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Abstract: In this paper, we derive the well-defined solutions to a #-dimensional system of difference
equations. We show that, the well-defined solutions to that system are represented in terms of
Fibonacci and Lucas sequences. Moreover, we study the global stability of the solutions to that
system. Finally, we give some numerical examples which confirm our theoretical results.
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1. Introduction

Difference equations and systems of difference equations are of great importance in
the field of mathematics as well as in other sciences. The applications of the difference
equations appear as discrete mathematical models of many phenomena such as in biology,
economics, ecology, control theory, physics, engineering, population dynamics and so
forth [1-6]. This is the reason why, recently, many scientists have devoted their work to
the study of the theory of difference equations, the boundedness, the periodicity and the
global asymptotic stability of their solutions [7-31].

In the following, we will use the following notations: N for the set of natural numbers,
and N, for the set {n € Z : n > v}. Recently, there has been a growing interest in the
study of finding closed-form solutions of difference equations and systems of difference
equations. Some of the forms of solutions of these equations are representable via well-
known integer sequences such as Fibonacci numbers (see, for example [26,32]), Horadam
numbers (see, for example, [30,31]), Lucas numbers (see, for example [25,27,33]), Pell
numbers and Padovan numbers (see, for example [34-36]), But in this paper, we present
the solution in the form of Lucas sequences.

In [32], the authors represented the general solution of the following difference equation

xn+] - n E NO, (1)

14+x,
in terms of the initial value x¢ and the Fibonacci sequence. Namely, it was proved by induc-
tion that every well-defined solution of Equation (1) can be written in the following form

_ F,+Fi_1x0

, hne NO/
Fuy1 + Fuxo

n

where {F,}?°, is Fibonacci sequence. They also proved that, every well-defined solution
of the equation

Xp+1 = s ne NO/ (2)

—1+4+x,
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can be written in the following form

I e U V)

, neNy,
F—(n+1) + F-nXo

Xn

where the terms of the Fibonacci sequence with negative indices are calculated by the formula
Fn=F yi2—F 1, nely,

with FO =0 and Pl =1

Stevic [30] represented the general solution of the following bilinear system of
difference equations
&+ Byn _a+ By

X - ’ — ’
n+1 ')’+(7]/n n+1 v+ oxn

in terms of the initial values xy, 1o and the generalized Fibonacci sequence.
In [26], Khelifa and Halim analyzed the general solution to the system of

difference equations

G) _ Fmiat Fpppyx VD) mod ()

n+1 — it1 d 7
Fyts +Fm+zx,(q(i: ) med (7))

X

where n,m € Ny, j = 1,...,p, and (Fn)j:f) is Fibonacci sequence. They expressed the
solution to this system in terms of the Fibonacci sequence.

In this paper, we derive the well-defined solutions to the #-dimensional system of
difference equations of the form

1 d (6
x(q) _ Lm+2 + Lm-&-lxr(l(,q;{r ) mod (6) ne NO (3)
1 — 7 7
" Ltz + Lm+2x£,(_qk+l) mod (6))

whereke Ng,me Z,q=1,---,0,0 €N, (Ln)rfi% is Lucas sequence, and the initial values
(q)

x;,i=0,...,karereal numbers, g =1,...,0.

Clearly, our system generalizes the equations and systems studied in [25,27,32,33].

2. Preliminaries

Fibonacci sequence [6,37] is defined by
Fn+1:Fn+Fn—1; T’IGN, (4)

where Fy = 0 and F; = 1. The solution to Equation (4) is given by the Binet formula of
Fibonacci sequence is given by
ot — ,3"

F, = ,
n [X*lB

where

Here, « is the so-called golden number.
Lucas sequence is the sequence of integer numbers defined by the recurrence relation

Lyy1r=Ly+Ly1, neN, 5)

with initial conditions Lyp = 2 and L1 = 1. The Binet formula for the Lucas sequence is
given by
n= lxl’l + an i



Math. Comput. Appl. 2024, 29, 28

30f16

The formula of terms with negative indices in the Lucas sequence is
Lfn - (_1)”Ln, 11:1,2,"' .

Now, we list a set of properties concerning Fibonacci and Lucas sequences that will be
used through the paper [6,37].

