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Abstract: In this manuscript, we discuss fractional fuzzy Goursat problems with Caputo’s gH-
differentiability. The second-order mixed derivative term in Goursat problems and two types of
Caputo’s gH-differentiability pose challenges to dealing with Goursat problems. Therefore, in this
study, we convert Goursat problems to equivalent systems fuzzy integral equations to deal properly
with the mixed derivative term and two types of Caputo’s gH-differentiability. In this study, we
utilize the concept of metric fixed point theory to discuss the existence of a unique solution of
fractional fuzzy Goursat problems. For the useability of established theoretical work, we provide
some numerical problems. We also discuss the solutions to numerical problems by conformable
double Laplace transform. To show the validity of the solutions we provide 3D plots. We discuss,

as an application, why fractional partial fuzzy differential equations are the generalization of usual

check for
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Uniqueness Result for Fuzzy

Fractional Order Goursat Partial
Differential Equations. Fractal Fract.
2024, 8,250. https://doi.org/ 1. Introduction
10.3390/ fractalfract8050250 The concept of dealing with fuzzyness in real life was initiated in the work of pa-
per [1]. Classical calculus has been extended to fuzzy and fuzzy fractional calculus for
the last two decades. The attention of many mathematicians to modern fuzzy and fuzzy
fractional calculus is due to their significant applications, realistic description of physical,
optimization, linear programming, banking industry, and biological problems. To optimize
path length and energy consumption of robot routing [2], we use the fuzzy concept. The
use of fuzzy concepts in the data analysis in banking [3], medical resources allocation [4],
decision-making model for the operating system, and human—computer interaction [5],

etc., show the importance of fuzzy calculus. Also, the uncertainty in physical models is
dealt with easily in the fuzzy models [6,7].

Partial differential equations (PDEs) deal more with real-life problems than ordinary
This article is an open access article  differential equations (DEs) because, during the study of natural phenomena, we often face
distributed under the terms and  Several variables simultaneously. However, due to uncertainty, PDEs sometimes face diffi-
conditions of the Creative Commons  culty in the study of physical problems. To remove this drawback, the paper [8] introduced
Attribution (CC BY) license (https://  the fuzzy PDEs (FPDEs). In this direction, many researchers share their contributions, and
creativecommons.org/licenses /by / the fuzzy models on heat [9,10], advection-diffusion [11,12], and the Goursat problem [13]
40/). stem from these.
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The generalization of integer order of differential and integral operators to real order
generalized classical calculus to fractional calculus. Moreover, integer order differential
operators are particular cases of the fractional order. Therefore, researchers show more
interest in fractional order differential and integral equations. Salahshour et al. [14] extend
the gH-differentiability to fuzzy fractional differentiability. In the papers [15-17], the
existence and solutions of DEs with fuzzy fractional differentiability were discussed. Some
fractional order problems are also studied in [18-22] and the references cited therein.

The Goursat problems have a second-order hyperbolic partial differential equation
with mixed derivative terms. This problem arises in the wave phenomena with mixed
derivatives. The Goursat problems are different from the other second-order partial differ-
ential equations like diffusion, advection-diffusion, and reaction-diffusion equations due to
the mixed derivative term. The Goursat problems have important applications in different
fields. Therefore, different solutions, processes, and applications of Goursat problems were
discussed in [23-26]. The existing conditions of Goursat problems with fuzzy boundary
conditions were discussed by [13].

In this manuscript, we discuss the Goursat problems with fuzzy boundary conditions
and Caputo’s gH-differentiability concept. A fuzzy function is Caputo’s gH-differentiable
if it is ©[i — gH|differentiable or C[ii — gH|differentiable. The second-order FPDEs with
gH-differentiability pose challenges due to two types of Caputo’s gH-differentiability. The
Goursat problems are partial differential equations with the second-order term having
mixed derivatives. Keeping these difficulties in mind, we study three aspects of these
problems. First of all, we convert the fractional order Goursat problem to equivalent systems
of fuzzy fractional integral equations to deal properly with the two types of Caputo’s gH-
differentiability in the mixed derivative term. Next, we show that the equivalent systems
of fuzzy fractional integral equations satisfy the FPDE and boundary conditions of the
Goursat problem. After that, the results for the existence of unique solutions to fractional
fuzzy Goursat problems are the goal of this study. In addition to theoretical proofs, in
this manuscript, we discuss numerical examples. We discuss the solutions of numerical
examples by conformable double Laplace transform. The manuscript also presents 3D
fuzzy plots of solutions to illustrate our findings. In the last, we discuss why fractional
FPDE:s are the globalization of usual PDEs. We also investigate the advantages of fractional
transform on the usual Laplace transform.

2. Preliminaries

Here, we revisit specific findings of the fuzzy and fuzzy fractional calculus. The fuzzy
set A is a fuzzy number if it satisfies the following properties for all [, m,n,p € R;

(i) A is upper semi-continuous;

(ii) Aisconvex, ie, ® € [0,1], A(dm+ (1 —9)n) > minA(m), A(n);
(iii) Aisnormal, ie., A(p) =1;

(iv) Closure of set {I € R | A(I) > 0} is compact.

The set of all F-numbers is fuzzy space, denoted by Rr.
The « -level set is [A]" = {a € R|A(a) > a} where [A]* = [A% A"]e Rp for all
0<a<1[27].

Definition 1 ([28]). The dr : Rp x Rp — R U {0} is metric define in term of Hausdorff distance

dr(xy) = sup d(xy") = sup max{|x® —y*|, [&* ~7"|}.
a€0,1] ae(0,1]
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The complete metric space (dp, Rp) has the following properties for all a, x,y,z € Rp.

Dy)dp(x+z,y+z) =dp(x,y);
Dy) dp(ax,ay) = adp(x,y);
D3)dp(x+a,y+z) <dp(x,y) +dr(a,z).

In this manuscript, I = (4,b) and | = (¢, d) are open intervals of real numbers

Definition 2 ([28]). The x : I — Rp is continuous if for € > 0,0 > 0 and arbitrarily fixed xy € R
hold the condition
|x—xo| <0 =dr(x(x),x(x0)) <e.

Corollary 1 ([28]). The function x : I — R is integrable if it is continuous.

