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Section S1 Periodic potential of a potential V = V(z) and a zero
potential

Bloch functions must satisfy the following boundary and continuity conditions.

Wy (b) = Wo(b)
Ui (—b) = *TW4(b + a)
"I’I(b) = ‘I’o(b)
\IJ/I(—b) = eikT‘I/é)(b +a)
The next matrix was obtained:
y1(b)  ya(b) —eiab —etob o 0
yl(_b> yg(—b) _eikTeia(b+a) _eikTe—ia(b+a) l)1 0
yi(0)  y(b) —jaeteb joe—tb oo T o
y/l(_b) y/z(_b) _iaeikTeia(b+a) iaeikTe—ia(b+a) Dy 0
Solving the secular determinant.
i (b) Yo (b) ‘ 762"0417 ‘ 76721&[7
0 yl(_b) yZ(_b) _eszezoz(bJra) _eszefwz(bJra)
Tl wml)  —iaee e
yll (7b) y;(ib) 7Z.Oé€ikT€ia(b+a) iaeikTefia(b+a)
y2(_b) _eikTeia(bJra) _eikTefia(bJra) Yo (b) _etab _e—tab
0=1y1(b) | ya(b) —iaet? el —y1(=b) | yo(b) —iaeia? iae b
y’Q(_b) _,L'aeik:Teia(b+a) iaeikTefia(b+a) y;(ib) 7Z'Oé€ikT6ia(b+a) ,L'OéeikTefia(lH»a)
y2(b) _eiab _e—iab yg(b) _eiab _e—iozb
+ y;(b) ya(—b)  —eihTeialbta) kT o—ia(b+a)| _ y;(—b) yo(—b) —eihTeialbta) kT o—ia(b+a)
y;(—b) — etk T gia(b+a) ;o oikT o —ia(b+a) y;(b) —iaetab ice— b
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Solving each determinant.
D1 = yo(—b)[a2ei*Temiaa _ o2eikT gioa] _ y;(b)[—iae%kT — iae®kT) 4 y;(_b)[_iaeikTeiaa — jaeitT emian)
D2 = yy(b)[a?e™ e — 2T e — b (b)[—iae™ T e 1 — jae*T el 4 yo (—b)[—ia — ia]
D3 = yg(b)[—zaeka _ zaeka] o y2(_b)[_iaeikT64aa _ Z-aeikTema] + y;(—b) [eikTefiaa _ eikTeiaa]
®)[

7iaeikT€iaa o Z-OéeikTefiaa] o yz(fb)[fia - iOz] + ylz(b) [eikTefiaa o eikTeiaa}

D1 = —2ia?e™7 sin (aa)ya(—b) + ZzaeQZkTy;(b) — 2ice™T cos (a)y,(—b)
D2 = —2ia?e™7 sin (aa)ys (b) + 2ice™T cos (aa)y;(b) — 2iay;(—b)
D3 = —2iae®* Ty, (b) + 2iae™T cos (aa)ys(—b) — 2ie™™ sin (aa)ys(—b)
D4 = —2iae™ 7T cos (aa)yz(b) + 2icys(—b) — 2ie™ T sin (aa )y, (b)
The energy equation is given by the following equation.
0 = y1(b)[~2ia2e™ 7 sin (aa)yz(—b) + 2ice® Ty, (b) — 2iae™™ cos (aa)ys(—b)]
— y1(=b)[-2ia?e™ T sin (aa)ys (b) + 2ice™ T cos () yy(b) — 2io¢y/2(—b)]
+ 4, (B)[=2ice® T yo (b) + 2ice™T cos (aa)ya(—b) — 2ie™7 sin (aa)y,(—b)]
— 41 (=b)[~2iae™ T cos (aa)yz(b) + 2iayz(—b) — 2ie™* T sin (aa)ys ()]
Grouping like terms.
0 = 2ia”e™ sin (aa)[y2(b)y1 (~b) — y2(~b)y1 ()]
— 2iae™ cos (aa)[y5(=b)y1 (6) + 1 (=b)ys (b)]
+ 2iae’™ cos (aa)ly; (b)y2(=b) + y1 (~b)y2(0)]
+ 2™ sin (aa) [yz (b)y1 (—b) — y2(~b)y, (V)]