Propertiesn 1. Suppose that (F,),<% and (Ly),\ <% are Fibonacci and Lucas sequences, and let
1, € N. Then

L,7+1L(K_1),7 + LUL(K—l)iy—l = 5Fy ,

LyL(e—1)y + Ly-1L(e-1)y-1 = 5Fep-1,

Ferily—x + FeLy_(x1) = Ly,

FeLy43 + Fe1Lly42 = Liyy42,

LK(U+2)71 + LK(U+2)+1 = 5FK(71+2) ’

Li(,?Jrz) - LK(U+2)71LK(7’]+2)+1 = 5(_1)K(17+2) ’
LiLy—(x—1) + Lig—1) Ly—x = 3Fy,

FKPW_(K_:[) + FK*1F17—K = Fr] ’

N S Gk L=

Propertiesn 2. Suppose that (F,) % and (Ly),}< are Fibonacci and Lucas sequences, and let
1,k € N. Then

1. 5F2K77 + (*1)KLK+1L;<(277+1) = (71)KLKLK(217+1)+1 ’
2. LK(271+1) - LK+1F2K11 = LKPZK}']fl ’
3. Lyay-1)-1+ (=) Lyt1Fony—1 = (=1)"LeFaxy,

Theorem 3 ([26]). Let (un)n>—p+1 be a solution to Equation

. Fom+2) + Fo(m+2)-14n—(9-1)
L=
" Fogmia)+1 + Fogm+2)tn—(o-1)

, neN. 6)

Then for n € Ny,
N Fon(m+2) + Fon(m+2)-14;
0 i — 7
" Fou(mr2)+1 + Fon(mr2)j

where®,m € N, j€{0,1,---,0 —1}.

Proof. The proof of this theorem can be found in [26], where it is similar to Equation (17)
there. O

3. Main Results

In this section, we establish the form of the solution to system (3).
Using the transformation

X\ = xEZil)nit, n e N, @)

where t € {0,1,...,k}and g € {1,2,...,0}, we can write system (3) as
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2
X0 _ Lozt LunXi
n+l 2)7
Lm+3 + Lm+2Xn
3
x@  _ Lint2 + Lm+1X1(1 )
n+l = (3)7
Liny3 + L2 Xy
© _ Lot LpnXy
x® = , neNy. ®

1
Lints + Lm+2X1(1 )

3.1. Solvability of System (8)

In this section, we shall derive the solution to system (8).
If we use the second recurrence relation in system (8) in the first, we obtain

3
1 _ Pomgat F2m+3X,(1_)1

X = n>1.
n+1 3) 7 =
Fomts + F2m+4X,(1_)1
- 3) . (1)
The substitution of X, into X, el leads to
Lams + Lamyps X'V
Xr(llJZ1 _ 3m+6 3m—+5 ,(14,)2 on>2.
L3mt7 + Lamt6X,,
o : 4) . 1)
Similarly, if we replace X, ”; into X, /;, we get
F. + F, x<5)
X7(11+)1 _ FAm+8 Am+7X 3 >3,

- 5
Finso + Famis X\,

Proceeding in the same manner, and using Property 1, system (8) can be written in the
following form:
(1)
ay _ Fapmr2) T Fap(mi2) 21X,
n+l = (

—(2p-1)
1 7
FZp(m+2)+1 + FZp(m-i—Z)Xn_)(zp_l)

X

n>2p-—1, )

when 0 = 2p, and

1
L(2P+1)(m+2) + L(2p+1)(m+2)_1X7(,,)2p

1
X1(1-21 =

, n>2p, (10)

—
—_
—

Lopt1)m+2)+1 T Lpt1)m+2) Xn2p
when 0 = 2p 41, where p € N.

3.1.1. Case 0 = 2p

Here, we consider the case 6 = 2p. Using Theorem 3, the solution of Equation (9) can
be written as

1
Xél) o Fan(m—l—Z) + Fan(m-i—Z)—lX]‘
pn+j 1)’
Pan(erZ)Jrl + Pan(erZ) X]( )

n € Ny,

wherep € N,m € Zandj€ {0,1,---,2p}.

Theorem 4. Let (Xfll), Xﬁlz), cee, X,(fp)> be a solution to system (8). Then

n>0
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(s)

L i +L ; _1X,

Xéz)n+]‘ _ 2p(m+2)n+j(m+2) 2p(m+2)n+j(m+2)—1 (()S) e {1, 3,...,2p — 1}/
Lop(ms2yn+jime2)+1 T Lopma2)n+jm+2)Xo

and
()
F i + F ; _1X
(90  _ f2p(m+2)n+j(m+2) 2p(m+2)n+j(m+2)—14%0 .
Xopii = o j€{02...2p-2},

Bypmr2)ntjms2)+1 T Fap(ns2ynsjim+2)Xo

wheren € Ng, s = (g +j) mod (2p)andq € {1,2,...,2p}.

