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Abstract: In this paper, we provide a collocation spectral scheme for systems of nonlinear Ca-
puto–Hadamard differential equations. Since the Caputo–Hadamard operators contain logarithmic
kernels, their solutions can not be well approximated using the usual spectral methods that are
classical polynomial-based schemes. Hence, we construct a non-polynomial spectral collocation
scheme, describe its effective implementation, and derive its convergence analysis in both L2 and L∞.
In addition, we provide numerical results to support our theoretical analysis.
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1. Introduction

Fractional differential equations represent an extension of classical ones by replacing
the standard derivative with a fractional order one. Models incorporating fractional deriva-
tives have garnered substantial attention in recent years due to their capacity to provide a
more precise portrayal of various real-world phenomena [1,2]. In mathematical treatises on
fractional differential equations, the Riemann–Liouville approach is typically employed,
while in applications, the Caputo definition is frequently encountered. In comparison to
these two types of fractional operators, the Hadamard fractional calculus, introduced in
1892 by Hadamard [3], has not received much attention. It combines elements of the Caputo
derivative and the Hadamard fractional integral. Indeed, the Caputo–Hadamard (C-H)
derivative also merits further investigation. Since the integral kernel of the Hadamard
operators is defined in terms of logarithmic functions, the Hadamard fractional deriva-
tive is a suitable choice for modeling ultraslow diffusion processes. The authors of [4,5]
utilized a logarithmic function to represent ultraslow diffusion, demonstrating that the
Hadamard derivative is more effective than the Riemann–Liouville or Caputo derivatives
in characterizing ultraslow diffusion.

Recent research on C-H equations focused on fundamental theoretical aspects.
Kilbas et al. [6,7] provided detailed descriptions and mathematical treatments of fractional
calculus in the Hadamard sense. He et al. [8] discussed the stability of C-H equations
and Hadamard systems without delay. The necessary conditions of solvability, the ex-
istence, and the uniqueness of the solution for the nonlinear C-H differential equations
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were investigated in [9,10]. The modified Laplace transform and its inverse were used
in [11] to construct the mild solutions of the Hadamard-type fractional Fokker–Planck
equation. Ou et al. [12] adopted the modified Laplace transform and the well-known finite
Fourier sine transform to obtain the analytical solution of C-H fractional diffusion-wave
equations with initial singularity. Muthaiah et al. [13] studied the existence, uniqueness,
and Hyers–Ulam stability of nonlinear systems of C-H fractional differential equations
with nonlocal integral and multipoint boundary conditions.

All of the above-mentioned studies are concerned with theoretical aspects of C-H
fractional equations. However, studies on numerical methods for nonlinear C-H fractional
differential equations are still in their early stages. As a result, we study the following
nonlinear system of C-H differential equations:

CH
ρ Dκ

t φ1(t) = g1(t, φ1(t), . . . , φM(t)), ρ < t < L,
CH
ρ Dκ

t φ2(t) = g2(t, φ1(t), . . . , φM(t)), ρ < t < L,
...
CH
ρ Dκ

t φM(t) = gM(t, φ1(t), . . . , φM(t)), ρ < t < L,
φi(ρ) = φiρ, i = 1, 2, . . . , M, ρ ∈ (0, t), κ ∈ (0, 1),

(1)

where gi : [ρ, L]×RM → R are given continuous functions, and the C-H derivative CH
ρ Dκ

t
of order 0 < κ < 1 is given by (3).

Because fractional derivatives have a complex form, it is sometimes necessary to
establish an appropriate numerical scheme to approximate them [14–16], which consider-
ably enhances the efficiency of the actual calculation process. In this paper, we provide a
collocation spectral scheme for systems of nonlinear C-H differential equations. Since the
C-H operators contain logarithmic kernels, their solutions can not be well approximated
using the usual spectral methods that are classical polynomial-based methods. Hence, our
contribution in this paper is to construct a non-polynomial spectral collocation scheme,
describe its effective implementation, and derive its convergence analysis for solving sys-
tems of nonlinear C-H differential equations. In addition, we provide numerical results to
support our theoretical analysis.

The outline of this paper is as follows: In Section 2, we introduce some necessary
definitions and preliminary concepts. In Section 3, we construct the spectral collocation
scheme. In Section 4, we provide some auxiliary lemmas. In Section 5, we discuss the
convergence and provide some numerical results. In Section 6, we introduce two numerical
examples. In Section 7, we summarize the conclusions.

2. Preliminaries

In this section, some relevant properties of the C-H fractional calculus and the loga-
rithmic Jacobi (log J) approximation are presented.

Definition 1. The C-H fractional integral with order κ > 0 is defined as [17]

ρ Jκ
z φ(z) =

1
Γ(κ)

∫ z

ρ
βκ−1(z, w)φ(w)

dw
w

, z > ρ > 0, (2)

where β(z, w) = log( z
w ).

Definition 2. The C-H fractional differential operator of order 0 < κ < 1 is given as [18]

CH
ρ Dκ

z φ(z) =
1

Γ(1 − κ)

∫ z

ρ
β−κ(z, w) φ′(w)dw. (3)

Definition 3. Let κ, η > −1, I := [ρ, ρ e], and ρ > 0. The log J functions of order p are given
by [19]
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R
κ,η,ρ
p (z) = R

κ,η
p

(
β2(z, ρ)− 1

)
, η, κ > −1, ρ > 0, ∀z ∈ I

=
Γ(p + κ + 1)

p!Γ(p + κ + η + 1)

p

∑
k=0

(
p
k

)
Γ(p + k + κ + η + 1)

Γ(k + κ + 1)
(β(z, ρ)− 1)k,

(4)

where R
κ,η
p (z) is the Jacobi polynomial defined as

R
κ,η
p (z) =

Γ(p + κ + 1)
Γ(p + 1 + κ + η)p!

p

∑
k=0

(
p
k

)
Γ(p + k + κ + η + 1)

Γ(k + κ + 1)

(
z − 1

2

)k
.