Remark 1 ([28]). If A : I — Ry is integrable and [A(9)]* = [A%(8), A" (8)] then [[A®)]" =
[ A%(9), [ A% (8)].

Lemma1 ([27]). If A, B : I — Rp is integrable and x € R then

(i) [(A+B)=[A+ [B.

(i) [xA=x[A.

(iii) dp(A, B) is integrable in interval I.
(o) dr([ &, [B) < [dr(A,B).

Definition 3 ([29]). Let A, B, C € Rr then gH- difference of A, B is define by

A=BaC,

A@«%’HB:C@{B_A@(—C).

If the H- difference A © B exist then A© B = A ©gy B.

Definition 4 ([9,30]). The partial gH-differentiability of U : I x | — Rp, with respect to T exist

at the point (t,w) € I X | if one of the following conditions holds

(i)  The H-difference U(T + 6, w) © U(t,w), U(t,w) © U(T — J, w) exist for sufficiently small
8 > 0 and the folloing limits exist in (dp, Rf).

lim w = lim w = DiLU(t,w).
6—07t 6—0t

(ii) The H-difference U(t,w) © U(t + 6, w),U(T — 6, w) © U(T, w) exist for sufficiently small
0 > 0 and the following limits exist in (dp, Rf).

lim UE)oU(rtiw) = Di(t,w).

— lim U(t—d,w)oU(t,w)
6—0F ) 50t (=9)

The first one D'+ (T, w) is referred to [i — gH| differentiable and second one D (, w)
to [ii — gH) differentiable.

Lemma 2 ([9,30]). Let U: I x | — R, is a continuous function and [U(t, w)]"= [U*(t, w),
U (1, w)] with 0 < & < 1. Then for (T,w) € I x | one can have

(i) If[DLU(t,w)]" exist on I x J, then [DLU(t,w)]" = [DTM‘X(T,OJ),DTEIX(T,CU)}.

(i) If[DLU(t,w)]" exist on I x ], then [Di,U(t, w)]" = [wa(r,w),pw@“(r,w)].

(iii) If [DIU(t,w)]" exist on I x ], then [DiU(t,w)]" = {Drﬁa(r,w),DTU"(T,w)}.
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(iv) If[DEU(t,w)]" exist on I x |, then [DZU(T,CU)]IX = [Dw@“(r,w),Dwﬂ“(r,w)].

Definition 5 ([13]). Let u: I x | — Fg be a fuzzy function. If for k,1 € {i,ii} the D5u and
Dl u exists on I x J. Then, u is second-order partial [k — gH) differentiable with respect to x at
(x0,40) € {x0} x I and [l — gH| differentiable with respect to y at (xo,yo) € {xo} X J.

Let us denote the partial second-order [k,1-gH]differentiability of u with respect to x,y
at (xo, o) by Dlé’ylu(xo,yo) where k, I € {i,ii}. Similarly, we have D];,i Dlycgiu Dkyu For
k =1 wherek,! € {i,ii} one can write Dk u, D.u, Dk u and Dk

Lemma 3 ([13]). Let x : I x | — Rp is continuous and [x (T, w)]" = [x*(7,w), x* (T, w)] and
0 < & < 1such that DXL, x(t, w) exist on I x |, then

(i) [D¥x%(t, )] = [Drwx®(T, @), Drwx™ (T, w)] if k = L where k,1 € {i,ii}.
(i) DY x*(t,w)] = [DrwX*(T,w), Dew)™(T,w)] if k # L where k,1 € {i,ii}.

Lemma 4 ([28]). Let x : I — Ry is gH -differentiable at s € I and derivative X' : I — R is
continuous at each s € I then

dr(x(s), x(t)) < (t—5) ;Iel[c”sl):] dr(x'(x),t), forall s,t € Twith s < t.

The space C(y.j)(I x ], RF) consistof u: I x | — Rp suchthat [u(s,t)]* = [u"(s,t), 7" (s, t)]
then v(s, t) = D¥u(s, t) and w(s,t) = Dlu(s, t) are continuous. Now, according to Lemma 3
one can write

[v(s,1)]* = [Dku(s, £)]" = { [[[%ﬁu ((, )), ?"‘(Ss,,t%],&fkk::ii

and
« « | [Dwu*(s,t), Diui*(s,t)], if =1,
[W(S, t)] - [Di{u(sr t)} - { [Dtﬁ“(s, t)/Dtﬂlx(S/ t)]/ lfl — ll

Also for k,1 € {i,ii} and (s,t) € [ x J.
[DFu(s,1)]" = [Dlo(s,1)]" = [Dsu® (s, t), Dyt (s,1)], if I = k.

[DMu(s, )] = [DXw(s, 1)]" = [Disi(s,t), Disu® (s, 1)), if | = k.

and
[Difu(s, 1)) = [Dho(s, 1)]" = [Dau® (s, ), Duftt® (s, 1)), if I # k.

[DMu(s, 1)) = [Dkw(s, 1)) = [Disi®(s, £), Drsu® (s, 1)), i 1 # k.
Lemma5 ([13]). Let u : (0,S) x (0, T) — Fg bedefined in the neighborhood (0, S) x (0, T) € R?
of point (t,w) € R2. Assume that Diu, Diu, DL u existin (0,S) x (0, T), Diu(t,w)be

continuous on T(for fixed w) Di,u(t, w) be continuous on w(for fixed t) and D ,u be continuous
at (t,w). If forall T € (0, S) the following H-Differences exist close enough to T.

(u(t+x,w+0) Ou(t+x,w)) o (u(t,w +6) ©u(t,w)) © kDL u(t,w),

(u(t,w+6) S u(t,w)) © (u(t — k,w +68) S u(t — x,w)) © kDL u(T,w),
(u(t,w) O u(t,w —96)) & (u(t — k,w) O u(t — x,w — x)) © kDL Lu(T, W),
(u(t+x,w)ou(t+x,w—=5)) o (u(t,w) ©u(t,w —«)) © kéDL u(t,w).
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And for all w € (0, T) the following H-Differences exist close enough to w.
(tT+zw+68)©Du(t+z a))) © 0D u(T,w),

(Dl
(D u(t+z,w) 0 Diu(t +z,w — (5)) 6 0DL u(t,w),
(D u(t —z,w+06) © Diu(t — w)) o 0DL u(t,w),
(D u(t —z,w) © Diu(t z,w—é))95Diwu(T,w),
Forz € [0,x] and x,6 > 0 small enough that D% u(t, w) exist and D% ,u(t,w) = D, u(t,w).