Proof. Let (X,Sl), X,(lz), s, Xﬁp ) o be a solution to system (8). Then

n>

)
Xél) _ Fan(m+2) + F2pn(m+2)—1X]'
pn+j 1)’
Fan(m+2)+1 + Fan(m+2)X]( )

neNy. (11)

We consider two different situations, depending on whether j is even or odd.
¢ Whenjis odd, we have that

-
Liomy2) + Lj(m+2)71X(() *)

X]( V= )
Litms2y+1 + Lima2)Xp
This implies that for j € {1,3,--- ,2p — 1} we get
ng)n = (Lim+2)+1 + Lj(m+2))(<l(()j_;]))LZp(m+2)n+j(m+2)—j(m+2)
(Lj(m+2)+1 + Lj(m+2)Xo )L2p(m+2)n+j(m+2)fj(m+2)+l

.
+]))L2p(m+2)n+j(m+2)—j(m+2)—1

7

+(Ljma2) + Lj(m+2)—1X(()

+(Ljma2) + Lj(m+2)71X(()1+j))LZp(m+2)n+j(m+2)fj(m+2)

14
Lop(m+2)n+jm+2) + LZp(m+2)n+j(m+2)—1X(g /)

o 1+j) °
LZp(m+2)n+j(m+2)+l + LZp(m+2)n+j(m+2)X(() /)

e  Similarly, forj € {0,2,---,2p — 2}, we get

1+j
o Eprtjina) + Fapimsainsjnsn-1Xp
2 = o

Eyp(ms2yntjm+2)+1 + Fap(ms2)ntjm+2)

Then for the solution (X,(f), Xy(,z), cery X,(fp )) , We can write

n>0

(s)
X0 = o) T oot %0 o5 g gy,
pn+j L ) 4L . X(S)
2p(m+2)n+j(m+2)+1 2p(m+2)n+j(m+2)4*0
and
(s
X0 Fap(mt2)n+jim+2) + Fapmi2yn+jim+2)-1%0 ie{0,2,...2p—2),
pn+j E ) +F ) X(S)
2p(m+2)n+j(m+2)+1 2p(m+2)n+j(m+2)“*0

where n € Ny, s = (¢ +j) mod (2p)and g € {1,2,...,2p}.
This completes the proof. [
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Using the preceding arguments, we can provide the main result for the solvability of

system (3).

(1) .(2) (2p)

Theorem 5. Assume that @ = 2p and let (xn JXn e, Xy ) - be a solution to system (3).
>

Then, forall g € {1,2,...,2p}, the solution to system (3) is
+j d (2
@) Lop(ms2ynjim+2) + L2p(m+2)n+j(m+2)—1x£(? ) mod (2p)

Y1) pntj)—t = ) mod (2p)) ’
(e+1)@pn7) L2p(m+2)n+j(m+2)+1 + LZ][;(m+2)n+j(m+2)x(—(g—’—]> od (1))

forje{1,3,---,2p—1}, and
i) mod (2
@)  Bypimroyntiome2) FZp(m+2)n+j(m+2)flx(—(?+]) @p))

X . =
(k1) 2pn+j)—t SE—
m Eap(m+2)n+j(m+2)+1 sz(m+z)n+j(m+2)x£(?+f) (2p)

forje{0,2,...,2p — 2}, wheret € {0,1,--- ,k}.

312 . Casef =2p+1

Here, we consider the case 6 = 2p + 1.
Using the transformation

i x(D)
T = X(2p+1)n+j’ n € No,

where j € {0,1,2,-- - ,2p}, we can write Equation (10) in the form
. Liops1)ms2) T Laps1)ms2)—1Fh

n+1 = i’
Liopi1yma2)+1 + L(2p+1)(m+z)‘f’]n

n €Ny,

wherej € {0,1,2,---,2p}.
From Appendix A, the solution to Equation (13) is given by
j
Tén _ Bopi1y(mi2)n + F2(2p+1)(m+2)n71‘¥;) neN,
FByopinymr2)ne1 + B2epr1)mr2)nTo

~ Loprymeyntr) + L(2p+l)(m+2)(2n+l)711¥{)
el = "
Liop+1)(m+2)(2n+1)41 + Lp1) (mt2) 2n1) ¥h

TlENo,

where j € {0,1,---,2p}.
Therefore, the solution to Equation (10) is

Bypi1)(m+2)n T F2(2P+1)(m+2)”—1X](1)

(1)
X . pu—
2(2p+1 ,
2p+1)n+j Bopi1ymi2ns1 + F 2(2p+1)(’"+2)"XJ( !
1
oy _ Lapenmmiaeen + Lepaymenn 1%
Qp+1)@2n+1)+j o

Lapt1)m+2)@n+1)+1 T Lpt1)mi2)@n1) X

wheren € Nypand j € {0,1,...,2p}.

