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Abstract: In this research, the adaptive event-triggered neural network controller design problem
is investigated for a class of state-constrained pure-feedback fractional-order nonlinear systems
(FONSs) with external disturbances, unknown actuator saturation, and input delay. An auxiliary
compensation function based on the integral function of the input signal is presented to handle input
delay. The barrier Lyapunov function (BLF) is utilized to deal with state constraints, and the event-
triggered strategy is applied to overcome the communication burden from the limited communication
resources. By the utilization of a backstepping scheme and radial basis function neural network, an
adaptive event-triggered neural state-feedback stabilization controller is constructed, in which the
fractional-order dynamic surface filters are employed to reduce the computational burden from the
recursive procedure. It is proven that with the fractional-order Lyapunov analysis, all the solutions
of the closed-loop system are bounded, and the tracking error can converge to a small interval
around the zero, while the state constraint is satisfied and the Zeno behavior can be strictly ruled out.
Two examples are finally given to show the effectiveness of the proposed control strategy.

Keywords: nonlinear system; event-triggered control; BLF; constraints; input delay

1. Introduction

Fractional-order dynamical behavior has been found in many practical systems [1,2],
which can achieve more precise representations for complex physical systems with infinite
memory and genetic characteristics. Based on this fact, fractional-order nonlinear systems
(FONSs) offer an effective way to model the physical system [3,4], which can be applied in
lots of areas [5–9]. Moreover, the nonlinear controller design problem for FONSs has received
a lot of attention, and many controller design approaches have been investigated [10–15],
in which the approximation performance of fuzzy logic systems (FLSs) or neural networks
(NNs) can be used to deal with nonlinear unknown function in FONSs to achieve stability.
In [16], an adaptive controller by using the property of NNs is considered for FONSs with
actuator fault. In [17], a fuzzy controller is designed for nonstrict-feedback FONSs. In [18], a
distributed backstepping control for nonaffine FONSs with unknown dynamics is presented,
and the stability is accomplished. For fractional-order tumor systems with chemotherapy
in [19], a finite-time fuzzy controller is developed under Lyapunov theory. It is worth noting
that the influence of full state constraints on FONSs has not been taken into account in the
above-mentioned literature and achievements.

System constraints often appear in many real industrial processes and practical systems
unavoidably, which is the main factor limiting system performance, leading to instability of
the system. To settle such system constraints, a crucial problem for FONSs, the barrier Lya-
punov function (BLF) has become one of the most powerful tools to prevent transgression of
state constraints, and many constraint control strategies have been designed [20–23]. In [21],
an observer-based adaptive NN controller is proposed for nonstrict-feedback FONSs with
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an output constraint, where the tracking error satisfying constraints can be guaranteed.
In [22], a distributed adaptive controller is designed for multiple FONSs with constraints,
and the BLF is applied to restrict the output in the preset range. In [23], an adaptive
dynamic surface controller for FONSs with asymmetric state constraints is designed by
using an asymmetric BLF. Nevertheless, it is important that the characteristics of the control
input signal should not be ignored.

It is inevitable that the input saturation is the important non-smooth nonlinearity in
many practical engineering systems due to the physical characteristics of the actuator. Once
the control input exceeds the upper, it may not work properly and can unquestionably limit
its control performance. Then, it is important to take the effect of actuator saturation into
consideration during the process of the design and analysis of FONSs [24–26]. The author
in [24] introduced the fractional-order finite-time adaptive fault-tolerant control for an un-
manned aerial vehicle with the saturated actuator, wherein the input saturation function is
approximated using the smooth function. In [26], the flexible spacecraft attitude adjustment
with input torque saturation is considered, and a fractional-order multi-objective controller
is presented. For a vertical takeoff vertical landing reusable launch vehicle subjected to
input saturation constraints, a fractional-order fixed-time sliding mode controller with state
observer is designed in [25]. However, in the above-mentioned research for FONSs, the
issue of the widely existing input delay is ignored.

In the control process for real engineering applications, it takes time to send signals to
actuators causing the input delays of the system, and is the major factor in deteriorating the
system performance. To deal with the input delay, many effective methods are developed
for FONSs in [27–30]. In [27], a feedback controller for a fractional-order system under input
delay is designed by using the Smith predictor. In [28], an augmented adaptive controller
based on the function approximation technique is developed for FONSs with input delay.
In [29], a command-filter-based adaptive controller for FONSs with input delay is designed
by using the fractional integral. In [30], an adaptive NN control method for FONSs with input
delay is developed by using the auxiliary system. However, no results about the adaptive
control strategy of state-constrained FONSs with input delay and actuator saturation can
be found.

Motivated by the above-mentioned discussions, the adaptive neural network event-
triggered control (ETC) for state-constrained pure-feedback FONSs with input delay and
unknown actuator saturation will be investigated. The highlighted innovations of this
article are as follows:

(1) Compared with fractional-order controller results [31–33], the full-state constraints,
input delay, and unknown actuator saturation are investigated simultaneously in
this article, and the BLFs and neural network are introduced into the design process
of the backstepping technique, which can ensure that state convergence without
contravening state constraints can be guaranteed, and the boundedness of all the
closed-loop system signals can be accomplished.

(2) Compared with controller designed for FONSs subject to input delay in [27–30,34],
the event-triggered mechanism is designed to reduce the communications constraints
of network resources, and the fractional-order dynamic surface filter is presented to
remove the explosion of differentiation from the recursive procedure, which effectively
makes the proposed controller more suitable for practical engineering.

The rest of this paper is organized as follows. The preliminaries and problem formula-
tion are presented in Sections 2 and 3, respectively. Then, the proposed adaptive control
scheme for FONSs with input delay is provided in Section 4. The simulation studies are
given in Section 5 to show the effectiveness. Section 6 concludes this paper.
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2. Preliminaries

The αth Caputo fractional derivative of f (t) is defined as [35,36]:

Dα
t0

f (t) =
1

Γ(n − α)

∫ t

t0

f (n)(t)

(t − τ)α+1−n dτ

where n − 1 < α < n, n is the positive integer, Γ(α) =
∫ ∞

0 e−ttα−1dt is the Euler Gamma
function, and Dα

t0
can be abbreviated as Dα, when t0 = 0.

Lemma 1 ([35]). If ϕ ∈
(

πα
2 , πα

)
, then ∃β > 0, such that

|Eα,γ(ζ)| ≤
β

1 + |ζ| , γ ≤ |arg(ζ)| ≤ π, |ζ| ≥ 0

where Eα,γ(ζ) =
∞
∑

k=0

ζk

Γ(αk−γ)
is the one-parameter Mittag–Leffler function, ζ is a complex number,

and α, γ > 0. Note that Eα,1(ζ) = Eα(ζ) and E1,1(ζ) = eζ .

Lemma 2 ([37,38]). Let x(t) ∈ Rn be a differentiable function. Then, Dα
(
xT(t)Px(t)

)
≤

2xT(t)PDα(x(t)) holds for ∀t ≥ t0, where P = PT > 0.