Remark 2 ([13]). Since DL exist in (0,S) x (0,T) € R?, then (u(t +x,w +6) S u(t,w +6))
(u(t+x,w) ©u(t,w)) exist for x,6 > 0 enough small. The H-Differences

(u(t+rxw+d)cu(t+xw)) o (u(t,w+9d)ou(t,w)),

(u(t+x,w+d6)cu(t,w+d)) o (u(t+xw) ou(t,w)),

exist and (u(t+x,w+d)cu(t+rw)) & (u(t,w+d)cu(t,w)) = (u(t+x,w+9)
ou(t,w+96)) © (u(t +x,w) ©u(t,w)). Using Lemma 5 one can obtain

. (u(t+xwtd)cu(t+rw))o(u(tw+d)ou(tw)) i
55000 N = Portlme)
Similarly
lim (u(T+K,w+J)9u(T,er:i)S)@(u(TJrK,w)@u(T,w)) — Di u(t,w)

(x,6)—(0+,0%)

Definition 6 ([31]). Let u(T) be a function, the integral of fractional order is defined as

OTu(t) = ﬁ J7 (7 — @) Mu(w)dw, 6 >0,

Definition 7 ([31]). Caputo’s derivative of u(t) is defined as

CDOu(t) = gy Jo (= )" (©)dE, 6> 0.

Definition 8 ([15]). Caputo’s gH-differentiability of fuzzy valued function u € CF[0,b] N LF[0, b]
is defined as

SaDb () = gy [ (=9 () <1>

(i) wis said to be “[i — gH] differentiable if Equation (1) holds and u is (i) -differentiable.
(ii) w is said to be “[ii — gH| differentiable if Equation (1) holds and u is (ii) -differentiable.

Lemma 6 ([15]). Let function u € ct [a,b], then for0 < 6 <1
(i) Ifuis C[(i) — gH] differentiable then CH19 (C DY u(t)) = u(t) ©en u(a).
(ii) Ifuis €[(ii) — gH] differentiable then ¢ et Lot (gHDg+u(t)) = —u(a) Ogn (—1)u(t).
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Lemma 7 ([14]). Let us have the following equation with 0 < 6 <1
CD0u(x) = flxu(x), (2)
u(a) € Fg.

(i) Ifuis C[i — gH| differentiable, then the equivalent integral form is
u(x) = u(a) + o [ (e 2) fzu(z) iz
a I'(0) Ja '

(ii) Ifuis C[ii — gH] differentiable, then the equivalent integral form is
u(x) = u(a) & — / (x — 2)" (2, u(2))dz
N I'(0) Ja ’

Definition 9 ([32]). Let Caputo’s fractional derivative of u € CF[0,b] N LF[0,b] with u =
[u*(t),7*(t)], « € [0,1] and ty € (0,b) be defined as

[CD%u(t)]" = [CD%u™(to), D'u*(to)],

where

DU (to) = gy [ o (£ )" (9]
DU (t0) = gy | Sy (6= )"0 gt ()]

where n = [0] with 6 € (0,1].

Definition 10 ([31]). The Mittag-Leffler function E., g of two parametric forms is defined in the

series form as follows
0 k

Eyp(v) = Z m &)

k=0
where v > 0, B > 0. Integrating (3) term-by-term, we obtain

/O' t E, (A0 )oP~do = £7E, 5.1 (A7), (B > 0). 4)

Definition 11 ([33]). The conformable Laplace transform(CLT) with respect to T of u(t,w) is
given as

0
Lou(t,w) = u(s,w) = [;° e * 7 u(t,w)dyT. 5)
Lemma 8 ([33]). 0-th order conformable Laplace transform(CLT) of order 0 < 6 < 1 is define as
%y ~ ~
L[5 = sli(o)] - [0)) (6)
3. Existence and Uniqueness Results of Fractional Order Fuzzy Goursat Problem

Now, we discuss an existing result for a unique solution of the fractional order fuzzy
Goursat problem.
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Let us consider the following fractional FDEs of order 0 < 6 < 1.

*Diyu(x,y) = m®Diu(x,y) + m’Dhu(x,y) + azu(x,y) + G(x,y),
u(x,0) = ¢1(x),0 < x < xp,

u(0,y) = ¢2(y),0 <y < yo,

$1(0) = ¢2(0).

)

Such that aq,a5,a3,G : Y — R are continuous on the close rectangle Y = [0, xo] x [0, yo]
where ¢7(x) : [0,x9] — Fr and ¢2(y) : [0, 0] — Fr are also continuous and k,! € {i,ii}.
We search for solution u(x,y) € C ) (Y, Fr).

Definition 12. The fuzzy valved function, u € Cy ;) (Y, FR) is the solution of Equation (7) if
u(x,y) satisfies problem (7).

Letu € C(k 1) (Y, Fr) be the solution of Equation (7) such that eDy;’l)u(x, v), Dkxu (x,y)
exist and ? DY/ yu(x,y) = 6 pli yxit(x,y). We convert Equation (7) to the following equivalent
systems. For this put *DXu(x,y) = o(x,y), GD]l/u(x,y) = w(x,y) where v,w:Y — Fg are
continuous fuzzy functions. Therefore, we deduce

*Drw(x,y) = *Dyo(x,y) = ao(x,y) + aaw(x,y) + azu(x,y) + G(x,y),
0(x,0) = 9Dk<l>1( ),0 < x < x, (8)
w(0,y) =Dy (y),0 < y < yo.

Using, Lemma 7 and initial condition we have

1:  For k = | = i, the following system of equations is obtained

u(x,y) = re fo y—- y) - (i‘/y/)dy/’
v(x,y) = 9D’ ( + 1-9 fo y— y) “Hayv + aqw + azu + G)(x,y')dy/, (9)
w(x,y) = Diga(y) + £y [y (x = )" (@10 + apw + asu + G) (x', y)dx'.