(12)

(13)

(14)

Theorem 6. Let (X,(ll),X,(ZZ),...,X,(IZHl)) be a solution to system (8). Then for all

n>0

j€{0,2,...,2p},
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Bop+1)mr2)nrjm+2) + F2(2p+1)(m+2)n+j(m+2)71X(gS)

(9) _
X . =
2(2p+1 4
s Bop+1)m+2)ntjmr2)+1 + F2(2p+1)(m+2)n+j(m+2)X(()S)
@) Liopi1)(m+2)@nt1)+j(m+2) T L(2p+1)(m+2)(2n+1)+j(m+2)71X(()5)

2p+1)(2n+1) 4] ,
Gr) @ Liopi1)(m+2)@nt1)+jmr2)+1 T L(zp+1)(m+z)(zn+1)+j(m+z)Xés)

and for j € {1,3,...,2p — 1},

Lyops1)(ma2)nt(j+1) (m+2) + L2(2p+1)(m+2)n+(j+1)(m+2)flx(()5)

(q9) _
X . =
2(2p+1)n+ ’
e Ly2p+1)(m2)nt (j+1) (m+2)+1 + L2(2p+1)(m+2)n+(j+1)(m+2)X(SS) “
e Fopi1)(m+2)@nt1)+(j+1) (m+2) T F(2p+1)(m+2)(2n+1)+(j+1)(m+2)71X()S
2p+1)(2n+1)+ )’

Fopr1)mr2) @n1)+(+1) m+2)+1 T Fepr1)mr2) @nt 1)+ (4+1) (m+2) Xo

wheren € Ng,s = (g+j) mod 2p+1)andq € {1,2,...,2p+1}.

Proof. Let (X,Sl), x2 Xglzr’“))n

ent situations, depending on whether j is even or odd.

. be a solution to system (8). We consider two differ-

(1+7)
E; + Fiman)—1X,
e When j s even, we have X](l) _ Ljlmt2) T Tj(m+2) -1 (()l+j)

Fimy2)11 T Fimi2)Xo

. This implies that

1
Bopr1yma2)n + P2(2p+1)(m+2)n—1X]( )

l 7
Bopr1ymi2nt1 + F2(2p+1)(m+2)nX]( )

(1) —
X2(2p+1)n+j -

-
Finy2) + Fj(erZ)flx(() *)

X(()1+j)

B opr1ymr2n T Bepi1)mi2n-1
Fimi2)y+1 + Fi(m12)

1+ ’
Fj(m+2)+1:j(m+2)flx(() 2

X(()1+j)

Bopr1)ymr2nr1 T B@pi1)mi2)mn
Fimi2)y+1 + Fim12)

L
Byop+1)m+2)nrjmr2) + F2(2p+1)(m+2)n+j(m+2)flx(g o

1)
Byopr1yme2)ntjmi2)+1 + F2(2p+l)(m+2)n+j(m+2)x(() 2

Similarly,

Fions2) + Finea 1 X5 )

L +L -
(2p+1)(m+2)(2n+1) (2p+1)(m+2)(2n+1)—1
(lj(m+2)+1 1j(m+2)xéj Y

(1)
X(2p+1)(2n+1)+j

TN
Finy2) + Fj(m+2)—1Xéj+ ) )

(j+1)

L +L
(2p+1)(m+2)(2n+1)+1 (2p+1)(m+2)(2n+1)
(lj(m+2)+1 1j(m+42)xo

1
_ Lepryom2) @t +imra) + L(2p+1)(m+2)(2;1+1)+j(m+2)—1Xé +)

-
Liop1)(ma2)@n+1)+jmr2)+1 T L(2p+1)(m+2)(2n+1)+j(m+2)Xé +)
E. 5 + E. 5 le(])
*  When jis odd, we have X](l) = Jjmd2) TR g implies that

Fimio)11 + Fj(m+2)X1])



Math. Comput. Appl. 2024, 29, 28 8 of 16

Fimyo) + Fj(m+2)—1X§]))

