multifractals using ciric type generalized multivalued
G-contraction mappings in the framework of Hausdorff b-metric spaces.

The structure of our paper is divided into five sections. Section 2 is dedicated to some
basic definitions and results concerning b-metric spaces and IFS. Section 3 deals with the notion
of generalized multi-iterated function systems (GMIFS) in Hausdorff b-metric spaces. Moreover,
some results regarding the existence and uniqueness of attractors (multifractals) are obtained.
We derive collage theorem in Section 4. In Section 5, we conclude our findings. The results obtained by
us may be further generalized and extended.

2. Preliminaries

Definition 1 ([35]). Consider a nonempty set Y and let s € R, where s > 1. A functiond: Y x Y — Rt is
called a b-metric if following axioms are satisfied:

(bl) d(Pl l]) =0 ifﬂnd OTlly lfp = q,
(b2) d(p,q) = d(q,p); and
(b3) d(p,r) <sld(p,q) +d(q,r)] (triangle inequality).

The pair (Y, d) is said to be a b-metric space.

Remark 1. For s = 1, the b-metric space can be reduced in metric space. This shows that every metric space is
a b-metric space, but in general the converse is not true (see [35,45,46]).

Remark 2. In general, every metric is a continuous functional in both variables while a b-metric need not posses
this property, i.e., a b-metric space need not be continuous (see Example 2, [47]).

Example 1 ([35]). Consider a space Ly[0,1] of all real functions y(u),u € [0,1] and 0 < p < 1 such that
f01 ly(u)|Pdu < oo, together with a metric defined by

d(y,z) = (/01 1y(u) _z(u)|Pdu> ’ Y,z € Ly[0,1],

1
then this space is not a metric space but it is a b-metric space with s = 27.

Definition 2 ([35,45]). A sequence {ay},cn in a b-metric space (U, d) is:
(i) Convergent iff for each € > 0 and n(e) € N there exists a € U such that d(a,,a) < €. i.e., d(ay,a) — 0
as n — +oo. Here, a is the limit of the sequence and can be written as liI;r} ay = a.
n——+00

(i)  Cauchy iff for each € > 0 there is some n(e) € N for which d(an,am) < €V n, m > n(e) ie.,
d(ay, am) — 0asn,m — +oo.
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Definition 3 ([35]). Let (U, d) be a b-metric space. Then, a subset K of U is:

(a) Closed iff each sequence {ay, },cn of elements of K has a limit, e.g. a, then a € K. (i.e., K = K)
(b) Compact iff every sequence in K has a convergent subsequence in K.

Definition 4 ([35]). A complete b-metric space (U, d) is a b-metric space in which each Cauchy sequence is
convergent in U.

Definition 5 ([44]). Let (U, d) be a metric space and C(U) be the family of all nonempty compact subsets of U.
Then, for all L, M € C(U), the Hausdorff metric is defined by

Hy(L,M) = max< supd(l,M), sup d(m,L) ¢y, 1)
leL meM

where d(1, M) = inf{d(l,m): m € M}. The pair (C(U), Hy) is said to be Hausdorff metric space and also
known as a Fractal space (see [19]).

Definition 6 ([19]). The Hausdorff metric space (C(U), Hy) is complete iff (U, d) is complete. Analogously,
(C(U), Hy) becomes a complete Hausdorff b-metric space iff (U, d) is a complete b-metric space.

Definition 7 ([48]). Comnsider a family G of all the mappings of the form G: Ry — R satisfying the
following axioms:

(G1) G is strictly increasing mapping, i.e., ¥V u,v € Ry, u < v implies that G(u) < G(v);

(Gy) infG = —oo, i, if uy € Ry is a sequence, then nlgn u, = 0and nlgn G(uy) = —oo both are
equivalent.
(G3) There exists 6 € (0,1) for which lirg+ uG(u) = 0.
u—

G-contraction is a self map g on U, if there exists T > 0 for which following holds:

T+ G(d(g(u),8(v))) < G(d(u,0)) Vu,0 e U, g(u) # g(v). @

Further, from (G ) together with Equation (2), we have

d(g(u),8(v)) <d(u,0), Yu,vel, g(u)#g(v) ®)

This shows that every G-contraction is contractive and, therefore, continuous.