2:  For k =iand ! = ii, the following system of equations is obtained

u(x,y) = ¢1(x re fo y—y)’ ; zf(x,y’)dy’,
v(x,y) = D} ¢1 +1 Jd W=y (a0 + apw + azu + G)(x,y')dy/, (10)
w(x,y) =Dy (y ) (D) [ (x = )" N ayo + aw + azu + G) (', y)dx’

3:  Fork =iiand ! = i, the following system of equations is obtained

u(x,y) = p1(x) + &5 3 (v — )" w(x,y)dy,
o(x,y) = *Dig(x) © (1) [¥ (v — )" (@10 + aw + asu + G) (x,y')dy’, (11)
w(x,y) = "Diga(y) + f Jy (x— )" (o + ayw + azu + G) (x', y)dx’

4:  For k = | = ii, the following system of equations is obtained

u(x,y) = ¢1(x) © (-1 % J§ ="l y)dy,
o(x,y) = Digi(x) © (g J§ (v =) 71(010 +aw+azu+ G)(x,y')dy’, (12)
w(x,y) = 9D{jgb2(y) o (-1 rl fo xX—x )9_1(a1v + ayw + asu + G) (¥, y)dx’.
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Conversely, let us suppose the functions u(x,y), v(x,y) and w(x,y) are continuous
on Y and satisfying one of the system (9)—(12). We have to show that a solution u(x,y) to
the system of integral equations is the solution to the problem (7) and u € C; ;) (Y, Fr).

Using Lemma 6 and Equation (9), we deduce Equation (8) and QD;u(x, y) =w(x,y).
Then, w(x,y) = *Dipa(y) + 75 Jo (x — )N ay0 + apw + azu + G) (x',y)dx’ is €[i — gH]
differentiable with respect to x. Therefore

D5 (1005 )

(1, {*Diga(y) + y Ji (x = x)° (@10 + mw + asu + G) (', y )’ }ay'),
= gDi{ely( “Dya(y )) } +ODLL, &[5 (x — ) (@10 + apw + azu
+G)(x,y)dx'dy'},

= GDQ{" (GDZ $2(y )) } +D 0L, {5 [y (x— a0 + aw + azu

+G)(x,y)dx"}ay’,

= DL{01, [ (x =) (@10 + aw + asu + G) (', y )’ fay,

=15 Jo v =y (o + @+ asu+ G) (x' )y
Now, on the other hand

'L, (Dl ) dy

=9, (eDi {"D’ o(y)+ 15 Jo (x— ) ayo + ayw + azu + G)(x’,y’)dx’})dy’,

= ely{eDl <9Dl P2y )) } +01,( Dif 5 J (x = )" (@10 + ayw + asu

+G)(x,y)dx'})dy’,

- ely{eDl <9Dl P2y ))} +01,{°Dirg Jo (x—x N o + aw + azu

+G)(x,y')dx"}dy',

=D {GD; 0 Jo (x— )M ayo + ayw + azu + G)(x’,y’)dx’}dy’,
=5 IS w—yv) 71(a10 + ayw +azu + G) (¥, y")dy'.
From above we can obtain
°DL (“yw(xy)dy') = 1, (“Diw(x,y) )y’ (13)
From Equations (8), (9) and (13) and Remark 1 for k = I = i, we deduce
"Diu(xy) = “Diga(x)+ DL fy i (v —y)" Mz y)ay'},
= "Dign(x) +°DL(*Lw(x,y")dy"),
= ODigi(x) + i J§ (v — )" (o + aw + au + G) (¥, y)dy,
= v(xy)Vixy) ey

Now, we show that u(x,y) € C;; (Y, Fr) is a solution of Problem (7).

’Dju(x,y) = *Diw(x,y) = (a10 + axw + azu + G) (x,y) = *Djv(x,y) = Diyu(x,y).
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By Equation (9), u(x, y) satisfies the boundary conditions of Problem (7)

u(xy)l,—o = ¢1(x),0<x<x,0<y <yo

W y)mg = $100)+fy Jy (v —y)° w(0,y)dy’
= ¢1(0)+ &5 J7 (v =) Do (y)dy
= $1(0) + $2(y) © $2(0)’
= $(y),0<x<x,0<y <o

Now, we take the case k = ii,/ = i. Using Lemma 7 and Equation (10), we deduce
Equation (8) and 9D’ u(x,y) = ( ,Y). Then

w(x,y) = "Dl cp2( Yo (-1 rle fox (x — x’)eil(alv + ayw + azu + G) (¥, y)dx" is
Clii — gH] different1able with respect to x. Therefore

"D (UL w(x,y )dy)
X
=D¥|’1 f APDiga () © (~1)y i (x = ) aro + axw + azu + G) (v, y)ax' fay|,
= 0pii ["Iy{"Dlycpz(y)}] + DI {{ [y (x— 7 a0 + aw + azu
+6) (', y)dx"}ay'],
:9D§j{ (9Dl4>2( ))} + DI 01, 75 [5 (x - N (a0 + ayw + asu
+G)(«,y)dx'}dy',
= DE{01, 5 [ (x = x)" (@10 + a0 + asu + G) (v, y ) by,
=B J§ (v~ )" (@10 + axw + azu + G) (v, y )y’
Now, on the other hand
91 (GDii (x y,))dyl
y
— ely{ 9Dzz <9Dz 4)2( ) ( )rie fox (x — x/)efl (410 + apw + asu + G)(x’,y’)dx’) }dy/,

=9 {QD’ (QDZ $2(y ))} +91y{9D§c(rl9 fox (x—x’)efl(alv—l-azw—i-ag,u
+G)(x, y)dx") jdy’,

:Gly{9D§f<9D1cp2( ))} + L {°Didy [y ( (x — ") N a0 + ayw + azu

+G) (¥, y)dx"}dy’,

=9 {Gllrle 0 x—x)efl(alv—i—azw—i—ag,u—&—G)(x’,y’)dx’}dy’,

= & 0 b =y)’ T (mo+ aw+au+ G)(x, y )dy'

From above we can obtain

"D ( *1yw(x,y)dy') = °1, ("Diw(x,y) )y (14)
From Equations (8), (10) and (14) and Remark 1 for k = ii,] = i, we deduce
*Diu(x,y)
= ODiign (x) + GD”{M S '>9*1w<x,y'>dy'} = *Difn (x) + D (L (x, )y’
=Dl (x) + o fo —y')" (alv +aw+azu+ G) (X, y)dy =v(x,y)V (x,y) €Y

Now, we show that u(x,y) € C;;; (Y, Fr) is a solution of Problem (7).