Y
+ 2ia62ikT[yl2(b)y1(b) - yll(b)yQ(b ]
Y

+ 20y (=b)yr (—b) — y1 (—b)ya(—b)]

0 = o sin (aa)[y2(b)y1 (—b) — y2(~b)y1 (b)]
— arcos (aa) [yy (—b)y1 (b) + y1 (—b)ya (b))
+ arcos (aa) [y, (b)y2(—b) + yy (—b)y2 (b))
+ sin (aa) [y, (0)y; (=b) — yo(~b)yy (b)]
+ e [y (0)yn (b) — v 1(B)ya(0)]

+ e My, (=b)yr (—b) — yy (—b)y2(—b)

]
0 = a?sin (aa)[y2(b)y1 (—b) — y2(— b)yl(b)]
— acos (aa )[y2( b)y1(b) + y1(—b)y,(b)]
+ acos (04a)[y1 (D)y2(—b) + yl( b)ya(b)]

+ sin (aa) [yQ(b)yl( b) — ( )%(b)]
+2W {y1(z), y2 ()} cvcos (KT

y2

Clearing.

amwT»—ﬁnw@[@“”““y““m“ﬂ i (aa) [ O < 0]

2W {y1 (), po(@) k| 7" 2W {y1 (), ya(2) }
@«%maw+yx—w@w»—m@mx—m—yﬂ—wmwﬂ

+ cos (a) [ 2W {y1 (), y2(z)}
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Yo (—b)y1 (b) — ya (b)yy (—b)
2W {y1 (), y2() }

cos (kT') = sin (aa) l

s o) | ) O D)

2W {y1(z), ya ()} o

4 cos (aa) Yo (=b)y1(b) + y1(=b)ya (b) — 3 (B)y2(—b) — 13 (=b)ya(b)
2W {y1(x), y2(x)}
cos k(2 + ) = 22000) AL SBEN 4 ) [ 102
Where

My(E) = yo(—b)y, (b) — ya(b)y, (—b)
M;(E) = y2(=b)y1(b) — y2(b)y1(—D)
M;(E) = y1(0)ys(—b) — y1 (—0)y2(b) + y1 (—b)ya (b) — yy (B)y2(—b)
My(E) = 2W {y1(x), ya(2)}
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Section S2 Periodic potential of a two potentials V = V(z) and a
zero potential

Bloch functions must satisfy the following boundary and continuity conditions.

T, (0) = U;;(0)
W7 (0) = ¥y, (0)
Ty(b) = To(b)
W (b) = W (b)
Ur(—b) = PTG (b + a)
\I//I(fb) _ ezk(2b+a)\:[/6(b+ a)

The following matrix was obtained:

yl(O) yQ(O) —21(0) —22(0) 0 0 Cl 0
0 0 z1(b)  z2(b) —elab —eTiab D, 0
yl(_b) yQ(_b) 0 0 _eikTeia(bJra) _eikTefia(lH»a) C, 0
n(0)  12(0)  —2(0) —2(0) 0 0 D,| = |0
0 0 21(b)  zy(b) —iaet? ioetb Cs 0
y;(*b) y;(—b) 0 0 _iqet*T gialbta) o oikT g—ia(b+a) Dy 0

As it is very difficult to solve the secular determinant, the elements of the matrix were transformed into easy
expressions, as follow:

A B CDO0 0
0 0 EF G H
o_|l J 0 0 K L
"M N P Q 0 0
0 0 RS TU
V W o0 0 X Y
0 EF G H 0O EF G H 0 0 F G H 0 0 E G H
J 0 0 K L I 0 0 K L I J 0 K L I J 0 K L
0=A-|N P Q 0 0/[-B-M P Q 0 0/+C-M N Q 0 0/-D-M N P 0 0
0O RS TU 0 RS TU 0 0 S T U 0 0 RTU
W o0 0 X Y V 0o 0 X Y V W o0 X Y V W 0 X Y
0 EF G H |CF-DE 0 0 G H
AJ-BI 0 0 K L 0 I J K L
0=|AN-BM P Q 0 0/+|CQ-DP M N 0 0
0 R S T U |CS-DR 0 0 T U
AW-BV 0 0 X Y 0 V W X Y

