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Abstract: The paper proposes an extension of stability analysis methods for a class of impulsive
reaction-diffusion Cohen-Grossberg delayed neural networks by addressing a challenge namely
stability of sets. Such extended concept is of considerable interest to numerous systems capable
of approaching not only one equilibrium state. Results on uniform global asymptotic stability
and uniform global exponential stability with respect to sets for the model under consideration
are established. The main tools are expansions of the Lyapunov method and the comparison
principle. In addition, the obtained results for the uncertain case contributed to the development of
the stability theory of uncertain reaction-diffusion Cohen-Grossberg delayed neural networks and
their applications. Moreover, examples are given to demonstrate the feasibility of our results.
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1. Introduction

The well known Cohen-Grosberg type neural networks (CGNNSs) introduced in 1983 [1] have
been widely investigated due mainly to their numerous applications in science and engineering [2—4].
It is also well known that some powerful from the applied point of view neural network models,
such as cellular neural networks, bidirectional neural networks, Hopfield neural networks, can
be considered as special cases of CGNNs. Later on, the investigations on delayed CGNNs with
constants and time-varying delays also had increased rapidly [5-7] including some recent results [8-10].
In addition, the subject of reaction-diffusion delayed CGNNs has been studied in [11-14]. Indeed,
considering the effect of reaction-diffusion terms on the neural network dynamics is essential [15-19].
As it is mentioned in [11] “... the whole structure and dynamic behavior of neural networks not
merely dependent on the evolution time of each variables but also intensively dependent on its
position (space).”

On the other hand, considering impulsive perturbations in CGNNSs is a very hot topic of
interest [20-24]. It has been found that, because of some instantaneous perturbations, the behaviors
of many real-word systems are not continuous processes, and such processes can be modelled by
impulsive differential equations [25-29]. Therefore, it is crucial to study the dynamic properties of
impulsive reaction-diffusion CGNNs, and numerous excellent qualitative results have been published.
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See, for example, [30-35] and the references therein. In addition, the impulsive control is found to be
very efficient control approach in numerous applied problems [36—44].

Asymptotic stability of equilibrium states is one of the most important qualitative properties that
has to be guaranteed in most of the applications of neural network models designed. This is why most
of the existing results on neural network systems are related to asymptotic or exponential stability of
equilibrium states [2—4,8-10,12,16,17,22-24,30,33,35,37,45].

However, even in the pioneering work of Cohen and Grossberg [1], systems capable of
approaching not only one, but infinitely many equilibrium points in response to arbitrary initial data,
have been considered. For such systems, researchers proposed the concept of stable (asymptotically
stable) sets (or manifolds) [46]. This extended stability concept is also of a significant importance in
numerous applications, when the authors investigate the global asymptotic behavior of invariant sets,
invariant manifolds, or of sets of a general nature [47-53]. We note that the notion of stability of sets
includes as a special case stability of an equilibrium, stability of zero solution, stability of moving
manifolds, etc. Thus, stability of sets is one of the most important notions in the stability theory.
However, besides the great possibilities for applications, the topic of stable sets has not been studied
for impulsive reaction-diffusion CGNNS and this is the main objective of the paper.

On the other hand, the effect of some uncertain parameters on the qualitative behavior of CGNNs
has been studied by several authors. See [5,7,21] and the references therein. In this paper, we will
further extend the existing robust stability results to the stability of sets case. Indeed, uncertainty
associated with concrete systems parameters arises from modeling assumptions, the lack of knowledge
or information of the real-world situations, noise factors, etc. Hence, finding efficient conditions
that will guarantee the stability behavior of a uncertain system is a question of a great importance.
Therefore, the dynamics of uncertain systems has long been and will continue to be one of the dominant
themes in mathematics and mathematics applications [54-58].

The paper is organized as follows. In Section 2, the impulsive reaction-diffusion CGNN model in
addition to the basic notations and preliminaries are introduced. The notion of stability of sets with
respect to the model under consideration is defined. Section 3 offers our main stability of sets results.
In Section 4, the effect of some uncertain parameters is considered, and a robust stability analysis is
also conducted. In Section 5, to show the effectiveness of the obtained results, two examples are given.
Finally, some conclusion remarks are drawn in Section 6.

2. Preliminaries

k=1
(x1,%2,..., xn)T € R”", Q) be an open and bounded set in R” that contains the origin has a smooth
boundary dQ2 and the measure expressed by mes O > 0, and let Ry = [0,00). For u(t,x) =
(ur(t, x),uz(t,x), ..., um(t,x))T € R™, we also consider the following norm:

1/2
n
Let R" be the n-dimensional Euclidean space with norm ||x|| = (Z:x]%) of x =

m 1/2
u(t, x| |2 = Vﬂ ;u?(t,x)dx] .

We note that the space L?(Q) of all real functions on ), which are L? for the Lebesgue measure,
is a Banach space with respect to the above norm [13,16,31,32,34].