GD;?’i}u(x,y) = Dilw(x,y) = (a10 + ayw + azu + G) (x,y) = GD‘ (x,y) = ,{fy”}u(x y).
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By Equation (10), u(x, y) satisfies the boundary conditions of Problem (7).

(xy)lyo—4>1()0<x<x00<y<yo
=¢100) + 15 J (v — )" w(0,y)dy' = ¢1(0) + 15 [ (v — )’ DI oy )y’
:¢1()+¢2()@¢2()—¢2( ),nggxo,ogygyo.

The case k = i,] = ii can be proven by a similar procedure; therefore, we omit details here.
Now, we take the case k = | = ii. Using Lemma 7 and Equation (12) we obtained

Equation (8) and eDii (x,y) = w(x,y). Then
w(x,y) = 9D”4>2( )e (- fo (x— ) (@10 + axw + azu + G)(«, y)dx' is
C[ii — gH] differentiable with respect to x. Therefore
Oyii( 6 ! /
D! ( Lw(x,y")dy )
= *DI{ 1, ( *Diga(y) & (1) 5 Ji (x = )" (@10 + axw + au + G) (', )dx') }y’
- GD;}‘{ 1, ( "D;iti)z(y)) } & (—1)PDI{ 1, (L [ (x — )" (@10 + ayw + asu
+G) (' )dx")dy'}
:GDg{GIy(GDg‘PZ(y))}@( DD L, d5 o (x = x)" " (ay0 + axw + asu
+G) (e, y')dx' Yy’
= o(- 1)9Diz’(9 1"16 fox X—xl)eil(lll’(]—i-ﬂzw—Fﬂgu—FG)(Xl,yl)dxldyl)
=o(-1g [ y—v) ) (410 + arw + azu + G) (x, y')dy'.
Now, on the other hand
6[ (GDiiw(x/y/))dyl
73/91 {xeDz‘i (9Diz‘ 1 (x 1 0-1 J
=01, 2(y) & (~1)g J (x =2 (@0 + @y + asu+ G) (v, y)dx') ey,
:ely{ 9D2(9D1¢> (y ))} (1)L {°Di (L f (x— )" (@10 + apw + au
+G)(x,y')dx") }dy,
— o1, {0 (Diiga(y)) } & (~)CIH DIy i (x = ) ayo + azw0 + agu
+G)(x,y")dx' by,
o(-1)°1,{*Di S )’ (@10 + a0 + agu + G) (', /)’ Yy,

S(-1) 4 J§ (y— ) (410 + axw + azu + G)(x, y')dy'.
From above we can get
"D (*ryw(x,y)dy') = °1, (*Diw(x,y) )dy (15)
From Equations (8), (12) and (15) and Remark 1 for k = [ = ii, we deduce

°Diiu(x,y)

= Diign (x) & ()’ DE{ 5 Ji (v = y)* Mo )y}

= *Dilgn (x) © < >9D” L, y)dy)

= Dign (x) + Vo5 J (v — )" (@10 + aw + azu + G) (x', ') dy’
=o(xy) V¥ (x, y) € Y

Now, we have to show u € Cj; ;) (Y, Fr) is a solution to Problem (7).
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opiity(

u(x,y)

= GDﬁfw(x,y) = (v + aw + azu + G)(x,y) = BD” (x,y) = QD{” i} u(x,y).

By Equation (12), u(x, y) satisfies the boundary conditions of Problem (7).
u(x/y)‘yzongl( ) 0<X<x0r0<y<y0
(%, y)l o= ¢1(0 re/ y=y) w(y)dy,

=¢1(0 re/ vy =) D)y,
= $1(0) + ¢2(y) © $2(0) = ¢2(y),0 < x < x0,0 <y < yo.

Hence, the problem (7) is equivalent to one of the systems from (9) to (12) under the given
restrictions. Thus, under the provided restrictions, Problem (7) is equivalent to one of
the systems of integral equations from (9) to (12). For the existence of the solution to the
problem (7) it is sufficient to study these systems of integral equations. Now, we discuss
the existence and uniqueness of results for the solution to Problem (7).

Theorem 1. Let ¢y is C[k — gH| differentiable and ¢, is [l — gH| differentiable for fix
k,1 € {i,ii} then Problem (7) has unique solution in C (Y, Fr).

Proof. Let us define metric

di(u,0) = sup {dy(u(x,v),v(x,y))e” @Y a1 ay > 0,u,0 € C(Y, Fg).
(xy)eY

Let C(Y,FR)3 =Yand dy:Y XY — R is define by
do((uq,v1,w1), (U2, v2,wa)) = dy(uy,u) + di(v1,v2) + di (w1, wr),

for uy, vy, w1, up, vp, wp € C(Y, Fr). We can easily show that (C(Y, Fg),dq) and (C(Y, ER)rdQ)
are complete metric spaces therefore, we omit their proofs here. The operator F ;) : Y — Y
define for u,v,w € Ciy(Y, Fr) wherek, I € {i,ii} by Fy ;y(u,v,w) = (u,v,w) Fork =1 =1,
we have F; Y — Y is defined by
0—1 ! 0yi 0—1
Fg, )(uvw) (¢1(x rgfo y—y) (x]/)d]/r Dl (x FGfO y=v)
(a10 + apw + asu + G)(x y)dy',?Di P2 (y) + & Jo (x—x )Gfl(alv + apw + azu

+G) (¥, y)dx’)

Let[[m|| = sup(y ey a1 (x,y)].||a2]| = sup ey [a2(x, y)| and [[as|| = sup(, ey [a3(x, ).
Now, the upper bounds for coefficients can be found from the definitions of F(; ;) and prop-
erties of metric dy, d; and dy as follows

do (F(‘ ‘)(ulvl/wl) Fi,iy (1202, wz))