Lemma 1. Let (U;, d;) be b-metric spaces for i = 1,2,...,,N. Let (C(U;), Hy,) be corresponding Hausdorff
b-metric spaces. For P;, Q;, R;, S; C C(U;),i =1,2,....,N, following hold:

(@) Qi € R; = sup,, p di(pi,Ri) < sup,, p di(pi, Qi)
(b) SUPy.ep,UQ; di(xir Ri) = max{suppiepi di(pi/ Ri)/ SUp,.co; d(qi/ Ri)}'
(c) Hy(PiUQ; R;US;) <max{Hy (P, R;), Hy,(Qi, 51‘)?-

Definition 8 (see [49]). Let (U, d;) be metric spaces, where i € I (a finite indexed set). Then, the product
space is the space D = [[;c; U; containing all I-tuples {U;};c;. Consider a metric p: D — R defined as
0(yi,zi) = sup;c; di(yi, zi). Now, let  =1,2,...,N, then

o(yi,zi) = sup di(yi,zi)Vyi,z €D, 4)
=12, N

where y; = (y1,Y2, - YN), zi = (21,22,...,2N) and y;,z; € [lie; U; fori = 1,2,..,N. Then, (D,p) is a
metric space with product metric p.
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Definition 9 ([42]). Let p be a product metric on D, then a mapping g: D — D, where D = [];c; U;, is
considered as a generalized multivalued G-contraction if there is a mapping G € G and T > 0 for which

T+ G(p(g(vi) 8(2i))) < G(‘:fI;PNdi(yi/Zi))r ®)

forall y; = (y1,Y2, -, YN), zi = (21,¥2, ., 2N) € D and g(y;) # g(z;) fori =1,2,3,..., N.

Remark 3. From Equation (5), we have

Glo(g(yi) g(z:)) < G(,:lsgp Ndi(yi,zl-))-

Now, using (Gy ), we obtain

p(g(yi), g(zi)) < sup di(yi zi),
=12, N

forall y; = (y1,Y2,.-,YN), zi = (21,22,..,2v) € D and g(y;) # g(z;) for 1 < i < N. Thus, every
generalized multivalued G-contraction on a product space is contractive and hence continuous.

Definition 10 ([50]). Let (U, p) be a product metric space on U = T1;c; U;, i = 1,2,...,N. Consider the
family C(U) of all compact subsets of U, then the multifractal space (C(U), Hp) with metric H, is defined as
Hy(P,Q) = Hy (P, Qi)}, 6

p(P,Q) = max {Hy (P, Qi)} ©6)

where P = (P, Py, ..., Pn), Q = (Q1,Q2, .-, Qn) € C(U) and Hy, is the Hausdorff distance between P; and
Qjfori=1,2,..,N.

Lemma 2 ([51]). The metric space (C(U), Hy) is a complete metric space if (C(U;), Hg,) for eachi = 1,2,..., N
are complete metric spaces.

Definition 11 ([52]). Let (U;,d;), i = 1,2,..,N be complete metric spaces and ti-‘j: Uy — U; with
k=1,2,.., ll-]-, i,j =1,2,...,,N be contraction mappings having contractivity factors rf.‘j, then multi-iterated
function system (MIFS) is defined by

{Uj,j =1,2,..,N;tfy: Uy —» U, k=1,2,..., ljy,i,j = 1,2,.., N},

having contractive factor as r, where v = max{rzfj, k=1,2,..,1;i,j=1,2,..,N}

ijr
Definition 12 ([52]). Assume that (U;,d;), i = 1,2,..,N are complete metric spaces and {U;,j =
1,2,.. N; ti-‘j: U]- - U,k=1,2,.., ll-]-, i,j =1,2,.., N} isan MIFS. Then, the Multi-Hutchinson—Barnsley
(MHB) operator of MIFS is a function F: C(U) — C(U) defined by

N N lj
F(8)=TTU U ti(4), vsecw).
i=1

1 j=1k=1

Lemma 3. Let (U;,d;),i =1,2,...,N be N complete metric spaces and {U;,j = 1,2, ...,N; t;‘j: U — U, k=
1,2, Lj,4,j=1,2,.., N} be an MIFS. Then, MHB operator F is a contraction mapping on (C(U), Hp).