Solving the resulting determinants

0 =- (AJ - BI)(EQ - PF)(TY - XU) - (AJ-BI)(PS-RQ)(GY-XH)
+ (AW - BV)(PF - EQ)(KU - TL) + (AW - BV)(PS - RQ)(GL - KH)
- (CF - DE)(JM - NI)(TY - XU) - (CF - DE)(WM - NV)(KU - TL)
+ (CS - DR)(JM - NI)(GY - XH) + (CS - DR)(NV - WM)(GL - KH)
+ (AN - BM)(RF - ES)(KY - XL) - (CQ - DP)(WI - JV)(GU - TH)
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Grouping the result of the determinant in terms of complex exponentials

0= (XU-TY)[ (AJ - BI)(EQ - PF) + (CF - DE)(JM - NI) |
+ (GY - XH)[ (CS - DR)(JM - NI) + (BI - AJ)(PS - RQ) |
+ (KU - TL)[ (AW - BV)(PF - EQ) + (DE - CF)(WM - NV) |
+ (GL - KH)[ (AW - BV)(PS - RQ) + (CS - DR)(NV - WM) |
+ (KY - XL)[ (AN - BM)( RF - ES) ] - (GU - TH)[ (CQ - DP)(WI - JV) |
Where
I
GY - XH = —2iay cos (aa)
KU - TL = —2iary cos (aa)
GL - KH = —2ivysin (aa)
XU - TY = —2ia?ysin (aa)
KY - XL = —2iay?
GU - TH = —2iaa
AN - BM = W{y1(2), ya2(z)}
WI-JV =W iy (), y2(x)}
CQ - DP =W {z1(z), z2(x)}
ES - RF = W {z1(z), 22(z)}
v+t =2cos (kT)
Therefore.

0 = asin (aa)] (AJ - BI)(EQ - PF) + (CF - DE)(JM - NI) |
+ cos (aa)[ (CS - DR)(JM - NI) + (BI - AJ)(PS - RQ) |
+ cos (aa)[ (AW - BV)(PF - EQ) + (DE - CF)(WM - NV) |

" M[ (AW - BV)(PS - RQ) + (CS - DR)(NV - WM) |

—2cos (KT)W {y1(x),y2(x)} W {z1(x), z2(x)}

The transcendental energy equation for the two potentials V' = V(z) and a zero potential is the following.

[ (AJ - BI)(EQ - PF) + (CF - DE)(JM - NI) |
2W {1 (), y2(2)} W {z1(2), 22(2) }
[ (CS - DR)(JM - NI) + (BI - AJ)(PS - RQ) ]
2W iy (@), y2 ()} W {z1(2), 22(2) }
[ (AW - BV)(PF - EQ) + (DE - CF)(WM - NV) |
2W {y1(x), y2(2)} W {z1(x), 22(2) }
sin (aa) [ (AW - BV)(PS - RQ) + (CS - DR)(NV - WM) ]

2cos (kT) = asin (aa)

+ cos (aa)

+ cos (a)

+

@ 2WA{y1(z), y2(2)} W {z1(2), 22(2)}
‘ _ sin(aa) [N1(E) + o?Ny(E) ] N3(E)
cos (k(2b+a)) = " N+(E) ] + cos (aa) [Nz(E)]



=
n physics ml\D\Py

Where

equations.

)
")
—5))” < o))
wo-n (D) (52 0)

The transcendental energy equation found is also useful for dealing with asymmetric periodic potentials.

