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Abstract: The high-intensity and monochromatic radiation sources in the water window spectral
range are desirable for many applications. One of the potential candidates of soft X-ray sources is
polarization radiation produced by a charged particle passing through a thin foil. In the soft X-ray
range near the absorption edges of a target material, the real part of dielectric permittivity can exceed
unity, and the Tamm–Frank criterion is fulfilled. Thus, two types of radiation are produced: transition
and Cherenkov radiation. In this report, we theoretically investigated the spectral characteristics
of radiation produced in both cases when the Tamm–Frank criterion is met or not met. We showed
the dependences of the spectrum as a function of thickness and the incidence angle. To describe the
properties of polarization radiation and the complex dielectric permittivity, the polarization current
approach and Henke’s model were used, respectively.

Keywords: transition radiation; Cherenkov effect; the water window spectral range

1. Introduction

The electromagnetic radiation in the water window spectral range, which extends
from 282 eV to 533 eV, is widely used in various fields of physics and industrial applications
including soft X-ray microscopy of biological samples [1]. Today, several new trends for
the development of compact X-ray sources based on a tabletop accelerator are observed in
accelerator physics. The use of sources based on the interaction of an electron beam with
a solid target is one of them [2–5]. Hemberg, in this thesis [6], overviewed the prospects
of such compact sources and compared their main parameters. We used the results of
his work to determine the main parameters of different radiation sources depending
on electron (Ee) and photon (ℏω) energies (see Table 1). Our results show that for an
electron beam of relatively low energy (less than 100 MeV), Cherenkov radiation (ChR)
demonstrates superiority over other mechanisms in the water window spectral range. For
high frequencies, the use of transition radiation (TR), radiation of electrons channelling in
thin crystals [7], and parametric X-ray (PXR) [8] can also be prospective.

Unfortunately, authors of early experiments investigating Cherenkov effect in con-
sidered spectral domain have ignored the influence of TR. Although ChR and TR have
the same nature and can be considered as radiation generated by polarization currents
induced in a medium by the electromagnetic field of a uniformly moving charge (these
types of radiation refer to the polarization radiation). Hence, Cherenkov X-rays and TR
are simultaneously generated when an electron beam travels through the solid target, and
interference phenomenon occurs between radiation fields. Thus, the produced radiation
possesses both TR and ChR, making it hybrid radiation. This paper demonstrates the
results of the theoretical investigation of spectral and angular distributions of emitted
radiation for cases where the Tamm–Frank criterion is met or not met [9]. We also analyzed
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the impact of the target thickness and the radiator tilt angle on spectral distribution of the
produced radiation.

Table 1. Parameters of X-ray sources based on the interaction of electron beam with solid target.

Radiation Mechanism Ee, MeV h̄ω, keV FWHM
Brilliance,
Photon/(s·mm2·mrad2

·0.1% FWHM)

ChR 10–100 0.1–1 10−2–10−3 eV ~109

Channelling 10–200 1–100 10% ~106

TR 50–500 0.1–50 50% ~109

PXR 10–500 1–50 1% ~1012

2. Theoretical Model
2.1. Polarization Current Approach

Figure 1 shows the problem geometry, where a charged particle strikes an infinite plate
of thickness d under certain angle α. In this considered geometry, two types of polarization
radiation are simultaneously generated: TR and ChR. The superposition of radiation
fields of these types results in hybrid radiation [8,10–12]. This hybrid radiation not only
combines the properties of TR and ChR, but also has a number of distinctive features. The
polarization current approach enables the consideration of the simultaneous generation
of different types of radiation and the determination of the main properties of hybrid
radiation, including spectral-angular distribution and polarization parameters [13–16].
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Figure 1. Layout of the radiation geometry for a charged particle passing through an infinite plate of
thickness d.