Theorem 1 ([52]). Consider N complete metric spaces (U;,d;), i =1,2,..., Nand {U;;j =1,2,..,N,
tifj: U]- - U, k=1,2,.., ll-]-, i,j =1,2,.., N} be an MIFS. Then, there exists unique compact invariant set
(multi-attractor or fractal) Seo of MIFS such that Seo € C(U) of HB operator F.
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Throughout this paper, we consider b-metric spaces (U;, d;) in such a way that b-metric is
continuous functional on U; x U; fori =1,2,...,N and (C(Ul-),Hd’.), i=1,2,..,N are corresponding
Hausdorff b-metric spaces such that b-metric is continuous functional on C(U;) x C(Uj;).

3. Main Results

Now, we obtain multifractals (attractors) for commutative self mappings defined on complete
Hausdorff b-metric spaces.

Theorem 2. The metric space (C(U), Hp) is a complete b-metric space iff (C(U;), Hg,) are complete b-metric
spaces foreachi =1,2,...,N.

Proof. Let (C(Ui),Hdi),i = 1,2,..., N be complete b-metric spaces. Suppose that P, is a Cauchy
sequence in (C(U), Hp), then by definition of a Cauchy sequence, we have for each € > 0, there exists
n(e) € Nsuch that

Hy(Pu, Pu) <€, ¥ n,m>n(e),

where P, = (P}, P}, ..., PY;), Pm = (P{", P}, ..., P{j) and Py, Py € C(U).

= Hp((Pf,Pf,..., Py, (P, P, ., PN)) <€, ¥Yn,m>n(e)
= max{Hy (P/',P")} <e, for i =1,2,..,Nand ¥V n,m> n(e)

1771

= Hy (P, P") <€, Vn,m>n(e),i=1,2,..,N.

1771

Thus, {P"}5_ is a Cauchy sequence in C(U;). Now, fori = 1,2,.., N, (C(U;), Hy,) are complete
b-metric spaces, then there exists P; € C(U;) such that Hy (P!, P;) — 0asn — oco. This gives
Hy(P",P) — 0asn — oo, where P" = P! = (P, P},.., P};) and P = P; = (Py, P, ..., Py). This proves
that (C(U), Hp) is a complete b-metric space.

By reversing the above process, we can show that (C(Uj;), Hy,) are complete b-metric spaces for
eachi=1,2,.,N. O

Theorem 3. Let (Uj, d;) be b-metric spaces fori = 1,2,..., N and (C(U;), Hy, ) be the corresponding Hausdorff
b-metric spaces. Let tfj: u — u, k=1,2,.. lij, i=j=1,2,.., N be commutative generalized multivalued
G-contractions, then following hold:

(1) t;‘j maps elements of C(U;) to elements in C(U;).

(2) Ift;‘].(Pi) = {t;‘j(pi);pi € Pk =12.,1Lij=12,., N} for any P; € C(U;), then the mapping

ti-‘]-: CU;) — C(U),k = 1,2,..1j; i,j = 1,2,.., N is a generalized multivalued G-contraction on
(C(Us), Hy,).

Proof. (1) The mapping ti'(j is continuous being generalized multivalued G-contraction and under a
continuous mapping the image of a compact set is compact. Therefore, we have

P; € C(Ui) = ti'(]'(Pi) S C(ui).
(2) Let P, Q; € C(U;). As tifj: U; — U; is a generalized multivalued G-contraction, we have

0 < di(t(pi), t5:(q:)) < di(pi,9i) Vpi € P, qi € Qi @)

Then, using Equation (7), we have

di(t(pi), 5(Qi)) = qllg(gl di(t5(pi), t(q:)) < q[igé_di(i?ir qi) = di(pi, Qi), ®)

1
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and
di(£5(q:), £;(P)) = plfglfj di((q:), 15 (pi) < plfelfj di(qi, pi) = di(qi, Pr). )

Now, consider

Hy, (£5(Py), £5(Q;)) = max{ sup d;(t5;(p:), t5;(Qs)), sup di(t5;(q:), t5(P;)) }-

pi€l; 7;€Q;

Using Equations (8) and (9), the above equation reduces to

Hy, (#5(P), £(Qi)) < max{sup d;(p;, Q:), sup d;(4;, Pi)}

pichi 7i€Q;
= Hgy,(P;, Qi)
= Hy, (t5(Py), £5(Qi)) < Hy, (P, Q))- (10)
Since G is strictly increasing, we have
G (Ha, (£5(P;), £:(Q1))) < G(Ha, (P, Qi) (11)

For some 7 > 0, Equation (11) becomes
T+ G(Hy,(t5(P), £5(Q1))) < G(Hy, (P, Q))-

Hence, the mapping t;‘j: C(U;) — C(U;) is a generalized multivalued G-contraction on
(e(uy), Hy). O