In this research, we will investigate some qualitative characteristics of the processes determined by
the following delayed reaction-diffusion CGNN that is subject to short-term impulsive perturbations
at fixed moments of time

ou(t, x)

FY V(D(t,x) o Vu(t,x)) — F(t,u(t,x),u(t — 7,x)) = n(t, x), 1)
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wheret € R, x € O, u = u(t, x) and:

(i) D(t,x) = (Dy (t X))mxn is an m X n matrix with entries the functions Dj,(t,x), i =
1,2,...,m, q = 1,2,...,n, V is the gradient operator, V = (3871,8%2 .,%), Vu;, =

ou; du; ou; T _ T worw "oh
(a—ﬁ,a—x;,...,ﬁ), i=12,...,mand Vu = (Vuy,Vuy,...,Vuy)", is the inner product,

denotes the Hadmard product [58] of the matrices D and Vu;

(i) F(t,u(t,x),u(t —7,x)) = —Au(t,x))[B(u(t,x)) — I(t,x) — C(t)f(u(t, x)) = W(t)g(u(t —
T,x))], A(u(t,x)) = diag(ai(t,x),a2(t,x),...,am(t,x)) is a diagonal matrix with entries a; €
CRxR"Ry], i = 1,2,...,m, B(u(t,x)) = diag(bi(t, x),ba(t,x),...,bm(t,x)), b; € C[R x
RYR], i = 1,2,...,m, I(t,x) = (Ii(t,x), L(t,x),..., In(t, x))T, I; € CIRxR",R],i = 1,2,...,m,

CH) = (()mem ¢ € CIRE], W(t) = (05(t)mem w5 € CRR], flult,x)) —
(fr(ur(t,x)), fo(u2(t,x)), -, fn(um (8, X)), fi € [RR], j=1,...,m, g(u(t —7,x)) = (g1(u1(t —
71 (t),x)), g2(uz2(t — (), %), ..., gm(um(t — (), )N, i € CRR], i = 1,...,m, T €
CRR4|, t>7,j=1,. m0<1']-()<'r égt) 5 (T >0, <1);

(iii) 7(t,x) = Y Je(u(t,x))é(t —t), Jx = diﬂg(hk,]zk,---,]mk), Jk €R i=1,...,mk=

k=12,..
1,2,...,6(t) is the impulsive Dirac-type function with impulsive points t, k =1,2,...,0 < t; <t <
< e < g1 < o limy o By = oo,
From the presentation of the term 7(t, x), it follows that, for x € Qand t # t;, k = 1,2,...,
we have 5 (t, x) = 0. Hence, we obtain (see [34,42])

u(t,x) — ulty, x) = Je(u(t, x)),

where u (7, x) = h1i161+ u(ty +h,x), x € Q.
—

Using the above notations, the matrix impulsive delayed reaction-diffusion CGNN model (1) can
be represented as

dxy

x) — i cij(t) fi (u]-(t, x))
= )

—Zm/&wtﬂxnﬂt¢%

wi(tf, x) — ui(te, x) = Jie(ui(ty, x)),

wherei = 1,2,...,m,m > 2,k =1,2,...,t >0, x = (x1,x2,...,x,)T € Q, u;(t,x) denotes the
state of the i-th neural unit, 7;(t) is the transmission time-varying delay of the i-th unit, a;(u;(t, x)) is
an amplification function, b;(u;(t, x)) is an appropriately behaved function, c;;(t) and w;(t) are the
connection weight matrices, I;(t, x) is the external input of the i-th neural unit, f;(u;(t, x)) and g (u;(t —
Tj(t), x)) are the activation functions of the j-th neuron, the smooth functions Dj; = Dj,(t,x) > 0
are the transmission diffusion coefficients along the i-th neuron. The points {t;}, k = 1,2,... are
the impulsive moments at which abrupt changes of the state u;(t, x) from positions u;(t, x) into the
positions u;(t, x) are observed and J (u;(t, x)) are the impulsive functions that measure the impulsive
control effects on the node u;(t, x) at the instants #; if we consider the function #(¢, x) as a control
impulsive function.
Let ] C R4 be an interval. Furthermore, we will use classes of functions of the following types:
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PC[] x Q,R" ={7:]xQ — R™: 7(t,x) is continuous everywhere on the domain except at
points of the type (t, x) € | x Q wherever ¢ (t;,x) and 7 (t;, x) existand (¢, , x) = (t, x) };

PC is the set of all piecewise continuous functions ¢ = (¢1, @2, . . ., (pm)T from [—7,0] x Q) to R™,
such that ¢;(¢", x) and ¢;(¢~, x) existand ¢;(&~,x) = ¢;(¢,x),i =1,2...,m, for all points & € [—T,0]
which must be a finite number;

PCB is the set of all functions ¢ € PC that are bounded.

Let 9o = (o1, P02, ---, Pom)’ € PCB. We will consider the following boundary and initial
conditions associated with (2):

ui(t,x)=0,t€[-1,0), x€3Q, i=1,2,...,m, 3)

ui(¢,x) = @oi(¢,x), € [-7,0,x€Q,i=12,...,m (4)

We denote by u(t, x) = u(t, x; o) the solution of the Initial Boundary Problem (IBP) (2), (3), (4).
Note that, according to the theory of impulsive neural networks [20-22,29-44], the solutions

u(t,x) = (ug(t, %), up(t,x), ..., um(t,x))7

of IBPs (2), (3), (4) are piecewise continuous functions that have jump discontinuities at the moments
trv, k=1,2,...,and

ui(te, x) = uity, x), wi(t,x) = ui(te, x) + Jue(ui(t, x)), x € Q, k=1,2,....