Lemma 3 ([39]). Let h1(·), h2(·) ∈ R be smooth functions. If h1(h2) is convex (i.e., ∂2h1(h2)
/

∂h2
2 ≥ 0),

then, Dαh1(h2) ≤ ∂h1(h2)
/

∂h2 · Dαh2 for ∀t ≥ 0.

Lemma 4 ([40]). Let the function V(t) : R+ → R satisfying DαV(t) + ηV(t) ≤ µ, where η > 0,
and µ ≥ 0. Then, V(t) ≤ V(0)E(α,1)(−ηtα) +

µϑ
η , where ϑ = max{1, β} and β is defined in

Lemma 1.

Lemma 5 ([41,42]). For ∀kb0
> 0, the following inequality holds

ln
k2

b0

k2
b0
− ς2(t)

≤ ς2(t)
k2

b0
− ς2(t)

if |ς(t)| ≤ kb0
.

Lemma 6 ([43]). For ∀ε∗ > 0 and s ∈ R, it holds |s| − s tanh
( s

ε∗
)
≤ 0.2785ε∗.

Lemma 7 ([44]). Let h(x) be a continuous function. For ∀ε > 0, there is a radial basis function NN
(RBFNN) WTΨ(x) satisfying h(x) = WTΨ(x) + ε, where W =

(
w1 w2 · · · wN

)T, ε is

an approximation error. Ψ(x) =
(

ψ1(x) ψ2(x) · · · ψN(x)
)T
/

∑N
i=1 ψi(x) ∈ RN , N > 1

denotes node number, ψi(x) = exp
(
−(x − li)

T(x − li)
/

χT
i χi

)
, li =

(
li1 li2 · · · lin

)T,

and χi =
(

χi1 χi2 · · · χin
)T.

3. System Descriptions and Problem Formulation

A class of pure-feedback FONSs with input delay and unknown actuator saturation is
considered as follows:

Dαxi = fi(x̄i, xi+1) + di(t), i = 1, 2, . . . , n − 1
Dαxn = fn(x̄n) + u(ν(t − τ)) + dn(t)
y = x1

(1)

where α ∈ (0, 1], x̄i =
(

x1 x2 . . . xi
)T ∈ Ri denotes the system state, y ∈ R denotes

the output, fi(·) denotes an unknown smooth function, and di(t) denotes bounded distur-
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bance, i = 1, 2, . . . , n. τ ∈ R+ represents input delay, ν denotes the controller input to be
designed, and u(ν) denotes the systems input with saturation defined as:

u(ν) =


umax, ν ≥ umax
ν, umin < ν < umax
umin, ν ≤ umin

(2)

where umax > 0 and umin < 0 are unknown constants. Saturation (2) can be denoted
as [45,46]:

u(ν) = h(ν) + ∆(ν)

where ∆(ν) = u(ν)− h(ν), |∆(ν)| ≤ max{umax(1− tanh(1)), umin(tanh(1)− 1)} = D̄, and

h(ν) =


umax · e

ν
umax −e−

ν
umax

e
ν

umax +e−
ν

umax
, ν ≥ 0

umin · e
ν

umin − e−
ν

umin

e
ν

umin + e−
ν

umin

, ν < 0

There is a constant µ, 0 < µ < 1, and we obtain h(ν) = hνµ ν when selecting ν0 = 0, and

u(ν) = hνµ ν + ∆(ν)

where 0 < hmin ≤
∣∣∣huµ

∣∣∣ ≤ 1, hmin is an unknown constant. Without loss of generality, it is
assumed that hνµ > 0.

In fact, many physical systems can be modeled by pure-feedback FONSs with input de-
lay and actuator saturation, such as rotational mechanical system [47], power systems [48],
single-machine-infinite bus system [49], and Chua–Hartley’s system [50].

The control goal is to develop an adaptive event-triggered neural network controller
for (2) s.t.: (1) y can track the desired yr(t); (2) All the states are constrained in a compact
set, i.e., xi ∈ { xi||xi| < kci , kci > 0}.

Since fi(x̄i, xi+1) is an unknown smooth function, the partial derivative gi(x̄i, xi+1) =
∂ fi(x̄i, xi+1)

/
∂xi+1 is continuous, i = 1, 2, . . . , n − 1. According to the mean-value theo-

rem [51], ∃ηi ∈ (0, 1), such that

fi(x̄i, xi+1) = fi(x̄i, 0) + gi(x̄i, ηixi+1)xi+1
i = 1, 2, . . . , n − 1

(3)

Assumption 1. There are unknown constants 0 < gi min ≤ gi max < ∞, s.t. 0 < gi min ≤
|gi(x̄i, ηixi+1)| ≤ gi max, i = 1, 2, . . . , n − 1. Without loss of generality, it is assumed that
0 < gi min ≤ gi(x̄i, ηixi+1) ≤ gi max, i = 1, 2, . . . , n − 1.

Assumption 2. The disturbance di(t) is bounded, and satisfies |di(t)| ≤ d̄i with d̄i > 0.

Assumption 3. For ∀kc1 > 0, there are positive constants A0, A1, and A2, such that |yr| ≤ A0 <
kc1 , |Dαyr(t)| ≤ A1, and

∣∣D2αyr(t)
∣∣ ≤ A2. There is a compact

Ωyr =
{(

yr Dαyr D2αyr
)T
∣∣∣y2

r + (Dαyr)
2 +

(
D2αyr

)2 ≤ δyr , δyr > 0
}

, s.t.(
yr Dαyr D2αyr

)T ∈ Ωyr .

4. Control Scheme Design and Stability Analysis
4.1. Control Design

In this section, the adaptive neural network control method will be given for the
systems (2) by combining the backstepping technology with a fractional-order dynamic
surface filter, and the block diagram is shown in Figure 1. The detailed design process will
be given in the following steps.
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First, define the coordinate transformations as:

χ1 = y − yr, χi = xi − ai.l , χn = xn − an.l + us(t), i = 2, 3, . . . , n − 1 (4)

where us(t) is the fractional-order differential and integral signal defined as

us(t) = D1−α
∫ t

t−τ
u(ν(z))dz (5)

( )tn

( )tn t-

Plant (FONS)
( )( )u tn t-

 Saturation

Time Delay

Event-Trigger
Adaptive Controller

RBFNN 

Parameter 

Adaptive Laws

Auxiliary Signal 

 +

-

Figure 1. The block diagram of the proposed controller.

The above auxiliary signal us(t) is employed to handle the input delay, and it is natural
to assume that us(t) bounded by |us(t)| ≤ ūs, ūs > 0 is an unknown constant.

The fractional-order dynamic surface filter is designed as

κiDαai.l = −ai.l + ai−1, ai.l(0) = ai−1(0). (6)

where ai−1 is the virtual controller, and κi is a constant. Define filter output error as
ζi = ai.l − ai−1, i = 2, 3, . . . , n.

