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Abstract: In this study, we introduce a new definition called J-contraction. However, we prove some
theorems for mappings satisfying the J-contraction and touch upon fixed points. In the obtained
theorems, we also show the existence and uniqueness of fixed points. In order to prove the validity
of the results of our main theorems, we give a few examples as well as an application that reveals the
solution of some integral equations.
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1. Introduction and Preliminaries

Banach’s work, which is significant in many fields of science, mentions the existence of
a fixed point of a mapping on a defined metric space [1]. This important principle has been
used for the solution to some equations encountered in many different fields of mathematics.
In addition, fixed point theorem has been studied by some authors, and important results
have been obtained in various spaces [2,3].

On the other hand, fuzzy subjects gained importance when Zadeh first defined the
fuzzy set [4]. The metric definition in a fuzzy set was then given [5]. Then, the fuzzy metric
space was defined [6], and later, a different version of the fuzzy metric space was established
by considering the condition of G-completeness [7,8]. On the other hand, the subject of
fixed point theory, which has been dealt with by most scientists, has also had an important
place in fuzzy metric spaces. This subject has been studied on two different versions of
fuzzy metric spaces: M-complete and G-complete [9]. In this process, some of the most
important theorems and results were obtained [10]. Some authors have made important
contributions to the subject of fuzzy metric spaces [3,11-16]. After these important studies,
fixed point theory has since become popular in some branches of fuzzy mathematics. Many
authors have presented many important and diverse studies on fixed point theory [6,17].

In this work, we introduce the definition of a J-contraction bounded [0, 1) semi-open
interval to give new theorems related to fixed points and the application of the results of
these theorems. First, we set a nondecreasing condition on this é-contraction. Second, we
want the image under the é-contraction to approach the value 1 as the limit of a sequence
in which the elements are defined in the semi-open interval [0, 1) approaches the value 1.
We prove the existence and uniqueness of the fixed point for a §-contraction with the G-
completeness condition of non-Archimedean fuzzy metric spaces. We present an example
for the results obtained. Additionally, we set up a few applications to show that solutions
to integral equations can be found using our main results.

Throughout this study, short versions of some terms will be given. NAFMS will be
written instead of the expression of non-Archimedean fuzzy metric spaces, and FMS will
be written instead of the expression of fuzzy metric spaces.

Definition 1 ([12]). Let V : [0,1] x [0,1] — [0, 1] be a commutative, associative, and continuous
binary operation. Then, V is a continuous t-norm, first, if the V (¢, 1) = ¢ condition is provided for
every ¢ € [0,1] and, second, the V (g, 0) < V (0, p) condition is provided whenever ¢ < o, 0 < p
and g,0,0,p € [0,1].
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Definition 2 ([7]). Let © be a nonempty set, V be a continuous t-norm, and Fy,s be a fuzzy set on
02 x (0, 00) for the triple (®, Fys, V). Forall g, 0,0 € O, 7E>0, if the following conditions are
provided, then (©, Fys, V) is called FMS:

Fus(g,0,7) > 0;

Fus(g, 0, 7) = 1iff¢c = ¢;

Fms(gr o, f) = Fms(Q/ G, f)/

Fus(g,0,7)VFEus(0,0,F) < Fus(g, 0,7+ F);

Fins(g,0,+) : (0,00) — (0,1] is continuous.

If the condition (4) replaced by

4°. Fus(g, 0, max{f,{}) > Fus(c, 0,7) </ Fus(0,0,7) forall ¢,0,0 € ® and #,{ > 0,
or equivalently,

Fns(¢,0,7) > Fus(g,0,7) 7 Fus(Q,0,7),

then (®, Fys, V) is called NAFMS [13].

SIS

Definition 3. Let (©, Fy5, V) be an NAFMS. Then, it will be necessary to mention some defini-
tions of any sequence {g, } in © below:

(1)  Convergence: If the limit of Fus(gy, ¢, ) becomes 1 as n approaches oo for all # > 0, i.e., for
each A € (0,1) and ¥ > 0, there exists a by € N such that Fys(g,, ¢, f) > 1— A forall b > b.
Then, it is said to be {g, } convergent toward ¢ in © and is denoted by ¢, — ¢ [6,13].

(2)  Being G-Cauchy: If the limit of Fys (G}, Gyp, ) becomes 1 as b approaches oo for any p > 0
and > 0, then {¢, } is said to be G-Cauchy [9,13,15].