We define the space of logarithmic functions of order s by

Plog
s (Ω) := span

{
1, β(z, ρ), β(z, ρ)2, . . . , β(z, ρ)s

}
,

where Ω = [ρ,+∞), ρ > 0. Let

χκ,η,ρ(z) := z−1β(z, ρ)η(1 − β(z, ρ))κ . (5)

We denote by L2
χκ,η,ρ(I) the weighted L2 space with the following inner product

and norm,

(φ, ϕ)χκ,η,ρ =
∫

I
φ(z)ϕ(z)χκ,η,ρ(z)dz, ∥φ∥χκ,η,ρ = (φ, φ)1/2

χκ,η,ρ . (6)

One of the most important properties of the log J polynomials is that they are mutually
orthogonal in L2

χκ,η,ρ(I), that is,(
R

κ,η,ρ
m (z), Rκ,η,ρ

j (z)
)

χκ,η,ρ
= 0 ∀j ̸= m,∥∥∥Rκ,η,ρ

j (z)
∥∥∥

χκ,η,ρ
= θ̂

κ,η
j =

Γ(j + κ + 1)Γ(j + η + 1)
(2j + κ + η + 1)j!Γ(j + κ + η + 1)

.
(7)

We define the following first-order differential operator:

D1
logϕ(z) =

d
dβ(z, ρ)

ϕ(z) = zϕ′(z), (8)

and an induction leads to

Dk
logϕ(z) =

k︷ ︸︸ ︷
D1

log · D1
log · · · D1

log ϕ(z). (9)

We also define the non-uniformly weighted log J Sobolev space as

Bi,ρ
κ,η(I) :=

{
ϕ : Dj

logϕ ∈ L2
χκ+j,η+j,ρ(I), 0 ≤ j ≤ i

}
, i ∈ N,

with

(ψ, ϕ)
Bi,ρ

κ,η
=

i

∑
k=0

(Dk
logψ, Dk

logϕ)χκ+k,η+k,ρ , ∥ϕ∥
Bi,ρ

κ,η
= (ϕ, ϕ)1/2

Bi,ρ
κ,η

,

|ϕ|
Bi,ρ

κ,η
=∥Di

logϕ∥χκ+i,η+i,ρ .



Fractal Fract. 2024, 8, 262 4 of 16

For the usual shifted–weighted Jacobi Sobolev space, we define

Bi
κ,η(Λ) :=

{
ϕ : ∂

j
zϕ ∈ L2

χκ+j,η+j(Λ), 0 ≤ j ≤ i
}

, i ∈ N,

where χκ,η = (−z + 1)κzη with z ∈ Λ = [0, 1] is the classical Jacobi weight function.
Assume that x0 < x1 > · · · < xM−1 < xM in I are the roots of R

κ,η,ρ
M+1(x). Let z(x) =

log x
ρ . Then, zj := z(xj) = log

xj
ρ , 0 ≤ j ≤ M are zeros of R

κ,η
M+1(x), and {χi}M

i=0 are the
corresponding weights.

The log J-Gauss quadrature enjoys the exactness

∫
I

φ(z)χκ,η,ρ(z)dz =
M

∑
i=0

φ(zi)χi ∀φ(z) ∈ Plog
2M+1. (10)

Hence,
M

∑
k=0

R
κ,η,ρ
q (zk)R

κ,η,ρ
j (zk)χk = θ̂

κ,η
q δq,j, ∀ 0 ≤ q + j ≤ 2M + 1. (11)

For any φ(ρez) ∈ C(I), the log J-Gauss interpolation operator Iκ,η,ρ
z,M : C(I) −→ Plog

M is
determined uniquely by

Iκ,η,ρ
z,M φ(zq) = φ(zq) 0 ≤ q ≤ M. (12)

From the above condition, we have Iκ,η,ρ
z,M φ = φ for all φ ∈ Plog

M . On the other hand,

since Iκ,η,ρ
z,M φ ∈ Plog

M , we can write

Iκ,η,ρ
z,M φ(x) =

M

∑
i=0

φ̂
κ,η,ρ
i R

κ,η,ρ
i (x), φ̂

κ,η,ρ
i =

1
θ̂

κ,η
i

M

∑
j=0

φ(xj)R
κ,η,ρ
i (xj)χj, ∀φ ∈ Plog

M (I). (13)

The L∞(I) space is the set of all measurable functions that are essentially bounded.
That is, functions g that are bounded almost everywhere on a set of finite measures. The
essential supremum norm is used to define the norm of this space and is given as

∥g∥∞ = ess sup
x∈I

|g(x)|.

Definition 4. Let A(z) =
(
aij(z)

)
m×n be an (m × n) matrix function with z ∈ I, we consider

the non-negative real-valued function

|A(z)| =
m

∑
i=1

n

∑
j=1

∣∣aij(z)
∣∣, (14)

and the norms

∥A∥χκ,η,ρ :=
(∫

I
|A(z)|2χκ,η,ρdz

)1/2
,

∥A∥∞ := ess sup
z∈I

|A(z)|.
(15)

Proposition 1. It holds for any ψ(ρ ex) ∈ Bm
κ,η(Λ), m ≥ 1 and M + 1 ≥ m ≥ q ≥ 0

∥Dq
log

(
ψ − Iκ,η,ρ

M ψ
)
∥χκ+q,η+q,ρ ≤ c

√
(1 + M − m)!

