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Abstract: We consider a system of differential equations with two delays describing plankton—fish
interaction. We analyze the case when the equilibrium point of this system corresponding to the
presence of only phytoplankton and the absence of zooplankton and fish is asymptotically stable.
In this case, the asymptotic behavior of solutions to the system is studied. We establish estimates
of solutions characterizing the stabilization rate at infinity to the considered equilibrium point. The
results are obtained using Lyapunov-Krasovskii functionals.
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1. Introduction

At present, there exist a large number of works devoted to the study of biological
models described by delay differential equations (see, for example, the monographs [1-4]
and bibliography therein). Among studied models, the models of population dynamics are
widespread, in particular, models of predator—prey type, based on the classical predator—prey
model that was introduced independently by A.J. Lotka [5] and V. Volterra [6]. An overview
of some results for predator-prey models with delay is contained, for example, in [7,8].

In particular, predator—prey models are used when describing plankton—fish interac-
tion (see, for example, [9-14]). Taking into account a model proposed in [14], in the present
paper, we study the model of the following form:

%x(t) — <1 - xg)) —ax(by(h),

%y(t) = —dyy(t) +erc1x(t —1)y(t — 1) — cay(t)z(t), @

$z(t) = —dz(t) + excoy(t — )z (t — ),
which can be also considered a model of plankton—fish interaction (note that, in [14], it
was considered the case that 7, = 0, but nonlinear terms had a more general form). In this
system, x(t) is the amount of phytoplankton, y(t) is the amount of zooplankton, and z(t)
is the number of fish. It is assumed that phytoplankton is the favorite food of zooplankton,
which serves as the favorite food of fish. The delay parameter 7y > 0 is responsible for
time required for the appearance of new zooplankton, and the delay parameter 7, > 0 is
responsible for time of fish maturation. The coefficients of the system have the following
meaning: v > 0 is intrinsic growth rate of phytoplankton, K > 0 is environmental carrying
capacity of phytoplankton, d; > 0 is mortality rate of zooplankton, d, > 0 is mortality rate
of fish, c; > 01is predation rate of zooplankton, ¢, > 0is predation rate of fish, e; = bje™“11,
by > 01is birth rate of zooplankton, e, = bye™“2™2, by > 0 is birth rate of fish.

We consider system (1) for t > 0, assuming that the initial conditions are given on the

segment 6 € [—Tmax, 0], Tmax = max{t, 7 }:
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X(0) = ¢(0) 20, 0¢€[-7,0], x(+0)=¢(0)>0,
y(0) =(0) >0, 0 € [~Tmax, 0], y(+0) = 1(0), ©)
2(0) =n(6) >0, 0¢€[-1,0], z(+0)=7(0),

where ¢(0), ¥(6), (6) are continuous functions. It is well known that a solution to the
initial value problems (1) and (2) exists and is unique. Moreover, by analogy with [14], it is
not difficult to show that the solution is defined on the entire right half-axis {t > 0}, has
non-negative components, and each component of the solution is a bounded function. In
other words, there exist constants My, M, M3z > 0 such that, for all t > 0, the inequalities
are valid

0,
0,

0)
0)
0)

0<x(t) <M, 0<yt)<My 0<z(t) <M,

i.e., the amount of plankton and fish cannot increase indefinitely.

One of the stationary solutions to system (1) is the equilibrium point (x(t), y(t),z(t))T =
(K,0,0)T, corresponding to the presence of only phytoplankton in the system and the ab-
sence of zooplankton and fish. We say that equilibrium point (K, 0,0)T is asymptotically
stable, if

1. Ve>0 35>0: 0) — K|+ 0)] + 0) <é
e gé[rlaﬁf,m"’)() | ee[rpgnfx,o]\w( )| eerg;o]lﬂ( )

= [x()) = K[+ [y +[z(5)] <& VE>0;
2. 3p>0: o Jnax \(p(@)—K|—|—9 max |p(0)|+ max |7(8)] <p
S

el—1,0 —Tmax,0 fe[—1,0]
= |x(t) = K|+ |y(t)| + |z(t)] =0 as t— +oo.

