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Abstract: We investigate the accelerated cosmic expansion in the late universe and derive constraints
on the values of the cosmic key parameters according to different cosmologies such as ΛCDM,
wCDM, and w0waCDM. We select 24 baryon acoustic oscillation (BAO) uncorrelated measurements
from the latest galaxy surveys measurements in the range of redshift z ∈ [0.106, 2.33] combined
with the Pantheon SNeIa dataset, the latest 33 H(z) measurements using the cosmic chronometers
(CCs) method, and the recent Hubble constant value measurement measured by Riess 2022 (R22)
as an additional prior. In the ΛCDM framework, the model fit yields Ωm = 0.268 ± 0.037 and
ΩΛ = 0.726 ± 0.023. Combining BAO with Pantheon plus the cosmic chronometers datasets we
obtain H0 = 69.76 ± 1.71 km s−1 Mpc−1 and the sound horizon result is rd = 145.88 ± 3.32 Mpc.
For the flat wCDM model, we obtain w = −1.001 ± 0.040. For the dynamical evolution of the dark
energy equation of state, w0waCDM cosmology, we obtain wa = −0.848± 0.180. We apply the Akaike
information criterion approach to compare the three models, and see that all cannot be ruled out
from the latest observational measurements.

Keywords: dark energy; cosmological parameters; numerical methods

1. Introduction

The values and constraints of the cosmological parameters in the framework of ΛCDM
cosmology have been estimated and highly constrained through various observational
experiments [1,2] with unprecedented accuracy. The measurement results from Planck
2018 provide robust and detailed constraints for various cosmic parameters. In the LCDM
scene, [1] measured the Hubble constant indirectly to be H0 = 67.4 ± 0.5 km s−1 Mpc−1,
with an uncertainty below 1 km s−1 Mpc−1. However, measurements of the Hubble
constant in our local neighborhood at low redshifts (z < 3) performed by Riess et al. [3–7]
have caused tension and, ironically, a window of opportunity to test alternative models
beyond the ΛCDM model. In particular, the SH0ES project [4] developed a distance
ladder method from standard candles known as Cepheid stars to estimate H0. They
have been improving the precision of the value of H0 and obtained the updated results
as H0 = 73.04 ± 1.04 km s−1 Mpc−1 in 2022 [7]. Although the LCDM model is widely
accepted by the scientific community, the current measurements of late-time accelerated
cosmic expansion [7] and early-time accelerated cosmic expansion [1] disagree with each
other, causing a crisis in cosmology known as Hubble tension; the discrepancy between
them is situated in the range of 4σ–5.7σ. Such a discrepancy implies that either early- and
late-time measurements have systematic and calibration issues or the standard cosmological
model fails to describe the universe. Furthermore, this tension may provide a hint of new
physics beyond the standard model. Following this motivation, a wide range of alternative
models have been developed to alleviate inconsistencies between data surveys [8–20].

In the opposite case, many studies have been made to provide estimates of the Hub-
ble constant based on other observations, such as quasar lensing [21,22], gravitational-wave
events [23–25], fast radio bursts (FRBs) [26,27], megamasers [28–30], the red giant branch tip
method (TRGS) [31–33], BAOs [34], etc. [35]. For example, the H0LiCOW research group [36]
demonstrated another method to estimate H0 via gravitational lensing effects. Under the ΛCDM
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scenario, they obtained a value of H0 = 73.3+1.7
−1.8 km s−1 Mpc−1 [36]. The Advanced LIGO and

Virgo research teams detected a gravitational-wave event GW170817 coming from a neutron-
star merging system. They measured H0 = 70+12.0