For more details about the theory of reaction-diffusion CGNN systems with impulsive
perturbations, we refer to [30-35].
Throughout this paper, we assume that the following conditions are satisfied:

Hypothesis 1 (H1). The functions a;, i = 1,2,...,m, are positive, continuous and bounded, i.e., there exist
constants a; and a; such that 1 < a; < a;(x) < a; for x € R.

Hypothesis 2 (H2). The functions b;, i = 1,2,...,m, are continuous and there exist positive constants B; with

bi(x1) — bi(x2)
X1— X2

>B; >0

for x1,x2 € R, x1 # x2.

Hypothesis 3 (H3). The activation functions f; and g; are continuous and Lipschitz, i.e., there exist positive
constants Lj, M]-,j =1,2,...,m, with

Ifi(x1) — filx2)| < Ljlx1 — xal,

gi(x1) — &i(x2)| < Mj|x1 — xa2
forall x1,x2 € R, x1 # X2

Hypothesis 4 (H4). The activation functions f; and g;, j = 1,2,...,m, are bounded in R, and
£i(0) =gi(0)=0,j=1,2,...,m.

Hypothesis 5 (H5). The functions Cij, Wij and I;,1,j = 1,2,...,m are continuous on their domains.
Hypothesis 6 (H6). Foranyi=1,2,...,mand q = 1,2,...,n there exist constants diq > 0 such that

Diy(t,x) > dig, t >0, x € Q.

iq/
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Hypothesis 7 (H7). The impulsive functions [ are continuouson R foranyi=1,...,m, k=1,2,....

Hypothesis 8 (H8). 0 < t; < fy < -+ <ty < tgy1 <...,and limy_ ot = oo.

Remark 1. Conditions H1-H8 guarantee the existence, uniqueness and continuability of the solutions
u(t,x) = (ur(t,x),uz(t, x),..., um(t,x))7 of the IBP (2),(3), (4) on [0,00) x Q for any initial function
@o € PCB [30-35].

We will list the definitions for the stability of sets notion for impulsive reaction-diffusion delayed
CGNN:s. For this reason, we will need the new notations. Let M C [—T,00) x () x R™.

Then, we introduce the next:

M(t,x) ={ueR": (t,x,u) € M, (t,x) € Ry xQ};

My(t,x) ={z e R™": (t,x,z) € M, (t,x) € [-1,0] x Q};

d(u, M(t,x)) = inf ||lu — ]|, is the distance between u € R™ and M(t, x);
veM(t,x)

M(t,x)(e) = {u € R": d(u, M(t,x)) < e} (e > 0) is an e- neighborhood of M(t, x);
do(¢, Mo(t, x)) = sup_ d(¢(8,x), Mo(§,x)), ¢ € PC;
—
My(t,x)(e) = {¢ g?c :] do(@, Mp(t, x)) < €} is an e- neighborhood of My(t, x);
M(t,x)(e) = {u e R": d(u, M(t,x)) <e};
@(t,x)(s) ={p € PC: do(p, Mo(t,x)) < e};
So = {u € R™ = |lulla < a}; S«(PC) = {9 € PC : |lgllc < a}, where [|g[[: =

sup |[9(C,x)]|2.

—T<¢<0
We assume also that:

Hypothesis 9 (H9). For any (t,x) € Ry x Q) the set M(t, x) is not empty, and for any (t,x) € [—7,0) x Q,
the set My(t, x) is not empty.

In our analysis, we will use the following boundedness and stability of sets definitions with
respect to the impulsive control system (2).

Definition 1. The solutions of system (2) are:
(a) equi-M-bounded, if for any positive constants 5 > 0 and a > 0 there exists a constant p = B(17,a) > 0
such that x € Q and ¢y € Su(PC) N My(t, x)(n) imply

u(t,x; @o) € M(t,x)(B), t > 0;
(b) uniformly M-bounded, if the number B from (a) depends only on 1.

Definition 2. The set M is said to be:
(a) uniformly stable with respect to system (2), if for any positive constants « > 0 and & > 0 there exists a
constant § = 6(w, &) > 0 such that x € Q and @y € Su(PC) N My(t, x)(6) imply

u(t,x; po) € M(t,x)(e), t > 0;

(b) uniformly globally attractive with respect to system (2), if for any positive constants § > 0, € > 0 and
a > 0 there exists a constant ¢ = o (1, €) > 0 such that x € Q and @y € Su(PC) N My(t, x)(n) imply

u(t,x; ¢o) € M(t,x)(¢e), t > 0;
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(c) uniformly globally asymptotically stable with respect to system (2), if M is a uniformly stable and
uniformly globally attractive set of system (2), and if the solutions of system (2) are uniformly M-bounded;

(d) uniformly globally exponentially stable with respect to system (2), if there exist strictly positive constants
k and A such that

d(u(t,x; ¢o), M(t,x)) < kdy(¢o, Mo(t,x))ef/\t, po € PCB, x€Q, t >0.

Remark 2. Definition 2 is a generalization of the stability of sets definitions [48,49,53] to the
reaction-diffusion case.