M!
Mq−(1+m)/2∥∂m

x
{

ψ(ρ ex)
}
∥χκ+m,η+m , (16)

and it takes the form
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∥Dq
log

(
ψ − Iκ,η,ρ

M ψ
)
∥χκ+q,η+q,ρ ≤ cMq−m∥∂m

x
{

ψ(ρ ex)
}
∥χκ+m,η+m , c ≈ 1, for fixed m M ≫ 1. (17)

In case of q = 0, 1, we can write

∥ψ − Iκ,η,ρ
M ψ∥χκ,η,ρ ≤ cM−m∥∂m

x
{

ψ(ρ ex)
}
∥χκ+m,η+m , (18)

∥∂x(ψ − Iκ,η,ρ
M ψ)∥χ̃κ,η,ρ ≤ cM1−m∥∂m

x
{

ψ(ρ ex)
}
∥χκ+m,η+m , (19)

where χ̃κ,η,ρ = x
(

1 − log
(

x
ρ

))κ+1(
log
(

x
ρ

))η+1
.

Lemma 1. For any κ, η ∈ (−1,− 1
2 ) and for all ψ(x) ∈ B1,ρ

κ,η(I), ψ(ξ) = 0 for some ξ ∈ I, it
holds that

∥ψ∥∞ ≤
√

2∥∂xψ∥1/2
χ̃κ,η,ρ∥ψ∥1/2

χκ,η,ρ . (20)

Proposition 2. For κ, η ∈ (−1,−1
2
],

∥ψ − Iκ,η,ρ
M ψ∥∞ ≤ cM1/2−m∥∂m

x ψ(ρ ex)∥χκ+m,η+m , ∀ψ(ρ ex) ∈ Bm
κ,η(Λ), m ≥ 1. (21)

Lemma 2.

∥Iκ,η,ρ
M ∥∞ := max

x∈I

M

∑
j=0

|hκ,η,ρ
j (x)| =

{
O(log M), − 1 < κ, η ≤ − 1

2 ,
O(Mµ+ 1

2 ), µ = max(κ, η), otherwise,
(22)

where {hκ,η,ρ
j (x)}M

j=0 are the logarithmic Lagrange interpolation functions that related to R
κ,η,ρ
M+1(x).

3. Non-Polynomial Spectral Collocation Scheme

To begin with, we rewrite the differential Equation (1) in the following equivalent
compact integral form

Φ(t) = Φρ +
1

Γ(κ)

∫ t

ρ
(β(t, s))κ−1G(s, Φ(s))

ds
s

, t ∈ (ρ, L], (23)

where
Φ(t) = [φ1, φ2, . . . , φM]T ,
G(t) = [g1, g2, . . . , gM]T .

In the following, we will make some useful transformations, which in turn are the
basis for the numerical solution scheme and its numerical analysis. In order to convert the
integral interval (ρ, t) to I, we consider

β(s, ρ) = β(t, ρ)β(r, ρ),

or

s = s(t, r) = ρ

(
r
ρ

)β(t,ρ)
.

Hence, the system (23) becomes

Φ(t) = Φρ +
(β(t, ρ))κ

Γ(κ)

∫
I
(1 − β(r, ρ))κ−1G(s(t, r), Φ(s(t, r)))

dr
r

. (24)

The non-polynomial spectral collocation scheme for (24) consists of finding φm,N(t) ∈
Plog

N (I), m = 1, 2, . . . , M, such that
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ΦN(t) = Φρ +
1

Γ(κ)
I0,0,ρ
t,N (β(t, ρ))κ

∫
I

r−1(1 − β(r, ρ))κ−1 Iκ−1,0,ρ
r,N G(s(t, r), ΦN(s(t, r)))dr, (25)

where
ΦN(t) = [φ1,N , φ2,N , . . . , φM,N ]

T ,

and Iκ,η,ρ
z,N is the log J-Gauss interpolation operator in the z-direction. For simplicity, we will

consider the trial functions as

φm,N(t) =
N

∑
i−0

φm,iR
0,0,ρ
i (t), m = 1, . . . , M. (26)

Accordingly,

I0,0,ρ
t,N Iκ−1,0,ρ

r,N (β(t, ρ))κ gm(s(t, r), ΦN(s(t, r))) =
N

∑
i=0

N

∑
j=0

vi,jR
0,0,ρ
i (t)Rκ−1,0,ρ

j (r), m = 1, . . . , M. (27)

A straightforward calculation by using (27) and (7) gives

1
Γ(κ)

I0,0,ρ
t,N

[
(β(t, ρ))κ

∫
I

r−1(1 − β(r, ρ))κ−1 Iκ−1,0,ρ
r,N gm(s(t, r), ΦN(s(t, r)))dr

]
=

1
Γ(κ)

N

∑
i=0

N

∑
j=0

vm,i,jR
0,0,ρ
i (t)

∫
I

r−1(1 − β(r, ρ))κ−1R
κ−1,0,ρ
j (r)dr

=
1

Γ(κ + 1)

N

∑
i=0

vm,i,0R
0,0,ρ
i (t), m = 1, . . . , M.

(28)

Let
{

χ
κ,η,ρ
p , xκ,η,ρ

p

}N

p=0
be the weights and the nodes of Gauss type logarithmic Jacobi

interpolation. A direct application of (27) and (13) yields

vi,0 = κ (2i + 1)×
N

∑
p=0

N

∑
q=0

(
β(t0,0,ρ

p , ρ)
)κ

gm

(
s
(

t0,0,ρ
p , rκ−1,0,ρ

q

)
, ΦN

(
s
(

t0,0,ρ
p , rκ−1,0,ρ

q

)))
R

0,0,ρ
i

(
t0,0,ρ

p

)
χ

0,0,ρ
p χ

κ−1,0,ρ
q .

(29)

Hence, we deduce that

N

∑
i−0

φm,iR
0,0,ρ
i (t) = φρR

0,0,ρ
0 (t) +

1
Γ(κ + 1)

N

∑
i=0

vm,i,0R
0,0,ρ
i (t). (30)

Comparing the coefficients of (30), we obtain

φm,0 = φρ +
vm,0,0

Γ(κ + 1)
,

φm,i =
vm,i,0

Γ(κ + 1)
, 1 ≤ i ≤ N, m = 1, . . . , M.