In [14], it was noted that, for 7, = 0, a sufficient condition for the asymptotic stability
of this equilibrium point is the condition

erc1K < dy, 3)

meaning a sufficiently high mortality of zooplankton. By analogy with [14], it is not difficult to
establish that, for 7, > 0, condition (3) is also a sufficient condition for the asymptotic stability
of the considered equilibrium point. Moreover, it can be shown that all solutions to system (1)
with initial conditions of the form (2) are stabilized at infinity to this equilibrium point.

The aim of the present paper is, under condition (3), to establish estimates for all compo-
nents of the solution to the initial value problems (1) and (2) characterizing the stabilization
rate at infinity to equilibrium point (K, 0,0)". To achieve our goal, we will use Lyapunov—
Krasovskii functionals. Note that such functionals are actively used to obtain estimates of
solutions to various classes of systems with delay (see, for example, [15-18], where systems
of differential equations of delayed type were considered, and [19-29], where systems of
differential equations of neutral type were considered). For specific biological models, the
results based on the use of Lyapunov—Krasovskii functionals are contained, for example,
in [30-35].

2. Main Results

As already noted above, throughout the paper, we assume that condition (3) is fulfilled,
which guarantees the asymptotic stability of equilibrium point (K, 0,0)" of system (1). We
obtain estimates for all components of the solution to the initial value problems (1) and (2).

First, we formulate an auxiliary statement.

Lemma 1. Let (x(t),y(t),z(t))T be the solution to the initial value problems (1) and (2). Then,
for the first component of the solution x(t), the estimate holds

0<x(t) <K+ (¢(0)—K)e ™, t>0. )
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Proof. Due to the initial condition (2), we have x(4+0) = ¢(0) > 0. Hence, from the first
equation of system (1), it follows that x(¢) > 0 for all t > 0. Further, since y(t) > 0 for all
t > 0, from this equation, we obtain the inequality

%x(t) < rx(t) (1 - th))

Changing the variables

we establish the following estimate:

%f(t) < —%Y(t)(f(t) +K) < —rx(t).

From here, it is not difficult to obtain the inequality

x(t) < x(0)e .

=|

Taking into account that X(t) = x(t) — K, we establish (4).
Lemma is proved. O

Now, we establish estimates for the second component of the solution y(f).

Lemma 2. Let (x(t),y(t),z(t))T be the solution to the initial value problems (1) and (2). Then,
for the second component of the solution y(t), the estimate holds

0
0<y(t) <a, a=9(0)+eq / p(s)yp(s)ds, te 0,1l )

-7

Proof. Let t € [0,7y]. Taking into account the initial conditions (2), and considering
y(t) > 0and z(t) > 0, from the second equation of system (1), it is not difficult to obtain
the estimate

%y(t) < —dvy(t) +erc19(t — 1) Y(t — 7).

This estimate can be rewritten in an equivalent form:

d
S (ehty() < ccretot - m)u(t - ),

from which follows the inequality

t
y(H) < P0)e N erey [ h0g(s —m)p(s — )ds
0

< 9(0) + ey / o(s — ) P(s — 71 )ds,
0

which coincides with (5).
Lemma is proved. O

Let us proceed to obtaining estimates for the second component of the solution y(t)
for t > 7y. To do this, consider the Lyapunov-Krasovskii functional of the following form

t
Viby) =2+ [ e m ey ©

t*Tl
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where k; > 0 is such a number that the inequality is satisfied
€1C1K€k1T1/2 < d
(by virtue of condition (3), such k; > 0 exists),
m(t) = erere1™/2(K+ (g(0) — K)e ™). 7)

The following theorem is valid.