Remark 3. Definition 2 also extends the notion of stability of a state (zero state, equilibrium state) to the
stability of sets concept. For a particular choice of the set M it is reduced to the existing Lyapunov-like stability
definitions in the literature. For example, if 0 = (0,0,...,0)T is the zero equilibrium of (2) and the set
M = [—7,00) x Q x {u € R™: u = 0}, then Definition 2 is reduced to the definition of the Lyapunov-like
stability of the zero equilibrium of type (2) impulsive reaction-diffusion CGNNs .

Analogously, if u* = (uj,u, ..., u})T is a non-zero equilibrium of (2), and the set M = {[—T,00) X
Q x R™: u = u*}, then Definition 2 is reduced to the definition of the Lyapunov-like stability of the non-zero
equilibrium of the impulsive reaction-diffusion CGNNs (2) [30-35].

What follows are definitions and a comparison lemma from the Lyapunov-Razumikhin
method [15,19,28,29,42,46].

The main results will be proven using Lyapunov’s like piecewise functions from the class Vj.
For this reason, we need the sets

Ge={(tbu):te (i, t), ueR"}, k=12,...,t=0,G = G
k=1

Definition 3. A function V : [0,00) x R™ — R, belongs to the class Vj if the following conditions
are fulfilled:

1. V(t,u) is continuous in G, locally Lipschitz continuous with respect to its second argument on
each of the sets Gy, and V(t,u(t,.)) = 0 for (t,x,u) € M, t > 0and V(t,u(t,.)) > 0 for (t,x,u) €
{Ry x QO xR"}\ M.

2. Foreach k € Nand u € R™, there exist the finite limits

V(tg,u) =limV(tu), V(4 ,u)=1lLmV(tu),
t—t t—t
t<tll(c t>t],§

and V(. ,u) = V(t, u).

For a function V € Vplett € [0,00),t # t, k =1,2,... and ¢ € PC. Then, the upper right-hand
derivative of V € V) with respect to the system

du(t,.)

Fran H(tu(t—1,.), t >0, t #ty,

®)
u(ty,.) = uty,.) + Ji(ulty,.), k=1,2,...

is defined by

DTV(t ¢(0,.)) = Jim, sup % [V(£$(0,.)) = V(t = x, ¢(0,.) — xH(t, 9))],
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where H: [0,00) x PC = R™, [, :R" - R", k=1,2,...,m,
H(t, @) = (Fi(t, ¢), Ha(t, @), .., Hu(t, 9))"

is continuous with respect to (t, ¢) and is locally Lipschitz continuous with respect to ¢ € PC and J
are continuous with respect to u € R".

The following comparison lemma can be proved by the same arguments used for the comparison
results in [15,28,29].

Lemma 1. Assume that the function V € Vy is such that for t € Ry and ¢ € PC

VT, 9(0,.) + Je(9),) < V(L 9(0,.), t =t k=1,2,...,

and the inequality

DTV(t(0,.)) < uV(t@(0,.), t #t, p €R
is valid whenever

V(t+E,9(E.),) <V(teQ,.)) —T<<0.

Then,

V(t,u(t,.)) < sup V(0, goo(C,.))e’”, t>0.
—T<¢<0

For the set O = {x € R" : |x4| < I3}, l; = const > 0,9 = 1,2,...,n, we will also need the
following lemma.

Lemma 2 ([16]). Let Q bea cube |x4| < 1;(q =1,2,...,n) and let v(x) be a real-valued function belonging
to C1(Q)), which vanishes on the boundary 0Q) of Q, i.e., v(x)|q = 0. Then,

2
/ v?(x)dx < lz/ do(x) dx.
o TJa| oxg
3. Stability of Sets
In our main theorems, we will use the Hahn class of functions K = {w € C[R{,Ry] :

w is strictly increasing and w(0) = 0}.
First, we will prove a stability result for a set M of a general nature.

Theorem 1. Assume that:
1. Conditions H1-H9 hold.
2. There exists a function V € Vy such that the inequalities

wn (d(u, M(t, %)) < V(1) < wa(d(u, M(t,x)),

hold, where w1 (s) — oo ass — oo, (t,x) € Ry x Q, u € R", wy,w, € K.
3. Fort € Ryand ¢ € PC

V(ET, 90,.) +Jk(@),) < V(L (0,.), t =ty k=1,2,...,

and the inequality
DTV(t, ¢(0,.)) < —w3(d(9(0,.), M(t,x))), t # tr, x € Q

is valid whenever
V(t+¢E9(E.),) <V(te(,.)), —T<Z<0,
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where w3(s) > 0 fors > 0.
Then, the set M is uniformly globally asymptotically stable with respect to system (2).

Proof. Let for arbitrary ¢ > 0 we choose § = d(¢) > 0, § < € so that wl_l(wz(é)) <e.

For any fixed a > 0let pg € So(PC) N My(t,x)(6), x € Qand u(t, x) = u(t, x; po) be the solution
of (2), (3), 4).