−8.0 km s−1 Mpc−1 [24]. These observations
present an advantage: they are independent from cosmic microwave background and distance
ladder measurements, offering an answer to the observed H0 tension. As for baryon acoustic
oscillations (BAOs), which are a matter of interest in our study, they are sound waves traveling
in the primordial plasma, frozen at the recombination epoch. These oscillations have been
found in the spider’s-web-like galactic structures by different independent observational sur-
veys. The BAOs surveys give measurement results in terms of DA(z)/rd, DV(z)/rd, DM(z)/rd,
DH/rd, DA(rd/rd, f id), DV(rd/rd, f id), and H(z) · rd, where rd is the sound horizon distance at the
drag epoch. In the recombination era, the photons depart from the baryon matter, at z∗ ≈ 1090,
giving rise to the CMB. The baryons do not sense the dragging effect of photons until zd ≈ 1059,
which sets the standard ruler for the BAOs. The Hubble constant H0 and the sound horizon
rd are strongly related, forming the so-called H0 − rd plane, linking the early- and late-time
universe. In general, rd is subject to the conditions of the early universe, hence constrained
via early observations performed by Planck 2018 [37]. Instead of the calibration of rd via early
observations as per Planck, an alternative method is to combine BAO measurements with other
low-redshift observations.

In this study, we select the final BAO measurement results from different observational
experiments covering 24 BAO data points and test whether these BAO points could be
correlated or not. According to [38], despite the existence of large galaxy survey datasets,
it is recommended to use a small sample to minimize correlations among the selected
data points, thus reducing the errors. One way is to examine the concordance of this
subsample is incorporating random correlations and perform the analysis on the cosmo-
logical parameters. Furthermore, in our study we take into account the ΛCDM, wCDM,
and w0waCDM cosmological models. Combining the latest BAO measurements with the
Pantheon SNeIA dataset, the cosmic chronometers dataset, and the latest measurement of
the Hubble constant obtained by Riess 2022 as an additional prior [7], we estimate the rd
and H0 parameters. The structure of the paper is the following: In Section 2, we present
the cosmological models under study. The datasets and methodology are explained in
Section 3. In Section 4, we present our estimated results from the latest low-redshift survey
datasets. In Section 5, we present our results and their implications for the cosmological
models under study.

2. Theoretical Background
2.1. Standard Cosmological Model

The Λ cold dark matter (ΛCDM) model takes the dark energy equation of state (EoS)
as the cosmological constant Λ with w = −1, acting as a negative pressure to counteract
the effect of gravity. The Friedmann equation for this model is expressed as

E2(z) = Ωr0(1 + z)4 + Ωm0(1 + z)3 + ΩDE(z), (1)

where we can set ΩDE(z) = ΩΛ, with EOS w = −1. The Friedmann equation (1) depends
on the free parameters Ωr, Ωm, ΩΛ. Although the radiation parameter Ωr is usually not
considered for a flat late-universe, we include it for a complete description. The term E(z)
is the function rate and is the ratio H(z)/H0, where H(z) = ȧ/a is the Hubble parameter
at redshift z and H0 is the Hubble constant measured at present time.

2.2. Flat Constant wCDM Model

The cosmological model wCDM assumes a constant EoS w. The Friedmann equation
for wCDM model is expressed as

E2(z) = Ωr0(1 + z)4 + Ωm0(1 + z)3 + ΩΛ(1 + z)3(1+w(z)), (2)

where Equation (2) depends on the free parameters Ωr, Ωm, ΩΛ, and w(z).
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2.3. CPL Parametrization

The dark energy EoS w can be treated as a function of the cosmic time translated in red-
shift z or scale factor a(t) of the FLRW metric universe, noting that 1 + z = a0/a(t), where
a0 = 1 given by the current time . Here, we consider a dynamical EoS w parametrization
called the Chevallier–Polarski–Linder (CPL) model. This model introduces a parametriza-
tion that varies as a function of time. This model is given by [39–41]

w(a) = w0 + (1 − a)wa, (3)

or in terms of redshift z,
w(z) = w0 + wa

z
1 + z

, (4)

where w0 represents the cosmological constant Λ or the current value of EoS, that means,
w(z = 0) = w0, and noting that (dw(z)

dz )z=0 = wa, one can regard this as a free time
parameter. From the CPL parametrization, we can write the Friedmann equation in terms
of the expansion function as