A) V(x)
W(x)
T \ Wy(x)
w
| / Wo(x)
X
=Sb-a  -b-s b o b bva %z
L T 3
B) V(x)
Wy(x)
T Wi(x)
W
X Wo(x)
| \ x
28 —h=a b 5 5+s 1
L T 1

Figure S1: Representation of asymmetric periodic potentials. A) Rectangular - triangular periodic potential,
B) Triangular - rectangular periodic potential.
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Section S3 The transcendental energy equation
The transcendental energy equation for periodic potentials has the following form:

cos (kT) = f(E)sin (a(E)a) + g(E) cos (a(E)a)

Where:
oz2 062
F(B) = MI(EO)J\—L(E];JQ(E) JE) = = (Eo)z]—\Z(EJ)VQ(E)
9(E) = 1) 9E) = L)

The variables M1 (E), M2(E), M3(E), and My (E) for a one potential of the form V = V(x) coupled to a zero
potential are given by:

Mi(E) = y5(=b)y (0) — 12(b)y (=)
M3 (E) = y2(=b)y1(b) — y2(b)y1(—b)
Ms(E) = 1 (b)ya (=) — 1 (=) (8) + 11 (=0)ya (b) — v (D)ya(~)
My(E) = 2W {y1(x), y2(2)}
The variables N1(E), No(E), N3(E) and N4(FE) for two potentials of the form V = V(x) coupled to a zero

+ [22(0)21 (b) — 21(0)25(B)] - [y2(—b)1 (0) — y1 (=D)y(0)]

+ [y1(0)y2(=b) — y2(0)y, (—b)] - [21.(b)2(0) — 22(b)z, (0)]

+ [21(0)22(b) — 22(0)21(b)] - [y (D)3 (0) — y (—b)ya(0)]
Niy(E) = 2W {y1(2), y2(x)} - W {z1(2), 22(2)}

The variable & = «(F) is an energy function and its energy derivatives are very important for the calculation
of group speed and effective mass.

2mE
a(E) = —
da(E)  m
dE  m/2mE
P?a(E) m?
dE? ~  h(2mE)3/?

The values of Ny(FE), Nao(E), N3(E), and N4(FE) are shown below for a combination of periodic potentials
with an asymmetric pattern, potentials for which a solution is known that can be numerically simulated
using the high-level programming language Python.
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e Asymmetric rectangular - triangular periodic potential

Ni(E) = —2Bcosh (Bb) - [2(0)z (b) — 2, (0)25(b)] + 28 sinh b - [25(0) 2z (b) — 21(0)25(b)]
Ny(E) = —2sinh (8b) - [22(b)2,(0) — 21(b)25(0)] + 2B cosh (8b) - [21(0)25(b) — 22(0)21(b)]

N3(E) = —2sinh (8b) - [2(0)2; (b) — 2,(0)25(b)] + 28 cosh () - [22(0)z, (b) — 21(0) 5 (b)]
— 2B cosh (8b) - [21(b)2(0) — 22(b)z (0)] — 267 sinh (8b) - [21(0)22(b) — 22(0)21 (b)]

Ny(E) = =28W {z1(2), 22(x)}

where the set of linearly independent functions z;(x) and z9(x) are the special Airy functions.

o-a((FD) (5
o= ((F () ()

e Asymmetric triangular - rectangular periodic potential

Ny(E) = —242 sinh (8b) - [y1(0)yn(~b) — y2(0)y; (~b)]
+ 28 cosh (BD) - [y, (—b)y2(0) — ya(—b)y, (0)]

No(E) = 28 cosh (Bb) - [y2(0)y1 (—b) — y1(0)y2(—b)]
— 2sinh (8D) - [y2(—b)y; (0) — y1(—b)ys(0)]

N3(E) = —26%sinh (8b) - [y2(0)y1(—b) — y1(0)ya(—b)]
+ 23 cosh (Bb) - [y2(— bly 1(0) = y1(=b)ya(0)]
— 2B cosh (8b) - [y1(0)ya(—b) — y2(0)y, (—b)]
— 25inh (8b) - [y5(—b)y1 (0) — y; (~b)y(0)]
Ny(E) = =26W {y1(x),y2(x)}

Where the set of linearly independent functions y; (z) and y2(x) are the special Airy functions.

ess((F ) C2-)
wen((F ) (52 )

In the same way, for the cases of symmetric potentials and asymmetric potentials, they must comply with
the following limits, since in extreme cases, that is, when w tends to infinity and b has zero, such asymmetry
is negligible or imperceptible.
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] N.(E) + a2N2(E)]
lim =G((b,w
(b,w)—(0,00) { Ny(E) (b )
) Ns(E)]
lim =
(b,w)—(0,00) [N4(E)

Where G(b, w) is the value of the limit, which depends on the width of the potential b and the height of the
potential w respectively.