Then, from Lemma 1 for y = 0, we get

V(t,u(t,.)) < sup V(0,¢0(E,.)), t>0 (6)

—T<¢<0

and from condition 2 of Theorem 1, consequently we obtain

d(u(t, x; 9o), M(t,x)) < wi H(V(t,u(t,x)) < wl’l(isgéloV(Of Po(Z,x)))

< wy ! (w2 (do(go, Mo, %)))) < wy ' (w2(0)) <

or, u(t, x; o) € M(t,x)(e) for all t > 0 showing that the set M is uniformly stable with respect to the
impulsive reaction-diffusion CGNN (2).
Next, we will prove that u(t, x; pg) € M(t,x)(¢) for t > o and ¢y € S,(PC) N My(t,x)(17), 7 > 0.
First, we will show that there exists t* € [0, ¢] such that, for any solution u(t, x) = u(t, x; ¢g) of
(2) with g € So(PC) N My(t,x)(17), we have

d(u(t*,x), M(t*,x)) < d(e), x € Q. (7)

If we suppose that this is not true, then, for any o > 0, there exists a solution u(t, x) = u(t, x; ¢g)
of (2) for which @y € S, (PC) N My(t, x) (1), such that

d(u(t,x), M(t,x)) > (), t € [0,0], x € Q. )

For t > 0 and from condition 3 of Theorem 1, we get
t t
V(t,u(t,.)) — V(0,u(0,.)) g/ D*V(8,u(8,.))dd < —/ ws(d(u(8,.), M(8,.)))ds.  (9)
0 0

From the other side, the properties of the function V (¢, u(t,.)) on Ry imply that it is non-increasing
on the interval [0, c0). Thus, the finite limit
tlim V(t,u(t,.)) =v9>0 (10)
— 00

exists.
It follows then from (9), (10) and conditions 2 of Theorem 1 that

/O°° ws(d(u(t,.), M(t,.)))dt < wa (1) — o,

From the fact that the function wj is strictly positive, we can conclude that the number ¢ can be

chosen so that
wa(17) —vo +1

77 T ws(0(e))

Then, we get
wa() =00 = [ “ws(d(u(t, ), M(t,.)))at
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> /O”wg,(d(u(t, )Mt )))dt > ws(5(e))o > waly) — o+ 1,

which is a contradiction.

Thus, there exist a positive constant ¢ = o(e,7) and a t* € [0, c] such that, for any solution
u(t,x) = u(t, x; ¢o) of the impulsive reaction-diffusion CGNN (2) such that ¢y € S, (PC) N My(t, x) (1),
the inequality (7) holds.

Therefore, for t > t* (hence for any t > ¢ as well) and x € ), we have

d(u(t,x), M(t,x)) < wl_l(V(t,u(t,x))) < w, N (V(F, u(t,x)))

< wi N wa(d(u(t*, x), M(t,x)))) < w;  (wa(6)) <,
which proves that the set M is uniformly globally attractive with respect to the impulsive
reaction-diffusion CGNN (2).
Finally, we will prove that the solutions of (2) are uniformly M-bounded. Let ## > 0 and choose
the number B = B(17) > 0o that w; ! (w2 (1)) < B, B > 1.

For any fixed number a« > 0 and for g9 € S.(PC) N My(t, x)(17), by (6) and condition 2 of
Theorem 1, we obtain

Alultxigo), M(t,x)) < wp” (V(Eult, ) Swp(sup V(0,90(6,x))
< wp (wa(do(@o, Mo(£,%)))) < wy (wa()) < B

fort € Ry. Hence, u(t,x; po) € M(t,x)(B) for t > 0.
The proof of Theorem 1 is complete. [J

Theorem 2. If, in Theorem 1, w; = c;d"(u, M(t,x)) for (t,x) € Ry x Q, u € R", i = 1,2, and w3 =
c3d"(¢(0,.), M(t,x))) fort # ty, x € Q, ¢ € PC, where ¢; > 0 are constants i = 1,2,3, r > 1, then the set
M is uniformly globally exponentially stable with respect to system (2).

Proof. Let 99 € PCB and u(t,x) = u(t, x; ¢g) be the solution of (2), (3), (4).
For w; = ¢;d"(u, M(t,x)) for (t,x) e Ry x Q, u € R", i =1,2,and w3 = c3d"(¢(0,.), M(t,x)))
fort # ty, x € O, ¢ € PC, where ¢; > 0 are constants i = 1,2,3, r > 1, we have that the inequality

D*V(t,9(0,.)) < —22V(t,9(0,.)), t # t a1
2
is valid whenever
V(t+&9(G.),) <V(te(,.)) —t<F<0, ¢ € PC.
Hence, in view of Lemma 1, we have
V(tu(t,)) < sup V(0,0(E.))e 2, t>0

—T<g<0

and, therefore,

a3

1/r 1/r
d(u(t,x), M(t, x)) < <1V(t,u(t,X))> < (1 sup  V(0,0(¢,.))e ”2t>

€1 —r<e<0

1/
€2 ' -2t
= (c) do(@o, Mo(t,x)) ™2, t >0,
1

which proves that the set M is uniformly globally exponentially stable with respect to system (2). O
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Remark 4. Theorems 1 and 2 offer sufficient conditions for the more general concept of stability of sets for the
impulsive reaction-diffusion CGCN model (2). The set M considered in the theorems is of a very general nature.
The obtained results are important in the case when the corresponding sets are attractors of type (2) models.
For a particular choice of the set M, they include results for the following specific cases:

D IfM = {[-7,00) x Qx R™ : u = u*}, where u* is an equilibrium state of (2), then d(u, M) =
inf{[|u —ofl2: v =u"} = [lu—0|ly

(i) If M = Mg = {u € R™ : ||u||; < R}, then d(u, M) = max{0, ||u||, — R}.