(31)

4. Auxiliary Lemmas

Herein, we derive the rate of convergence of the scheme (25) in the L2
χ0,0,ρ -norm.

Accordingly, we introduce some lemmas.
Let rκ,η,ρ

i be the log J-Gauss nodes in I and sκ,η,ρ
i = s

(
x, rκ,η,ρ

i

)
. The mapped log J-Gauss

interpolation operator xĨκ,η,ρ
s,N : C(ρ, x) −→ Plog

N (ρ, x) is defined by

xĨκ,η,ρ
s,N u

(
sκ,η,ρ

i

)
= u

(
sκ,η,ρ

i

)
, 0 ≤ i ≤ N. (32)
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Hence,

xĨκ,η,ρ
s,N u

(
sκ,η,ρ

i

)
= u

(
sκ,η,ρ

i

)
= u

(
s(x, rκ,η,ρ

i )
)
= Iκ,η,ρ

r,N u
(

s(x, rκ,η,ρ
i )

)
, (33)

and
xĨκ,η,ρ

s,N u(s) = Iκ,η,ρ
r,N u(s(x, r))

∣∣∣
β(r,ρ)= β(s,ρ)

β(x,ρ)

. (34)

Moreover, the following results can be easily derived:∫ x

ρ
s−1(β(x, s))κ−1

xĨκ−1,0,ρ
s,N φ(s)ds = (β(x, ρ))κ

∫
I

r−1(1 − β(r, ρ))κ−1Iκ−1,0,ρ
r,N φ(s(x, r))dr

= (β(x, ρ))κ
N

∑
j=0

φ
(

s(x, rκ−1,0,ρ
j )

)
χ

κ−1,0,ρ
j

= (β(x, ρ))κ
N

∑
j=0

φ
(

sκ−1,0,ρ
j

)
χ

κ−1,0,ρ
j .

(35)

Similarly,

∫ x

ρ
s−1(β(x, s))κ−1

(
xĨκ−1,0,ρ

s,N φ(s)
)2

ds = (β(x, ρ))κ
N

∑
j=0

φ2
(

sκ−1,0,ρ
j

)
χ

κ−1,0,ρ
j . (36)

Then, for any 1 ≤ s ≤ N + 1, we have∫ x

ρ
s−1(β(x, s))κ−1

∣∣∣(I − xĨκ−1,0,ρ
s,N

)
φ(s)

∣∣∣2ds

= (β(x, ρ))κ
∫

I
r−1(1 − β(r, ρ))κ−1

∣∣∣(I − Iκ−1,0,ρ
r,N

)
φ(s(x, r))

∣∣∣2dr

≤ cN−2m(β(x, ρ))κ
∫

I
r−1(1 − β(r, ρ))κ+m−1(β(r, ρ))m

∣∣∣Dm
log,r φ(s(x, r))

∣∣∣2dr

= cN−2m
∫ x

ρ
s−1(β(x, s))κ+m−1(β(s, ρ))m

∣∣∣Dm
log,s φ(s)

∣∣∣2ds,

(37)

where I is the identity operator.

Lemma 3. The following estimate holds for the error function eN(x) = Φ(x)− ΦN(x)

∥eN∥χ0,0,ρ ≤
3

∑
j=1

∥∥Ej
∥∥

χ0,0,ρ , (38)

where

E1 = Φ(x)− I0,0,ρ
x,N Φ(x),

E2 = I0,0,ρ
x,N

∫ x

ρ
R(x, s)(I − xĨκ−1,0,ρ

s,N ) G(s, Φ(s))ds,

E3 = I0,0,ρ
x,N

∫ x

ρ
R(x, s) xĨκ−1,0,ρ

s,N (G(s, Φ(s))− G(s, ΦN(s)))ds,

and R(x, s) = (Rij) with Rij =
s−1(β(x,s))κ−1

Γ(κ) δij, i, j = 1, . . . , M.

Proof.
∥eN∥χ0,0,ρ ≤

∥∥∥Φ − I0,0,ρ
x,N Φ

∥∥∥
χ0,0,ρ

+
∥∥∥I0,0,ρ

x,N Φ − ΦN

∥∥∥
χ0,0,ρ

. (39)
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It is clear from (23) that

I0,0,ρ
x,N Φ(x) = Φρ +

1
Γ(κ)

I0,0,ρ
x,N

∫ x

ρ
s−1(β(x, s))κ−1G(s, Φ(s))ds, (40)

and
ΦN(x) = Φρ +

1
Γ(κ)

I0,0,ρ
x,N

∫ x

ρ
s−1(β(x, s))κ−1

xĨκ−1,0,ρ
s,N G(s, ΦN(s))ds. (41)

Subtracting (40) from (42) yields

I0,0,ρ
x,N Φ(x)− ΦN(x)

=
1

Γ(κ)
I0,0,ρ

x,N

∫ x

ρ
s−1(β(x, s))κ−1

(
G(s, Φ(s))− xĨκ−1,0,ρ

s,N G(s, ΦN(s))
)

ds,
(42)

which has the form

I0,0,ρ
x,N Φ(x)− ΦN(x) =

1
Γ(κ)

I0,0,ρ
x,N

∫ x

ρ
s−1(β(x, s))κ−1

(
I − xĨκ−1,0,ρ

s,N

)
G(s, Φ(s))ds

+
1

Γ(κ)
I0,0,ρ

x,N

∫ x

ρ
s−1(β(x, s))κ−1

xĨκ−1,0,ρ
s,N (G(s, Φ(s))− G(s, ΦN(s)))ds.

(43)

Assume that the Nemytskii operator F for f is given as

F(φ)(x) := f (x, φ(x)).