Theorem 4. Assume that (C(U;), Hy.), i = 1,2, ..., N are complete Hausdorff b-metric spaces and {U;, j =

2,..,N; ti-‘]-: U — U, k=121 ij = 1 2,..,N} is a finite family of commutative generalized
multivalued G-contractions. Then, the generallzed multi- Hutchinson—Burnsley (GMHB) operator F: C(U) —
C(U) defined by

N N
F&) =[TTU U s, vsecw), (12)

Proof. Let P, Q € C(U), where P = (Py, P,, ..., Py) and Q = (Q1, Q2, ..., On) then using Equation (12),
we observe

N N N N L
T+G(Hp(]:(7)),f(g))) —T+G{Hp (HU Ut ,HU Ut )} fOI’P]',Q]‘ EC(UJ)

N N 1
4 maxN {Hd ( t (Py), Uu tfj(Qj)) } for P;, Q; € C(U)
j= J

=174+G
=12 1k=1 i=1k=1

=17+G

I 7
Z rlnzaxN {] 12 N (Hdz] U k. ),kL:Jl tf](Q]))> } for P, Q; € C(U]-).

By using Lemma 1, we have
kp) (0.
T+ G(Ho(F(P), F(Q))) <t+G e {]_1 max (krlr}za,.).(.,lj]' (de,f], ((tij(P])rtlj(Q]))>> H :
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From Theorem 3, we obtain

T+ G(Hy(F(P), F(Q))) <Tt+G

s (e, (1a000) ) e e

=vr0 [ { e, (o 709) ] om0y ey

< T+G{ max (Hdi(PirQi))} for P, Q; € C(U;)

<G (HP(PI Q))
= T+ G(H,(F(P),F(Q))) < G (Hy(P,Q)) forP,Q € C(U).

Hence, the generalized multi-Hutchinson Burnsley (GMHB) operator F: C(U) — C(U) is a
generalized multivalued G-contraction on C(i/). O

Definition 13. Let (C(U;), Hy,), i = 1,2,..., N be Hausdorff b-metric spaces. Then, the mapping F: C(U) —
C(U) is a ciric type generalized multivalued G-contraction if for P,Q € C(U), G € G and T > 0 the
following satisfies:

T+ G(Hp(F(P), F(Q))) < E(WF(P,Q)), (13)

where

Wz(P, Q) = max {Hp(P, Q), Hy(P, F(P)), Hp(Q, F(Q)),
Hy (P, F(Q)) + Hy(Q, F(P))

2s
Hy(F2(P), Q), Hy(FX(P), F(Q)}

 Ho(F4(P), F(P)),

Definition 14. Let (C(U;), Hy,), i = 1,2,...,N be Hausdorff b-metric spaces and t;‘j: Uy — U; with
k=1,2,..,1ijij=12,.. N be commutative ciric type generalized multivalued G-contraction mappings,
then ciric type generalized multi—itemted function system (CGMIFS) is expressed as

{Uj,j=1,2,..N; t§;: Uy = U,k =1,2,..,1;

; 1 i j=1,2,..,N}. (14)

Theorem 5. Let (C(U;),Hy,),i = 1,2,..,N be complete Hausdorff b-metric spaces and {Uj;]
., N, tk U - U,k = 1,2,. l], i,j = 1,2,..,N} be a CGMIFS, where the mappings tf»‘]- are
commutatwe mappings. Then, the mapping F: C(U) — C(U) defined by

N L
=1TU U tk (15)
i=1 j=lk=
where S = 581, Sy, ..., Sy € C(U), is a ciric type generalized multi-Hutchinson—Barnsley (CGMHB) operator.

Proof. The result holds by using Theorem 4 together with generalized multivalued G-contraction
property (G1). O

Definition 15. A nonempty family S* € C(U) of compact sets is said to be multi-attractor with respect to
GMIFS if and only if S* = F(S*) where S* = S; = 51,S2,...,Sn € C(U), i.e., S* is the fixed point of
associated generalized multi-Hutchinson—Barnsley (GMHB) operator F.
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Theorem 6. Let (C(U;), Hy,) for i = 1,2,..,N be complete Hausdorff b-metric spaces and {U;,j =
2,...N; ti-‘j: U — U, k=121 ij= 1 2,..,N} bea CGMIFS and F: C(U) — C(U) be CGMHB
operator. Then, there exists unique attractor S* € C (L{ ), ie.,

N N
S* =11 U t , VS8*eCU), (16)

where S* = (57, S3,...,Sy) € C(U).
In addition, the sequence {V°, F(V°), F2(WY), ...} of compact sets for each initial family V° € C(U) converges
to a unique attractor S* of CGMHB operator F.