Thus, our set-stability results are extensions to the existing stability theory for impulsive reaction-diffusion
CGNN s [30-35].

In the next result, we will consider a specific attractor set M. Let the set () of points x, x =

(x1,x2, .. )T is such that |x,;| < I;, wherel;, g = 1,2...,n, are positive constants.
_ dig . _ ot = . + _ .
Setd; = Z 1—2, i=1,2,. ,Cjj = sup cl](t),wi]. = sup wj;(t).
t€R+ t€R+
Let u* = (ul,gz,...,g,’jq)T € RY and u* = (ﬁ{,ﬁﬁ,..,ﬁ;)T € R, where uf = {u}}, u; =

{u;}, i=1,2,...,m k=1,2,... betwo constant solutions of the reaction-diffusion CGNN (2), i.e.,
0 = —a;(uf (t,)) [bi(uf (£, %) Zc,] )fi(w (1,%))

—Ewu )83 (1 (£ = 7(8),%)) ] £ # i,

uf(t5,x) = uf(te, x),
and

0= (0,0 [T 1.5)) ~ (1) ~ - ey0)5(7 1)
=

_Zwu u; (t = T(t), x ))} t # t,

(b, x) = (k, x).

Theorem 3. Assume that:
1. Conditions H1-H9 hold.
2. The following condition met

m
2(d;+a;B;) —a; Y (L ZJ+M] 1]+Lc )]
=1
m
> max (MiZijf> > 0.

3. The functions [ are such that

Jik(ui(t, x)) = —vikui(te, x), 0 <y <2,

i=12,...,mk=12....
Then, the set M = [—T,00) x Q x {R™ : uf < w; < uj, i = 1,2,...,m} is uniformly globally
exponentially stable with respect to the impulsive reaction-diffusion CGNN (2).
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Proof. Let 99 € PCB, 9o = (o1, Qo2 ---,om) and u(t,x) = u(t,x;q0), u(t,x) =
(ur(t, x),uz(t,x), ..., um(t,x))T be the solution of the CGNN (2) with initial function ¢p.

Forv € M(t,x),v = o(t,x) = (v1(t,x),02(t,x),...,0m(t,x))T, (t,x) € [-T,00) x Q, we consider
the Lyapunov candidate function

veM(t,x)

2
1 1
V(u(t,.),v(t,.)) = 2( inf ||lu— v||2> = Edz(u,M(t,x)).
Fort>0andt =t k=1,2,..., from condition 3 of the theorem, we obtain

2/ 21—’sz (ui(ty, x) — vi(t, x)) 2dx < = /2 u; (ty, x) vi(t,x))de,

and hence
V(u(t,j,.),v(t,j,.)) < V(u(ty,.),vr(t,.)). (12)
In addition, for t > tgand t € (t;_1,t], k =1,2,..., we have that

;;tHM( U(t,‘l% < /Ql_il |Mi(t,x) - vi(t’x)’a(”i(t,X) - vi(t,X)) dx. (13)

ot
First, we will consider the case, when u;(t,x) > v;(t,x) forany i = 1,2,...,m and (t,x) €

[—T,00) x Q.
From the choice of the set M, we get

" d(u;(t,x) —uf
Ea“u(t,.) —o(t,.)|3 < E/Q (u;(t, x) —u:‘)((tat)l)dx. (14)

Since u* = (uf, uj, ... ,ut)T is a constant solution of (2), then, by H1, we obtain

it x) — u)

" N o(u;(t,x) —uy)
5 <(ui(t,x)—ui)<;axq<Di’139ﬁy>

— a;[b; (u;(t,x)) — bi(u})] +7; Zc |f(u) — fi(u))] (15)

w50, >>—g]-<u;f>|)-

Then, we integrate (15) over () and obtain

* a(ui(t/x) _E;‘() "9 a(ui(t/x) _E;'F) *
/Q(”i(trx) — U )T < /QE qu (Diqaxq> (ui(t, x) — uj )dx
—ﬁgﬁﬂt@—znmwmm»—m@nwx

7 [ (ui(t,x) — u z%m< X)) — f(u})dx

=

(16)

+a; /Q(ui(t,x) —gf)]; wmgj(uj(t —Ti(t),x)) —gj(g]*)]dx.
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Next, from the Dirichlet-type boundary conditions, H6 and Lemma 2, by the Green’s theorem,

we have

g=19%q 9%
n Aui(t,x) — )\
— [ o (M )
q=1 Q axq

INA
|
1=
5
[
S
/N
QO
—
=
—
) N
B3
|
=
e
N—
v
N
L
=

q
n d 5

<-) / —H(ui(t, x) — uf )2dx = —d; | (u;(t,x) — uf)?dx.
g=1" O lq 0O

Conditions H1-H4 imply
/Qﬂi(ui(ffx) —u]) [bi(u;(t,x)) — bj(u] )]dx > a;B; O(ui(t/x) — uf)?dx,
and

620 =00 25 5 1) = )
<7 /f FLilui (1, %) — uf ||yt x) — uf|dx
=
g% );/ L (i, ) — )2 + (1, 3) — )] .