= dy (1) + g J§ v =) M or Gy )y g (x) + o J3 (v =) s,y )dy)
+d1 (*Diy (%) + &5 Y (v — ") (mon +a2w1+a3u1+G)(x,y’)dy’,
"Dig1(x) + 15 fo y =)’ (@102 + ayws + asuz + G) (x,y')dy')

+d;q (GDl 4)2( )+ ﬁ) fO X —Xx )971({1101 +arwq + asuy + G)(x’,y)dx’,
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“Dipa(y) + 15 Jo ( x—x’)eil(ﬂ102+azwz+aauz+G)( ', y)dx ’)
= sup (A (@1 () + 5 Ji (v =) Ten (e, )y n (x) + f (v—y)'"
xy)eY
wo(x,y")dy" e~ (“1"*"‘2”} + sup {dH(ngcfpl re fo y—y) (a101+a2w1
(xy)eY

+azu1+G) (x,y')dy’ * Digpr (x re I =y

e (a1x+azy)} + [dH(GDl o (y ) 1_9 fo X—x )9 1(11101 + aywy + asuy + G) (¥, y)dy/,

opi L2 (y) + & Jo (x—x )9_1(61102 + apwy + azuy + G)(x', y)dx' e ”‘1’“’"‘2”}
<dp(wy, wy) sup {% I y—y )6 Yeraf )yl 'Xzy)} + sup {re I y=v)

(102 + apwy + azuz + G) (x,y')dy’)

g1
(xy)eY (xy)eY
dp((a1v1 + apwy + azuy + G)(x,y'), (a102 + aywy + azus + G)(x,y’))e*(“l”“zy)dy ]

+ sup [re Jo (x = N g ((ar01 + agwy + azuy + G)(x,y), (103 + aywy + azuy
(xy)ey

+G)(xy))e rFeay |

< sup [% foy (y—y’)efldH(wl(x,y’),wz(x,y’))e*(a1x+azy')eazy’dy/efazy}
(xy)ey
+ sup | f (=) (e () ldu(or,02)
(xy)eY

+ax(x,y")|dp (wy, wp) + |az(x,y')]|

) (a1x+ﬂézy)e”‘2y’dy’e*“2y} + sup {% fox (x—x’)971(|a1(x’,y)|dH(vl,02)
(xy)eY

+laa (¢, ) dpr (w1, 02) + as (¢, y) iy 1y, uz) o~ (13 -0a) g1’ o3|

< 0 [0 )" )t ey
x,y)eyY

T e (75 05 =) la () s (01, 02) +laz () s (w1, 02) + Jas (x, )|
xy)eY
dp(uy,uz)) (“”Mw/)eazy/dy/e_azy} + sup {% Jo e =) (|ay (', y)|dp (01, 02)
(xy)eYy

lna () iy (01, 102) + (o, ) g, ) Jo 070290 ]

< dy(wy, w2) S(up )[FlG I (v —]/)efleazy/dy/eiazy] +(|la1||d1 (v1, v2) + ||az|]
S

dy(wor, w2) Hlasllds (1, 12)) sup [ 2 (v — )" e /e8] 4 (farlds (o1, v2)
y€(0.y0)

60— / _
+|az[ldy (wr, w2) + [|as|dy (u1, u2))  sup [% Jo (x =2 Tem¥ dxe "”x}
x€(0,x9)
Using two-parameter Mittag—Leffler function E; g as follows
< di(wi,wp) sup [y°Ergs1(aay)e Y] +(|lar||di (01, 02) + |laz|di (w1, w2)
y€(0.y0)

+las||dy (u1,u2)) sup [yPE1 41 (aoy)e Y] +(||ay||dy (v1,02) + [|az||dy (wy, w2)
y€(0y0)

+llas||dr (u1,u2)) sup [xPEq g1 (agx)e %]
XG(O,Xo)
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Using series expression of Mittag-Leffler function Eq g1 as follows

o1 oy 5t @) | e
<dj(wy,wy) sup |y w6 Y — ¥ S e Y 4 (|lag|di (1, 02)
)

y€(0y0 k=0
0—-1 k
+wﬂmwhmrw%Wﬂmmﬁ>mm[¢14ww—z<%”%%ﬂ
veou) L (2 S

HWH%MWﬁHWWMMﬂ@+Wﬂ%Wm@)mm[ﬁmxhw

XG(O,X())
_ Z t’<1x } —oqx},

< dy(wy,wp) sup [W]*‘(Hﬂlﬂdl(vl,vz)ﬂﬂ2||d1(w1,wz)+||ﬂ3||
y€(0y0) 2

i, 12)) sup [ Ll (o0, 22) + i o, )
y€(0.y0) ?
laalr (i) sup 1,
x€(0,x9) 1

< o, 02) [ 52 (o (0, 22)+ s o, ) + s )
] o on, 02+l o, )+ s o, ) | 1552,

<y 00) | (15 ol 382 oo 552 | o, o)

1—e *2%0 1—e %1% 1—e—%*2%0 1— e ”‘1X0

ol [ 155 + 2 ) o [ 155 4 o,

Hence, one can obtain the following

do (F(i,i)(“lrvlrwl)rp(i,i)(uZUZI wz)) < B(d1(u1,u2) +dq(01,02) + di (wr, w2))
= ﬁdo((ullvl/wl)/ (MZ,UZ,ZUZ)).

where

ﬁ:max{(l+||a2||)1 e ﬂczVO_i_H 2”1 e txlxo ” l” 1—e—%2¥0 +17e’“1x0 )

()’ ()"
1—e*2%0 1—e %1%
L
Now, for k = | = ii, we have F;; ;) : Y — Y is defined by
Fii ity (u,0,w) = (4’1( Vo (~1)dy J§ (v —y)" w(xy)dy,

"Dign () © (—Drg f (v — )" (@10 + aw + azu + G) (x, ¥ )dy’
Diiga(y) © (—1) &y J5 (x— )N ay0 + apw + azu + G) (x',y)dx’'

For k = | = ii, we deduce using a similar procedure to the previous case as follows

do (F(ii,ii)(ulrvlzwl)/F(ji,ii)(MZUZ/WZ)) < B(d1(u1,u2) +di(v1,v2) +di(wy, w2))
= Bdo((u1,v1,w1), (U2, v2,w2)).