5. Convergence Analysis

5.1. Convergence Analysis in L2
χ0,0,ρ -Norm

Theorem 1. Let Φ(t) and ΦN(t) be the solutions of systems (23) and (25), respectively. Let
Φ(x) ∈ Bm,ρ

0,0 (I), F : Bm,ρ
0,0 (I) −→ Bm,ρ

κ−1,0(I) with 1 ≤ m ≤ N + 1 and N ≥ 1. Then, we have the
following estimate

∥Φ − ΦN∥χ0,0,ρ ≤ cN−m
(
∥Dm

logΦ∥2
χm,m,ρ + ∥Dm

logG(·, Φ(·))∥2
χκ+m−1,m,ρ

)
. (44)

Proof. Using Proposition 1, we obtain

∥E1∥χ0,0,ρ =
∥∥∥Φ − I0,0,ρ

x,N Φ
∥∥∥

χ0,0,ρ
≤ cN−m∥Dm

logΦ∥2
χm,m,ρ ≤ cN−m∥∂m

x Φ(ρ ex)∥χm,m . (45)

Using the log J–Gauss integration formula gives

∥E2∥χ0,0,ρ =

∥∥∥∥I0,0,ρ
x,N

∫ x

ρ
R(x, s)

(
I − xĨκ−1,0,ρ

s,N

)
G(s, Φ(s))ds

∥∥∥∥
χ0,0,ρ

=

∥∥∥∥∥ M

∑
k=1

I0,0,ρ
x,N

∫ x

ρ
Rkk(x, s)

(
I − xĨκ−1,0,ρ

s,N

)
gk(s, Φ(s))ds

∥∥∥∥∥
χ0,0,ρ

=

[∫
I

χ0,0,ρ

(
M

∑
k=1

I0,0,ρ
x,N

∫ x

ρ
Rkk(x, s)

(
I − xĨκ−1,0,ρ

s,N

)
gk(s, Φ(s))ds

)
dx

]1/2

=

 N

∑
j=0

χ
0,0,ρ
j

(
M

∑
k=1

∫ x0,0,ρ
j

ρ
Rkk(x0,0,ρ

j , s)
(
I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
gk(s, Φ(s))ds

)2
1/2

≤

 N

∑
j=0

χ
0,0,ρ
j

M

∑
k=1

(∫ x0,0,ρ
j

ρ
Rkk(x0,0,ρ

j , s)
(
I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
gk(s, Φ(s))ds

)2 M

∑
k=1

(1)2

1/2
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Using the Cauchy–Schwarz inequality leads to the following estimate:

∥E2∥χ0,0,ρ

≤ C

[
N

∑
j=0

M

∑
k=1

χ
0,0,ρ
j

∫ x0,0,ρ
j

ρ
Rkk(x0,0,ρ

j , s) ds
∫ x0,0,ρ

j

ρ
Rkk(x0,0,ρ

j , s)
∣∣∣∣(I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
gk(s, Φ(s))

∣∣∣∣2ds

]1/2

≤ C

[
N

∑
j=0

M

∑
k=1

χ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
∫ x0,0,ρ

j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
∣∣∣∣(I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
gk(s, Φ(s))

∣∣∣∣2ds

]1/2

≤ C

(
N

∑
j=0

χ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
)1/2( M

∑
k=1

∫ x0,0,ρ
j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
∣∣∣∣(I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
gk(s, Φ(s))

∣∣∣∣2ds

)1/2

≤ C

(
N

∑
j=0

χ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
)1/2(∫ x0,0,ρ

j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
∣∣∣∣(I −

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N

)
G(s, Φ(s))

∣∣∣∣2ds

)1/2

≤ cN−m

[
N

∑
j=0

χ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
∫ x0,0,ρ

j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ+m−1
(β(s, ρ))m

∣∣∣Dm
log,sG(s, Φ(s))

∣∣∣2ds

]1/2

≤ cN−m∥Dm
logG(·, Φ(·))∥2

χκ+m−1,m,ρ .

(46)

An estimate for the term ∥E3∥χ0,0,ρ can be obtained by using the log J-Gauss integration
formula to give

∥E3∥χ0,0,ρ =

∥∥∥∥R(x, s)I0,0,ρ
x,N

∫ x

ρ
xĨκ−1,0,ρ

s,N (G(s, Φ(s))− G(s, ΦN(s)))ds
∥∥∥∥

χ0,0,ρ

=
1

Γ(κ)

∫
I

χ0,0,ρ

(
M

∑
k=1

I0,0,ρ
x,N

∫ x

ρ
s−1(β(x, s))κ−1

xĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

)2

dx

1/2

=
1

Γ(κ)

 N

∑
j=0

χ
0,0,ρ
j

(∫ x0,0,ρ
j

ρ
s−1(β(x, s))κ−1

M

∑
k=1

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

)2
1/2

Using the Cauchy–Schwarz inequality, we obtain

∥E3∥χ0,0,ρ

≤ 1
Γ(κ)

 N

∑
j=0

χ
0,0,ρ
j

∫ x0,0,ρ
j

ρ
s−1(β(x, s))κ−1ds

∫ x0,0,ρ
j

ρ
s−1(β(x, s))κ−1

(∣∣∣∣∣ M

∑
k=1

x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))

∣∣∣∣∣
)2

ds

1/2

≤ 1
Γ(κ)

 N

∑
j=0

χ
0,0,ρ
j

(
log

x
ρ

)κ ∫ x0,0,ρ
j

ρ
s−1(β(x, s))κ−1

(
M

∑
k=1

∣∣∣∣x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))

∣∣∣∣
)2

ds

1/2

(47)

and using the logarithmic Jacobi–Gauss quadrature Formula (35), we obtain

∥E3∥χ0,0,ρ

≤ 1
Γ(κ + 1)

[
N

∑
j=0

κχ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)2κ

×
N

∑
q=0

χ
κ−1,0,ρ
q

(
M

∑
k=1

∣∣∣gk

(
s
(

x0,0,ρ
j , rκ−1,0,ρ

q

)
, Φ
(

s
(

x0,0,ρ
j , rκ−1,0,ρ

q

)))
− gk

(
s
(

x0,0,ρ
j , rκ−1,0,ρ

q

)
, ΦN

(
s
(

x0,0,ρ
j , rκ−1,0,ρ

q

)))∣∣∣)2
1/2

.