In addition,

a;

5

(t2) =) L3y o0 = 10),2) = )

IN
2l

2/ i Myfui(t, ) — uf | (¢ = 75(8), %) — 1| dx

IN

o f i M) — )2+ (= (00 — )P

(17)

(18)

(19)

(20)
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In view of (16)—(20), we have

2(d; + a;B;) 1)

_ IZ(LC +Mw + Licj; )1 /Q(ul-(t,x)fﬂl’f)zdx

j=1
10 m .
+722a M/ sup (uj(G,x) —uf)*dx
21:1 =1 —7<¢<0
. 7 _y + + NE |12
< —min 2(d; +a;B;) — 7 Z (L]-cij + Mjw;; +Ll-cji) EHu(t,.) —u*|f5

" 1 1 1
i 2 _ 2 2
e, (B0 ) 31 = —erglhte) B eaglla I,
where
m
. 7 = +
€= min 2(d; +a;B;) —4; ; (L]cl] + Mjw; + Lic;; )1

1<i<m

m
Cp = max (Mi Zﬁ]w;>
j=1
From condition 2 of Theorem 3, it follows that there exists a constant ¢ > 0 such that

1
S apllut ) =t )3 < —5ellu(t,.) —o(t,)[3. (22)

By repeating the same arguments, we can conduct the proof of the inequality (22) in the case
when u;(t,x) < v;(t,x) forany i =1,2,...,mand (t,x) € [-T,) X Q, and, in any other case, when
u;(t,x) < vi(t,x) forsomei =1,2,...,mand u;(t,x) > v;(t, x) for the rest of the variables of u(t,x)
and v(t,x), (t,x) € [—T,00) x Q.

Using (22) for the upper right-hand derivative of V along the solutions of system (2), for § € C,
= (1, P2, -+, Pm)T, we have

DTV(t,#(0,.)) < —cV(t,¢(0,.))

when V(t+¢,¢(E,.)) < V(t,$(0,.)) for -1 < <0,¢ € PC,t > 0.

Now, applying Theorem 2, we conclude that the set M = [T, 00) x Q x {R" : uf <u; <7uj, i =
1,2,...,m} is uniformly globally exponentially stable with respect to the impulsive reaction-diffusion
CGNN (2). O
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4. Robust Stability of Sets

In this section, a robust stability of sets result for the impulsive reaction-diffusion CGNN model
(2) will be presented. To this end, we will extend the model (2) to incorporate uncertain terms.

Consider the following uncertain impulsive reaction-diffusion delayed CGNN corresponding to
the system (2)

ou;(t, x) 9 ou;(t, x)
B\l A) oy 9 [ p. GHA)
ot q; oaxg \ ' ox,

= (ag(a(t,)) + @3 (8,)) | (b1 (g8, ) + Bi (g8, %)

*Ii(tf x) - Ti(t/ x)

m (23)
= X (60 + &(0) (£ i(t3)) + Fi(8,)) )
- i (wij(£) + @y (1)) (gj(”j(f —1i(t),x)) + g (u;(t — Tj(t),X))):|, t£ b,

ui(tpt,.) —ulty, ) = —(vik + Fix) i (b, X),

where d;, b;, Cijy wl-]-,fj,g”]-, L, ¥k, i,j =1,...,m, k=1,2,... areall continuous functions in their domains,
and represent the uncertain terms in the system (23) [54-57]. Note that, if all of these functions are
zeros, then we will recover the “nominal system” (2) [54].

In numerous applications, the activation function of a neural network model may involve
uncertain terms. Uncertain parameters also appeared in the connection coefficients as well as
in the external inputs, due to uncertainty in the environment, data measurement, etc. See,
for example, [5,7,21,56,57] and the references therein. Thus, it is essential to study the effect of uncertain
terms on the stability behavior of impulsive reaction-diffusion CGNNS.

With the next definition, we introduce the notion of robust exponential stability of a set with
respect to system (2).

Definition 4. The set M is said to be robustly uniformly globally exponentially stable with respect to system
(2) if for any functions a;, b;, Cij, Wij, fj, Si L i,j = 1,...,m, the set M is uniformly globally exponentially
stable with respect to system (23).
Introduce the following conditions:
Hypothesis 10 (H10). For 7, = sup, . 4:(x),i = 1,2,...,m, we have
aj € [a; —a;,a; — aj].

Hypothesis 11 (H11). The functions b, i=1,2,...,m,are continuous and

bi(xa) +bi(x1) — (bi(x2) + bi(x2)) o 5
X1 = X2 !
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for x1, x2 € R, x1 # xo.
Hypothesis 12 (H12). The functions Cijy I, Wij, i,j =1,2,...,m, are continuous on their domains, and
sup G;(t) = &, sup w;;(t) = ZT)ZJ]r

teR / teR

Hypothesis 13 (H13). There exist positive constants L;, M;, i = 1,2,...,m, with
fix) = filx2)| < Lilxa — xal,
18i(x1) = &i(x2) < Milx1 — xa|
forall x1,x2 € R, x1 # xa, and f;(0) = §;(0) = 0.
Hypothesis 14 (H14). The unknown constants §;, are bounded and . € [—1— vy, 1 =y, i =1,2,...,m.