E2(z) = Ωr(1 + z)4 + Ωm(1 + z)3 + ΩDE(1 + z)3(1+w0+wa)exp
(
− 3waz

1 + z

)
, (5)

where Equation (5) depends on the free parameters Ωr, Ωm, ΩΛ, w0, and wa. The measured
values of redshift and angles on the celestial sphere need to be translated into cosmological
distances by setting a fiducial model, estimating the ratio of the observed BAO scale to that
predicted in the fiducial model. The studies of the BAO feature in the transverse direction
provide a measurement of DH(z)/rd = c/H(z)rd, with the comoving angular diameter
distance in a flat space,

DM =
c

H0

∫ z

0

dz′

E(z′)
. (6)

Furthermore, the BAO data are also expressed in cosmological observables such as
DA = DM/(1 + z) and DV(z)/rd, which encodes the BAO peak coordinates information,

DV(z) = [zDH(z)D2
M(z)]1/3, (7)

where rd is the sound horizon distance at the drag epoch measured by [1] in rd = 147.1 Mpc.

3. Data and Methodology

For our analysis we select a subset of data points of the latest BAO measurements
from different galaxy survey experiments. The data points mainly come from the Sloan
Digital Sky Survey (SDSS) [42–47]. In addition, we also include data measurements from
the Dark Energy Survey (DES) [48], the Dark Energy Camera Legacy Survey (DECaLS) [49],
and 6dFGS BAO [50]. The BAO data points are listed in Table 1 with their corresponding
redshifts ze f f , observables, measurements, and errors. Although we choose a subset of data
points from a huge set of BAO data points to avoid highly correlated data points, it is still
possible that our subset of data points listed in Table 1 can exhibit correlations between the
different measurements in the data releases. To estimate the systematic error, one needs to
use mocks based on N-body simulations to find out the correct covariance matrices. Since
we use a collection of measurements from different observational surveys, we do not use a
precise covariance matrix between them. To overcome this issue, we follow the covariance
analysis given in [38]. The covariance matrix for uncorrelated points is

Cii = σ2
i . (8)

To simulate the impact of correlations in our subsample listed in Table 1, we can
incorporate a certain number of non-diagonal elements randomly in the covariance matrix
while keeping it symmetric. Based on this method, we establish non-negative correlations
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in up to twelve pairs of aleatory data points, which represents 50% of the BAO dataset
given in Table 1. The locations of the non-diagonal elements are selected as aleatory and
their magnitudes are set to

Cij = 0.5σiσj, (9)

where σiσj are the 1σ errors of the data points i, j. We implemented a nested sampling
algorithm tailored for high-dimensional parameter space called Polychord, developed
by [51], to perform the calculations. The prior we selected was with a uniform distribution
given by

Ωm ∈ [0.; 1], ΩDE ∈ [0.; 1 − Ωm], H0 ∈ [50; 100], rd ∈ [100; 200]Mpc (10)

In the case of the fiducial cosmology, we selected as a prior for the ratio rd/r f id ∈
[0.9, 1.1]. Furthermore, the latest measurement of the Hubble constant estimated by Riess
in 2022 [7] and confirmed with the observations carried out by the James Webb space
telescope (JWST) [52] H0 = 73.04 ± 1.04 km s−1 Mpc−1 was integrated into our analysis as
an additional Gaussian prior, we refer to it as R22. The “full-dataset” encodes the sum of
the BAO + CC + Pantheon datasets.

Table 1. Sample of 24 BAO uncorrelated data points on which we perform our analysis. Our
data points mainly come from the final measurements of the SDSS-III BOSS-DR12 and SDSS-IV
eBOSS-DR16 samples for strengthening our results.

ze f f Observable Measurement Error Year Dataset Survey Reference

0.106 rd/DV 0.336 0.015 2011 6dFGS BAO [50]