Theorem 1. Let condition (3) be satisfied, and let (x(t),y(t),z(t))T be the solution to the initial
value problems (1) and (2). Then, for the second component of the solution y(t), the estimate holds

0<y(t) < \/V(T1,oc)eh/2e*€(t*fl)/2, t>T1, (8)

where « is defined in (5),

0, if 0<¢0)<K,
"\ aaen 200 - 10T, o0) > K, ©

e =min{2(dy — e;c1 KF1172) &y b > 0. (10)
{2( )k}

Proof. Lett > 7. Using inequality (4), and considering y(¢) > 0 and z(t) > 0, from the
second equation of system (1), we obtain the estimate

%y(f) < —diy(t) + ey (K + (9(0) — K)e_r(t_ﬁ))y(t —1).

Now we consider Lyapunov-Krasovskii functional (6). Differentiating it along the solu-
tion to the initial value problems (1) and (2), we establish validity of the following inequality

TV ty) = 29(0) Ty (1) + ma(O2(0) e 5 (¢~ 1)yt~ )

t
—ky / e =)y (5)12 (s)ds

t—Tl

< —(2dy — mi (D)P(1) + 20101 (K + (9(0) = K)e ") )y (yy(t — 1)

t
—e MMy (t - n)yP(t— ) —k / e M)y (s)y (s)ds.
t—1

Hence, using the inequality

2e1c1 (K + (p(0) — K)e_r(t_rl))y(t)y(t — 1) — e M Ty (t — 1) At — 1)

2
33 (K+ (@(0) — K)e =)

2
e~kmmy (t — 1) )

and considering definition (7) of function m; (t), we obtain the estimate

TV (ty) < -2 — K2 2(0) + 112 (9(0) ~ K)(1+ &) ()
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t
—ky e 1) 1 (5)92 (s)ds
t—Tl
By virtue of definition (10) of ¢, from here, the inequality follows:
TV(Ly) < —eV(Ly) + e ™2(p(0) ~ K)(1+e e DR,

First, let 0 < ¢(0) < K; then,

d
- < — .
5V (Ly) < —eV(ty);

therefore,
V(t,y) < V(m,y)e ),

From definition (6) and inequality (5), the estimates follow: y?(t) < V(t,y), V(t1,y) <
V (1, a), from which we establish (8).
Now, let ¢(0) > K. Then, from inequality (11), we obtain the estimate

d
4 _ —r(t-m)
SV(Ly) < ( e Jyre (T )V(t,y),

where | is defined in (9). Hence, the inequality follows

t
V(t,y) < V(t,y)exp (/<—€—|— hre—r(s—ﬁ))ds> < V(ﬁ,y)ehe_s(t_ﬁ).

Gl

This estimate directly implies (8).
Theorem is proved. O

Now, we obtain estimates for the third component of the solution z(t). First, we
consider the case t € [0, T2].

Lemma 3. Let (x(t),y(t),z(t))T be the solution to the initial value problems (1) and (2). Then,
for the third component of the solution z(t), the estimate holds

0
0<z(t)<B, B=1n(0)+exs / Y(s)n(s)ds, te€]0, 1. (12)

)

Proof. Let t € [0, 12]. Taking into account the initial conditions (2), from the third equation
of system (1), it is not difficult to obtain the representation

t
z(t) = n(0)e" 2! + excy / e~ 23y (s — 1)y (s — )ds;
0

hence, estimate (12) follows.
Lemma is proved. [

Now, suppose that t € [T, 71 + T»]. Consider the Lyapunov-Krasovskii functional

t
U(t,z) = 22(t) + excon / 2% (s)ds, (13)
=1y

where « is defined in (5).
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The following statement takes place.

Lemma 4. Let (x(t),y(t),z(t))T be the solution to the initial value problems (1) and (2). Then,
for the third component of the solution z(t), the estimate holds

0<z(t) <7, v=4/U(m, /3)6“”1/2, t€[m,n+ 1w, (14)

where B is defined in (12),
w = max{2(excon — dp),0}.

Proof. Lett € [, 71 + T»]. Using inequality (5), from the third equation of system (1), we

obtain the estimate p
ﬁz(t) < —dyz(t) + epcraz(t — ).

