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Abstract: It is of great significance to investigate the flow rate and stress distribution of multi-fracture
propagation for the optimization of perforation parameters and fracture parameters. Considering
the coupling of rock deformation, fracture direction and fluid flow in multi-fracture scenarios, a
mathematical model and solution program for the flow and stress distribution of multiple fractures
are established, and the analytical model is used for comparison and verification. The effects of
perforation cluster number, cluster spacing, perforation diameter on fracture extension trajectory,
fracture width, flow rate of each fracture and stress field are studied by the model. The results show
that, as the number of perforating clusters increases, the inner fracture is inhibited more severely with
less width, length and flow distribution, as well as lower bottom hole pressure. With the increase in
cluster spacing, the stress interference between whole fractures is weakened and the flow distribution
of the inner fracture is increased with lower bottom hole pressure. With the decrease in perforation
diameter, the inhibition effect of inside fractures is weakened, while the inhibition effect of outside
fractures, the flow distribution of inside fractures and the bottom hole pressure are increased. The
uniform propagation of multiple fractures can be promoted by decreasing the perforation clusters’
number and perforation diameter or increasing fracture spacing.

Keywords: displacement discontinuity method; multi-cluster perforation; flow distribution; stress
interference; fluid–solid coupling

1. Introduction

With the carbon neutrality commitments presented by various responsible countries,
there will be a notable transition in the global energy paradigm, moving away from the
predominance of fossil fuels toward a greater reliance on non-fossil energy sources over
the coming decades. As natural gas generates the least carbon emissions among the
fossil energies, it may play an increasingly significant role during the carbon neutrality
process. Especially for the coalbed methane, shale gas resource due to its huge reserves,
high calorific value and low carbon emission intensity [1–3]. However, owing to the low
porosity and permeability of the reservoir and the short effective percolation distance, it is
necessary to use the horizontal well volumetric fracturing technology to produce a large
induced fracture network, known as stimulated reservoir volume [4–8]. In this process,
multiple initiation points can be formed near the wellbore, and multiple fractures expand
simultaneously [9–12]. However, distributed optical fiber temperature measurement (DTS)
and distributed acoustic sensing (DAS) data from the field indicate that a small number
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of fractures could absorb a large amount of fluid and proppant, resulting in non-uniform
competitive fracture expansion [13–16].

During the multi-crack competitive propagation process, fracture morphology and
flow distribution will change, which will restrict the migration of proppant in the fracture,
and ultimately affect oil and gas production [17]. How to reduce the non-uniform fracture
propagation, make the amount of fluid and proppant in the fracture evenly distributed and
maximize supporting fracture volume has become the focus of attention in the optimization
of fracturing treatment design. Many scholars have investigated the mechanism of multi-
crack propagation. At present, the displacement discontinuity method (DDM), extended
finite element (FEM), discrete element, phase field method and meshless method are the
mainstream methods to research the simultaneous propagation of multiple cracks [18–29].
Weng and Hui applied the complex fracture model to investigate fluid diffusion pathways
to reactivate pre-existing faults in unconventional reservoirs [30,31]. Crouch and Starfield
were the first to propose the displacement discontinuity method (DDM), which has been
widely used by many scholars in 2D and 3D hydraulic fracturing simulation, as well as
multi-fracture simultaneous expansion simulation [32–34]. Wu et al. used this method to
study the propagation of multiple cracks [35,36]. Zhang and Kresse et al. utilized the DDM
to simulate the expansion of complex fracture networks [30,31,37–39].