Next, the numerical simulation of the asymmetric periodic potentials previously developed in this comple-
mentary information is carried out. For the cases in which its transcendental energy equation tends to the
transcendental energy equation of the Dirac delta potential.

200 A) 2001 B)
175 1751
150 150
125 1251
E(k) E(k)
100 100 -
75 1 75 4
50 1 50 A
25 _/\ 25 _/_\
0 . . 0

~ o
=

Figure S2: Periodic asymmetric potential with separation between the asymmetric potentials ¢ = 1, width
of the asymmetric potential b = 0.001 and height of the asymmetric potential w = 1000. A) Periodic
asymmetric rectangular-triangular potential. B) Periodic asymmetric triangular-rectangular potential.
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Section S4 The group speed

cos (KT) = f(E) sin (a(E)a) + g(E) cos (a(E)a)

~Tsin (KT) = %% sin (a(E)a) + af (E) dfl(]f) Zf (a(E)a)
BE) I s (0(E)a) — ag(2) VP i (o))
—Tsin (kT) = (dfd(é?) - ag(E)dd(EE ) CclTk: sin («(E)a) + (dgd(El?) +af(E) d(ZZ(EE)> Ccll—f cos (a(FE)a)
Tsin (kT) = (ag(E) dO:l(E?) JZZ(EE)> % sin (a(E)a) — (af(E) d(fi(EL?) + dgd(EE)> % cos (a(E)a)
do(E)  df(E) do(E)  dg(E) dE

Tsin(kT):Kag(E) e —dE>sin(a(E)a)—<af(E) - +CU§>COS(Q(E)G)L”€

B i (kT) Ka (my2elB) df(E)) sin (a(E)a) — <af(E) do(B) | dgE)) cos (a(E)a)} -

dk dE dE dE dFE

Ve = TS%UCT) Kag(E) dc:l(E]’E) _ d{;?) sin (a(E)a) — (af(E) dc;(EE) + dg(;?) cos (a(E)a)}
_ T'sin (kT)

T ThH(B)

Where

Ho(E) = (ag<E>dfl(]f> - C”;?) sin (a(E)a) — <af( )4l E) +dil(]f)) cos (a(E)a)

Numerical simulation of the group speed of the asymmetric periodic potentials and the triangular periodic
potential.

2.0
1.8—-
1.6-
14

0.2

-0.5 0.0 0.5 1.0 1.5 2.0 25 3.0 3.5
k(2b+a)

Figure S3: Group speed with width b = 0.25, spacing between potentials ¢ = 1 and height w = 10. Blue
color for the periodic potential asymmetrical rectangular - triangular, green color for the periodic triangular
potential and red color for the periodic potential asymetrical triangular-rectangular.
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Section S5 The effective mass

Tsin (kT) = (ag(E) dO:l(E?> - dfd(EE,)> % sin (a(E)a) — (af(E) di;(E?) + dgd(EE)> % cos (a(E)a)
o _[dE d*a(FE) dg(E)da(E) d*f(E)\] dE .
T~ cos (kT) = [dk (ag(E) T R T R TR T )} 5 Sin (a(E)a)
+ (ag(E) df;(;) _ dJ;?) adj‘lf) (‘Zf) cos (a(E)a) + %sm (a(E)a)

dk dE? dE dE dE? dk €

(92 (apimy Zol) | (AEVIAE) | LAENE o (o

(ot 42

T2 cos (kT) = (dE>2 (ag(E) Fa(E) | dg(E) do(B) de(E)) sin (a(E)a)
(

1B dk) sin (a(E)a) + gz €08 (a(E)a)

da(E) (dE d’E

dE? dE dE dE?

da(E) df(E)>
dFE dFE

dk) cos (a(B)a) + — sin (a(E)a)

adczl(;E) <dE

df) <af(E)d dabff) + ad{g) dt;? 44 dgbﬂf )) cos (a(E)a)

doa(E) dg(E)> do(E) (dE d*E

dE | TdE b dk) sin («(B)a) + 7 cos (a(E)a)