(3)  Completeness: If every G-Cauchy sequence converges, then (©, Fys, V) is said to be com-
plete [10,15].

Definition 4 ([18]). Let £ be the family of all & functions such that & : [0,1) — R is a continuous
and strictly increasing mapping and for each sequence {g, } C [0,1) of positive numbers blim g, =1
—

if and only z'fblim &(g,) = +oo.
—00

The following definitions are defined for all ¢, 0 € ®, ¢ € £ and for a real number 6 € (0,1).
(1) The mapping # : ® — @ is called a ¢-contraction such that

Fins(Rg, Ro, 7) <1 = &(Fus(Ng, 0,7)) = ¢(Fs(c,0,7)) + 0

is satisfied.
(2) The mapping R : ©® — O is called a -weak contraction such that

Fus(Rg, Ro,7) < 1
= §(Fns(Rg, No, 7))
>

G(min{Fus(g, 0,7), Fms (g, R¢, #), Fus (0, Ro, #) } ) +0

is satisfied.

In this work, we use the special version of the above definition below:
Let ¢ :[0,1) — [0,1] be a nondecreasing mapping such that for every sequence{g,} C
[0,1),
limé(g,) = 1ifflimg, =1 1)
h—ro0 h—ro0

is provided.
Throughout this work, we consider the set of § as 3.
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2. Main Results

Definition 5. The mapping R : © — © is called a J-contraction such that there exists a x €
(0,1), when

6(Fins(Rg, R, 7)) = [6(min{Fius (¢, ¢, 7), Fns (¢, Re, 7), Fins (@, e, ) })]* )
is satisfied for all g,0 € ©, 0 € .

Theorem 1. Let the triple (®, Fys, V) be a complete NAFMS and R : ® — © be a -contraction.
If W or & is continuous, then R has a unique fixed point.

Proof. Let gy € © and assign the sequence {g, } by ¢, = R(g,) forallb € N.If g, ; =g,
then ¢, is a fixed point of ®. Let g, 1 # ¢, for all natural numbers b with the point 0.
Therefore, from (2), we have

6(Fms (6, 6p41,7)) = O(Fms(Rgy_1, Rg,, 7))

> [0(min{Fus(6y—1, 65, ), Fms(6p—1, 6,1, ), Fns (65, Ry, F) 1"

= [0(min{Fins (6,1, 65, ), Fins (65—1, 6, F), Fims(6p, G511, 7) })]*
[6(min{ Fus (651,65, ), Fins (65, Go41,7) )" ®)

Assume that min{Fs(¢,_1,6p,7), Fus (65, 611, 7) } = Fus(Sys Gpy1, 7). Then, from the
inequality (3), we have

O(Fms(Gps Ghy1,7)) = [‘5(FmS(€b/€b+1/f>)]K > 8(Fns (6, Gp1,7))

which is a contradiction. Therefore, we have min{Fs(¢,_1,6,7), Fus(Gy, Gpi1,7)} =
Fius(6y,—1,6p, 7). Then, from the inequality (3), we have

K

8 (Fins(Ghr Go+1,7)) > [0(Fms(Gp—1,6p,7))] -

By repeating the process, then, we obtain

K

0(Funs(65:641,7)) = [6(Fms (61,65, )] = oo 2 [6(Fms (co,61,7))] - €9

As the limit b goes to co in (4), we have
lim 5(Fms (gbr Ch+1s f)) =1
b—yoo
Then, from the property of J, we have
lim Fius(6y, G541, 7) = 1. @)
b%oo

The sequence {g, } being G-Cauchy: In order to show that, if the inequality (4) is used,
then, we have

‘5(Fm5(€b/€b+p/f)) > [5(Fm5(9b71r€b+p71/f))]’<
[6(Fms (652,65 p—2:F))]"

v

K

[0(Fms (6o, Cps ) (6)

v

Since for some fixed p, 6(Fyus(bo, bp, s)) is fixed and as the limit as b goes to co in the
inequality (6), we have
Jim 8(Fons (G5 Gppr 7)) = 1.
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Then, from the property of 5, we have
J}E{}OFMS(QM Cht-prs f)=1

Therefore, {¢,} is a G-Cauchy sequence. From the completeness of © , there exists
¢ € O such that blim ¢, = ¢. If G is continuous, from (5), we have
—00

(e, R, ) = lim s (65, Ry, ) = Him PGy, 6541,) = 1.