(48)

Using the Lipschitz condition, we obtain
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∥E3∥χ0,0,ρ

≤ L
Γ(κ + 1)

 N

∑
j=0

κχ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)2κ N

∑
q=0

(
M

∑
i=1

χ
κ−1,0,ρ
q

∣∣∣φi

(
s
(

x0,0,ρ
j , rκ−1,0,ρ

q

))
− φN,i

(
s
(

x0,0,ρ
j , rκ−1,0,ρ

q

))∣∣∣)2
1/2

,
(49)

and using (36), we obtain

∥E3∥χ0,0,ρ

≤ L
Γ(κ + 1)

 N

∑
j=0

κχ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
∫ x0,0,ρ

j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

∣∣∣∣x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (φi(s)− φN,i(s))

∣∣∣∣
)2

ds

1/2

∥E3∥χ0,0,ρ

≤ L
Γ(κ + 1)

(
N

∑
j=0

κχ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ
)1/2

max
0≤j≤N

∫ x0,0,ρ
j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

∣∣∣∣x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (φi(s)− φi,N(s))

∣∣∣∣
)2

ds

1/2

.

(50)

For any x0,0,ρ
j ∈ I, let f (κ) =

(
β(x0,0,ρ

j , ρ)
)κ

. We note that f (κ) is a convex function of
κ. Hence, by Jensen’s inequality for all κ ∈ (0, 1)

f (κ) = (1 − κ) f (0) + κ f (1).

The above inequality yields

κ
N

∑
j=0

χ
0,0,ρ
j

(
β(x0,0,ρ

j , ρ)
)κ

≤ κ
N

∑
j=0

χ
0,0,ρ
j

[
1 − κ + κ

(
β(x0,0,ρ

j , ρ)
)]

≤ κ

[
1 − κ + κ

∫
I

s−1
(

log
x
a

)
dx
]
≤ κ

(
1 − κ

2

)
≤ 1

2
.

(51)

Hence, by using the above inequality and the triangle inequality, we deduce that

∥E3∥χ0,0,ρ ≤ L√
2 Γ(κ + 1)

max
0≤j≤N

∫ x0,0,ρ
j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

∣∣∣∣x0,0,ρ
j

Ĩκ−1,0,ρ
s,N (φi(s)− φN,i(s))

∣∣∣∣
)2

ds

1/2

≤ L√
2 Γ(κ + 1)

× max
0≤j≤N


∫ x0,0,ρ

j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

∣∣∣∣x0,0,ρ
j

Ĩκ−1,0,ρ
s,N φi(s)− φi(s)

∣∣∣∣
)2

ds

1/2

+

∫ x0,0,ρ
j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

|φi(s)− φN,i(s)|
)2

ds

1/2


≤ cN−m max
0≤j≤N

∫ xj

ρ
(β(s, ρ))m

(
M

∑
i=1

∣∣∣Dm
log,s φi(s)

∣∣∣)2

ds

1/2

+
L√

2 Γ(κ + 1)
× max

0≤j≤N

∫ x0,0,ρ
j

ρ
s−1
(

β(x0,0,ρ
j , s)

)κ−1
(

M

∑
i=1

|φi(s)− φN,i(s)|
)2

ds

1/2

≤ cN−m∥Dm
logΦ∥2

χm,m,ρ +
L√

2Γ(κ + 1)
∥eN∥2

χm,m,ρ .

(52)

Hence, a combination of (45), (46), (52) and the Lipschitz constant L < Γ(κ + 1) leads to the
desired result.



Fractal Fract. 2024, 8, 262 11 of 16

5.2. Convergence Analysis in L∞–Norm

Theorem 2. Let Φ(x) be the exact solution of Equation (23) and ΦN(x) be its approximate solution.
Assume that κ ∈ (0, 1), Φ ∈ Bm,ρ

0,0 (I). Then, we have the following estimate:

∥Φ − ΦN∥χ0,0,ρ ≤ cN1−m∥∂m
x Φ(ρex)∥χ−1/2,−1/2 + cN

1
2−m∥Dm

logG(·, Φ(·))∥2
χκ+m−1,m,ρ

+ cN
1
2−m∥Dm

logΦ∥2
χm,m,ρ + cNm∥eN∥2

χm,m,ρ .
(53)

Proof. It follows from (38) that

∥EN∥∞ ≤
∥∥∥Φ − I0,0,ρ

x,N Φ
∥∥∥

∞
+
∥∥∥I0,0,ρ

x,N Φ − ΦN

∥∥∥
∞
≤

3

∑
j=1

∥∥Ej
∥∥

∞. (54)

Then, we have

|E1| =
∥∥∥(I − I0,0,ρ

x,N )Φ
∥∥∥

∞

=

∥∥∥∥∥ M

∑
k=1

∣∣∣(I − I0,0,ρ
x,N )gk

∣∣∣∥∥∥∥∥
∞

≤
M

∑
k=1

∥∥∥(I − I0,0,ρ
x,N )gk

∥∥∥
∞

=
M

∑
k=1

∥∥∥gk − I−1/2
x,N ϕN,k + I0,0,ρ

x,N I−1/2
x,N ϕN,k − I0,0,ρ

x,N gk

∥∥∥
∞

.