1—e %2Y%0

Hence, it is possible to choose a1 > 0and a, > 0large enough such that (1 + ||az||) ) +
[
1—e 170 1—e *2%0 1—e %1% 1—e*2%0 1—e %170
a <1, |a + < 1, and ||la + < 1.
|| 2” (0‘1)9 H 1” |: (“2)9 (“1)9 :| || 3“ 2)6 (“1)6

Hence 0 < B < 1and F; ;) has unique solution to problem (7) in C(y ) (Y Fg)fork =1 € {i,ii}.
For k # I, the existence of a unique solution can be proven by a similar procedure to the
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previous case. For k = ii, | = i,, denote mapping by F(ii,i) (u,v,w) and k =i, | = ii, denote
mapping by F; ;;) (1, v, w), the contraction constant 0 < f < 1 can be obtain by analogous
procedure to previous case. [

4. Some Numerical Examples

Now, we discuss numerical examples for the useability and authenticity of established
results. For the solutions of numerical problems, we apply a conformable double Laplace
transform. In this section, we also provide 3D plots of solutions of numerical examples (See
Figures 1-4).

Example 1. We have the following FPDEs with 0 < 6 < 1and k,1 € {i,ii}
Diyu(x,y)= u(x,y),

u(x,0) = ¢p1(x)=ye*,0 < x < xo, (16)
u(0,y) = ¢a(y)= 1e",0 < y < yo.

Since v is a fuzzy number and ¢1(x) and ¢ (y) are “[i — gH| differentiable then for k = 1 = i by
Theorem 1 the problem (16) has a unique solution in C; ;y (Y, Fr) where Y = [0, xo] % [0, yo].
Apply conformable double Laplace transform.

S—

psu(s,p) = su(s,0) + pu(0, p) — u(0,0) + u(s, p),
u(s,0) = 21, u(0,p) = 57

Using initial conditions one can get

_ ys P v v
u(s’p)_(ps—l)(s—1)+(ps—l)(p—1) ps—1 (p—1)(s—1)

Apply inverse conformable double Laplace transform to obtain the solution

0

=

0
¥
+6,

=]

u(x,y) = e
Since ¢y and ¢, are not [ii — gH| differentiable, the rest of the cases do not have solutions.

Fuzzy solution for ( theta =1) andy =0.5 Fuzzy solutions for (theta = 0.6, 07, 0.8, 0.9) andy = 0.5

theta=0.9

: theta = 0.9
I theta = 0.8

*:| I theta = 0.8
I theta = 0. 7

- I theta = 0.7
I theta = 0.6
I theta = 0.6

N A O R T Y
7

X 0 0 r 0 r

Figure 1. 3D plots of the solution of Example (1) with 6§ = 1,0.9, 0.8, 0.7, 0.6.
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Example 2. Let the following FPDEs with0 < 6 < 1,and k,1 € {i,ii}

*Diyu(x,y)= u(x,y),
u(x,0) = ¢1(x)=7e™,0 < x < xo, (17)
u(0,y) = ¢a2(y)=re¥,0 <y < yo.
Since vy is a fuzzy number and ¢ (x) and ¢, (y) are ©[ii — gH| differentiable then for k = 1 = ii

by Theorem 1 the Problem (17) has a unique solution in Cj; ;) (Y, Fr) where Y = [0, x0] x [0, yo].
Apply conformable double Laplace transform

psu(s, p)= su(s,0) + pu(0, p) — u(0,0) + u(s, p),

u(s,0)= u(0,p) = #

_r (18)
s+17

Using initial conditions and rearranging one can get

us,p) = (PS*§5(5+1) T G T T
IRV CGEVE

Apply inverse conformable double Laplace transform and the required solution is obtained as

<

_X

u(x,y) =ye” @

¥
0.
Since ¢y and ¢, are not C[i — gH) differentiable, the rest of the cases do not have solutions.

Fuzzy solution for (theta = 1) Fuzzy solutions for (theta = 0.4, 0.6, 0.8)

I theta=0.8
I theta=0.8| .
I theta=0.6 :
. et theta=0.6
0.6 - T e I theta=0.4
N : 08 I theta=0.4

Figure 2. 3D plots of the solution of Example (2) with 8§ = 1,0.8, 0.6, 0.4.

Example 3. We have the following FPDEs with 0 < 6 < 1,and k,1 € {i,ii}

3'Dyyu(x,y) = *Dku(x,y) +Dlu(x,y) — u(x,y),
u(x,0) = ¢1(x) = 7e*,0 < x < xp, (19)
u(0,y) = ¢2(y) = 7re¥,0 <y < yo.

Since vy is a fuzzy number and ¢ (x) and ¢, (y) are C[i — gH| differentiable, then fork =1 = i
by Theorem 1 the problem (19) has a unique solution in C; ;) (Y, Fr) where Y = [0, x0] x [0, yo]-
Apply conformable double Laplace transform

{ (ps —s—p+1u(s,p) = (s = u(s,0) + (p = 1)u(0, p) — u(0,0),
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Using initial conditions and rearranging one can get

usp) = e

Apply inverse conformable double Laplace transform the required solution is obtained as

0

=

0
¥
+6,

=]

u(x,y) = ye

Example 4. We have the following FPDEs with 0 < 6 < 1,and k,1 € {i,ii}
“Dyu(x,y)=u(x,y) -y,
u(x,0) = ¢1(x)=e*,0 < x < xo, (20
u(0,y) = $2(y)=y +7e¥,0 <y < yo.

Since vy is a fuzzy number and ¢y (x) and ¢, (y) are ©[i — gH| differentiable then fork =1 = i
by Theorem 1 the problem (20) has a unique solution in C; ;)(Y, Fr) where Y = [0, x0] x [0, yo].
Apply conformable double Laplace transform

psu(s, p) = su(s,0) + pu(0,p) — u(0,0) + u(s, p) — 55,
u(s,0) = 25, u(0,p) = % + %

Using initial conditions and rearranging one can get

_ s P _ 1 1
u(s,p) = (psfl)(sfll) + (ps=1)(p-1)  ps—1 + p(ps—1)  sp?(ps—1)’

_ Y
=D T

? .
Apply inverse conformable double Laplace transform the required solution is obtained as

N 0
u(x,y) =1e7 T + &

Fuzzy solution for ( theta = 1) Fuzzy solution for ( theta = 0.9, 0.7, 0.5)

I theta =0.9
| I theta = 0.9
I theta = 0.7

X | Ml theta =07 |
30 Jw R I theta = 0.6
g . theta =0.6 |

Figure 3. 3D plots of the solution of Example (4) with 8§ = 1,0.9, 0.7, 0.6.