When a charged particle moves in a screen, the field of this particle polarizes the
atoms and molecules of the medium, leading to the occurrence of polarization radiation.
Therefore, the radiation field is a solution of the vacuum set of the macroscopic Maxwell
equations. For a nonmagnetic medium, the density of the polarization current is linearly
dependent on both the external field and the field generated by currents induced in the
medium and has the following form

jpol = σ(ω)
[
E0(r, ω) + Epol

(
jpol , (r, ω)

)]
, (1)

where E0(r, ω) and Epol
(

jpol , (r, ω)
)

are the Fourier images of the particle field in a vacuum
and the field of polarization radiation, r is the unit radius vector in the direction of observa-
tion, and ω is the radiation frequency. The relationship between the medium conductivity
σ(ω) and the complex dielectric permittivity ε(ω) of the medium can be written as

σ(ω) =
iω
4π

[1 − ε(ω)]. (2)
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Solving the Maxwell equations for the Fraunhofer zone and a screen of finite volume
VT , one can derive the equation for the magnetic field of the polarization radiation:

Hpol(r, ω) = curl
1
c

∫ 1

VT

σ(ω)E0(r′, ω
)
×

exp
[
i ω

c

√
ε(ω)|r′ − r|

]
|r′ − r| , (3)

where k = ω
√

ε(ω)e/c is the wave vector and e = r/r is the unit vector along the photon
emission. Using the polarization current approach, we assume that the energy lost by a
charge is negligibly small in comparison to the total energy. Equation (3) is an exact solution
of the Maxwell equations, which allows us to avoid solving a differential Equation (1). The
second term on the right-hand side of Equation (1) results only in a change of the vacuum
wave number ω/c to

√
ε(ω)ω/c. This replacement is a renormalization of the charge field

inside a medium.
For the geometry shown in Figure 1, the screen dimensions in the directions x and

y tend to infinity. This assumption holds true as the dimensions of the screen in these
indicated directions significantly exceed the dimensions of the effective attenuation radius
of the electromagnetic field of the particle ∼ γλ, where λ is the radiation wavelength,
γ = 1/

√
1 − β2 is the Lorentz factor, and β is the particle velocity in the speed of light

units. Thus, Equation (3), used to define the magnetic field strength of radiation, can be
written in the form

Hpol(r, ω) =
(2π)2i

c
exp(ikr)

r
k ×

∫ d

0
σ(ω)E0(kx, ky, z′, ω

)
exp

(
−ikzz′

)
dz′ (4)

The solution of Equation (4) can be obtained using the complete Fourier images of the
charge field

E0(k, ω) =
4πi
ω

j0(k, ω)ω2/c2 − k
[
k·j0(k, ω)

]
k2 − ω2/c2

(5)

and the current density

j0 =
qv

(2π)2 δ(k·v − ω) (6)

where q is the charge and v = {0,−v sin α, v cos α} is the velocity of the charged particle
and δ(k·v − ω) is the Dirac delta-function.

We can obtain the Fourier component of the field of a charge moving uniformly at an
angle to the screen from the total Fourier component (5) of the field

E0(kx, ky, z′, ω
)

= − ie
2π2

{kxvz ;kyvz−vyvzω/c2;−kyvy−v2
z ω/c2}

(k2
x+k2

y−ω2/c2)v2
z+(ω−kyvy)

2 exp
(

iz′(ω−kyvy)
vz

)
(7)

Substituting Equations (2) and (7) in Equation (4) and integrating over the screen
volume, we derive the equation for the magnetic field strength of polarization radiation

Hpol(r, ω) = C
{

β2 cos α
(
ez sin α + ey cos α

)
−ey(A + B), ex

(
A + B − β2 cos2 α

)
,−β2ex cos α sin α

}
.

(8)

Here we use the following notations:

A = −β
√

ε(ω)ez cos α,
B = 1 + β

√
ε(ω)ey sin α,

C = q
2πc

A(1−ε(ω))
A+B

exp[ik·r]
|r|

ez
A2(e2

x+e2
y)−e2

z(β2 cos2 α−B2)

×
(

1 − exp
[
−i dω

βc cos α (A + B)
])

.

(9)
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This expression defines the total field of polarization radiation in the medium. The
components of vector e in Equations (8) and (9) are represented in terms of polar angle in
the medium as e = {sin θm sin ϕ, sin θm cos ϕ, cos θm}.