Proof. To prove the existence of an attractor S*, let us consider V° € C (i), where W = (Vlo, V2O Yoy VI%).
If Hy(V™", F(V™")) = Hg (V]", VmH) Hy (v", F(V{")) =0fori=1,2,..,Nand m € N, then V" =
F(V")ie, V" = F(V™). Then, X* = V" is an attractor of F, which completes the proof. Thus, let
us suppose that H,(V¥, F(V¥)) > 0 V k € N. Then from Equation (13), we have
T+ G(H (V- VK2)) = 14+ G(H,(F(V5), F(V*)))
< G(Wr(V V) = G(Wx(VE, VEL)), i = 1,2,.., N.

= T+ G(H,(V1, VE2)) < G(Wx(VE, Vi), i =1,2,., N, (17)
where
Wi (VE, VE) = max{ Hy, (VE, V), H (VE, F(VE), Ha (VL F(VED),

Hy (VE, F(VFE) + Hy (VL F(VE)
2s ’
Ha (F(V0), VE), Hy (P, FVE )}

Hy, (F2(V), F(VF)),

— max {Hdi (‘/ik/ ‘/ik+1)r Hdi (V'ik, ‘/ik+1)r Hdi (‘/ik+1/ V'ik-‘rZ)l

k y/k+2 k+1 y7k+1
Hy, (VE, VEY?) + Hy (VEH, v
2s
k k k k
Hy, (V2 V), Hy (VE2, VE2) )

k+2 y/k+1
 Hy (VF¥2, v,

Thus,
W]:(‘/jk/ ‘/ik-i-l) — maX{Hdz. (‘/ik/ ‘/ik-‘rl), Hdi (‘/ik-‘rl’ ‘/ik+2)}. (18)

If Wr(VE, VET) = Hy (V/T, VEF2), then from Equation (17),
F(Hy, (VE™, VIT2)) < G(Hy (VI VEF2)) — . (19)

This gives
T <0,

which is a contradiction, since T > 0.
Therefore, we have W7 (V¥, V-k+1) Hy, (VE, VikH).
Now, using Equation (17), we have

k+1 y/k+2 k y/k+1
G(H, (V1 V) < G(Hy, (VE, VEF ) — 7

= G(Hy (VI VIF2)) < G(Hy (VE, V). (20)
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From Equation (20) together with (G;),we have
Hd,- (‘/ikJrl’ ‘/ikJrZ) < Hd;(‘/ik/ ‘/ikJrl)/ V ke N

= Hy (VE, Vi) < Hy (VL V) Vi=12,.,Nandk € N. (21)

Therefore, {Hy, (VE, VZ.kH)} keN is a non-negative decreasing sequence and hence convergent.
Now,
G(Hy, (VS VE) < G(Hg (VL V) =7

< G(Hy, (VE2, Vi) —21

A

<+ < G(Hg (VP V) —nt

= G(Hy (VF, Vi) < G(Hg, (VP V1)) = n, (22)
which gives lim G(Hy,(VF, VET!)) = —co and using (G,), we have Jim H,, (VE, VFT1)) = 0. Thus,
we have

lim Hy (VF, VET)) = lim Hy (VF, F(VF)) = 0. (23)

k—00 k—o0

Now, we have to prove that { V¥ },‘:’ ; is a Cauchy sequence. On the contrary, suppose that there
exists € > 0 and two sequences {«}"}>_; and {B/"}5>_; such that