Byopi1ymr2n T B2pr1)mi2)n—1 ( 0

X(}) ) _ Fimy2y11 + Fim2) X4
202p+1)n-+j AN
Fimyo) + Fj(m+2)—1X§])
Byopr1ymr2nt1 T B2opr1)mi2)n 0
Fimy2y11 + Fim2) Xy
_ Bepirymrontjmiz) + F2(2p+1)(m+2)n+j(m+2)—lX§])
Bopr1yma2)nrjmr2)+1 T F2epr1)mr2)ntjmr2) XY)
and
Figny2) + Fj(m+2)—1x£])
Liops1ym+2)2n+1) T Lpr1)(me2) @ns1) -1 )
@ B Fitny2)+1 + Fimi2) X3
2p+1)(2n+1)+j

()

Figny2) + Fj(m+2)—1X§]) )
Fitny2)+1 + Fimi2) X3

Liap1)(m+2)@n+1)+1 T Lpt1)(m+2)@n+1) (

Lo(mt2)(2n+1)+j(m+2) L(2p+1)(m+2)(2n+1)+j(m+2)—1X§])

Liap1)(m+2)@n+1)+j(m+2)+1 + L(2p+1)(m+2)(2n+1)+j(m+2)X§]>

, ) Lysa + Ly Xy
By the same way, for j € {1,3,5,--- ,2p — 1}, we have Xy) — omi2 mtl (()'+1) .
L+ + Lins2 X
Then
L ; + L . X(1+j>
(1) _ 2(2p+1) (mA2)n4-(j+1) (m+2) 2(2p+1) (m+2)n+(j+1) (m+2)—140
2(2p+1)n+j - L ] L ) X(1+j) !
22p+1) (m+2)n+(j+1) (m+2)+1 T La@p+1) (m+2)n+(j+1) (m+2) %o
L
x® _ Fop1)(m+2)@2n+1)+(j+1) (m+2) +F(2p+1)(m+2)(2n+1)+(j+1)(m+2)71X(() el
2p+1)(2n+1)+j (1+45) °

Fopi1)(m+2)@nt1)+(+1) (m+2)+1 T F2pr1)(m+2)@n+ 1)+ (+1) (m+2) X0
Now, using the fact that

+1 d (2p+1
X0 Lwat by X OB
1 - 7 AV 7

n+ Liss + Lm+2X£l(q+l) mod (2p+1))

and after some calculations, we obtain for j € {0,2,...,2p},

Xé{@ i = Fy2p+1)(m+2)n+j(m+2) T F2(2p+l)(m+2)n+j(m+2)flx(()5)

+1)n+ s)

b ! Byop1)mr2)ntjm2)+1 + F2(2p+l)(m+2)n+j(m+2)x(() :

) _ Lepammin @) +jm2) + Lapa1)(n42) 2n41)40m12)-1X8
(2p+1)(2n+1)+j )

Liopi1)(m+2)@nt1)+jim+2)+1 T Lpr1)mr2) @nt1)+j(m+2)%0

and forj € {1,3,...,2p — 1},

S
)  Lappinymt2ynt (1) mi2) T L2(2p+1)(m+2)n+(j+1)(m+2)—1X(() )
2(2p+l)n+j - (S) 7
Lo2p+1)(m+2)n+(j+1) (m42)+1 T L2@p+1) (ma2)nt (j+1) (m+2) X0
F : +F - x)
(9) _ (2p+1) (m+2) (2n+1)+(j+1) (m+2) (2p+1) (m+2) (2n+1)+(j+1) (m+2) =10
Qp+1)2n+1)+j !

Fop1)m2)@nt1)+(j+1)(mr2)+1 T F(2p+1)(m+2)(2n+l)+(j+1)(m+2)X(()S)

wheren € No,s = (¢ +j) mod (2p+1)andg € {1,2,...,2p +1}.
This completes the proof. [
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From all the above arguments, we can state the following theorem:

Theorem 7. Assume that 6 = 2p + 1 and let (x,(ll),x,(f),. . .,x&ZpH)) - be a solution to
n>—
system (3). Then for all n € Ny, the solution to system (3) is
@) _ Beprymioynsjma) T F2(2p+l)(m+2)n+j(m+2)71x(—52
Yk+1)@@p+D)nti)—t  — ()’
Byopr1)ymr2)ntjmr2)+1 T F2pr1)mr2)ntjmr2) Xt
@)  Leptyyme2)@at1)+iim2) T L(2p+l)(m+2)(2n+1)+j(m+2)71x(—32
Yk+1)(@p+1) 2nt1)+j)—t  — ()’