Step 1: From (1), (3), and (4), the Caputo fractional derivative of χ1 can be presented as

Dαχ1 = f1(x̄1, x2) + d1(t)− Dαyr(t)
= f1(x̄1, 0) + g1(x̄1, η1x2)(χ2 + ζ2 + a1) + d1(t)− Dαyr(t)

where the function F(X1) = f1(x̄1, 0)+ g1(x̄1, η1x2)χ2 − Dαyr(t) is unknown, X1 = (x̄2, yr).
The RBFNN W∗T

X1
ΨX1(X1) is utilized to approximate F(X1) by using Lemma 7, and W∗

X1

is the optimal parameter vector. Then, for ∀ε̄1 > 0, it holds F1(X1) = W∗T
X1

ΨX1(X1) +
ε1(X1), |ε1(X1)| < ε̄1. Then, one can obtain

Dαχ1 = W∗T
X1

ΨX1(X1) + ε1(X1)

+ g1(x̄1, η1x2)(ζ2 + a1) + d1(t)
(7)

The candidate function is chosen as V1 = 1
2 ln

k2
b1

k2
b1
−χ2

1
+ g1 min

2γ1
θ̃2

1 + g1 min
2ς1

ϖ̃2
1, where

kb1 = kc1 − A0. γ1 > 0 and ς1 > 0 are the design parameters. θ̃1 = θ∗1 − θ1 is the parameter
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estimation error with the estimate θ1 of the parameter θ∗1 =
∥∥∥W∗

X1

∥∥∥2
/

g1 min. ϖ̃1 = ϖ∗
1 − ϖ1 is

estimation error with the upper bound ϖ∗
1 = ε̄2

1+d̄2
1, and ϖ1 is the parameter estimation of ϖ∗

1 .
According to (7), Assumption 1, Lemma 2, and Lemma 3, we obtain

DαV1 =
χ1

k2
b1
− χ2

1
Dαχ1 −

g1 min

γ1
θ̃1Dαθ1 −

g1 min

ς1
ϖ̃1Dαϖ1

=
χ1

k2
b1
− χ2

1

(
W∗T

X1
ΨX1(X1) + ε1(X1) + g1(x̄1, η1x2)(ζ2 + a1)

)
+

χ1

k2
b1
− χ2

1
d1(t)−

g1 min

γ1
θ̃1Dαθ1 −

g1 min

ς1
ϖ̃1Dαϖ1

(8)

The Young’s inequality is used, and we obtain:

χ1

k2
b1
− χ2

1
W∗T

X1
ΨX1(X1) ≤

g1 minχ2
1

2c2
1

(
k2

b1
− χ2

1

)2 θ∗1
∥∥ΨX1(X1)

∥∥2
+

c2
1

2
(9)

χ1

k2
b1
− χ2

1
ε1(X1) ≤

g1 min ε̄2
1χ2

1

2ξ2
1

(
k2

b1
− χ2

1

)2 +
ξ2

1
2g1 min

(10)

χ1

k2
b1
− χ2

1
g1(x̄1, η1x2)ζ2 ≤

g1 minχ2
1

2δ2
1

(
k2

b1
− χ2

1

)2 +
δ2

1 g2
1 max

2g1 min
ζ2

2 (11)

χ1

k2
b1
− χ2

1
d1(t) ≤

g1 mind̄2
1χ2

1

2ξ2
1

(
k2

b1
− χ2

1

)2 +
ξ2

1
2g1 min

(12)

where c1, ξ1, δ1 > 0.
Substituting (9)–(12) into (8) with Assumption 1 yields

DαV1 ≤ χ1

k2
b1
− χ2

1
g1(x̄1, η1x2)a1+

g1 minχ2
1

2c2
1

(
k2

b1
− χ2

1

)2 θ∗1
∥∥ΨX1(X1)

∥∥2

+
g1 minϖ∗

1 χ2
1

2ξ2
1

(
k2

b1
− χ2

1

)2 +
ξ2

1
g1 min

+
g1 minχ2

1

2δ2
1

(
k2

b1
− χ2

1

)2 +
δ2

1 g2
1 max

2g1 min
ζ2

2

− g1 min

γ1
θ̃1Dαθ1 −

g1 min

ς1
ϖ̃1Dαϖ1 +

c2
1

2

≤ χ1

k2
b1
− χ2

1

g1(x̄1, η1x2)a1+
g1 minχ1

2c2
1

(
k2

b1
− χ2

1

) θ1
∥∥ΨX1(X1)

∥∥2


+

χ1

k2
b1
− χ2

1

 g1 minχ1

2ξ2
1

(
k2

b1
− χ2

1

)ϖ1+
g1 minχ1

2δ2
1

(
k2

b1
− χ2

1

)


+
c2

1
2
+

ξ2
1

g1 min
+

δ2
1 g2

1 max
2g1 min

ζ2
2

−g1 minθ̃1

 1
γ1

Dαθ1 −
χ2

1

2c2
1

(
k2

b1
− χ2

1

)2

∥∥ΨX1(X1)
∥∥2


−g1 minϖ̃1

 1
ς1

Dαϖ1 −
χ2

1

2ξ2
1

(
k2

b1
− χ2

1

)2



(13)
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The virtual controller and adaptive laws are designed as

a1 = −b1χ1 −
χ1

2c2
1

(
k2

b1
−χ2

1

) θ1
∥∥ΨX1(X1)

∥∥2

− χ1

2ξ2
1

(
k2

b1
−χ2

1

)ϖ1 −
χ1

2δ2
1

(
k2

b1
−χ2

1

) (14)

Dαθ1=
γ1χ2

1

2c2
1

(
k2

b1
− χ2

1

)2

∥∥ΨX1(X1)
∥∥2 − ϕ1θ1 (15)

Dαϖ1=
ς1χ2

1

2ξ2
1

(
k2

b1
− χ2

1

)2 − φ1ϖ1 (16)

where b1 > 0, γ1 > 0, ς1 > 0, ϕ1 > 0 and φ1 > 0.
Substituting (14)–(16) into (13), DαV1 is represented as:

DαV1 ≤ −
b1g1 minχ2

1
k2

b1
− χ2

1
+

c2
1

2
+

ξ2
1

g1 min

+
δ2

1 g2
1 max

2g1 min
ζ2

2+
1

γ1
g1 minϕ1θ̃1θ1+

1
ς1

g1 min φ1ϖ̃1ϖ1

(17)

Step i(i = 2, 3, . . . , n − 2): Taking the Caputo fractional derivative of χi yields

Dαχi = fi(x̄i, 0) + di(t)− Dαai.l
+ gi(x̄i, ηixi+1)(χi+1 + ζi+1 + ai)

Using Lemma 7, the unknown nonlinear function Fi(Xi) = fi(x̄i, 0)+ gi(x̄i, ηixi+1)χi+1 −
Dαai.l is approximated by RBFNN W∗T

Xi
ΨXi(Xi), and W∗

Xi
is the optimal parameter vector.