W > B > m, Hy (VY V) > e and Hy (v TV <, (24)

foralli=1,2,..,Nand m € N.
Now, using Equation (24) together with triangular inequality of a b-metric space, we have

e < Hy (V7 V') <s{H, (v V) 4 Hy (v v )
< sHy (Vv 4se,
Then, from Equation (23), we get
e < lim sup Hy, (VM VP < se. (25)
Again, by using triangle inequality of a b-metric space, we have
e < Hy (V" VI < s{Hy (v VI 4 1y (VP V) (26)
Furthermore,
Hy, (VY VP < s{H, (v V) 4 Hy (v VP, 27)
Using Equations (23) and (25) in Equation (27), we have
lim Hy (VY vF) < s2. (28)

m—o0

In addition, together with Equations (23) and (26), Equation (28) becomes

1 m m
g < 5 1rr;osupHd (V Vﬁ ) < 11m 1 sup Hy, (V Vﬁ Jrl) <s%
e _ moBr
=3 nllm sup Hy (Vl.a‘ Viﬁ’ ) < s%. (29)
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Again, using the same process, we have

r%m sup Hy, (V K

m\m

Consider,
Hdi(vizxi /Viﬁi +1) < S{Hdi(v;xi ,Vl-ai +1 ) (Va’ +1 V-'Bi +1)}.

1

Using Equation (23) in Equation (31), we have

. B +1 al"+1 B +1
r&l_r}I;osupHd’.(V V ) <s 11m 1 sup Hy, (Voo vt o).
Using Equations (29) and (32) becomes
e _1 all B4l . a1 Bl
2 < 5 i lim sup Hy, (Vit, vt ) < n%lgrgosupHdi(Vi L VIR

a1

i pi'+1
- § nllm sup Hy, (V % ).

S

Consider,

al'+1

(Vl a+1

myq m m mi1
VI < sfH, (v, VD) H (v, VT

< 2{H, (v, v+ Hy (v, v

+SHd1(‘/;‘ﬁi ’ ‘/;ﬁl )
Using Equations (23) and (25), we obtain

al'+1

. pi+1 3
%grlosupHdi(Vi , Vit ) <s%.

Now, from Equations (33) and (34), we have

< hm 1 sup Hy, (V'X H,V.ﬁimﬂ)

< 53(—:.
52 ! -

Thus, from Equations (23) and (24), we can select m7 € N in such a way that
o am aln ’[3’7’
Hy, (V% F) < e < Hy v V), v = my.

Therefore, for all m > my, we have

m

G(H (Vuc;”Jrl

Using (G;) together with Equation (36), we have

V) < GWE(, VD) = o(Hg, (v, V),

10 of 17

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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am 41

Hy, (Vi VI < wr v, v

= max {H;, (v, V), 1, (v, ), 0 F ),

Ha, (V" F VD) + e (v, F (7))
2s
W()W)¢Wwﬂﬂﬂw

= max { Hy, (V/ LV Hy (v, v (v v

m ﬁnl ﬁﬂl
H V { V + H X V V l m m
I IR VAPNARS P

2s !
Hy (v, v, b, (v, v

1 1 i

Thus, we have

(VIX, T4+1 Vﬁ +1) < W (V V‘Bm)
= max [Hy, (v V), (v v,y (v P,

Hy, (VA VP 4 H, (v v
2s

tX+2 a1 a1

s{Hy, (V, V‘HHW VY,
a+2

s{H, (Vi P2 vl (v vf?"“)}}.

JHy (V af'+2 szj"+1) (37)

Now, taking limit supremum as m — oo on each side of Equation (37) and using Equations (23),
(25) and (28), respectively, we obtain

m 2 2
€< hm 1 sup W]:(V V/3 ) = max{se, 0, 0, $, 0, s(0+s%), s(0 +se)} < 5.
=e< hm 1 sup W;(V Vﬁm) Se. (38)
Using the same argument, we can prove that
e < lim inf W;(V V’gm) < s%e. (39)

Now, taking limit supremum as m — oo in Equation (36) and using Equations (25), (33), (35), (38)
and (39), respectively, we have

Gls%e) = G(s*7) < G m sup Hy (V7 V™)

G(hm supW;(V Vﬁm)) T.

This gives
G(s%€) < G(s%) — . (40)

This implies that T < 0, which is a contradiction. Thus, our supposition is wrong. Hence,
{VF}% | is a Cauchy sequence in C(U;), i.e., {V¥}$2 , is a Cauchy sequence in C(Uf). Since (C(U), Hp)
is complete, the sequence {V¥}%° | converges to S* as k — oo for some S* € C(U). Thus, the sequence
VO, F(V), F2(WY), ...} of compact sets converges to S*, where S* = S7.