Now, we consider the Lyapunov-Krasovskii functional (13). Differentiating it along the so-
lution to the initial value problems (1) and (2), it is not difficult to establish the following inequality:

%U(t,z) = Zz(t)%z(t) + epconz? (1) — epconz®(t — 1)

< (excon — 2dp) 22 (t) 4 2epconz(t)z(t — o) — exconz?(t — 1)
< 2(epcon — dp)Z2(t) < wl(t, z).
From this inequality, we obtain the estimate
U(tz) < U(, 2)e? ") < U(1y, ).

From definition (13) and inequality (12), the estimates follow: Z22(t) < U(t,z),U(1p,2) <
U(1, B), from which we establish (14).
Lemma is proved. O

To obtain estimates for the third component of the solution z(t) for t > 171 + T, we
consider the Lyapunov-Krasovskii functional of the following form:

t
W(t,z) =22(t) + / e (=9 5 (5)22(s)ds, (15)
-1y

where ky > 0 is arbitrary,
my(t) = ezczekm/2 V(T1,uc)eh/ze_€(t_fl)/2, (16)

V(t,y) is defined in (6), « is defined in (5), J; is defined in (9), and ¢ is defined in (10).
The following theorem is valid.

Theorem 2. Let condition (3) be satisfied, and let (x(t),y(t),z(t))" be the solution to the initial
value problems (1) and (2). Then, for the third component of the solution z(t), the estimate holds

0<z(t) < \/W(t +10,7)e2/2e "7 2)/2 5 4 41, (17)
where 7y is defined in (14),

—e1r /2
_ koth /2 ]1/2(1 e 2 )
= €p(pe V(T ,x)e —_—

o = min{2d,, ky}. (19)

(18)
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Proof. Lett > 73 + 2. Using inequality (8), from the third equation of system (1), we
obtain the estimate

%z(t) < —dpz(t) + excoy/ V (T, a)eh/2e~ -1 2) 125 (4 _ 1),

Now, we consider the Lyapunov-Krasovskii functional (15). Differentiating it along the so-
lution to the initial value problems (1) and (2), we establish the validity of the
following inequality:

%W(t,z) _ ZZ(t)%z(t) + (D22 (F) — e * Ty (— 1) 22(t — )

t
—k / e (=), (5)22(s)ds

=1

< —(2dy — my(1))Z22(t) + 2e900\/ V (11, )1/ 2e e/ 25 (17 (t — 1)

t
—e T, (t — )22 (E— 1) — ko / e‘k2(t—5)m2(s)zz(s)ds.
t*Tz

Hence, using the inequality

2509 V(Tl,zx)eh/zefe(t*TlfTZ)/zz(t)z(t —T) — e*szzmz(t —1)Z(t — 1)

(6262 V(Tll w)eh/ze_s(f—ﬁ—Tz)/Z)z
<

2%(t)

e*kZTZmz(t — Tz)

and considering definition (16) of function m;(t), we obtain the estimate

%W(t,z) < —2dy22 (1) + 202622/ [V (1, )1 /2 (1 4 e~ €2/ ) e~ e (-7 T2) /2,2 ()

t
—k / e R2(t=5) 1, (5)22(s)ds.
t—1

By virtue of definition (19) of ¢ and definition (18) of J,, the inequality follows:

d _ € o e(t-1—m)/2
EW(t,z)g( Otz )W(t,z).

Therefore,

t
W(t,z) < W(Ty + T, 2) exp ( / (—cT-i- Ip) ; ee(snrz)/z)ds)
71 +72
<W(T + 1, z)el2e 71— 2)

Since z2(t) < W(t,z) and W(1y + 10,z) < W(11 + T2, ), where v is defined in (14),
this estimate directly implies (17).
Theorem is proved. O

Finally, we obtain estimates for the first component of the solution x().
The following theorem is valid.
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Theorem 3. Let condition (3) be satisfied, and let (x(t),y(t),z(t))T be the solution to the initial
value problems (1) and (2). Then, for the first component of the solution x(t), the estimate holds

K—x(t) < Keicly (X et X (t—m )e‘mm{"(g/z)}(t_rl)) t>T (20)
>~ mln{K,(p(O)} 1 2 1 ’ 1,
where )
Y =at + - V(t,u)eh’?, (21)
T
X; = max{K — ¢(0),0} + ¢(0) claLrl), (22)
Xz = ¢(0) c1\/V (T, a)e/?, (23)

w is defined in (5), V(t,y) is defined in (6), |1 is defined in (9), and ¢ is defined in (10).