Example 5. We have the following FPDEs with 0 < 6 < 1,and k,l € {i,ii}

u(x,0) = ¢1(x) = ye*,0 < x < xo, (21)

{ *Diyu(x,y) = u(x,y) + 4xy + 222,
u(0,y) = ¢2(y) = 7¢¥,0 <y < yo.
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Since vy is a fuzzy number and ¢y (x) and ¢, (y) are C[i — gH| differentiable then fork =1 = i
by Theorem 1 the problem (21) has a unique solution in C; ;)(Y, Fr) where Y = [0, xo] x [0, yo].
Apply conformable double Laplace transform

psu(s, p) = su(s,0) + pu(0, p) — u(0,0) +u(s,p) + 7 — bz,
u( u(0

5,0) = L, ,p):%.

Using initial conditions and rearranging one can get
— s 004 __r 4 _ 4
u(s,p) = D) T DD T T T F(psD) T ST

y
= e TR

Apply inverse conformable double Laplace transform the required solution is obtain as

0 26,20
Tl XY
u(x,y) = e .

Y) = 5
Fuzzy solution for (theta = 1) andy = 0.5 Fuzzy solutions for (theta = 0.5, 0.7, 0.9) andy = 0.5
| M. theta = 0.9
I theta = 0.9
I theta = 0.7
[ theta = 0.7
30 - M theta = 0.5
theta = 0.5

Ao b LA o o2 n e o~

Figure 4. 3D plots of the solution of Example (5) with 8§ = 1,0.9, 0.7, 0.5.

5. Applications of Fractional Fuzzy Goursat Problems

Fractional calculus is the generalization of usual calculus. In this section, we discuss
some facts about the generalization of fractional differentiability and fractional transform.
Let us consider the following fuzzy partial differential equation

"Diju(x,y)=u(x,y)k 1 € {i i}
0
X
1(x,0) = ¢1(x)= 77,0 < x < x0, (22)
0
u(0,y) = ¢2(y)=ysinw -, 0 < y < yo.

Since 1y is a fuzzy number and ¢; (x) and ¢, (y) are ©[i — gH] differentiable then fork = [ = i
by Theorem 1 the problem (22) has a unique solution in C; ;)(Y, Fr) where Y = [0, xo] x

[0, o]
Now, apply conformable double Laplace transform
{Psu(sr p)=su(s,0) + pu(0, p) — u(0,0) +u(s, p),

w 23
u(s,0)= 512’ u(0,p) = 76027_'_ 7 (23)
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Using initial conditions and rearranging Equation (23), one can get

ypw i

u(S,P) = S(pzﬁ)pj (ps—1)(@2+p%) ~ s(ps—1)’

(ps—1)(w?+p?)"

By applying the inverse conformable double Laplace transform the required solution is

obtain as
[Eid ye
u(x,y) = ywe ¢ cos (wg)

Note that the fractional transform discussed in this work, particularly in this problem,
is more easy than the usual Laplace transform. Also, fractional differential equations and
their solutions are generalizations of usual differential equations because if § = 1 then,
we obtain the usual form discussed in [13]. Moreover, the fractional partial differential
Equation (22) and their solution produce the partial fractional differential equations and
solutions for any value 0 < § < 1, particularly if 6 = % and w = 1 then Equation (22)
produce the following problem

i
2Dyu(x,y)=u(x,y),
u(x,0) = ¢1(x)=27Vx, if 0 < x < oo, (24)

2
u(0,y) = ga(y)= 7sin (2yF), 0 <y < 7T

where solution of Equation (24) is u(x, y) = ve*V¥ cos (2/). Caputo’s fractional deriva-
tive of order 3 and first-order usual derivative of ¢; (x) are the following, respectively,

:Digy(x) = 2D'(27/x) = 7 and Di(¢y(x)) = 2yD'\/x = %
X
Caputo’s fractional derivative of ¢;1(x) and ¢, (y) exist at 0 but the usual derivative does
not exist at 0; therefore, the fractional derivative is the generalization of the usual derivative.
Concluding the above facts, we claim that this work is more advanced than [13].

6. Conclusions and Future Direction

In this manuscript, we discussed fractional order fuzzy Goursat problems with Ca-
puto’s gH-differentiability. The Goursat problems have partial differential equations
with second-order mixed derivatives. Also, Caputo’s gH-differentiability has two types,
C[i — gH] differentiability and € [ii — gH] differentiability. To avoid the difficulties of mixed
derivative terms and two types of Caputo’s gH-differentiability, we convert the Goursat
problem to four equivalent systems of fuzzy fractional integral equations. The four systems
of fuzzy fractional integral equations produced for a Goursat problem due to two types the
Caputo’s gH-differentiability. In this study, we discussed that all the equivalent systems
of fuzzy fractional integral equations satisfy the FPDEs and boundary conditions of the
Goursat problem. After that, we discussed the existence and uniqueness result of fuzzy
Goursat problems by using equivalent systems of fuzzy fractional integral equations. In
addition to theoretical proofs, we provided numerical examples to show the useability of
the theoretical work. We used conformable double Laplace transform for the solutions of
numerical examples. In the application, we discussed the generalization of PFDEs and the
advantage of fractional differentiability over the usual differentiability. Moreover, we show
the advantage of fractional transform over the usual Laplace transform. This manuscript
presents 3D fuzzy plots of solutions to illustrate our findings. This type of setting is also
interesting for other second-order fractional FPDEs like advection equations, advection-
diffusion equations, heat equations, etc. Moreover, this study is also interesting with other
types of fuzzy differences and differentiability. The stability analysis of the solutions of
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Goursat problems and other second-order fractional FPDEs with this type of setting is also
interesting for study in the future.
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