0.15 DV/rd 4.47 0.17 2021 SDSS Main
Galaxy Sample [53]

0.31 DA/rd 6.29 0.14 2017 SDSS-III
BOSS-DR12 [54]

0.36 DA/rd 7.09 0.16 2017 SDSS-III
BOSS-DR12 [54]

0.38 DH/rd 25.00 0.76 2021 SDSS BOSS
Galaxy Sample [54]

0.40 DA/rd 7.70 0.16 2017 SDSS-III
BOSS-DR12 [54]

0.44 DA/rd 8.20 0.13 2017 SDSS-III
BOSS-DR12 [54]

0.48 DA/rd 8.64 0.11 2017 SDSS-III
BOSS-DR12 [54]

0.51 DM/rd 13.36 0.21 2021 SDSS BOSS
Galaxy Sample [53]

0.52 DA/rd 8.90 0.12 2017 SDSS-III
BOSS-DR12 [54]

0.56 DA/rd 9.16 0.14 2017 SDSS-III
BOSS-DR12 [54]

0.59 DA/rd 9.45 0.17 2017 SDSS-III
BOSS-DR12 [54]

0.64 DA/rd 9.62 0.22 2017 SDSS-III
BOSS-DR12 [54]

0.697 DA(rd/rd, f id) 1529 73 2020 DECaLS DR8
Footprint LRG [49]

0.698 DH/rd 19.77 0.47 2020 eBOSS DR16
LRG Sample [44]

0.698 DM/rd 17.65 0.30 2020 eBOSS DR16
LRG Sample [44]

0.70 DM/rd 17.96 0.51 2021 eBOSS DR16
ELG Sample [55]
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Table 1. Cont.

ze f f Observable Measurement Error Year Dataset Survey Reference

0.835 DM/rd 18.92 0.51 2022 Dark Energy
Survey Year 3 [48]

0.845 DH/rd 20.91 2.86 2021 eBOSS DR16
ELG Sample [55]

0.874 DA(rd/rd, f id) 1680 109 2020 DECaLS DR8
Footprint LRG [49]

1.48 DH/rd 13.23 0.47 2021 eBOSS DR16
Quasar Sample [46]

1.48 DM/rd 30.21 0.79 2021 eBOSS DR16
Quasar Sample [46]

2.33 DH/rd 8.99 0.19 2020 eBOSS DR16
Lyα-Quasar [47]

2.33 DM/rd 37.5 1.1 2020 eBOSS DR16
Lyα-Quasar [47]

4. Analysis and Results

In order to constraint our models, aside from the collection of BAO data points listed
in Table 1, we use the Pantheon dataset given in [56], the latest Hubble parameter H(z)
measurements using the cosmic chronometers (CCs) method containing 33 uncorrelated
data points listed in Table 2, and the latest Hubble constant measurement, labeled as R22 [7],
as an additional Gaussian prior.

Table 2. The latest 33 H(z) measurements (in units of (km s−1 Mpc−1)) obtained with the CC method
and their associated errors on which we perform our analysis. It is noted that all these measurements
are independent, since they come from different datasets.

z H(z) σH(z) Method Reference

0.07 69 19.6 Full-spectrum fitting [57]
0.09 69 12 Full-spectrum fitting [58]
0.12 68.6 26.2 Full-spectrum fitting [57]
0.17 83 8 Full-spectrum fitting [58]
0.179 75 4 Calibrated D4000 [59]
0.199 75 5 Calibrated D4000 [59]
0.20 72.9 29.6 Full-spectrum fitting [57]
0.27 77 14 Full-spectrum fitting [58]
0.28 88.8 36.6 Full-spectrum fitting [57]
0.352 83 14 Calibrated D4000 [59]
0.38 83 13.5 Calibrated D4000 [60]
0.4 95 17 Full-spectrum fitting [58]

0.4004 77 10.2 Calibrated D4000 [60]
0.425 87.1 11.2 Calibrated D4000 [60]
0.445 92.8 12.9 Calibrated D4000 [60]
0.47 89.0 49.6 Full-spectrum fitting [61]

0.4783 80.9 9 Calibrated D4000 [60]
0.48 97 62 Full-spectrum fitting [62]
0.593 104 13 Calibrated D4000 [59]
0.68 92 8 Calibrated D4000 [59]
0.75 98.8 33.6 Lick indices [63]
0.781 105 12 Calibrated D4000 [59]
0.80 113.1 28.5 Full-spectrum fitting [64]
0.875 125 17 Calibrated D4000 [59]
0.88 90 40 Full-spectrum fitting [62]
0.9 117 23 Full-spectrum fitting [58]