T2 cos (kT) = ()2 [ag(E) dzogf ) 4 “diz(g) d‘;‘l(EE) - dil];f )] sin (a(E)a)
()

2,, o 2
{af(E)ddlgf) +ad2f) dd(EE) + dd%E(‘QE)] cos (a(E)a)

+ ad(:l(EE) (Cg) [(ag(E)dad(El?) — df;?) cos (a(E)a) + (af(E) dozig) + dfi(EE,)> sin (a(E)a)}
+ C;le [ ag(E) dC:i(EE) - dfd(EE)> sin (a(E)a) — (af(E) d(j;(EE) + dz(;j)) cos (a(E)a)]
2 2a a 2 a 2
T2 cos (kT) = CCZUE;) ag(E)ddE(f) + Qadil(gj) dd(EE) - ddféQE) +af(E) <dd(EE)) sin (a(FE)a)
dE\? d2o(E df(E) d(E)  d*g(E) do(E)\”
— dk) af(E) dE('2 ) +2a ];(E) d(E ) + dgE(’z) —a“g(E) ( d(E )> cos (a(E)a)
+ cclle [(ag(E)dad(EE) - df;}?) sin (a(E)a) — (af(E) dc;(EE) + dzl(é?)) cos (a(E)a)]
&’E _ T? cos (KT) — h?vZ H1(E)
k> Hy(E)

11
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The effective mass is given by the following equation.

2E\ !
* _ 312
me=h (dk)
o — 2 (T2 cos (kT') — h%éHl(E))_l
Hy(E)

. h2 Hy(E)
~ T2cos (kT) — h2vi H,(E)

m

Where:
H,(E)= ag(E)dngfj) + QGdZ(;jC) doczi(é?) - ddj;gf) +ad*f(E) d(:l(EE)) sin («(E)a)
2o o 2 a 2
- af(E)ddE(QE) +2ad‘);(EE) dd(EE) + ddgéf) —a?g(E) (dd<EE)> cos (a(F)a)

Hy(E) = (ag(E) dO:l(;}) - df;g)) sin (a(E)a) — (af(E) do:l(EE) + dgd(EE)) cos (a(E)a)

Numerical simulation of the effective mass of the asymmetric periodic potentials and the triangular periodic
potential.

20

10

150 175 2.00 225 250

T T T T T T T T T T T T T T

-0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
k(2b+a)

Figure S4: Effective mass with width b = 0.25, spacing between potentials a = 1 and height w = 10.
Blue color blue for the periodic potential asymmetrical rectangular - triangular, green color for the periodic
triangular potential and red color for the periodic potential asymetrical triangular-rectangular.

12



=
n physics m\D\Py

Calculations of the energy functions Hy(E) and Hs(E) for the effective mass.

Section S5.1 Dirac delta potential

Hy(B) = m? CL27P 3 aj _ 3Ph sin V2mFEa 3P a’m cos V2mEa
T a@emEB2E\h h 2mE h 4E? " 2R2E h
am Phm . vV2mPEa P V2mFEa
Hy(E) = + sin | ——— | — ( == ] cos
mW2mE  a(2mE)3/? h 2F h

Section S5.2 Rectangular potential

am? Cosh<m,>sm< sz>_ 2abn Sinh(zmb>sm<m>
h? h

i(2mE)3/2 h E(w—E) h
3w?(w —2E) . 2\/2m (w—E)Y\ . [V2mE
S(E(w — E))5/2 sinh h
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Section S6 Supplementary tables