To determine the radiation filed in a vacuum, we cannot use the Fresnel refraction
laws because the dipoles radiating are concentrated near the interface, and the field near
the surface does not correspond to the Fraunhofer zone. For this purpose, we use the
reciprocity theorem [17]:

∣∣∣Epol(vac)(r, ω)
∣∣∣ = ∣∣∣∣∣ 1√

ε(ω)
Epol(m)(r, ω)

∣∣∣∣∣ = 1

|ε(ω)|2
∣∣∣Hpol(m)(r, ω)

∣∣∣, (10)

where Epol(vac)(r, ω) is the radiation field in vacuum produced by a dipole in the medium
and Epol(m)(r, ω) is the radiation field in the medium generated by the same dipole located
in vacuum far from the interface. In Equation (10), we take into account the relationship
between electric and magnetic fields. Thus, the spectral-angular distribution of the hybrid
radiation in the straightforward direction in a vacuum can be written as

d2W
dωdΩ = cr2

∣∣∣Epol(vac)(r, ω)
∣∣∣2

= cr2

|ε(ω)|2

(∣∣∣√ε(ω) fE

∣∣∣2∣∣∣Hpol
∥ (r, ω)

∣∣∣2 + | fH |2
∣∣∣Hpol

⊥ (r, ω)
∣∣∣2)

= cr2

|ε(ω)|2

(∣∣∣√ε(ω) fE

∣∣∣2∣∣∣∣∣
√(

Hpol
z (r, ω)

)2
+
(

Hpol
x (r, ω) sin ϕ + Hpol

y (r, ω) cos ϕ
)2
∣∣∣∣∣

+| fH |2
∣∣∣Hpol

x (r, ω) cos ϕ − Hpol
y (r, ω) sin ϕ

∣∣∣2).

(11)

The Fresnel coefficients for an infinite boundary have the following form:

fH = 2ε(ω) cos θ

ε(ω) cos θ+
√

ε(ω)−sin2 θ
,

fE = 2 cos θ

cos θ+
√

ε(ω)−sin2 θ
.

(12)

To determine the radiation intensity in a vacuum using Equation (11), it is necessary to
express the radiation angles in the medium in terms of the corresponding radiation angles
in vacuum

e = {sin θm sin ϕ, sin θm cos ϕ, cos θm}

= 1√
ε(ω)

{
sin θ sin ϕ, sin θ cos ϕ,

√
ε(ω)− sin2 θ

}
.

(13)

The final expression for the spectral-angular distribution of hybrid radiation in the
forward direction when a charge obliquely falls on the screen is defined as

d2W
dωdΩ = e2

π2c β2 cos2 α
∣∣∣ ε(ω)−1

ε(ω)

∣∣∣2 cos2 α

[(1+β sin α sin θ cos ϕ)2−β2 cos2 α cos2 θ]
2

×
∣∣∣∣∣ 1−exp

[
−id ω

βc cos α

](
1−β cos α

√
ε(ω)−sin2 θ+β sin α sin θ cos ϕ

)
1−β cos α

√
ε(ω)−sin2 θ+β sin α sin θ cos ϕ

∣∣∣∣∣
2

×
[

β4 cos2 α sin2 α sin2 ϕ

∣∣∣∣ √
ε(ω)

cos θ+
√

ε(ω)−sin2 θ

∣∣∣∣2
(

sin2 θ +

∣∣∣∣√ε(ω)− sin2 θ

∣∣∣∣2
)

+

∣∣∣∣ ε(ω)

ε(ω) cos θ+
√

ε(ω)−sin2 θ

∣∣∣∣2∣∣(β2 cos2 α − 1 − β sin α sin θ cos ϕ
)

sin θ

+β cos α sin θ
√

ε(ω)− sin2 θ + β2 cos α sin α cos ϕ
√

ε(ω)− sin2 θ

∣∣∣∣2
]

.