Gordeliy and Peirce developed an implicit level set method based on the fracture
tip behavioral mechanics theory [40,41]. Mohammadnejad and Khoei used the XFEM to
study the influence of rock mechanics parameters and fracturing parameters on fracture
morphology and reservoir pore pressure [42]. Shimizu et al. used the DDM to study
the effects of fluid viscosity and particle size distribution on HF cracking initiation and
propagation based on the cemented particle model (BPM) [43,44]. Zhang Fengshou et al.
simulated the coupling behavior between HF and NF based on the mixed discrete contin-
uum method [45–50]. Chen established the model of fracture turning during propagation
based on the theory of fracture mechanics [51]. Zhao used the DDM and extended finite
element method to study the stress distribution of multiple cracks [52,53]. Zhang et al.
investigated the effect of hole erosion on fracture propagation using downhole perforation
imaging data [54]. Zeng proposed a model of multi-fracture growth morphology consid-
ering the effect of induced stress [55]. Ouchi used the finite element method to study the
effect of fracture propagation on conductivity [56].

However, the mechanism of multi-cluster perforation parameters on the dynamic
propagation flow control and stress interference of multi-fracture is still unclear, and how
to determine the multi-cluster perforation parameters is still the core problem faced by
horizontal well staging fracturing. Therefore, the multi-fracture expansion fluid–solid
coupling model is established and validated by the analytical model in this paper. The
model takes into account the coupling effect among induced stress, rock deformation,
fracture turning and propagation as well as fluid pressure. By utilizing field data, the model
reveals the impact of the number of perforation clusters, cluster spacing and perforation
hole diameter on both flow distribution and stress distribution. Furthermore, the model
also considers how these factors influence each other.

2. Mathematical Mode

The multi-fracture propagation model is an important tool for optimizing multi-
fracture geometry and multi-cluster perforating parameters. However, fracture propagation
involves many processes such as rock deformation, fracture propagation and fluid flow,
and each process affects the other. To simplify those processes, the following assumptions
are made:

(1) The deformation of rock conforms to linear elasticity;
(2) The height of extending fracture and formation temperature is constant;
(3) The fracturing fluid flows in one dimension in the fracture with fluid leakage.

For the above assumptions, the mathematical model of nonplanar fracture propagation
is established.
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2.1. Mode of Rock Deformation

Crouch developed the displacement discontinuity method (DDM), a special boundary
element method to describe the rock deformation caused by the fracture opening or shearing
in the infinite elastic medium. The fracture is divided into many small fracture elements,
and the deformation equation of each crack element can be expressed as follows [57]:{

σr
s (x, y) = ∑N

j=1
∫ L

0 [G11(x, y, ξ)w(ξ) + G12(x, y, ξ)Dv(ξ)]dξ

po(x, y)− σr
y(x, y) = ∑N

j=1
∫ L

0 [G21(x, y, ξ)w(ξ) + G22(x, y, ξ)Dv(ξ)]dξ
(1)

where σr
s , σr

y is the remote shear stress and normal stress, Pa; Dv is the shear displacement
of fracture element, m; w is the normal displacement of fracture element, m; L is fracture
length, m; N is the number of fracture elements; po is the injection pressure, Pa; G11, G12,
G21, G22 are elastic coefficients of fracture elements.

2.2. Mode of Fracture Turning and Propagating

Due to the combined effect of tensile stress and shear stress, two types of cracks will
occur: opening cracks (opening mode) and sliding cracks (sliding mode), which will lead to
a change in the direction of fracture propagation. The propagation and turning of fractures
will be affected by the stress intensity factor of the tip fracture, and the Mode I and Mode II
stress intensity factors can be calculated as follows [36]:KI = 0.806 Dt−nE

4(1−v2)

√
π√
at

KII = 0.806 Dt−sE
4(1−v2)

√
π√
at

(2)

where KI, KII is the opening mode and shearing mode stress intensity factor, MPa·m0.5;
Dt−n is the normal displacement of the crack tip element, m; Dt−s is tangential displacement
of crack tip element, m; E is Young’s modulus of the rock, MPa; v is the rock’s Poisson’s
ratio; at is the tip fracture element length, m.