Then, Fi(Xi) = W∗T
Xi

ΨXi(Xi) + εi(Xi), |εi(Xi)| < ε̄i, where ε̄i > 0, and one can obtain

Dαχi = W∗T
Xi

ΨXi (Xi) + εi(Xi)

+ gi(x̄i, ηixi+1)(ζi+1 + ai) + di(t)
(18)

Select the Lyapunov function candidate Vi = Vi−1 +
1
2 ln

k2
bi

k2
bi
−χ2

i
+ gi min

2γi
θ̃2

i +
gi min
2ςi

ϖ̃2
i +

1
2 ζ2

i , where kbi
> 0 and its definition will be obtained later. γi > 0 and ςi > 0 are the

design parameters. θ̃i = θ∗i − θi is the parameter estimation error with the estimate θi of

the parameter θ∗i =
∥∥∥W∗

Xi

∥∥∥2
/

gi min. ϖ̃i = ϖ∗
i − ϖi is the parameter estimation error with

the upper bound ϖ∗
i = ε̄2

i +d̄2
i , and ϖi is the parameter estimation of ϖ∗

i .
Similar to the analysis in Step 1 using Young’s inequalityyields:

χi

k2
bi
− χ2

i
W∗T

Xi
ΨXi (Xi) ≤

gi minχ2
i

2c2
i

(
k2

bi
− χ2

i

)2 θ∗i
∥∥ΨXi (Xi)

∥∥2
+

c2
i

2
(19)

χi

k2
bi
− χ2

i
εi(Xi) ≤

gi min ε̄2
i χ2

i

2ξ2
i

(
k2

bi
− χ2

i

)2 +
ξ2

i
2gi min

(20)

χi

k2
bi
− χ2

i
gi(x̄i, ηixi+1)ζi+1 ≤

gi minχ2
i

2δ2
i

(
k2

bi
− χ2

i

)2 +
δ2

i g2
i max

2gi min
ζ2

i+1 (21)
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χi

k2
bi
− χ2

i
di(t) ≤

gi mind̄2
i χ2

i

2ξ2
i

(
k2

bi
− χ2

i

)2 +
ξ2

i
2gi min

(22)

where ci, ξi, δi > 0.
From (19) to (22) with Assumption 1, one can obtain

DαVi ≤ DαVi−1 +
χi

k2
bi
− χ2

i
gi(x̄i, ηixi+1)ai

+
gi minχ2

i

2c2
i

(
k2

bi
− χ2

i

)2 θ∗i
∥∥ΨXi (Xi)

∥∥2
+

gi minϖ∗
i χ2

i

2ξ2
i

(
k2

bi
− χ2

i

)2

+
gi minχ2

i

2δ2
i

(
k2

bi
− χ2

i

)2 +
c2

i
2
+

ξ2
i

gi min
+

δ2
i g2

i max
2gi min

ζ2
i+1

− gi min

γi
θ̃iDαθi −

gi min

ςi
ϖ̃iDαϖi + ζiDαζi

(23)

Design virtual controller ai and adaptive laws as

ai = −biχi −
χi

2c2
i

(
k2

bi
− χ2

i

)∥∥ΨXi (Xi)
∥∥2

θi

− χi

2ξ2
i

(
k2

bi
− χ2

i

)ϖi −
χi

2δ2
i

(
k2

bi
− χ2

i

) (24)

Dαθi =
γiχ

2
i

2c2
i

(
k2

bi
− χ2

i

)2

∥∥ΨXi (Xi)
∥∥2 − ϕiθi (25)

Dαϖi =
ςiχ

2
i

2ξ2
i

(
k2

bi
− χ2

i

)2 − φiϖi (26)

where bi > 0, γi > 0, ςi > 0, ϕi > 0, and φi > 0 are the tunable parameters.
Based on (24)–(26), (23) is described as

DαVi ≤ DαVi−1 −
gi minbiχ

2
i

k2
bi
− χ2

i
+

c2
i

2
+

ξ2
i

gi min
+

δ2
i g2

i max
2gi min

ζ2
i+1

+
gi min

γi
ϕi θ̃iθi −

gi min

ςi
φiϖ̃iϖi + ζiDαζi

≤ −
n−1

∑
i=1

bigi minχ2
i

k2
bi
− χ2

i
+

n−1

∑
i=1

ξ2
i

gi min
+

n−1

∑
i=1

c2
i

2
+

n−1

∑
i=1

δ2
i g2

i max
2gi min

ζ2
i+1

+
n−1

∑
i=1

gi min

γi
ϕi θ̃iθi +

n−1

∑
i=1

gi min

ςi
φiϖ̃iϖi +

n−1

∑
i=2

ζiDαζi

(27)

Step i = n − 1: Taking the Caputo fractional derivative of χn−1 yields

Dαχn−1 = fn−1(x̄n−1, 0) + dn−1(t)− Dαan−1.l
+ gn−1(x̄n−1, ηn−1xn)(χn + ζn + an−1 − us(t))

Using Lemma 7, the unknown nonlinear function Fn−1(Xn−1) = fn−1(x̄n−1, 0) +
gn−1(x̄n−1, ηn−1xn)χn − Dαan−1.l is approximated by RBFNN W∗T

Xn−1
ΨXn−1(Xn−1),

and W∗
Xn−1

is the optimal parameter vector, then
Fn−1(Xn−1) = W∗T

Xn−1
ΨXn−1(Xn−1) + εn−1(Xn−1), |εn−1(Xn−1)| < ε̄n−1, where ε̄i > 0, and

one can obtain

Dαχn−1 = W∗T
Xn−1

ΨXn−1(Xn−1) + εn−1(Xn−1)

+ gn−1(x̄n−1, ηn−1xn)(ζn + an−1 − us(t)) + dn−1(t)
(28)
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Select the Lyapunov function candidate Vi = Vi−1 +
1
2 ln

k2
bi

k2
bi
−χ2

i
+ gi min

2γi
θ̃2

i +
gi min
2ςi

ϖ̃2
i +

1
2 ζ2

i , where kbn−1
> 0 and its definition will be obtained later. γn−1 > 0 and ςn−1 > 0

are the design parameters. θ̃n−1 = θ∗n−1 − θn−1 is the parameter estimation error with the

estimate θn−1 of the parameter θ∗n−1 =
∥∥∥W∗

Xn−1

∥∥∥2
/

gn−1 min. ϖ̃n−1 = ϖ∗
n−1 − ϖn−1 is the

parameter estimation error with the upper bound ϖ∗
n−1 = ε̄2

n−1+d̄2
n−1, and ϖn−1 is the

parameter estimation of ϖ∗
n−1.