Liapi1)(m+2)@n+1)+jim+2)+1 T Lpr1)mr2) (2n+1)+j(m+2)x72
forallj € {0,2,...,2p}, and

o) _ Lagpinymt2ynt (j+1)(m+2) T L2(2p+1)(m+2)n+(]'+1)(m+2)—1x(—sz
(k1) 22p+1)n+j)—t = ()
Lyp+1) (m+2)n+(j+1)(m+2)+1 T La@p+1) (m+2)n+(j+1) (m+2) X =t

F ; + F, ; x(s)
x(q) _ (2p+1) (m+2)(2n+1)+(j+1) (m+2) (2p+1) (m+2)(2n+1)+(j+1) (m+2)—1"*—t
(k4+1)((2p+1)(2n+1)+j)—t r ] +F ] (s) ”
(2p+1)(m+2) (2n+1)+(j+1) (m+2)+1 (2p+1) (m+2) (2n+1)+(j+1) (m+2) X —¢
forall j € {1,3,...,2p — 1}, where s = (q+j) mod 2p+1), t € {0,1,---,k} and
qe {1,2,...,2p + 1}.

Remark 7. The well-defined solutions to the 0-dimensional system of difference Equation (3) when
6 = 2p are given by Theorem 5, and when 6 = 2p + 1 are given by Theorem 7.

4. Global Stability of the Well-Defined Solutions of System (3)

In this section, we study the global stability of the well-defined solutions to system (3).
It is easy to show that system (3) has 2% fixed points. We shall study the stability of the
fixed point

£ = (x<1>,x<2>,...,ﬁ) =(=B,—B....—B),

ol
=

where f =

Let us consider the functions
f R RM xR 5 R,

defined by

1) mod (0
Lo +Lm+1u;((([H ) mod (9)

1 d (0)) ’
Lo + LT T2

1 1) (2 2 0 0
fq(u(()),...,ul(C ),u(()),...,u,(c ),...,u(()),...,u,(( )) =

withg € {1,2,...,0}.
The following result is a direct consequence of Theorems A3 and A4 in Appendix B.

Corollary 7. The fixed point € of system (3) is globally asymptotically stable.

5. Numerical Examples
Example 7. Consider system (3) with m = 3,k = 4 and 6 = 4. i.e., the system of

difference equations
2 3)
x(l) B 11 + 7Xn74 x(z) _ 11+ 7xn74
1 — ’ 1 — ’
s, T s,
) 0 n € Np. (15)
3) 11+7Xn74 4) 11+7xn74
YT @ T 1)
18 +11x,”, 18 +11x, 7,
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Figure 1 (left) represents system (15) with initial conditions x(li =199, x(_l) =-2,x Y= —21,

)=
2 = 20,6V = 02,2 = —21.9,x%) =23,x% =16, = —3,x%) =06, x
(3)

-0
28 =23, x( ) =26, x° ) — 43, xg> — 6, xﬁi = 119, x£§ — 43, = 127

x(fl) = 3.4 and x(()4) = 8.6

Example 7. Consider system (3) with m = 6,k =7 and 6 = 5. i.e., the system of difference equations

a  47+29x%, O 47 +29x%, 0 47 +29xY
X 7 = 7 = i
U g6 rard® T e pag® T T g ™) )
w 72 o 4720l
Xyl = 5 X, 1= O n € Np.
76 + 47x) 76 + 47x1).
Figure 1 (right) represents system (16) with initial conditions x(1; = 99, x(lg = —12.0,
= 11,1 = —10, W) = 02, 21 = —61, ) = —10, 2V = 22, 5% = —219,
x® =23, x = 16,17 = -3, x() — 06, x%) = —26, x(zl) — —103, % = —26
2B = —99,x0) = 23, x<3g 26, x<3i — 43, x(33) —6,x%) = —46, ) = —43,
x = =312, 2% = —1.9, 2% = —53, x4 = 26, x%) =33, x) —96,x*) = —126,
W =63, 2" =36, x%) = —1419, x5 = —23,x5) = 26,25) = —93,+") = —1,
%) = 116, x°) = 4.3 and x(()S) —26.

5
0 5 10 15 20 25 30 35 40 -10 0 10 20 30 40
n

Figure 1. A graph representing the global stability of system (15) (left) and system (16) (right).

6. Conclusions

In this paper, we have derived the solutions to the system of difference equations

0 Lwsat Lyypaly) =4 ©)
n+1 Liss+ Lm-t,-zx,(q(_qurl) mod (0)) ’

X

n € Ny,

wherek e Ng,meZ,g=1,---,0,0 € N, and (Ln) o is Lucas sequence.