The equivalent stress intensity factor is determined as [36]

Ke =
1
2

cos
θ0

2
[KI(1 + cos θ0)− 3KII sin θ0] (3)

When the stress intensity factor reaches the rock toughness Kc, the fracture extends
and the failure criterion is as follows [14]:

Ke ≥ Kc (4)

where Ke is the equivalent stress intensity factor; Kc is the rock toughness.
During the process of multiple crack synchronous extension, the velocity of crack tip

extension is influenced by the crack tip stress intensity factor and fracture toughness. The
extension velocity of each fracture follows Charles power law [8]:

ai =

{
a Ke,i−Kc

max(Ke,i)−Kc
, Ke,i > Kc

0, Ke,i ≤ Kc
(5)

where ai is the ith fracture element length, m; Ke,i is the equivalent stress intensity factor of
ith fracture element, MPa·m0.5.

In addition, crack tip deviation can occur as a result of stress interference. The devia-
tion of the crack follows the maximum circumferential stress criterion. Erdogan and Sih
have provided a calculation formula for the crack deviation angle based on a significant
number of experiments [52]:
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θ0(Dt−n, Dt−s) =


0 i f Dt−s = 0

2arctan 1
4

[∣∣∣Dt−n
Dt−s

∣∣∣− sgn(Dt−s

)√
(Dt−n

Dt−s
)

2
+ 8] i f Dt−s ̸= 0, Dt−n ̸= 0

arccos 1
3 i f Dt−n = 0

(6)

where Dt−n, Dt−s is the normal displacement, m, and tangential displacement of tip fracture
element, m; θ0 is the fracture’s deflection angle, ◦.

2.3. Mode of Multi-Fracture Flow Distribution

When multiple fractures expand at the same time, the fluid flow in each fracture will
follow non-uniform distribution. The pressure and flow distribution of each fracture is
shown in Figure 1.
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Figure 1. Fluid flow and pressure distribution with multi-crack propagation.

In the process of multi-fracture propagation, part of the injected fluid will flow into
the fracture and the other part will filter into the formation. For each fracture, the injection
volume, filtration loss and fracture volume satisfy the following mass balance equation:

q1∆t = ∑N1
i=1 ∑t+∆t

j=0
2hCLdxidt√

t−τ
j
i

− ∑N1
i=1 ∑t

j=0
2hCLdxidt√

t−τ
j
i

+ ∑N1
i=1 h∆wi∆xi

q2∆t = ∑N2
i=1 ∑t+∆t

j=0
2hCLdxidt√

t−τ
j
i

− ∑N2
i=1 ∑t

j=0
2hCLdxidt√

t−τ
j
i

+ ∑N2
i=1 h∆wi∆xi

...
qn∆t = ∑Nn

i=1 ∑t+∆t
j=0

2hCLdxidt√
t−τ

j
i

− ∑Nn
i=1 ∑t

j=0
2hCLdxidt√

t−τ
j
i

+ ∑Nn
i=1 h∆wi∆xi

(7)

The total injection rate should be equal to the sum of the flow rate in each fracture,
which can be expressed as follows:

q0 =
n

∑
i=1

qi (8)

where qo is the total injection rate, m3/min; qi is the ith fracture injection rate, m3/min; wi is
the width of ith fracture element, m; CL is the fluid loss coefficient, m/min1/2; t is injection
time, s; h is fracture height, m; τ is the time at which fracture reaches position x.
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For multiple fractures expanding simultaneously, the pressure at the entrance of each
crack can be calculated as follows [52]:

pw f = p f + pm + σn (9)

where pwf is the bottom hole pressure, MPa; pf is the frictional pressure loss in each fracture,
MPa; pm is pressure drop in each fracture, MPa; σn is normal stress of the tip fracture, MPa.

The friction of the perforation hole can be calculated as follows:

p f = 2.25 × 10−3 q2
i ρ

n2
pd4

f α2
(10)

where qi is the injection rate of the ith fracture, m3/min; ρ is the fluid density, kg/m3; np is
the number of perforations; df is the perforation diameter, m; α is the discharge coefficient,
ranging from 0.8 to 0.89.