(14)
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2.2. Complex Permittivity of Medium in the Water Window Spectral Range

Dielectric properties of matter in the water window spectral range can be determined
from the semi-empirical model of the complex permittivity developed by B. Henke [18]:

ε(ω) =

[
1 − 1

2Z

(ℏωp

ℏω

)2

f (ω)

]2

, (15)

where ωp is the plasma frequency, ℏ is the Dirac constant, Z is the atomic number, and
f (ω) = f1(ω)− i f2(ω) is the complex atomic scattering factor. The components of the
scattering factor are real and determined from the Kramers–Kroning relation:

f1(ω) = Z + 1
2π2r0c ∑

q

∫ ∞
ωq

ω2
s (ω2−ω2

s )Zqµq(ωs)dωs

(ω2−ω2
s )

2
+iΓqω4

,

f2(ω) = 1
2π2r0c ∑

q

∫ ∞
ωq

ω2
s iΓqω2Zqµq(ωs)dωs

(ω2−ω2
s )

2
+iΓqω4

.
(16)

Here Zq is the number of electrons in the q-shell, µq(ωs) is the photoionization cross-
section of electrons in the q-shell by photons with frequency ωs, and Γq is the suppression
factor, the value of which is determined experimentally.

In the soft X-ray spectral range, ChR was certainly detected for target materials such as
vanadium, titanium, beryllium, aluminum, and silicon [3,4,19,20], while for other materials,
more detailed experimental studies are required. Therefore, in this study, we selected one
of these materials to calculate the characteristics of hybrid radiation. Figure 2 shows the
spectral dependencies of the real and imaginary components of the complex permittivity of
titanium near the L absorption edge. From the presented dependencies, we can conclude
that the Tamm–Frank criterion is satisfied in the considered energy range.
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3. Numerical Results
3.1. Spectral and Angular Distributions of Hybrid Radiation

Considering the generation of radiation that occurs when the charged particle passes
through an absorbing plate, we have to introduce terms such as a thin and thick targets.
A thick target implies that the thickness of the plate, where the charge moves, is much
larger than the TR coherence length in the target material for the direction of the polar
angle θ, corresponding to the maximum value of the spectral-angular distribution of TR
(lcoh = λ/

∣∣∣β−1 − Re
√

ε(ω) cos γ−1
∣∣∣ [21]). If the plate is so thin that its thickness is less than

or equal to the TR coherence length, then we define such a target as thin. The TR coherence
length was chosen as the target thickness criterion since the ChR coherence length in the
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target material tends to infinity [22]. Consequently, the ChR intensity is limited only by the
absorbance of the target material. Since the TR coherence length is several times greater
than the absorption length in the spectral region under consideration, we can state that
in the case of a thin target, hybrid radiation can pass through the plate material without
significant losses.

Let us first consider the simplest radiation geometry: normal incidence (α = 0) of an
electron on a titanium plate. Figure 3 shows the angular distributions in the plane ϕ = 0
and the spectral distributions of the emitted energy (integration is carried out over all
observation angles θ and ϕ) of the hybrid radiation. The main calculation parameters and
explanations are provided in the caption of the Figure 3. As one can see from Figure 3,
for a thin plate, the contribution of the ChR to the total intensity of hybrid radiation will
depend on the electron path length in the radiator material (l = d/ cos α), which, in turn,
is determined by both the target thickness and the electron incidence angle. Thus, in the
case of a thin target, the spectral distribution of the emitted energy and the degree of
monochromaticity of the hybrid radiation depend on the target thickness. Figure 3b shows
the photon energy corresponding to the L3 absorption edge of titanium with a solid vertical
line, revealing a sharp decline in the photon yield of high-energy hybrid radiation beyond
the photoabsorption edge. The physical nature of this effect is simple. It lies in the fact that
the ChR intensity decreases both as a result of a resonant increase in the photoabsorption
of titanium, and a decrease in the value of the real part of the permittivity (see Figure 2).
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Figure 3. Angular (a) and spectral (b) distributions of the emitted energy of hybrid radiation for
different target thicknesses. Calculation parameters: target material—titanium, electron energy
γ = 50. The solid red line shows the angular and spectral distributions of the emitted energy of
hybrid radiation from titanium foil with a thickness d = 8 µm, the dotted blue line—d = 0.8 µm, the
dash-dotted green line—d = 0.4 µm. The vertical line corresponds to the photon energy of the L3
absorption edge of titanium. For the calculation of the angular distribution of hybrid radiation ϕ = 0
for the case θ > 0 and ϕ = π for negative values of the polar angle θ < 0, Equation (3) is averaged
over the photon energy ∆ℏω = 443.8 − 463.8 eV, corresponding to the energy region near the L-edge
of photoabsorption titanium.