Section S6.1 Dirac delta potential

Group Speed P ka vG Effective Mass P ka E
1 2.57 | 4.46 1 2.55 | 7.89
5 2.00 | 2.37 5 2.03 | 8.11
10 | 1.85 | 1.49 10 | 1.83 | 8.58
. 25 | 1.70 | 0.70 . 25 | 1.67 | 9.20
First Energy Band 50 1165 | 037 First Energy Band 50 1162 | 951
100 | 1.60 | 0.19 100 | 1.62 | 9.69
200 | 1.60 | 0.10 200 | 1.57 | 9.77
500 | 1.60 | 0.34 500 | 1.57 | 9.83
1 0.52 | -10.9 1 0.49 | 35.2
5 1.13 | -7.83 5 1.11 | 33.3
10 | 1.29 | -5.50 10 | 1.31 | 34.6
25 | 1.44 | -2.75 25 | 1.47 | 36.8
Second Band Energy 50 1149 | 143 Second Band Energy 50 152 1330
100 | 1.55 | -0.77 100 | 1.52 | 38.7
200 | 1.55 | -0.39 200 | 1.57 | 39.0
500 | 1.55 | -0.16 500 | 1.57 | 39.3

Table S1: Values of ka, vg, and E for the group speed and effective mass of the Dirac delta potential. The

value of a = 1.

Section S6.2 Rectangular potential

Group Speed w kE(2b+a) | vg Effective Mass w k(2b4+a) | FE
1 ND ND 1 ND ND
10 3.0 6.14 10 312 | 9.68
50 3.04 5.08 50 3.06 | 9.44
100 2.99 5.82 100 301 | 9.21
First Energy Band | 500 2.73 5.05 . 500 275 | 8.33
* 1000 | 258 | 444 | st Energy Band a0 rr——os
5000 2.01 2.35 5000 2.03 | 8.08
10000 | 1.85 1.48 10000 | 1.83 | 8.5
50000 | 1.65 0.36 50000 | 1.62 | 9.48
1 ND ND 1 ND ND
10 ND ND 10 ND ND
50 0.10 | -12.3 50 0.07 | 384
100 010 | -12.2 100 012 | 37.9
Second Band Ener 500 0.31 -11.5 500 0.33 36.1
& 1000 052 | -10.9 | Second Band Energy 555 049 | 35.1
5000 113 | -7.78 5000 11 | 332
10000 | 1.29 | -5.44 10000 | 1.31 34.4
50000 | 149 | -1.43 50000 | 1.52 | 37.9

Table S2: Values of k(2b+a), vg, and E for the group speed and effective mass of the rectangular potential.

The values of a = 1 and b = 0.001. ND = Not Defined
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Section S6.3 Triangular potential, triangular-rectangular potential and rectangular-
triangular potential

Group Speed w kE(2b+a) | vg Effective Mass w k(2b4+a) | FE
1 2.86 5.61 1 2.57 6.76
5 2.86 5.50 5 2.57 6.64
10 2.86 5.42 10 2.57 6.57
50 2.85 5.11 50 2.43 5.73
Triangular 100 2.85 4.88 Triangular 100 2.43 5.63
500 2.57 4.34 500 2.43 5.32
1000 2.57 4.11 1000 2.43 5.12
5000 2.57 3.35 5000 2.43 4.51
10000 2.28 3.01 10000 2.43 4.22
50000 2.28 2.18 50000 2.14 2.79
1 ND ND 1 ND ND
5 ND ND 5 ND ND
10 2.83 5.50 10 2.98 8.63
50 2.83 5.33 50 2.98 8.44
Triangular - Rectangular égg ggi 451;? Triangular - Rectangular égg ;2? ggg
1000 2.51 3.95 1000 2.67 6.92
5000 2.20 2.14 5000 2.04 5.67
10000 1.88 1.34 10000 1.73 5.56
50000 1.57 0.26 50000 1.73 5.59
1 ND ND 1 ND ND
5 ND ND 5 ND ND
10 2.83 5.58 10 1.57 4.83
50 2.83 5.44 50 2.20 5.55
Rectangular - Triangular égg ggg 223 Rectangular - Triangular ;)88 3;2 gég
1000 2.51 4.37 1000 2.36 6.16
5000 2.20 2.65 5000 2.04 6.29
10000 1.88 1.71 10000 2.04 6.85
50000 1.57 0.37 50000 1.73 6.83

Table S3: Values of k(2b+ a), vg, and E for the group speed and effective mass of the triangular potential,
triangular-rectangular potential and rectangular-triangular potential in the first band energy. The values of
a=1and b =0.001. ND = Not Defined.
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