Proof. Lett > 71. From the first equation of system (1), it is not difficult to obtain the
representation

K—x(t) = K{K ¢(0 cl/y e exp (—cl/y(g)dé) ds}
0 0

Hence, the inequality follows:

K—x(t) <K [max{K — ¢(0),0} + ¢(0) 1 /y(s)ersds]
0

X [K+¢(0)r/e’s exp (—61/53/ dé) ds]
0 0

By virtue of the estimate

K+¢(0)rje exp (—cl/y dC) ds
0
K—f—go(O)r/te’Sds] exp (—cl/ty(éf)dé‘)

0 0

>

t
> min{K, ¢(0)}e" exp (—Cl /y(é)dé),
0

we obtain the inequality

K—x(t)gmm{Kq) }exp(clo/y d§>

t
x | max{K — ¢(0),0}e™" + ¢(0) cl/y e "t=s)g }
0
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Now, we estimate the integrals. By virtue of the inequalities (5) and (8), we have

t T 0
e(F— 2
/ y(§)dg < / wdg + / YV ()2 €20 = amy + 24V (7, )2 = Y;
0 0 K51

hence,
K—x(t) < _ Kea? max{K — ¢(0),0}e"" + ¢(0) / (s)e~"(t=)ds (24)
= min{K,p(0)} e ey |
Next,
t k51 t
/y(s)efr(t*s)ds < /ae*r(tﬂ)ds—i—/\/V(Tl,u()eh/ze*E(S*Tl)/Ze*’(t*S)ds
0 0 T

T .
<o oty a)eh /(¢ — 7)o min{rAe/D}em)

r

By virtue of this inequality, taking into account notations (22) and (23), from estimate (24),
we obtain inequality (20).
Theorem is proved. [

From Theorem 3 and Lemma 1, the statement follows.

Corollary 1. Let condition (3) be satisfied, and let (x(t),y(t),z(t))T be the solution to the initial
value problems (1) and (2). Then, for t > 7y, for the first component of the solution x(t), the
estimate holds

K KeclY
- min{K, ¢(0)}
where Y, X1, and X, are defined in (21)—(23), and ¢ is defined in (10).

(Xlefrt +Xo(t—7)e” mi“{r'(s/z)}(t*ﬁ)) < x(t) <K+ (9(0) —K)e™™,

3. Conclusions

In the present paper, we have considered a system of differential equations with two
delays describing the interaction between fish, zooplankton, and phytoplankton. Provided
that zooplankton mortality was sufficiently high, we have established estimates of solutions
that characterize the decay rates of the amount of zooplankton and fish, as well as the change
rate to a positive constant value of the amount of phytoplankton. The obtained estimates are
constructive, and all the values responsible for the stabilization rates are indicated explicitly.
To obtain the results, special Lyapunov—Krasovskii functionals were constructed.

Note that the results of this paper have been obtained under the assumption that the
equilibrium point corresponding to the presence of only phytoplankton in the system is
asymptotically stable. Under certain conditions on the coefficients of the system, there
also exist other equilibrium points corresponding to the presence of all populations in the
system. Finding the conditions of asymptotic stability of these equilibrium points, as well
as obtaining estimates of the stabilization rate of solutions and estimates for attraction sets,
is of interest both from a mathematical and biological points of view. The construction of
special Lyapunov—Krasovskii functionals to study the asymptotic behavior of solutions in
the case of asymptotic stability of equilibrium points corresponding to the presence of all
populations in the system is the goal of further research.
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