Similar to the analysis in Step 1 using Young’s inequalityyields:

χn−1

k2
bn−1

− χ2
n−1

W∗T
Xn−1

ΨXn−1(Xn−1)

≤
gn−1 minχ2

n−1

2c2
n−1

(
k2

bn−1
− χ2

n−1

)2 θ∗n−1
∥∥ΨXn−1(Xn−1)

∥∥2
+

c2
n−1
2

(29)

χn−1

k2
bn−1

− χ2
n−1

εn−1(Xn−1) ≤
gn−1 min ε̄2

n−1χ2
n−1

2ξ2
n−1

(
k2

bn−1
− χ2

n−1

)2 +
ξ2

n−1
2gn−1 min

(30)

χn−1

k2
bn−1

− χ2
n−1

gn−1(x̄n−1, ηn−1xn)ζn

≤
gn−1 minχ2

n−1

2δ2
n−1

(
k2

bn−1
− χ2

n−1

)2 +
δ2

n−1g2
n−1 max

2gn−1 min
ζ2

n
(31)

χn−1

k2
bn−1

− χ2
n−1

dn−1(t) ≤
gn−1 mind̄2

n−1χ2
n−1

2ξ2
n−1

(
k2

bn−1
− χ2

n−1

)2 +
ξ2

n−1
2gn−1 min

(32)

where cn−1, ξn−1, δn−1 > 0.
Note that the term us(t) can be viewed as a bounded signal according to (5). Therefore,

the following inequality can be obtained

− χn−1

k2
bn−1

− χ2
n−1

gn−1(x̄n−1, ηn−1xn)us(t)

≤
gn−1 minχ2

n−1

2δ2
n−1

(
k2

bn−1
− χ2

n−1

)2 +
δ2

n−1g2
n−1 max

2gn−1 min
ū2

s
(33)

From (29) to (33) with Assumption 1, one can obtain

DαVn−1 ≤ DαVn−2 +
χn−1

k2
bn−1

− χ2
n−1

gn−1(x̄n−1, ηn−1xn)an−1

+
gn−1 minχ2

n−1

2c2
n−1

(
k2

bn−1
− χ2

n−1

)2 θ∗n−1
∥∥ΨXn−1(Xn−1)

∥∥2

+
gn−1 minϖ∗

n−1χ2
n−1

2ξ2
n−1

(
k2

bn−1
− χ2

n−1

)2 +
gn−1 minχ2

n−1

δ2
n−1

(
k2

bn−1
− χ2

n−1

)2

+
c2

n−1
2

+
ξ2

n−1
gn−1 min

+
δ2

n−1g2
n−1 max

2gn−1 min
ζ2

n +
δ2

n−1g2
n−1 max

2gn−1 min
ū2

s

− gn−1 min

γn−1
θ̃n−1Dαθn−1 −

gn−1 min

ςn−1
ϖ̃n−1Dαϖn−1 + ζn−1Dαζn−1

(34)
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Design virtual controller an−1 and adaptive laws as

an−1 = −bn−1χn−1 −
χn−1

2c2
n−1

(
k2

bn−1
− χ2

n−1

)∥∥ΨXn−1(Xn−1)
∥∥2

θn−1

− χn−1

2ξ2
n−1

(
k2

bn−1
− χ2

n−1

)ϖn−1 −
χn−1

δ2
n−1

(
k2

bn−1
− χ2

n−1

) (35)

Dαθn−1 =
γn−1χ2

n−1

2c2
n−1

(
k2

bn−1
− χ2

n−1

)2

∥∥ΨXn−1(Xn−1)
∥∥2 − ϕn−1θn−1 (36)

Dαϖn−1 =
ςn−1χ2

n−1

2ξ2
n−1

(
k2

bn−1
− χ2

n−1

)2 − φn−1ϖn−1 (37)

where bn−1 > 0, γn−1 > 0, ςn−1 > 0, ϕn−1 > 0 and φn−1 > 0 are the tunable parameters.
Based on (35)–(37), (34) can be described as

DαVn−1 ≤ DαVn−2 −
gn−1 minbn−1χ2

n−1

k2
bn−1

− χ2
n−1

+
c2

n−1
2

+
δ2

n−1g2
n−1 max

2gn−1 min
ζ2

n+
gn−1 min

γn−1
ϕn−1θ̃n−1θn−1 + ζn−1Dαζn−1

− gn−1 min

ςn−1
φn−1ϖ̃n−1ϖn−1 +

ξ2
n−1

gn−1 min
+

δ2
n−1g2

n−1 max
2gn−1 min

ū2
s

≤ −
n−1

∑
i=1

bigi minχ2
i

k2
bi
− χ2

i
+

n−1

∑
i=1

ξ2
i

gi min
+

n−1

∑
i=1

δ2
i g2

i max
2gi min

ζ2
i+1

+
n−1

∑
i=1

gi min

γi
ϕi θ̃iθi +

n−1

∑
i=1

gi min

ςi
φiϖ̃iϖi

+
n−1

∑
i=2

ζiDαζi +
n−1

∑
i=1

c2
i

2
+

δ2
n−1g2

n−1 max
2gn−1 min

ū2
s

(38)

Step n: T derivative of χn is derived as

Dαχn = Dαxn − Dαan.l + u(ν(t))− u(ν(t − τ))
= fn(x̄n)− Dαan.l + hνµ ν + ∆(ν) + dn(t)

(39)

where Fn(Xn) = fn(x̄n)− Dαan.l is approximated via the RBFNN W∗T
Xn

ΨXn(Xn), and W∗
Xn

is the optimal parameter vector satisfying Fn(Xn) = W∗T
Xn

ΨXn(Xn) + εn(Xn). Assume that
∃ε̄n > 0 such that |εn(Xn)| < ε̄n. Then, (39) can be described as
Dαχn = W∗T

Xn
ΨXn(Xn) + εn(Xn) + hνµ ν + ∆(ν) + dn(t).

Select the Lyapunov candidate function Vn = Vn−1 +
1
2 ln

k2
bn

k2
bn
−χ2

n
+ hmin

2γn
θ̃2

n +
hmin
2ςn

ϖ̃2
n +

1
2 ζ2

n, where kbn
> 0 and its definition will be obtained later. γn > 0 and ςn > 0 are the

design parameters. θ̃n = θ∗n − θn is the parameter estimation error with the estimate θn of

the parameter θ∗n =
∥∥∥W∗

Xn

∥∥∥2
/

hmin. ϖ̃n = ϖ∗
n − ϖn is the parameter estimation error with

the upper bound ϖ∗
n = ε̄2

n+d̄2
n + D̄2, and ϖn is the parameter estimation of ϖ∗

n. Compute
the fractional-order derivative of Vn

DαVn = DαVn−1 +
χn

k2
bn
− χ2

n

(
W∗T

Xn
ΨXn(Xn) + εn(Xn)

)
+

χn

k2
bn
− χ2

n

(
hνµ ν + ∆(ν) + dn(t)

)
−hmin

γn
θ̃nDαθn −

hmin

ςn
ϖ̃nDαϖn + ζnDαζn

(40)
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By employing Young’s inequality with Assumption 1, one has

χn

k2
bn
− χ2

n
W∗T

Xn
ΨXn(Xn) ≤

hminχ2
n

2c2
n

(
k2

bn
− χ2

n

)2 θ∗n∥ΨXn(Xn)∥2 +
c2

n
2

(41)

χn

k2
bn
− χ2

n
εn(Xn) ≤

hmin ε̄2
nχ2

n

2ξ2
n

(
k2

bn
− χ2

n

)2 +
ξ2

n
2hmin

(42)