(55)

Using the Jacobi–Gauss interpolation error estimate (see [20] page 133), for any gk ∈
Hm

χ−1/2,−1/2 with 1 ≤ m ≤ N + 1,∥∥∥gk − I−1/2,−1/2
x,N gk

∥∥∥
∞
≤ cN

1
2−m∥∂m

x Φ(ρex)∥χ−1/2,−1/2 , (56)

where c is a positive constant independent of m, N and gk. Then, we obtain

∥∥∥(I − I0,0,ρ
x,N )Φ

∥∥∥
∞
≤

M

∑
k=1

(
1 +

∥∥∥I0,0,ρ
x,N

∥∥∥
∞

)∥∥∥gk − I−1/2
x,N gk

∥∥∥
∞

≤ cN1−m
M

∑
k=1

∥∂m
x gk∥χ−1/2,−1/2

= cN1−m∥∂m
x Φ(ρex)∥χ−1/2,−1/2 .

(57)

Next, by Lemma 2, we obtain

|E2| =
∣∣∣∣I0,0,ρ

x,N

∫ x

ρ
R(x, s)(I − xĨκ−1,0,ρ

s,N ) G(s, Φ(s))ds
∣∣∣∣

=
1

Γ(κ)

∣∣∣∣∣I0,0,ρ
x,N

∫ x

ρ
s−1(β(x, s))κ−1

M

∑
k=1

(
I − xĨκ−1,0,ρ

s,N

)
gk(s, Φ(s))ds

∣∣∣∣∣
≤ 1

Γ(κ)

∥∥∥I0,0,ρ
x,N

∥∥∥
∞

max
x∈I

∣∣∣∣∣
∫ x

ρ
s−1(β(x, s))κ−1

M

∑
k=1

(
I − xĨκ−1,0,ρ

s,N

)
gk(s, Φ(s))ds

∣∣∣∣∣
≤ c N

1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

∣∣∣∣∣ M

∑
k=1

(
I − xĨκ−1,0,ρ

s,N

)
gk(s, Φ(s))ds

∣∣∣∣∣
≤ c N

1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

M

∑
k=1

∣∣∣(I − xĨκ−1,0,ρ
s,N

)
gk(s, Φ(s))ds

∣∣∣.
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By the Cauchy–Schwarz inequality and (36), we have

|E2| ≤ c N
1
2 max

x∈I

[∫ x

ρ
s−1(β(x, s))κ−1ds

×
∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
k=1

∣∣∣(I − xĨκ−1,0,ρ
s,N

)
gk(s, Φ(s))

∣∣∣)2

ds

 1
2

≤ c N
1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
k=1

∣∣∣(I − xĨκ−1,0,ρ
s,N

)
gk(s, Φ(s))

∣∣∣)2

ds

 1
2

≤ c N
1
2−m max

x∈I

[∫ x

ρ
s−1(β(x, s))κ+m−1

(
log

s
a

)m∣∣∣Dm
log,sG(s, Φ(s))

∣∣∣2ds
] 1

2

≤ cN
1
2−m∥Dm

logG(·, Φ(·))∥2
χκ+m−1,m,ρ .

(58)

Similarly, using Lemma 2 leads to

|E3| =
∣∣∣∣I0,0,ρ

x,N

∫ x

ρ
R(x, s) xĨκ−1,0,ρ

s,N (G(s, Φ(s))− G(s, ΦN(s)))ds
∣∣∣∣

=
1

Γ(κ)

∣∣∣∣∣I0,0,ρ
x,N

∫ x

ρ

(
s−1β(x, s)

)κ−1 M

∑
k=1

zĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

∣∣∣∣∣
≤ c
∥∥∥I0,0,ρ

x,N

∥∥∥
∞

max
x∈I

∣∣∣∣∣
∫ x

ρ
s−1(β(x, s))κ−1

M

∑
k=1

zĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

∣∣∣∣∣
≤ cN

1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

∣∣∣∣∣ M

∑
k=1

zĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

∣∣∣∣∣
≤ cN

1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

M

∑
k=1

∣∣∣zĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))ds

∣∣∣.
Applying the Cauchy–Schwarz inequality and (36), we obtain

|E3| ≤ cN
1
2 max

x∈I

[∫ x

ρ
s−1(β(x, s))κ−1ds

×
∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
k=1

∣∣∣xĨκ−1,0,ρ
s,N (gk(s, Φ(s))− gk(s, ΦN(s)))

∣∣∣)2

ds

 1
2

≤ cN
1
2 max

x∈I

[
(β(x, ρ))κ

×
N

∑
q=0

(
M

∑
k=1

∣∣∣gk(s
κ−1,0,ρ
q , Φ(sκ−1,0,ρ

q ))− gk(s
κ−1,0,ρ
q , ΦN(s

κ−1,0,ρ
q ))

∣∣∣)2

χ
κ−1,0,ρ
q

 1
2

.

Further, by the triangle inequality, (35) and (36), we deduce that
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|E3| ≤ cN
1
2 max

x∈I

(β(x, ρ))κ
N

∑
q=0

(
M

∑
i=1

∣∣∣ϕi(s
κ−1,0,ρ
q )− ϕN,i(s

κ−1,0,ρ
q )

∣∣∣)2

χ
κ−1,0,ρ
q

 1
2

≤ cN
1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
i=1

∣∣∣xĨκ−1,0,ρ
s,N ϕi(s)− ϕN,i(s)

∣∣∣)2

ds

 1
2

≤ cN
1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
i=1

∣∣∣xĨκ−1,0,ρ
s,N ϕi(s)− ϕi(s)

∣∣∣)2

ds

+
∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
i=1

|ϕi(s)− ϕN,i(s)|
)2

ds

 1
2

≤ cN
1
2−m max

x∈I

∫ x

ρ
(β(s, ρ))m

(
M

∑
i=1

∣∣∣Dm
log,s φi(s)

∣∣∣)2

ds

1/2

+ cN
1
2 max

x∈I

∫ x

ρ
s−1(β(x, s))κ−1

(
M

∑
i=1

|φi(s)− φN,i(s)|
)2

ds

1/2

≤ cN
1
2−m∥Dm

logΦ∥2
χm,m,ρ + cNm∥eN∥2

χm,m,ρ .