The above-mentioned system is a more general system to some systems studied
recently. The well-defined solutions to that system are represented in terms of Fibonacci
and Lucas sequences.

Those well-defined solutions depend on whether 6 is even or odd. When 6 is even, we
invoked the solution of the difference equation

T Fo(m+2) + Fo(m+2)—14n—(6-1)
L=
" Fopme2)+1 + Fopme2)tn—(0—1)

s neNO/

that was used in [26].
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For odd values of 6, we invoked the solution of the difference equation
Lo(my2) + Logms2)-1Cn
Lom+2)+1 + Lo(m+2)Qn

OQpy1 = n € Np.

The solution to that equation was derived in Appendix A.
System (3) has 2? fixed points; one of these fixed points is locally asymptotically stable.
Moreover, we proved that it is globally asymptotically stable.
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Appendix A. (Solvability of Equation (13))

Consider the difference equation
Lo(mt2) + Lo(m+2)—1n
Lo(mi2)+1 + Lom+2)n

Qi1 = , neN. (A1)

Using the change of variables

1
Qn = Lo(m12) (q)” B Le(m“)“)’ n=01---, (A2)
we get
Lﬁ(wz) + Lo(m+2)-1 (‘Dn - Le(m+2)+1>
O, = S + Lo(mi2)+1
n
D (Le(m+2)71 + LG(m+2)+1) + (Lé(mm - Le(m+2)flL0(m+2)+1) N
= o , n e Np.
n
Using the Properties 1, Equation (A1) is changed into
5F, P, + 5(—1)00m+2)
pyy = D@ HSCVTIT (A3)
D,
To solve Equation (A1), we introduce the following Lemma:
Lemma A1. Consider the linear difference equation
Wpi1 —SFw, +5(-1)Mw,_1 =0, neN,, (A4)
with initial conditions w_1,wg € R. Then the solution to Equation (A4) is
\/5?1
wp = ((—1)rLr (\@w—l-/\/m + (*1)rw0~/\/'r(n+1))/ (AD)

where (F,)'%, is the Fibonacci sequence, (L)%, is the Lucas sequence,

Now= @ = (g, = 1BV g 105,
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and

N _ [ \/BFy ifniseven,
(2p+1)n — Lyw ifnisodd.

Proof. The equation
Wpi1 — SFwy +5(-1)w, 1 =0, neN,

is a homogeneous linear second order difference equation with constant coefficients, and ini-
tial conditions wyp, w_; € R. We can obtain its solution by using the characteristic roots 7
and T, of the characteristic polynomial T2 — 5F,7 + 5(—1)"*! = 0.
Using the identity
2 2 —
5F, =L, —4(-1)7, n=0,1,---,

we get
T = \/§<Lr+2\/§B) =V5a", = _\/5<Lr—2\/51-}> = —/5p".

Then
— n n
wy =617 et .

Using the initial conditions wy and w_1, and after some calculations, we get

\/5< wo

r+1
€1 —m 271_?(_1) Tl),
\/5 wo r+1
@ = ‘m(ﬁ‘” 7= wa).
Therefore,
\/g n n wo r+1( n+1 n+1
Wn = —m(w—l(fl —Tz)—?(—l) <T1 D ))
V5 wo(y/5)mH
e CEUORCE GO Eﬁiz
« (_1)r([xr(n+1) _ (_1)n+1ﬁr(n+1)))
By defining
N 1= (" = (1)),
we can write the solution to Equation (A4) as
\/g n
wp = % (w—1\/§/\fm + wO(_l)rM(n+l)) :
(_1) Ly
This completes the proof. [
Using Lemma A1, we get
_ \/g(w—l\/gNrn + wO(_l)rNr(nJrl))
! @_1V5N, (1) + wo(=1)"Np '
Therefore, the general solution to Equation (A3) is
5Fm + (_1)rq)0Lr(2n+1)
[6)) = , néeNy, A6
2 Lr(anl) + (_1)rq>OP2rn 0 (46)
5L + (—1)"5DyF,
®yyis rns1) T (=1)'5P0Fyr(41) ne N, (A7)

5Fym + (=1)"®oLyn11)
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withr = 6(m + 2).
Using Lemma A1l and Equations (A6) and (A7), we can state the following theorem:

Theorem A1l. Let (Q)y),>0 be a solution to Equation (A1). Then for all n € Ny, the solution to
Equation (A1) is

Fao(m+2)n + F20(m12)n-1C20

n
Oy, =
" Fygim2yn+1 + Fao(m+2)n 0
a ~ Legms2)@nr1) + Lom+2)2n+1)-10
2n+1 — ’
" Lo(m-+2)2n+1)+1 + Lo(m+2) (20+1) Q0

where (Ly), % is Lucas sequence and (F,) 1% is Fibonacci sequence.