χn

k2
bn
− χ2

n
∆(ν) ≤ hminD̄2

nχ2
n

2ξ2
n

(
k2

bn
− χ2

n

)2 +
ξ2

n
2hmin

(43)

χn

k2
bn
− χ2

n
dn(t) ≤

hmind̄2
nχ2

n

2ξ2
n

(
k2

bn
− χ2

n

)2 +
ξ2

n
2hmin

(44)

where cn, ξn, δn > 0.
Substituting (41)–(44) into (40) yields

DαVn ≤ DαVn−1 +
χn

k2
bn
− χ2

n
hνµ ν

+
hminχ2

n

2c2
n

(
k2

bn
− χ2

n

)2 θ∗n∥ΨXn(Xn)∥2 +
hminϖ∗

nχ2
n

2ξ2
n

(
k2

bn
− χ2

n

)2

−hmin

γn
θ̃nDαθn −

hmin

ςn
ϖ̃nDαϖn + ζnDαζn +

c2
n
2
+

3ξ2
n

hmin

≤ DαVn−1 −
hmin

ςn
ϖ̃n

Dαϖn −
ςnχ2

n

ξ2
n

(
k2

bn
− χ2

n

)2


+

χn

k2
bn
− χ2

n

hνµ ν +
hminχnθn∥ΨXn(Xn)∥2

2c2
n

(
k2

bn
− χ2

n

) +
hminχnϖn

ξ2
n

(
k2

bn
− χ2

n

)


−hmin

γn
θ̃n

Dαθn −
γnχ2

n

2c2
n

(
k2

bn
− χ2

n

)2 ∥ΨXn(Xn)∥2


+ζnDαζn + 2c2

n +
3ξ2

n
hmin

(45)

Design the fractional-order adaptive laws as

Dαθn =
γnχ2

n

2c2
n

(
k2

bn
− χ2

n

)2 ∥ΨXn(Xn)∥2 − ϕnθn (46)

Dαϖn =
ςnχ2

n

2ξ2
n

(
k2

bn
− χ2

n

)2 − φnϖn (47)

where γn > 0, ςn > 0, ϕn > 0 and φn > 0 are the tunable parameters.
Design event-triggered controller as

v(t) = Θ(tk), ∀t ∈ [tk, tk+1) (48)

Θ(t) = −(1 + λ∗
1)

an tanh

 anχn

κ∗
(

k2
bn
− χ2

n

)
+ λ̄∗

2 tanh

 λ̄∗
2χn

κ∗
(

k2
bn
− χ2

n

)
 (49)
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an = bnχn +
χn

2ξ2
n

(
k2

bn
− χ2

n

)ϖn

+
χn

2c2
n

(
k2

bn
− χ2

n

) θn∥ΨXn(Xn)∥2 (50)

where bn > 0 and κ∗ > 0 are the tunable parameters. The sampling instants are determined
by the following triggering condition

tk+1 = inf{ t ∈ R||Υ(t)| ≥ λ∗
1 |v(t)|+ λ∗

2} (51)

where tk(k ∈ Z+) is the controller update time. λ∗
1 ∈ (0, 1), λ̄∗

2 >
λ∗

2
1−λ∗

1
and λ∗

2 > 0 are
known parameters.

Define event sampling error Υ(t) = Θ(t)− v(t), together with (51), we have

Θ(t) = (1 + λ∗
1λ1(t))v(t) + λ∗

2λ2(t) (52)

where |λ1(t)| ≤ 1 and |λ2(t)| ≤ 1. In view of |λ1(t)| ≤ 1 and |λ2(t)| ≤ 1, we obtain

Θ(t)χn

1 + λ∗
1λ1(t)

≤ Θ(t)χn

1 + λ∗
1

λ∗
2λ2(t)

1 + λ∗
1λ1(t)

≤
∣∣∣∣ λ∗

2
1 − λ∗

1

∣∣∣∣ (53)

Substituting (46)–(53) into (45), we obtain

DαVn ≤ DαVn−1 +
hνµ χn

k2
bn
− χ2

n

Θ(t)
1 + λ∗

1 λ1(t)
−

hνµ χn

k2
bn
− χ2

n

λ∗
2 λ2(t)

1 + λ∗
1 λ1(t)

+
χn

k2
bn
− χ2

n

 hminχn

2c2
n

(
k2

bn
− χ2

n

) θn∥ΨXn (Xn)∥2 +
hminχn

ξ2
n

(
k2

bn
− χ2

n

)ϖn


+

hminϕn

γn
θ̃nθn+

hmin φn

ςn
ϖ̃nϖn + ζnDαζn + 2c2

n +
3ξ2

n
hmin

≤ DαVn−1 −
hνµ χn

k2
bn
− χ2

n

λ∗
2 λ2(t)

1 + λ∗
1 λ1(t)

− (1 + λ∗
1)

1 + λ∗
1 λ1(t)

hνµ anχn

k2
bn
− χ2

n
tanh

 anχn

κ∗
(

k2
bn
− χ2

n

)


− (1 + λ∗
1)

1 + λ∗
1 λ1(t)

hνµ λ̄∗
2 χn

k2
bn
− χ2

n
tanh

 λ̄∗
2 χn

κ∗
(

k2
bn
− χ2

n

)


+
χn

k2
bn
− χ2

n

 hminχn

2c2
n

(
k2

bn
− χ2

n

) θn∥ΨXn (Xn)∥2 +
hminχn

ξ2
n

(
k2

bn
− χ2

n

)ϖn


+

hminϕn

γn
θ̃nθn+

hmin φn

ςn
ϖ̃nϖn + ζnDαζn + 2c2

n +
3ξ2

n
hmin

≤ DαVn−1+
hminϕn

γn
θ̃nθn+

hmin φn

ςn
ϖ̃nϖn + ζnDαζn + 2c2

n +
3ξ2

n
hmin

+
χn

k2
bn
− χ2

n

−hνµ an +
hminχn

2c2
n

(
k2

bn
− χ2

n

) θn∥ΨXn (Xn)∥2 +
hminχn

ξ2
n

(
k2

bn
− χ2

n

)ϖn


+

n−1

∑
i=1

gi min

γi
ϕi θ̃iθi+

hmin

γn
ϕn θ̃nθn +

n−1

∑
i=1

gi min

ςi
φiϖ̃iϖi

+
hmin

ςn
φnϖ̃nϖn +

n

∑
i=2

ζi Dαζi + 0.557κ∗

≤ −
n−1

∑
i=1

bi gi minχ2
i

k2
bi
− χ2

i
− hminbnχ2

n

k2
bn
− χ2

n
+

n−1

∑
i=1

2ξ2
i

gi min

+
3ξ2

n
hmin

+
n

∑
i=1

2c2
i +

n−1

∑
i=1

δ2
i g2

i max
2gi min

ζ2
i+1 +

δ2
n−1g2

n−1 max
2gn−1 min

ū2
s

+
n−1

∑
i=1

gi min

γi
ϕi θ̃iθi+

hmin

γn
ϕn θ̃nθn +

n−1

∑
i=1

gi min

ςi
φiϖ̃iϖi

+
hmin

ςn
φnϖ̃nϖn +

n

∑
i=2

ζi Dαζi + 0.557κ∗

(54)
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4.2. Stability Analysis

Theorem 1. Considering the pure-feedback FONSs (2) under Assumptions 1–3, virtual control func-
tions (14), (24) and (35), fractional-order adaptive laws (15), (16), (25), (26), (36), (37), (46) and (47),
and the event-triggered adaptive controller presented in (48)–(51), the following holds (The proof of
Theorem 1 see Appendix A):

(i) All system signals are bounded, and error signal χi will stay around the compact set

Ωχ =

{
χi||χi| ≤ kbk

√
1 − e−2Vn(0)E(α,1)(−ρtα)−2Mϑ/ρ, i = 1, . . . , n

}
(55)

(ii) All system states can not transgress the sets.
(iii) The Zeno behavior can be avoided.