Pressure drop in each fracture can be calculated using the Poiseuille equation [36]:

pm = ∑N
j=1 2n+1k(

1 + 2n
n

)
n
(

qi

60Dj
nh

)
n

Dj−(n+1)

n aj (11)

where q is the injection rate in the fracture, m3/min; n is the fluid power-law index; k is the
consistency index; µ is the fluid viscosity, mPa·s; w is the width of the fracture element, m;
h is the fracture height, m.

2.4. Mode of Multi-Fracture-Induced Stress

The induced stress generated by multiple crack expansion can be calculated as the
following expression [57]:

σxx = ∑N
j=1 Fij Aij

xxDj
v + ∑N

j=1 Fij Aij
xywj

n

σyy = ∑N
j=1 Fij Aij

yxDj
v + ∑N

j=1 Fij Aij
yywj

n

τxy = ∑N
j=1 Fij Aij

sxDj
v + ∑N

j=1 Fij Aij
sywj

n

(12)

where σxx is the induced stress in the x direction, MPa; σyy is the induced stress in the

y direction, MPa; τxy is the induced shear stress, MPa; Aij
xx, Aij

xy, Aij
yx, Aij

yy, Aij
sx, Aij

sy are
the boundary–influence coefficients matrix for the stresses of fracture element; Fij is a
fracture stress correction factor; Subscript i, j is the fracture element number; Dn is the
normal displacement of fracture element, m; Ds is the tangential displacement of fracture
element, m.

3. Model Solution and Verification
3.1. Model Solution

The above model involves rock deformation, competitive extension and redirection
of multiple fractures, as well as dynamic distribution of fluid flow. The coupling between
fluid pressure and stress field is also considered, and an iterative method is commonly
used to calculate normal and tangential displacements of fracture elements, fluid pressure
within the fractures, displacement of each fracture and induced stress distribution. Firstly,
the parameters of hydraulic fractures can be solved by the displacement discontinuity
method (DDM). Then, based on the known parameters, the flow rate, pressure and induced
stress distribution of each fracture are calculated. The detail solution process involves the
following steps:

(1) Determine the initial coordinates of fracture elements based on the initial perfora-
tion center position.
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(2) Assume an initial injection pressure and use the fracture deformation equation and
the DDM to calculate the normal displacement (fracture width) and tangential displacement
of each fracture element.

(3) Based on the width and length of each fracture element, as well as the total injection
time and injection rate, the flow rate of each fracture can be calculated according to the
mass balance equation.

(4) The friction of the perforation hole, the pressure drop within the fracture, the
pressure at the fracture tip element and the injection pressure can are calculated with
Equations (9)–(11).

(5) The calculated injection pressure and the guessing initial injection pressure are
compared to verify the convergence. If the convergence criterion is not satisfied, the
guessing value is modified as p0 = ωpi + (1 −ω) p0, and then the (1)–(5) process is repeated
until the convergence is satisfied.

(6) Calculate induced stress based on the fracture parameters and fracture element coordinates.
(7) Repeat steps 2–6 until the desired fracture length is achieved.
According to the above process, the iteratively coupled solution is compiled by using

the MATLAB development platform. The program design flow is illustrated in Figure 2.
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3.2. Model Verification

Sneddon revealed analytical solutions for the width distribution of individual cracks
and the induced stress at any position along the symmetry axis of the crack [58]. To validate
the model, we compared the calculated results of crack width and induced stress between
our model and Sneddon’s analytical model. It is assumed that the injected pressure is
3 MPa, the crack length is 80 m, the rock’s Poisson’s ratio is 0.25 and Young’s modulus is
25,000 MPa. The fracture element number is set to 40, 20 and 10. The comparative results
for different numbers of elements are shown in Figure 3.
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Figure 3 indicates that the calculated results of this model are basically consistent with
Sneddon’s analytical model, and the width distribution in the crack and the induced stress
in the x and y directions on the symmetry axis are roughly the same. The number of discrete
elements has little influence on the calculated results of the model, and the calculated result
is effective and reliable.