This proves that ¢ is a fixed point of . Let d be continuous; then, we claim that R¢ = ¢.
On the contrary, let ®¢ # ¢. In that case, there is an by € N such that {¢,, } is a subsequence
of {g,} for which Fys(g;,, Rg, ) < 1 for all by > by. If the inequality (2) is used, then, we
have

S
S
[0
=[5

Fins (Gbkﬂr Rg, 7))
Fins (%gbkr Rg, f))

min{FmS (Qbkf g,f), Fins (Qbk’ %Qbkf f)/ Fms(g/ §RQ, f)})r
min{Pms (Qbk/ grf)/ Fins (Qbkr gbkﬂri‘)f Fins (Q, R, f)})]x @)

v

(
(
As b approaches oo in (7), we obtain

6(Fms (6, Rg, 7)) = [6(Fs (6, Re, ))]* > 6(Fus(c, Re, 7))

a contradiction. Hence, ¢ is the fixed point of R.
Now, to show the uniqueness of the fixed point i, we assume that ¢, 0 € ® are two
fixed points of R. If ¢ # ¢, then there exists # > 0 such that 0 < Fys(g, 0,7) < 1, and hence,

0(Ems(g,0,7)) = o((Rg, Re, 7))
[6(min{Fus (g, 0, ), Fins (¢, g, #), Fns (0, Ro, ) })]*

= [0(Fms(c 0,7))]"

> 6(Fus(c,0,7))

v

a contradiction. Hence, the fixed point of R is unique. [

Remark 1. Let (©, Fys, V) be a complete NAFMS and R : © — © satisfying the following
condition:

Fus(Wg, R, #) <1 = 0(Fus(Rg, R, 7)) = [0(Fus(c, 0,7))] ®)
forallg,b € ®,5 € Sandx € (0,1). Then, R is a continuous mapping.

Proof. From continuity of J and (8), it is seen that ¥ is a contractive mapping, i.e.,
Fins(Rg, Ro, #) > Fus(g, 0, 7)
forallg, 0 € ©, g # No. Thus, N is a continuous mapping. O

Corollary 1. Let (©, Fys, V) be a G-complete NAFMS and R : © — © be a mapping. Assume
that there exist 6 € S and x € (0,1) such that

Fus(Rg, o, 7) <1 = 6(Fus(Ng, No, 7)) > [0(Fus(c, Qrﬂ)];{ )

forall g, 0 € ©. Then, R has a unique fixed point.
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Proof. Let the sequence {¢,} be defined as in Theorem1 and ¢, # ¢, forallb € NU {0}.
Therefore, by the inequality (9), we have
6(Fus(65/6p11,7)) = 0(Fus(Rgy, 1, Rey, 7))
[6(Fns (651,65, 7))]"
, 2
[6(Fms (652, 65-1,7))"

v

v

[6(Ens (g0, 61, #))]* - (10)

As the limit goes to o in (10), we have

lim 6(Fins (6, 6p11,7)) = 1.

hb—o0

Then, from the property of J, we have
lim Fus(Gy, Gpp1,7) = 1.
h—ro0

Similar to Theorem 1, it can be shown that the sequence {g, } is a G-Cauchy sequence.
Since O is complete, there exists ¢ € ® such that nlgn ¢, = G- On the other hand, note that

R is continuous. Then, we obtain ¢ = ¢.
Now, to show the uniqueness of the fixed point i, we assume that ¢, 0 € © are two fixed
points of R. If ¢ # ¢, then there exists 7 > 0 such that 0 < Fy;s(g, 0,7) < 1, and hence,

8(Fus(c,0,7)) = 6(Fus(Rg, R, 7)) > [6(Fus(g,0,7))]* > 6(Fus(c, 0, 7))

which is a contradiction. Hence, the fixed point of R is unique. O

Example 1. Let © = [1,4] and Fyus(¢, 0,7) = %for allg,0 € ®and # > 0 with t1 Vi, =

tyty. It is clear that (©, Fys, V) is complete NAFMS also from the work of Romaguera et al. [19].
Let 5 : [0,1) — [0,1] be such that 5@ = e~V1=® forall @ € [0,1). It is clear that all the properties

of the & are satisfied. Define R : @ — © by Rv = /v for all v € ©. We want to show that R
satisfies the inequality (9). Let ¢ < ¢ forall g,0 € ©. Then,
Fns(Rg, No,7) < 1
= O(Fus(Rg, No, 7))
_ T E(eTa
> e /1—Fus(g,0,7)
= [0(Fus(c, 0, 7))]" (11)

for some x € (0,1). The inequality (11) is equivalent to

V1= Fus(Re, Ro, #) < ky/1— Fus(s,0,7).