5. Simulation
5.1. Example 1

A two-order pure-feedback FONS with full state constraints is described as{
D0.6x1 = −0.5x2

1 + x2 + 0.01 sin(t)

D0.6x2 =
x2−0.3x2

1
1+0.5x4

1
− x2 + u(ν(t − τ)) + 0.05 cos(t)

where f1(x1, x2) = −0.5x2
1 + x2, f2(x1, x2) =

x2−0.3x2
1

1+0.5x4
1
− x2, τ = 0.01, d1(t) = 0.01 sin(t)

and d2(t) = 0.05 cos(t). x1 and x2 are the system states, which are confined as |x1| ≤ kc1= 0.8
and |x2| ≤ kc2= 0.6, respectively, and yr(t) = 0.5 sin(t). ν and u(ν) are the saturation input
and output, and the saturation parameters are umax= 0.8 and umin= −0.5.

Using the adaptive controller (14) and (48)–(51) with parameter-updated laws (15), (16),
(46) and (47), the design parameters are chosen as b1 = 25, b2 = 8, c1 = 11, c2 = 113,
ϕ1 = ϕ2 = 1.01, γ1 = 1.001, γ2 = 1.101, ξ1 = 11, ξ2 = 111.1, δ1 = 1.1, φ1 = φ2 = ς1 =
ς2 = 1.1, κ2 = 0.06, κ∗ = 0.01, λ∗

1 = 0.001, λ∗
2 = 0.1 and λ̄∗

2 = 0.2001. Meanwhile, the initial
values are selected as x1(0) = x2(0) = 0, θ1(0) = θ2(0) = 0 and ϖ1(0) = ϖ2(0) = 0.

The simulation results are shown by Figures 2–8. Figure 2 displays output tracking
trajectories between the system output y and the reference signal yr. Figure 3 shows the
system states x2. It is clear from these figures the full state constraints are not violated.
The control input signals u shown in Figure 4, adaptive estimation for θ1 and θ2 shown in
Figure 5, and ϖ1 and ϖ2 shown in Figure 6 are all bounded. Figure 7 lists the sequence of
steps of event-triggered sampling to demonstrate the time interval results of the triggering
events, and Figure 8 shows the number of accumulated events according to the event-
triggered sampling in Figure 7, which can display that the proposed event-triggered
controller can reduce the computational burden.
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Figure 2. Output y and tracking signal yr(t).
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Figure 4. Control input u.
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Figure 5. Parameter estimation θ1 and θ2.
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Figure 6. Parameter estimation ϖ1 and ϖ2.

Figure 7. Time interval.
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Figure 8. Cumulative number of events.

5.2. Example 2

In this example, the fractional-order Chua–Hartley system as a practical example is
presented as follows [50]:

Dαx1 = 10
7
(
x1 − x3

1
)
+ x2 + d1(t)

Dαx2 = 10x1 − x2 + x3 + d2(t)
Dαx3 = − 100

7 x2 + u(ν(t − τ)) + d3(t)

where α = 0.98, f1(x1, x2) = x2 +
10
7
(
x1 − x3

1
)
, f2(x̄2, x3) = 10x1 − x2 + x3, f3(x̄3) = − 100

7 x2,
and τ = 0.005. d1(t) = 0.05 cos(t), d2(t) = 0.1 sin(t), and d3(t) = 0.01(sin(t) + cos(t))
are the external disturbances. x1, x2, and x3 are the system states, which are confined as
|x1| ≤ kc1= 0.9, |x2| ≤ kc2= 1.6, and |x3| ≤ kc3= 16, respectively, and the desired signal is
taken as yr(t) = 0.8 sin(t). The saturation parameters are umax= 200 and umin= −210.

The design parameters are chosen as b1 = 16.1, b2 = 31.1, b3 = 71.1, c1 = 1.1,
c2 = c3 = 101.8, ϕ1 = ϕ2 = ϕ3 = 1.01, γ1 = γ2 = γ3 = 0.001, ξ1 = 11.1,
ξ2 = ξ3 = 101.1, δ1 = δ2 = 1, φ1 = φ2 = φ3 = 1.1, ς1 = ς2 = ς3 = 0.01,
κ2 = κ3 = 0.01, κ∗ = 0.01, λ∗

1 = 0.001, λ∗
2 = 1.1, and λ̄∗

2 = 1.2011. Meanwhile, the
initial values are selected as x1(0) = x2(0) = x3(0) = 0, θ1(0) = θ2(0) = θ3(0) = 0,
and ϖ1(0) = ϖ2(0) = ϖ3(0) = 0.

To show the advantages of the proposed controller, a robust adaptive backstepping
controller (RABC) in [52] is employed. Figure 9 shows the position relationship of y and yr,
in which the constraints are not violated. State x2 is shown in Figures 10 and 11, and x3 is
displayed in Figures 12 and 13 by RABC and the proposed scheme, respectively. It is clear that
the system states x2 and x3 by the proposed scheme satisfy the constraints x2 < 1.6 and x3 < 16.
However, the system state x2 and x3 by the RABC violate the preset state constraints. The
control input signals u shown in Figure 14, adaptive estimation for θ1, θ2, and θ3 shown in
Figure 15, and ϖ1, ϖ2, and ϖ3 shown in Figure 16 are all bounded. Figures 17 and 18 show
the sequence of steps of event-triggered sampling and the number of accumulated events to
demonstrate the effectiveness of the computational burden reduction.
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Figure 9. Output y and tracking signal yr(t).
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Figure 10. State x2.
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Figure 15. Parameter estimation θ1, θ2, and θ3.
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Figure 16. Parameter estimation ϖ1, ϖ2, and ϖ3.
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Figure 17. Time interval.

Figure 18. Cumulative number of events.
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Based on the above simulation results, it can be observed by the proposed scheme
that the tracking objective and the stability can be obtained, and reducing communication
burden and meeting preset state limits can also be achieved.