Now, we claim that §* is an attractor of 7. Arguing the contrary, we suppose that S* is not the
attractor of F. Then, HP(S*,}'(S*)) #0,i.e, Hdi(S;‘,]-'(S:‘)) # 0, where §* = 57,53, ..., Sy
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Then,
T+ G(Hy (VI F(S}))) = T+ G(Hy (F(VF), F(V)))
< G(Wx(Vf,S7)).
Thus,
T+ G(Hy, (VI F(SF))) < G(WE(VE,SP)), (41)
where

Wi (VE, X7) = max { Hy, (V. S7), Ha, (VE, F(VE), Hy (81, F(S7)),
k * * k
Ao Ve 7D+ B VD) (2w, 7)),
Ha, (F2(VE), 87), Ha (F2(VE), F(S7)) }

1

= max { Hy, (VE, 1), Hy,(VE, V1), Hy (81, F(S7),
Hy, (VE, F(S¥)) + Hy,(SE, VEHY)

2s
Hq, (VE?2,57), Hy (VI F () }

i 1

k+2 k+1
,Hy (VEV2, vy,

We have following possibilities:
Case I : If Wr(VE,S¥) = Hdl.(Vik, S¥), then taking limit infimum as m — oo in Equation (41),
we have
T+ G(Hy, (S, F(57))) < G(Hg, (S, S7)),

ie.,
T+ G(Hy (S5, 57)) < G(Hq (S1,50)),
which is a contradiction, since T > 0.
Case II: If Wx (VK S¥) = Hy, (VE, Vl.kH), then by taking limit infimum as m — co in Equation (41),
we have
T+ G(Hy, (S, F(57))) < G(Ha, (S, 7)),

i
ie.,
T+ G(Hy(Si,S7)) < G(Hg, (S}, 57)),
a contradiction.
Case IIL : If Wx(VFK, S¥) = Hg,(S7, F(Sf)), then Equation (41) reduces to

T+ G(Hy, (57, F(57))) < G(Ha (F(S7),57)),

again a contradiction, since T > 0.
CaseIV:If .
Hy (VE, F(S)) + Ha (S, VET)
2s !

Wr(VE,SF) =

i i

then Equation (41) becomes

T+ G(Hy (S5, F(SH)) <G (Hdi(S?/F(Sf)) +Hdi(5?15?‘))) . (Hd(SJ-“(S))> ’

2s 2s

which is not possible, since G is strictly increasing map.
Case V: If Wr(VFK, S) = Hy, (VFT2, VF), then from Equation (41), we have

1

T+ G(Hy, (5], F(S7))) < G(H (S7,57)),
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again a contradiction.
Case VI: If Wr(VF,S¥) = Hy (VFF2,S), then

71

T+ G(Hy, (S, F(57))) < G(Ha (S, S7)),

again a contradiction.
Case VII: If Wx(V, SF) = Hy, (Vikﬂ, F(S})), using this in Equation (41), we have

T+ G(Hg (57, F(57))) < G(Hy, (S}, F(S7)),

1
which is not possible.
Thus, our supposition is wrong. This gives, Hy (U}, 7 (S;)) = 0,i.e, F(S;) = S fori = 1,2,...,N.
Hence, S} i.e., §* is an attractor of F.
Now, we prove the uniqueness of attractor S* of F. Indeed, let S* and R* be two attractors of F
with H,(S*,R*) # 0. Then, using the definition of Ciric type generalized multivalued G-contraction
F,we have

T4+ G(Hp(S*,R*)) =T+ G(HP(F(S*),]:(R*)))
< G(Wx(S",R"))
=T+ G(HP(S*,R*)) < G(Wx(S*,RY)), (42)
where

Wx(S*, R*) = max {Hy(8*, R*), Hy(S*, F(S*)), Hy(R*, F(R*)),
Hy (8%, F(R*)) + Hy(R*, F(SY))
2s
Ho(F2(S"), R*), Ho(FA(S*), F(R*)) }
=max {H,(S*,R"), Hy(S*,8%), Ho(R*, R*),
H,(S*,R*) + Hy(R*,S*)
2s
Hy(8*,R*), Hp(S*,R*)}
= Hy(S*, R*)

 Ho(F(S8*), F(8Y)),

7 HP(S*/ 8*)/

= T4+ G(Hy(S*,R")) < G(Hp(S*,R")),
which is not possible, since T > 0. This gives that H,(S*, R*) = 0.i.e.,S* = R*.

Hence, F has a unique attractor S*. [

Remark 4. Ifwe take j =1,2,...,N,i = 1 in Theorem 6, then the result of Chifu et al. ( Theorem 3.4, [41]) can
be obtained.