4. Numerical Results and Discussion
4.1. Effect of Perforation Cluster Number on Multi-Fracture Propagation

Perforation cluster number is a critical factor for multi-fracture propagation. It has
a significant influence on fracture morphology, flow distribution, bottom hole pressure
and induced stress distribution. To reveal the specific mechanism, it is assumed that the
number of perforation clusters is three, four, and five, respectively, the injection rate is
12 m3/min, the fracture toughness of rock is 1.5 MPa·m0.5, the fracture height is 20 m,
the fracturing fluid viscosity is 2 mPa·s, the filtration coefficient is 0.00054 m/min0.5, the
number of perforations of each cluster is six, the perforation hole diameter is 10 mm and
the cluster spacing is 10 m. The calculation results are presented in Figures 4–6.

Figure 4 indicates that, under the same perforation cluster number, all the cracks
follow non-uniform propagation, resulting short and narrow inner cracks and wide and
long exterior cracks. The higher the number of perforating clusters, the more serious the
interior fracture will be. As the number of perforating clusters increased to four, the inner
fracture almost stopped expanding. For a three-cluster perforation, the increase in the
middle fracture length will also have great effect on the injection point of the outer fracture,
resulting in a narrow injection point of the outer fracture. Figure 5 shows that, as the
number of perforating clusters increases, the inner fracture will receive much less fluid,
which will further limit the growth of the inner cracks. Due to the fact that the induced
stress adds additional compressional stress on the inner fractures, the exterior fractures tend
to receive more fluid while the interior fracture receives less, exhibiting a short and narrow
fracture. Figure 6 illustrates that the bottom hole pressure increases with the increase in the
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number of perforating clusters, because the increasing perforating clusters number will
lead to a decrease in perforating friction.
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Figure 4. Effect of perforation cluster number on fracture shape.
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Figure 5. Effect of perforation cluster number on the flow of fracture.
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Figure 6. Effect of perforation cluster number on the bottom hole pressure.

Figure 7 presents that the induced stress generated by the inner crack in the x direction
increases with the increasing number of perforating clusters, and the inner cracks are
squeezed more severely, resulting in a more difficult crack propagating and less flow
distribution. The decrease in the number of perforation clusters also leads to the decrease
in induced stress in y direction and shear stress in inner crack tip, as well as the decrease in
the lateral crack deflection angle. This is because, when the inner crack growth is inhibited,
the induced stress will also be reduced.
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Figure 7. Effect of perforation cluster number on the induced stress.

4.2. Effect of Cluster Spacing on Multi-Fracture Propagation

Perforation cluster spacing also has influence on fracture propagation. To reveal
the specific mechanism, the effects of cluster spacing on multi-fracture morphology, flow
distribution, bottom hole pressure and induced stress distribution are studied based on
five cluster perforations. It is assumed that the perforation diameter is 10 mm, the cluster
spacing is 10 m, 15 m and 20 m, respectively, and other parameters are the same as in
Section 4.1. The simulation results are presented in Figures 8–13.
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Figure 8. Effect of perforation cluster distance on fracture shape.
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Figure 9. Effect of perforation cluster distance on the flow of fracture.
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Figure 10. Effect of perforation cluster distance on the bottom hole pressure.
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Figure 11. Effect of perforation cluster distance on the induced stress σxx.
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Figure 12. Effect of perforation cluster distance on the induced stress σyy.
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Figure 13. Effect of perforation cluster distance on the induced stress τxy.

Figure 8 illustrates that, for different cluster spacing, the expansion velocity of the inner
and middle fractures is lower than that of the outer cracks. Moreover, as the perforation
spacing increases, the inner and middle cracks exhibit wider and longer characteristics.