Then, we have

V1—Fus(Re, Re,#) __ 1—Fus(Rg R, 7) _

K > 12
1—Fus(g,0,7) — 1—Fus(g,0,7) (12)

for some x € (0,1). Thus, we have

LB SR
"V_ T ve 2
1-¢ NV RV



Fractal Fract. 2023, 7, 58

6 of 10

Hence, the inequaity (12) is satisfied with x = \/g . Therefore, all the conditions of Corollary 1
are satisfied and v = 1 is the unique fixed point of R.

3. Application to Integral Equations

Let Y = C([g, 0], R) be the set of real continuous functions for ¢ > 0. Define Fy; :
Y x Y x (0,00) — [0,1] as

LIUBD)

Fus(n, p,7) = e 7
forally,u € Yand # > 0, whered : Y x Y — [0, c0) is defined by

d(i7,u) = sup [17(s) — u(s)|
s€[g,q]

with the continuous t-norm V such that t1Vt; = min{ty,t;}. Since (Y,d) is a complete
metric space, then (Y, Fys, V) is complete NAFMS. Consider the Fredholm-type integral

equation as follows:
Q

1) = u(r) + [ Glr,s)9(s,7(s))ds (13)
¢
and consider the mapping ¢ : Y — Y by

forall7,s € [g, 0] where

(A -1) ¢ : [¢, 0] x R — R is continuous;
(A 2) u : [g, 0] — Ris continuous;
(A-3) G : [¢, 0]  [g, 0] — R is continuous;

(A-4) If Fus(Rn, Ry, 7) < 1, then

9(s,71(5)) = @(s, 1(s))] < [5(s) — p(s)]|

forally,u € Yands € [g, 0;
(A-5) The following inequality holds:

Q
/G(r,s)ds <
14

NI~

forallr,s € [g, 0]

Theorem 2. Under the assumptions (A-1)~(A-5), the Fredholm-type integral Equation (14) has a
solutionin'Y.

Proof. Here, we show that it satisfies all the conditions of Corollary 1. For any 7,y € Y,
we have

Q
(1) = Ru(n)] = | [ Glr,9)[g(s,m(5)) — pls, u(s)lds

:
< [ G () ~ pls u(s))] ds
3



Fractal Fract. 2023, 7, 58 7 of 10

IA
[
—~~
=
-
~—
m\@
Q
—~
3
Z
[
V2]

IN
.
~—~
S5
=
~—

Therefore, we have

and so we obtain

Define § : [0,1) — [0,1] by §(@) = @ for all @ € [0,1). Using (9) and the property of 6,
we have

8 (Fns(Riy, R, 7)) > [8(Fus (7, 1,)].
If we choose x = § € (0,1) such that

O (s (Rig, R, 7)) = [6(Eons (17, 1, 7))"-

Therefore, it has a unique fixed point, that is, the integral Equation (11) has a unique
solutioninY = C([g, 0|,R). O

Fixed point theory has many applications in some branches of mathematics. In partic-
ular, fixed point theory solutions are used to find the solution of some kinds of equations.
For example, Abdeljawad et al. [20] recently presented an application for fractional differ-
ential equations. In the following section, we show the result of our main theorem and the
existence of solutions of fractional differential equations.