Figure 4 illustrates the calculation results for the angular distributions in the plane
ϕ = 0 and the spectral distributions of the emitted hybrid radiation energy for the case of a
thick titanium plate for different values of the electron incidence angles. The dependences
presented allow us to conclude that a change in the angle of incidence of a particle on a
thick plate only results in a redistribution of the polarization radiation intensity in space
and does not affect the total yield and spectral parameters of the hybrid radiation. This
phenomenon is mainly attributed to the process of ChR photoabsorption in the target
material, since the length of the charge particle path in the plate, which contributes to the
ChR intensity, is limited by the absorbing abilities of the target material.
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Figure 4. Angular (a) and spectral (b) distributions of the emitted energy of hybrid radiation for the
case of a thick titanium plate at different values of the angle of incidence of an electron on the target.
Calculation parameters: target material—titanium, d = 8 µm, electron energy γ = 50. The solid red
line corresponds to the angle of incidence α = 0, the dotted blue line—α = 55◦, the dash-dotted green
line—α = 75◦. The vertical line denotes the photon energy of the L3 absorption edge of titanium.

3.2. Spectral Distribution of Transition Radiation

In recent years, there has been a tendency to use the plasma equation to determine the
dielectric properties of a substance in the soft X-ray spectral range. However, inaccurate
use of the plasma model leads to the loss of the contribution of the anomalous dispersion
of matter caused by the absorption edges. For this reason, it is customary to assume that
TR in the considered spectral region has a polychromatic spectrum. Since TR parameters
are determined by the optical properties of the medium, we can expect a resonant behavior
of the spectral distribution of the emitted TR energy near the photoabsorption edges. In
1965, I.M. Frank, in a review article devoted to TR [23], proposed the idea of determining
the optical parameters of a substance from measurements of the TR intensity and spectrum.
Therefore, it would be reasonable to consider the spectral distribution of the emitted TR
energy in the region of the photoabsorption edges of the target material and to estimate
the contribution of the TR to the spectral distribution of the emitted energy of the hybrid
radiation. Obviously, for the radiation geometry shown in Figure 1, there are two ways
to eliminate the influence of ChR on the characteristics of the TR. First, let us consider
another similar issue—we calculate the spectral distribution of the emitted TR energy
for the backward TR (BTR). In order to determine the intensity of the magnetic field of
the BTR, it is necessary to invert the sign of β in expressions (1) and (2). Thus, we can
use the developed model to determine the properties of the BTR. Secondly, we will use
the Tamm–Frank criterion, which provides certain conditions on the occurrence of the
Cherenkov effect, and calculate the radiation characteristics for the spectral range near the
absorption edge, where the real part of the permittivity is less than unit.

Continuing with the consideration of a titanium plate in the energy region of the L3
edge of titanium photoabsorption, where the Tamm–Frank criterion is satisfied, let us, for
simplicity, consider the geometry of the normal incidence of an electron on a target and
analyze the impact of the target thickness on the spectral distribution of the emitted BTR
energy. The spectral distributions of emitted BTR energy for titanium targets with different
thicknesses are presented in Figure 5. The calculation results indicate that the maximum
photon yield of BTR is observed for energy corresponding to the photoabsorption edge of
the L3 shell of titanium and does not depend on the thickness of the plate. The impact of
the target thickness on the spectral distribution of the emitted BTR energy is in periodic
modulation. This modulation is significant only for thin plates since it is due to the effect of
interference of TR fields. Figure 6 shows the spectral dependences of the real and imaginary
components of the complex permittivity of titanium near the K absorption edge. The
blue solid curve represents the spectral dependence of the real component of the complex
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permittivity. The figure shows that the maximum value of the real component is less than
unity and, therefore, the Cherenkov effect will not appear near the K absorption edge
of titanium.
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Figure 5. Spectral distributions of the emitted BTR energy. Calculation parameters: target material—tita-
nium, electron energy γ = 50. The solid red line shows the spectral distribution of the emitted
BTR energy from titanium foil with a thickness d = 8 µm, the dotted blue line—d = 0.8 µm, and the
dash-dotted green line—d = 0.4 µm. The vertical solid yellow line corresponds to the photon energy
of the L3 absorption edge of titanium.
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Figure 6. Spectral dependences of the components of the complex permittivity of titanium near the K
absorption edge. The real part of the complex permittivity is shown as a solid blue line; the imaginary
part is shown as a dotted red line.