1.037 154 20 Calibrated D4000 [59]
1.3 168 17 Full-spectrum fitting [58]

1.363 160 33.6 Calibrated D4000 [65]
1.43 177 18 Full-spectrum fitting [58]
1.53 140 14 Full-spectrum fitting [58]
1.75 202 40 Full-spectrum fitting [58]
1.965 186.5 50.4 Calibrated D4000 [65]
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The results for the BAO and the BAO+R22 in the context of test random correlations
are depicted in Figure 1 and listed in Table 3. Introducing some random correlations
changes the values of the cosmological parameters Ωm and ΩΛ. However, the difference
between no correlation (n = 0) and 50% correlated points (n = 12) is surprisingly about
5%, allowing us to consider our BAO dataset uncorrelated, which is very low compared to
the discrepancy given in [38].

Figure 1. The constraints of the posterior distributions for ΛCDM with and without a test random
covariance matrix with twelve components. The distribution with covariance matrix between null
and twelve components is almost negligible, nearly indistinguishable from the uncorrelated dataset.

Table 3. Variation of some cosmological parameters according to the number of correlated pairs.
The values with uncorrelated pairs (n = 0) are slightly different when n = 6 and n = 12 random
correlated pairs are introduced.

n Correlated Pairs BAO BAO + R22

n = 0 Ωm = 0.269 ± 0.015 Ωm = 0.269 ± 0.017
ΩΛ = 0.725 ± 0.011 ΩΛ = 0.725 ± 0.013

n = 6 Ωm = 0.263 ± 0.015 Ωm = 0.264 ± 0.015
ΩΛ = 0.731 ± 0.015 ΩΛ = 0.730 ± 0.014

n = 12 Ωm = 0.262 ± 0.017 Ωm = 0.263 ± 0.015
ΩΛ = 0.732 ± 0.012 ΩΛ = 0.732 ± 0.011
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4.1. Standard Cosmological Model

We can start evaluating the cosmological models based on the data measurements. For
the ΛCDM model we vary the following parameters: H0, Ωm, ΩΛ, rd, and rd/r f id. The estimated
values of our varied parameters in the ΛCDM scenario for different combinations of datasets
can be depicted in Figure 2, including the contours of the Ωm − H0 and H0 − rd planes.

Figure 2. The constraints on the parameters using different observational data measurements in the
ΛCDM model with 1σ and 2σ. BAO refers to the baryon acoustic oscillations dataset from Table 1. CC
refers to the Hubble measurements based on the cosmic chronometers method listed in Table 2 and
Pantheon refers to the SNeIa dataset. R22 denotes the measurement of the Hubble constant as a
Gaussian prior [7].

In Figure 2, the 68% and 95% confidence levels for the posterior distribution of some of
the cosmological key parameters of the standard ΛCDM model are reported. The numerical
results of the evaluated cosmological parameters are listed in Table 4. When the BAO dataset
alone is regarded, our estimated values of H0 and rd are closely in agreement with those
obtained by Planck 2018 [1]. However, our estimated values of matter density Ωm and
dark energy density ΩΛ are smaller than the values reported in [1]. When we combine the
R22 prior for H0, the fit gives an estimated value for H0 away from [1] and closer to the
one measured in the SNe sample by [7]. On the other hand, when we have the full dataset
(BAO + Pantheon + CC), the value of the Hubble constant is closer to that value estimated
by [1]. We also observe that the matter–energy densities are smaller to the values estimated
by [1](Ωm = 0.315 ± 0.007, ΩΛ = 0.685 ± 0.007), but this observation has been reported
in other studies [66,67]. In the framework of the BAO scale, it is set by the cosmic sound
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horizon imprinted in the cosmic microwave background at the drag epoch zd when the sea
of baryons and photons decouple from each other, according to

rd =
∫ ∞

zd

cs(z)
H(z)

dz, (11)