Remark 5. If we use generalized multivalued G-contraction tf-‘j instead of ciric type generalized multivalued
G-contraction in Theorem 6 and take j=1,2,...,N, i=1, then the result of Secelean (Theorem 3.1, [42]) can be
obtained. In addition, one can generalize his result using Ciric type generalized multivalued G-contraction.

Remark 6. Our Theorems 3, 4 and 6 extend the results of Dung et al. [43], which are the revision of the results
obtained by Nazir et al. (respectively, Theorems 9, 10 and 15, [37]) by taking N = 1.

4. Applications

The image of objects found in the nature can be reconstructed by using a set of functions. This set
of functions is known as iterated function system (IFS). Collage theorem (see [19,53]) enables us to
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approximate an image by using IFS having a specific attractor that will construct the required image,
no matter what initial set is to be taken. With the help of collage theorem, one can solve inverse
problems of reconstructing the fractal objects. Barnsley proved the collage theorem for Hausdorff
metric space, but here we generalize this concept to a Hausdorff b-metric space, which is more general
than Hausdorff metric space and obtain the collage theorem as follows:

Theorem 7. (Collage Theorem). Suppose that (C(U;), Hy,) are complete Hausdorff b-metric spaces for
i = 1,2,..,N. Let (C(U),H,) be a Hausdorff b-metric space with Hausdorff metric p and {U;,j =
1,2,..,N; tf]«: u — ul=1,2,.., kij, i,j =1,2,..., N} be multi-iterated function systems (MIFS) having
contractive factor r, where r = max{ré‘j,k =12..,5;ij=12,., N}and 0 <r<1.IfF:CU) — CUU)
is contractive operator with contractive factor r and V € C(U), then

i} 1
H(V,5°) < - Hy(V, F(V)), (43)

where S* € C(U) is an attractor of F.
Proof. Using triangular condition of a b-metric space, we have
Hy, (Vi, (V1)) < s{Hqg,(Vi, F(Vi)) + Ha, (F (V;), F" (Vi) }
< sHy, (Vi, F(Vi)) + s*{Hg, (F (Vy), F2(Vi)) + Hy, (F(Vi), F" (Vi) }
< - S sHy, (Vi F(V) + 8" Hy, (F(Vi), P2 (V)
+87Hy, (F2(V), F2(Vi)) + - + " Ha (F" 1 (Vi), F"'(Vy)).
This gives
Hy, (Vi) F" (Vi) < sHg, (Vi) F (Vi) + 52 Hg, (F(Vi), FA(Vi)) + -+ + " Hy (F"H(Vi), (V7). (44)
Since F is a contraction operator with contractive factor r, Equation (44) reduces to

Hy, (Vi, FH(V})) < (s + 8% + 872 + o+ 8" 1) Hy (Vi F(V3))

s(1—sr1
- %S;,)Hdi(vilf(‘/i)), forsr <1
s(L—sr")

= Hg, (Vi, F'(V})) < Hy, (Vi, F(Vi)), forsr <1.

1—sr

Taking the limit as n — oo, we have
1
Hd,(‘/IIS*) S del(‘/ll‘F(‘/l))/ fOTi = 1,2,...,N.

Now,

max Hy (V,§) < max (5= )Hy (Vi, (V1)

i=12,.., i=1.2,..N 1 —sr
1
= HP(V,S*) < ?HP(V,}'(V)). (45)

This theorem describes that, if the Hausdorff distance between idealized fractal and collage of the
image is small, then the distance of the attractor of our IFS from the fractal will be small. It guarantees
that an IFS has a unique attractor. [J
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5. Conclusions

In this article, a methodology for constructing multi-attractors in multifractal spaces is presented.
This methodology not only states complex results, but also one can adopt this methodology to construct
attractors or multi-attractors on Hausdorff b-metric spaces. In Section 4, we derive collage theorem for
multi-Hutchinson Barnsley operator in Hausdorff b-metric space. Collage theorem can be applied to
find a suitable IFS for obtaining desired attractor and solving inverse problem for constructing fractal
objects (see Section 5, [53]). With the help of Theorem 7, by choosing suitable contractions, one can
generate fractals or multifractals. In addition, for further research, our results give rise to interesting
questions and generalizations to construct multifractals (attractors) either by generalizing spaces or
contraction mappings. Moreover, we attempt to obtain multifractals analytically with the help of
ciric type generalized multivalued G-contractions; however, construction of multifractals is still an
open question.
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