Let us now turn to the analysis of the spectral distribution of the emitted TR energy
in the forward direction and BTR in the spectral region near the K absorption edge of
titanium. The calculation results presented in Figure 7 clearly show that the behavior of
the intensities is the same for both types of radiation and has a resonant dip, the minimum
of which corresponds to the photoabsorption energy of the titanium K1 shell. However,
it should be noted that the intensity of the BTR is six orders less than for the TR in the
forward direction.
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Figure 7. Spectral distribution of the emitted TR energy. Calculation parameters: target material—tita-
nium, d = 8 µm, electron energy γ = 50. The solid red line shows the spectral distribution of the
emitted TR energy in the forward direction; the dotted blue line shows the BTR. The vertical solid
yellow line corresponds to the photon energy of the K1 absorption edge of titanium. The spectral
distribution of the emitted BTR energy is multiplied by a coefficient of 4.6·106 for the convenience of
presenting the calculation results in one picture.

To further demonstrate the result obtained, let us consider the spectral distribution
of the emitted TR energy from another target material. We chose lanthanum as the plate
material. In the 5–7 keV spectral range, lanthanum has three photoabsorption edges for
which the Tamm–Frank criterion is not met (see Figure 8). Figure 9 shows the spectral
distributions of the emitted TR energy in the forward direction and BTR from the lanthanum
target. It follows from the dependences presented that the spectral distributions of the
emitted TR energy have sharp dips near the photoabsorption edges. The intensity minima
of the TR spectral distribution correspond to the photoabsorption energies of the L3, L2,
and L1 shells of lanthanum.
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Figure 9. Spectral distributions of the emitted TR energy. Calculation parameters: target material—lan-
thanum, d = 8 µm, electron energy γ = 50. The solid red line shows the spectral distribution of the
emitted TR energy in the forward direction; the dotted blue line shows the BTR distribution. Vertical
solid yellow lines correspond to the photon energy L3, L2, and L1 absorption edges of lanthanum.
The spectral distribution of the emitted BTR energy is multiplied by a coefficient of 5·106 for the
convenience of presenting the calculation results in one picture.

4. Conclusions

In this study, the following important results were obtained. We have demonstrated
that changing the angle of incidence of a particle on a thick plate only leads to a redistribu-
tion of the intensity of polarization radiation in space and does not affect the total yield
and spectral characteristics of both hybrid radiation and TR. The physical meaning of the
result is that the effective length of the charge path in the screen, which contributes to the
ChR intensity, is limited by the process of radiation absorption in the target material and is
independent on the angle of incidence of a charge on the target.

However, in the case of a thin plate, the incidence angle will determine the effective
path of the charge in the material of the plate. Therefore, an increase in the total yield
and the degree of monochromaticity of the hybrid radiation can be achieved due to an
increase in the ChR intensity and the contribution of the interference effects of the TR fields.
Several important remarks should be made here. First, the ratio of the target thickness to
the TR coherence length in the plate material will always be greater than unity for thick
targets, while in the thin plates, this ratio will certainly be less or, in extreme cases, equal
to unity. Thus, the highest yield of hybrid radiation photons will occur from the thick
targets. Secondly, when dealing with the sliding angles of charge incidence on the plate,
it is necessary to take into account the Fresnel coefficients, since for this geometry, the
condition of internal reflection of the ChR from the target surface is satisfied.

The results of this study demonstrate that the spectral characteristics of TR from
the plate, both for the forward and backward directions, in the spectral range near the
photoabsorption edges of the K, L, and M shells of the radiator material, depend on the
dielectric properties of the target and have resonant behavior.
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