(59)

Hence, a combination of (54), (57), (58) and (59) yields (53).

6. Numerical Results

In this section, we introduce two numerical examples to illustrate the effectiveness of
the proposed method.

Example 1. We consider the following coupled system:

CH
1 Dκ

t φ1(t) = g1(t, φ1(t), φ2(t)), κ ∈ (0, 1),
CH
1 Dκ

t φ2(t) = g2(t, φ1(t), φ2(t)), κ ∈ (0, 1),

φ1(1) = φ2(1) = 0.

(60)

For this problem, the exact solution is given as

φ1(t) = (log t)4+κ ,

φ2(t) = (log t)3+κ ,

and

g1(t, φ1, φ2) =
Γ(5 + κ)

Γ(5)
(log t)4 − φ3

2 +
(
(log t)4+κ

)3
,

g2(t, φ1, φ1) =
Γ(4 + κ)

Γ(4)
(log t)3 − φ3

1 +
(
(log t)3+κ

)3
.

In Tables 1 and 2, we report the L2
χ0,0,1 and L∞ errors for different values of κ. It is clear

that with increasing N, the errors are decreased.
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Table 1. The errors for φ1 with the fractional orders κ = 0.4, 0.8 for Example 1.

L2
χ0,0,1 -Errors L∞-Errors

N κ = 0.4 κ = 0.8 κ = 0.4 κ = 0.8

5 1.1 × 10−5 1.5 × 10−5 5.2 × 10−5 7.0 × 10−5

10 1.9 × 10−8 6.4 × 10−9 1.8 × 10−7 6.0 × 10−8

15 4.4 × 10−10 1.0 × 10−10 6.1 × 10−9 1.4 × 10−9

20 5.3 × 10−12 1.1 × 10−10 3.8 × 10−10 1.0 × 10−10

Table 2. The errors for φ2 with the fractional orders κ = 0.4, 0.8 for Example 1.

L2
χ0,0,1 -Errors L∞-Errors

N κ = 0.4 κ = 0.8 κ = 0.4 κ = 0.8

5 1.3 × 10−5 1.0 × 10−5 7.6 × 10−5 5.4 × 10−5

10 1.1 × 10−7 3.0 × 10−8 1.2 × 10−6 3.3 × 10−7

15 5.7 × 10−9 1.1 × 10−9 1.5 × 10−8 1.8 × 10−9

20 8.3 × 10−11 1.1 × 10−10 5.9 × 10−10 2.9 × 10−10

Example 2. We consider the following coupled system:

CH
1 Dκ

t φ1(t) = g1(t, φ1(t), φ2(t)), κ ∈ (0, 1),
CH
1 Dκ

t φ2(t) = g2(t, φ1(t), φ2(t)), κ ∈ (0, 1),

φ1(1) = φ2(1) = 0.

(61)

For this problem, the exact solution is given as

φ1(t) = (log t)5 + 2(log t)3,

φ2(t) = −(log t)4 + 2(log t)3,

and

g1(t, φ1, φ2) =
Γ(6)

Γ(6 − κ)
(log t)5−κ +

2Γ(4)
Γ(4 − κ)

(log t)3−κ − φ2
2 +

(
−(log t)4 + 2(log t)3

)2
,

g2(t, φ1, φ2) = − Γ(5)
Γ(5 − κ)

(log t)4−κ +
2Γ(4)

Γ(4 − κ)
(log t)3−κ − φ2

1 +
(
(log t)5 + 2(log t)3

)2
.

In Tables 3 and 4, we report the L2
χ0,0,1 and L∞ errors for different values of κ. It is clear

that with increasing the number of bases functions, the errors are decreased.

Table 3. The errors for φ1 with the fractional orders κ = 0.4, 0.8 for Example 2.

L2
χ0,0,1 -Errors L∞-Errors

N κ = 0.4 κ = 0.8 κ = 0.4 κ = 0.8

5 4.5 × 10−7 7.1 × 10−7 2.2 × 10−6 1.8 × 10−6

10 6.1 × 10−9 1.6 × 10−8 3.7 × 10−8 4.4 × 10−8

15 4.3 × 10−10 1.6 × 10−9 2.6 × 10−9 4.3 × 10−9

20 6.2 × 10−11 2.9 × 10−10 3.8 × 10−10 7.8 × 10−10

25 1.3 × 10−11 7.6 × 10−11 8.3 × 10−11 2.0 × 10−10
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Table 4. The errors for φ2 with the fractional orders κ = 0.4, 0.8 for Example 2.

L2
χ0,0,1 -Errors L∞-Errors

N κ = 0.4 κ = 0.8 κ = 0.4 κ = 0.8

5 5.9 × 10−7 4.2 × 10−7 3.2 × 10−6 7.7 × 10−7

10 8.2 × 10−9 9.4 × 10−9 5.7 × 10−8 1.7 × 10−8

15 5.7 × 10−10 8.9 × 10−10 4.0 × 10−9 1.6 × 10−10

20 8.3 × 10−11 1.6 × 10−10 5.9 × 10−10 2.9 × 10−10

25 1.8 × 10−11 4.2 × 10−11 1.2 × 10−10 7.6 × 10−11

7. Conclusions

We derived a collocation spectral scheme for systems of nonlinear C-H differential
equations. We constructed a non-polynomial spectral collocation scheme, described its
effective implementation, and derived its convergence analysis. In addition, we provided
numerical examples to support our theoretical analysis. The numerical results demonstrate
the accuracy and effectiveness of the proposed scheme. We also conclude that the described
technique produces very accurate results, even when employing a small number of base
functions. In further research, we will consider an efficient spectral collocation method for
nonlinear systems of fractional pantograph delay differential equations.
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