Theorem 4. Assume that
1. Conditions H1-H14 hold.
2. The inequality

in |2(d; +a,B
min (d; +a;B;)
m
—@Z%((Lj+Lj)(c;+c“;)+(M]«+M])(w;+w;)+(Li+Li)(cj+l+5j+l))
]:
~ m +
> max ((Ml +Mi)]; a]wﬁ) >0

is satisfied.
Then, the set M = [—7,00) x Q x {R™ : u* <u; <uj, i=1,2,...,m} is robustly uniformly globally
exponentially stable with respect to the impulsive reaction-diffusion CGNN (2).

Proof. The proof of the uniform global exponential stability of the set M with respect to system (23)
for any values of the uncertain terms can be conducted similarly to the proof of Theorem 3 using
the assumptions H1-H14. Hence, it follows by Definition 4 that the set M = [—T,00) x 3 x {R" :
uf <u; <u;, i=1,2,...,m} is robustly uniformly globally exponentially stable with respect to the
impulsive reaction-diffusion CGNN (2). O

5. Examples

In this section, the effectiveness of the proposed sufficient conditions is demonstrated through
two examples.
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Example 1. Consider an impulsive reaction-diffusion CGNN model (2), where O = {x € R?: |x4| <1, g =
1,2} given by

ou;(t, x 2.9 du;(t, x

; >2( ) e it
ZCU )fi(uj(t, x))

(24)

_Zwu )gj (u;(t Tj(t)/x))}/t#tk,k:1,2,...,

u(t;r,x) —u(ty,x) = ( 0—2/5 _1/(7) ) u(ty,x), k=1,2,...,

ui(t,x) =0, t € [-T,00), x € (),
ui(srx) = ([)Oi(sr X), s e [71—/0}/ X e Q/

wheret > 0,0 < ] < ) < -+ <t < fyq < ...,klimtk =oo, 1 =L =0, fi(u;) = gi(u;) =
—» 00

1
§(|ui+1| —lui—1]), u(t) = n(t) =e/(1+e"), 0 < 5(t) < v (t =1), a;(u;) = 1, by(u;) = u,
b2(ui) = 3141', i= 1,2,

(ci)axalt) = ( c11(t) c12(t) > _ ( 0.6 —0.4sin(t) 0.1 —0.4C(?S(t) );

1(t)  cx(t) 0.2 —0.4cos(t) 0.2—0.3sin(t)

(wi)asealt) = < wq1(t) w1 (1) > _ ( 0.3sin(t) 0.4c95(t) )/

w1 (f)  waa(t) 0.4cos(t) 0.6sin(t)

(D ) o D11 D12 . 1+ 2sint 0
ik)2x2 = D21 Dzz a 0 cos t '

Clearly, we have that the assumptions H1-H9 are satisfied fora; =a; =1,i =1,2,B1 =1, B, = 3,
L1=L2=M1=M2=1117’1d

o fdn dn ) _[3 0
(dzk)2><2 = ( d21 dzz ) = < 0 1 )

Conditions H1-H9 also guarantee the existence of a unique equilibrium point u* = (uj,u})T of the
system (24) [31-35].
In addition, we have that condition 3 of Theorem 3 holds, and condition 2 of Theorem 3 is satisfied for

2
€= 1?}?2 2(di +a;B;) —a; ) (ch; + Mjw;]f + Licﬁ)] =42

j=1

and

2
— o+
¢» = max | M; a'w..)zl.
2 lSiSZ( 1];] ji

Therefore, by Theorem 3, we conclude that the set M = [—T,00) x Q) X {RZ cup<ul,i=1,2,. .., m}
is uniformly globally exponentially stable with respect to the impulsive reaction-diffusion CGNN (24).
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Example 2. Consider the uncertain reaction-diffusion CGNN model (28) with uncertain terms as follows:

oui(t,x) ou;(t, x)

, Z 9
ot _£m<Diq dx, )
— (i (ui(t, x)) + a@;(u;(t, x))) [(bi(”i(trx)) + bi(ui(t,x)))

—Ii(t,x) = Ii(t, x)

) ) (25)
= (et) +25(0) (£ (6, )) + (i1, 2))

j=1

2

= 3 (i) + @i (D) (g5 (= 5(8), %)) + & (it = 5(8),3)) ) |, £ # i,

j=1

—2/5+4% 0
u(tlj_/x) - M(tk,X) = ( 0 Tk 71/7+’72k > u(ter)f

where k = 1,2,..., the continuous functions i;, b;, Cij, wij,fj,gj, I; and the constants 4, i,j = 2 are the
uncertain terms.

If all uncertain terms are bounded so that all conditions of Theorem 4 are satisfied and the unknown
constants % are such that

) 73, 86 .
Tk € [7§f g}f Yok € [*?,ﬁ, k=1,2,...,
then, according to Theorem 4, the set M = [—7,00) x QO x {R* : w; < uf, i =1,2,...,m} is robustly

uniformly globally exponentially stable with respect to the impulsive reaction-diffusion CGNN (25).

6. Conclusions

In this paper, the general concept of stability of sets for impulsive reaction-diffusion delayed
CGNN s is introduced. Sufficient conditions for uniform global asymptotic stability and uniform global
exponential stability with respect to sets are presented. The obtained results are useful in the cases when
it is essential to consider attractors other than equilibrium points. A robust stability of sets analysis is
also derived for the impulsive reaction-diffusion CGNNs under consideration. Finally, two examples
are given to illustrate the effectiveness of the developed approach. The generalized set-stability concept
can be extended to study other types of impulsive control neural network delayed systems.
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