Figure 9 indicates that, with the increase in perforation cluster spacing, the flow
distribution in the inner and middle fractures increases, but the flow from the outer
fractures still dominates, and the flow from the inner and middle fractures decreases with
the expansion of the fractures. Figure 10 displays that the bottom hole pressure decreases
with the increase in the spacing of perforating clusters. This is because the stress interference
between fractures decreases with the increase in the spacing of clusters, resulting in the
increase in fracture width and the decrease in fracture friction.

As shown in Figures 11–13, with the increase in cluster spacing, the induced stress
and shear stress generated by the inner and middle fracture in the x and y directions
gradually decrease, as does the stress interference and the outward migration angle of the
outer crack. The decrease in stress interference between fractures leads to the increase in
the width and flow rate of inner and middle fractures, and the decrease in bottom hole
pressure. Therefore, increasing cluster spacing is beneficial to reduce stress interference
between the inner fractures, promote flow distribution of the interior fractures and reduce
fracture pressure.

4.3. Effect of Perforation Diameter on Multi-Fracture Propagation

Perforation diameter also plays important roles in fracture design. The effect of
perforation diameter on fracture morphology, flow distribution, bottom hole pressure and
induced stress distribution is investigated based on four perforation clusters. It is assumed
that cluster spacing is 15 m, perforation diameters are 7 mm, 8 mm and 10 mm, respectively,
and other parameters are the same as in Section 4.1. The calculation results are shown in
Figures 14–19.
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Figure 14 presents that, for four cracks extending simultaneously, non-uniform growth
still occurs. With the decrease in the perforation diameter, the length and width of the inner
fracture increase gradually, while the width of the outer fracture gradually decreases, and
the induced stress caused by the inner fracture has an increased interference effect on the
outer fracture. Figures 15 and 16 illustrate that, with the decrease in perforation diameter,
the perforation friction increases, resulting in a gradual increase in the flow distributed of
the inner crack and decrease in the bottom hole pressure.

Figures 17–19 indicate that, with the increase in perforation diameter, the induced
stress and induced shear stress of the outer fractures in the x and y directions gradually de-
crease, while that of the inner fractures increase, resulting in a gradual increase in the width
of the outer crack and the migration angle of the inner crack, as well as short and narrow
inner cracks. Therefore, reducing the perforation diameter is conducive to the expansion
and flow distribution of the inner crack, but it will increase the construction pressure.

5. Conclusions

(1) Based on the interaction of rock deformation, multi-fracture competitive prop-
agation and steering, multi-fracture flow and multi-fracture stress interference, a fluid–
structure coupling multi-fracture propagation model and solution program are established.
The calculation results of the model are consistent with the analytical model, and the
algorithm is stable and reliable.

(2) As the number of perforating clusters increases, the inner fracture propagation is
inhibited more severely, resulting in short and narrow fracture geometry, and little flow
distribution, as well as low bottom hole pressure. The induced stress of the inner crack is
greater than that of the outer crack in the x direction, while the induced stress and shear
stress in the y direction are lower than that of the outer fracture. Owing to the induced stress
interference, the flow distribution in the inner fracture is less than that in the outer fracture.

(3) With the increase in cluster spacing, the induced stress among fractures and the
deflection angle of the outer fractures decreases gradually, while the flow distribution of
the inner fractures increases, resulting in less bottom hole pressure. Increasing the cluster
spacing is conducive to reducing the stress interference, promoting the flow distribution of
the inner fracture and reducing the fracture pressure.

(4) With the decrease in the perforation diameter, the inner fracture expansion velocity
and flow distribution and bottom hole pressure increase, while the inlet width and flow
of the outer fracture decrease. A small perforation diameter is beneficial to uniform flow
distribution and fracture geometry, but will lead to great perforating friction and fracturing
pressure, as well as inner fracture turning.
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