Proof. According to the change of variable (A2), using Property 2, we get for all n € Ny,

1
Doy = L (q’Zn_LrH)
;

1 ((SPZm - Lr—«—lLr(anl)) + (71)rq>0(Lr(2n+1) - Lr+1F2rn)>

Ly Lyon—1) + (=1)"@oFarn

1 (LLyon-1)-1+ (1) PoLrFarn1

(M )

(L’(znfl)*l + (=1)"Lys1Forn—1) + Qo(—1)" Ly Fyry—1
(Lyn—1) + (=1)"Lry1Farn) + Qo(—1)" Ly Farn

Farny1 + QoFarn '

Similarly,

Mop1 = L%(sznﬂ —Lyt1)
1 (5(Ly@nt1) — LrsaFarn) + (=1)"®o(5F, (20 12) — Lr1Ly(2n 1))
L < 5Fyn + (—=1)"®oLy(2541) )
7 5Fm—1+ (—1)"PoLy(2n11)-1
L ( 5Fym + (—1)"®0L,(2541) >
(5Frm—1+ (=1)"Ly+1Lr2n41)-1) + Qo(—=1)"LrLy(2411)—1
(5Farm + (=1)"Ly41Ly2n41)) + Qo(=1)"Lr Ly 2p41)
Lyont1) + QoLroni1)—1
Lyans1)+1 + QoLyansr)

This completes the proof. [

Appendix B. (Locally Stability of System (3))

Lemma A2. Suppose that (F,) %% and (L)% are Fibonacci and Lucas sequences and let n,x € N.
Then

. F . L
lim % = Jim 22— ax
n—+oo F, n—+oo L,

Theorem A2. (Linear stability)

1. Ifall the eigenvalues of the Jacobian matrix A lie in the open unit disk |A| < 1, then the fixed
point V of the linearized system is locally asymptotically stable.
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2. If at least one eigenvalue of the Jacobian matrix A have absolute value greater than one, then
the fixed point V of linearized system is unstable.

Theorem A3. The fixed point € = (—B,—B, ..., —B) € R? is locally asymptotically stable.
Proof. The linearized system about the fixed point

V=(-B—-B...,—p) € RO+,

is given by
XnJrl:AXn/
where
T
_ (.1 (1) 1 2 @) 2) (0) .(6) (9)
Xy = (xn PX e Xy L X Xy e Xy e X X e X )
and
(71)m+1
0 0 0 0 0
1
0 1
0 0 0 0 0 0 0
0 1 0
0 ... 0 1 0
A= . . (71)m+1
; o 0 I
0 1 0
(_1)m+1
0 .. 0 o 0 0
0 0 0 0 0
: : : : 0
0o 0 ... 0 0 0 ee ... 0 0 1 0

The characteristic polynomial is

o(k+1) ef (1M’
P(A) = det(A — Mp(i1)) = (—A) +(=1) <W) :
Then ]
[ae00)] = ED™IN 1
2 TA (0(2m+4)

Therefore, all roots of the characteristic polynomial has modulus less than one. Using
Theorem A2, the fixed point £ is locally asymptotically stable.
This completes the proof. [

Theorem A4. The fixed point £ of system (3) is a global attractor.

Proof. Let (x,(ql), x,(qz), cee, xﬁ) . be a well-defined solution to system (3).

We show that the well-defined solution (x,(ll), x,(lz), el xg) - converges to the fixed
n>—
point £.
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It is suffices (using Theorems 5 and 7 together with Lemma A?2) to see that for all
g€{1,2,...,0tand t € {0,1,...,k},
F, _ +F ; X%
lim xgzzrl)(e = lim On(m+2)—j(m+2) On(m+2)+j(m+2)—1 - t
n—teo wr =400 Fou(m42)+j(m+2)+1 T Fon(m+2)+j(m+2)X¢

FGn(m+2)+j(m+2)—1 s

X, +1
— i Fen(m+2)+j(m+2)
= lim
n—oo o F9n(m+2)+j(m+2)+1
X+
Fon(m+2)+j(m+2)

1—px*,  2—x%, 452,
atxt, T4V/54208,

2V5(x% +xj—1) = 2(x%  +x; - 1)

: (9) _
BT Xt 1) o)1 = 462 - 1)
e
= 5 = ﬁ .
This completes the proof. [
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