4. Application to Fractional Differential Equations

In this section, we show that a nonlinear fractional differential equations has a solution
in the sense of the Caputo derivative. Recall that the Caputo fractional derivative of y(s)
order ¢ > 0 is denoted by ©D?y(s), and it is defined as follows:

°DY3(s) = gy [ G =01 )
0

with A = [|9]] +1 € N, where ¢ € [A —1,A) and [|9]] denotes the greatest integer of & and
7 : [0,00) — R is continuous. Let X = C([0, 1]R) be the set of all continuous functions from
[0,1] into R. Define Fys : X x X x (0,00) — [0,1] as

LIUBD)

Fus(n, p,7) =e= 7

forally,u € Xand # > 0, where d : X x X — [0,0) is defined by

d(n7,u) = sup |1(s) — u(s)]
s€(0,1]
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with the continuous t-norm V such that t; Vt; = min{#, t; }. Since (X,d) is complete metric
space, then (X, Fys, V) is complete NAFMS. Consider the fractional integral equation as
follows:

1
ns) = r(lﬁ) 0/<sp>ﬂ—1¢<p,n<p)>dp(zf% b/<1p>”-1¢<p,n<p>>dp

2s o f
+(2_tz)r(19)0/(0/(P—v)‘9 (v, n(v ))dv) dp (14)

and consider the mapping T : X — X by

S

1
) = 0/<s_p>ﬁ—1¢<p,,7<p>>dp s )0/ (1-p)* (o n(0))dp

t/e

0 \O

where
(A-1) ¢ : [0,1] x R — R is continuous and *D?(5(s)) = ¢(s, 1 (s)) with the boundary

conditions t
7(0) = 0,51(1) = [ y(p)dp
0

forally € X,s,t € (0,1), 9 € (1,2].
(H-2) If Fyus(Ty, Ty, #) < 1, then

(b, 17) = ¢(b, )| < T (8 + x|y — pl
forally,u € X,k € (0,1) and b € [0,1].

Theorem 3. Under the assumptions (H-1) and (H-2), the nonlinear fractional differential equation
has a solution in X.

Proof. Here, we show that T satisfies all the conditions of Corollary 1. For any #, 1 € X,
we have

[Tn(s)) — Tu(s)l

1
r(ll% O/(S —0)" (o, 1(p))dp — (z_fj)rw) 0/(1 —0)? 90, 7(0))dp

t [P
= [ (Jo- oo
0 0

S

1
_1~(119)0/(5_P)19_14’(Pr7/‘(ﬁ7))dp+Qj%!(l—p)ﬂ_l¢(p,y(p))dp

e /(i “(vy())du)zﬂp
OO

S
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< r(lﬁo/ 0)" (o, 1(0)) — 0l 1(p)) dp
T 0/1<1 1 (o,1(0)) — 9o, () dp
e O/O/P 0)" (0, 7(0)) ~ 9(0, 4(0) Jdo dp
< [(6= 00110+ 1xln(e) - (oo
T 0/1 (1 - )" 'T (8 + el (o) — (o) ldp
TR —t2 O/to/p —0)? 708 + x| (p) — (o) |dvdp
< F(ﬂ+1)Klv(p)—ﬂ(p)lr(119)( 0/ (s=p)" Mp+ o 0/1 (1-p)*dp

_tz /t /p (P—v)“dvdp)
00

1 § 2% 1 26 g0+1
< r(z9+1)1<d(17,u)r(19)<19+(2tz)lﬁ(ztz) z9(19+1))

1 25 2 9+1
< 1"(19+1)Kd(77fﬂ)m SUP](S“ 2-0)  2-8) (z9+1)>

s€l0,1
< xd(n, p).

Thus, we obtain

|Tn(s)) — Tu(s)| < xd(y, ).

Therefore,

sup |T7(s)) — Tu(s)| < xd(y,p)
s€(0,1]

= d(Ty, Tp) < xd(1y, p),
and so, we have

o (Tv Tu) > ede(nru)

Define 6 : [0,1) — [0,1] by é(w) = w for all w € [0,1), using (9) and the property of 6,
we have
6(Fins (T, Ty, #)) = [0(Fus (17, 1, 7))]".

Therefore, T has a unique fixed point, that is, the nonlinear fractional differential
Equation (14) has a unique solution in X = C([0,1],R). O

5. Conclusions

Jleli and Samet [2] principle and proved an important result, showing the existence of
fixed points for such contractions in metric spaces. By taking the concept of #-contraction
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from work in [2], of é-contraction, which is a different and new contraction obtained by
changing some conditions in the ¢-contraction in the previous study. We have proved
the existence and uniqueness of the fixed point of functions by using this J-contraction
condition in complete NAFMS. We have proved some fixed point results by using the
é-contraction. We have provided an example, and we have presented an application to
show that solutions to integral equations can be found.
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