6. Conclusions

An adaptive event-triggered controller approach for state-constrained pure-feedback
FONSs with input delay, unknown actuator saturation, and external disturbances has been
proposed. By employing the BLFs, backstepping technique, and auxiliary compensation
system to handle input delay, the constraints are not violated. The fractional-order dynamic
surface filters are used to deal with the complexity of the recursive procedure. The ETC
strategy is applied to overcome the communication burden from the limited communication
resources. The effectiveness can be verified by the simulation results. In the future, the
controller design issue for time-delay switching FONSs will be considered, and the fractional-
order circuit system will be built to verify the effectiveness of the proposed algorithm.
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Appendix A

Proof of Theorem 1. (1) The proof of Theorem 1-(i): It is true that

Dαζi = Dαai.l − Dαai−1 = − ζi
κi
+Hi(·), i = 2, 3, . . . , n

where

Hi(·) = −
i

∑
j=1

∂ai−1

∂xj
Dαxj −

∂ai−1

∂Wi−1
DαWi−1 −

∂ai−1

∂ai−1.l
Dαai−1.l

i = 2, 3, . . . , n

For constants δyr > 0 and Θδ > 0, the set

Ωyr =
{(

yr Dαyr D2αyr
)T
∣∣∣y2

r + (Dαyr)
2 +

(
D2αyr

)2 ≤ δyr

}
and

Ωi =

{
1
2

i
∑

j=1
ln

k2
bj

k2
bj
−χ2

j
+

i
∑

j=1

1
2γj

W̃T
j W̃j +

1
2

i−1
∑

j=1
ζ2

j+1 ≤ Θδ

}
are compact. Then, Ωyr × Ωi is

compact, and there is a Ξj > 0, s.t.
∣∣Hj
∣∣ ≤ Ξj. Therefore, the following inequality holds:

∣∣ζ jHj
∣∣ ≤ ζ2

j Ξ2
j

2qj
+

qj

2

where qj > 0.
Based on error θ̃i = θ∗i − θi and ϖ̃i = ϖ∗

i − ϖi, it holds

θ̃iθi ≤
1
2

θ∗2
i − 1

2
θ̃2

i

ϖ̃iϖi ≤
1
2

ϖ∗2
i − 1

2
ϖ̃2

i
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Then, we can obtain

DαVn ≤ −
n−1

∑
i=1

bigi minχ2
i

k2
bi
− χ2

i
− hminbnχ2

n

k2
bn
− χ2

n
+

n−1

∑
i=1

ξ2
i

gi min

+
n−1

∑
i=1

gi min

2γi
ϕiθ

∗2
i +

hmin

2γn
ϕnθ∗2

i −
n−1

∑
i=1

gi min

2γi
ϕi θ̃

2
i

+
n−1

∑
i=1

gi min

2ςi
φiϖ

∗2
i +

hmin

2ςn
φnϖ∗2

i −
n−1

∑
i=1

gi min

2ςi
φiϖ̃

2
i

−hmin

2ςn
φnϖ̃2

i +
n

∑
i=2

(
δ2

i−1g2
i−1 max

2gi−1 min
− 1

κi
+

Ξ2
i

2qi

)
ζ2

i

+
3ξ2

n
2hmin

+
n

∑
i=1

c2
i

2
+

n

∑
i=2

qi
2
+

δ2
n−1g2

n−1 max
2gn−1 min

ū2
s

−hmin

2γn
ϕn θ̃2

i + 0.557κ∗

≤ −ρVn + M

where
ρ = min

{
2bigi min, hminbn, ϕi, φi, Ej, i = 1, . . . , n − 1; j = 2, . . . , n

}
M =

n−1

∑
i=1

ξ2
i

gi min
+

3ξ2
n

2hmin
+

n

∑
i=1

c2
i

2
+

n−1

∑
i=1

gi min

2ςi
φiϖ

∗2
i

+
n−1

∑
i=1

(
gi min

2γi
ϕiθ

∗2
i +

hmin

2γn
ϕnθ∗2

i

)
+

hmin

2ςn
φnϖ∗2

i

+
δ2

n−1g2
n−1 max

2gn−1 min
ū2

s +
n

∑
i=2

qi
2
+ 0.557κ∗

Ej =
δ2

j−1g2
j−1 max

2gj−1 min
− 1

κj
+

Ξ2
j

2qj

According to Lemma 4, it is easily to obtain

Vn(t) ≤ Vn(0)E(α,1)(−ρtα) +
Mϑ

ρ

Based on Lemma 1, it holds that

Vn ≤ Mϑ

ρ
, t → ∞ (A1)

According to the inequality (A1), one can obtain the boundedness of ln k2
bi

/(
k2

bi
− χ2

i

)
,

thus
∣∣χi

∣∣ remains in the set
∣∣χi

∣∣ < kbi
. Also, it holds that θ̃i, ϖ̃i, and ζ j are bounded.

Since θ̃i = θ∗i − θi and ϖ̃i = ϖ∗
i − ϖi, one can obtain that θi and ϖi are bounded. Due

to χ1 and yr(t) are bounded, x1 is bounded. Due to (14), a1 is bounded and satisfies
|a1| < a1 max, a1 max > 0. Using χ2 = x2 − a2.l and ζ2 = a2.l − a1 <

√
2Vn, one can obtain

that a2.l and x2 are bounded. Similarly, based on the boundedness of us(t) from (5), the
boundedness of states xi, i = 3, . . . , n and virtual controllers ai, i = 2, . . . , n are obtained.
From (A1), it holds that 1

2 ln k2
bi

/(
k2

bi
− χ2

i

)
≤ Vn(0)E(α,1)(−ρtα) + Mϑ

/
ρ, which implies

that |χi| ≤ kbk

√
1 − e−2Vn(0)E(α,1)(−ρtα)−2Mϑ/ρ. That is χi ∈ Ωχ, i = 1, 2, . . . , n.

(2) The proof of Theorem 1-(ii): Based on x1 = χ1 + yr(t) and |yr(t)| ≤ A0 from Assump-
tion 3, one has |x1| ≤ |χ1|+ |yr(t)| < kb1 + A0. Define kb1 = kc1 − A0, one obtain

|x1| < kc1 . Due to x2 = χ2 + ζ2 + a1 and |ζ2| ≤
√

2
(

Vn(0)E(α,1)(−ρtα) + Mϑ
/

ρ
) 1

2ρ ≤
∆2, ∆2 > 0, yielding |x2| ≤ |χ2| + |ζ2| + |a1| < kb2 + ∆2 + a1 max. Let kb2 = kc2 −
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∆2 − a1 max, one can obtain |x2| < kc2 . Similarly, one can in turn obtain |xi| < kci ,
i = 3, . . . , n.

(3) The proof of Theorem 1-(iii): From the sampling error Υ(t) = Θ(t)− v(t), one can
obtain Dα|Υ(t)| = sign(Υ(t))DαΥ(t) ≤ |DαΘ(t)|. Due to (49), DαΘ(t) is bounded,
and ∃ζ̄ > 0 satisfying |DαΘ(t)| < ζ̄. According to Υ(tk) = 0 and lim

t→tk+1
Υ(t) = λ∗

2 ,

one can obtain tk+1 − tk ≥ λ∗
2
/

ζ̄, avoiding the Zeno phenomenon.
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