where the speed of sound is expressed as cs =
√

δpγ

δρB+δργ
=

√
(1/3)δργ

δρB+δργ
= 1√

3(1+R)
, where

R ≡ δρB/δργ = 3ρB
4ργ

. The data from [1] gives the redshift at the drag epoch zd = 1059.94± 0.30.
For a flat ΛCDM, the measurements in [1] estimate rd = 147.09± 0.26 Mpc. In our analysis,
the posterior distribution of the rd − H0 contour plane is shown at the bottom of the first column
in Figure 2. We find for the full dataset rd = 145.88 ± 3.32 Mpc, close to the Planck results.
Adding the Riess 2022 prior into the full dataset gives rd = 142.10± 2.49 Mpc. Ref. [68] finds
rd = 143.9± 3.1 Mpc. Ref. [69] reports that using binning and Gaussian methods to combine
measurements of the 2D BAO and SNe data, the values of the absolute BAO scale range from
141.45 Mpc ≤ rd ≤ 159.44 Mpc (binning) and 143.35 Mpc ≤ rd ≤ 161.59 Mpc (Gaussian).
The above results demonstrate a clear discrepancy between early- and late-time observational
measurements, analogously to the H0 tension. It should be noticed that our results depend on
the range of priors for rd and H0, shifting the estimated values in the rd − H0 contour plane.
A noticeable feature is that when we do not include the Riess 2022 prior the results of H0 and rd
tend to be in agreement with the Planck and SDSS results.

Table 4. Constraints at 95% CL on the cosmological parameters for the standard ΛCDM model based
on the baryon acoustic oscillations dataset (BAO) listed in Table 1, the Hubble measurements based
on cosmic chronometers (CCs) method listed in Table 2, Pantheon dataset, and additional Gaussian
prior R22.

Parameter BAO BAO + R22 BAO + Pantheon + CC BAO + Pantheon + CC + R22

H0 (km s−1 Mpc−1) 68.01 ± 4.53 72.82 ± 1.01 69.76 ± 1.71 71.68 ± 1.65
Ωm 0.270 ± 0.039 0.268 ± 0.037 0.275 ± 0.025 0.271 ± 0.026
ΩΛ 0.725 ± 0.022 0.726 ± 0.023 0.720 ± 0.014 0.724 ± 0.015

rd (Mpc) 150.45 ± 9.89 140.14 ± 3.16 145.88 ± 3.32 142.10 ± 2.49
rd/r f id 0.999 ± 0.074 0.938 ± 0.023 0.971 ± 0.028 0.949 ± 0.024

4.2. Models beyond Standard Model

Aside from the standard ΛCDM cosmological model, we test two more cosmo-
logical models whose dark energy EoSs are non-dynamical, dynamical, and different
from w = −1: the wCDM model and the w0waCDM model. For the wCDM model, we
use w ∈ [−1.25;−0.5], while for the w0waCDM model, we use w0 ∈ [−1.25;−0.5] and
wa ∈ [1.0;−1.0]. The rest of the priors are the same as for the ΛCDM model.

4.2.1. wCDM Model

This model considers a fixed dark energy equation of state w ̸= −1. The results for
different combinations of dataset surveys are depicted in Figure 3 and listed in Table 5.
From our results, the dark energy EoS is similar to the cosmological constant Λ for the full
dataset: w = −1.001 ± 0.040; and in agreement with [1] (w = −1.03 ± 0.03) when taking
into account the full dataset BAO+CC+Pantheon plus Riess 2022 (R22): w = −1.014± 0.053.
On the other hand, when we consider the BAO and BAO+R22 datasets, the EoS is w > −1.
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Figure 3. The posterior distributions for different observational data measurements with the wCDM
model with 1σ and 2σ. BAO refers to the baryon acoustic oscillations dataset from Table 1. CC refers to
the cosmic chronometers and Pantheon refers to the Hubble diagram from SNeIa. R22 denotes the Riess
2022 measurement of the Hubble constant as a Gaussian prior [7].

Table 5. Constraints at 95% CL on the cosmological parameters for the wCDM model based on
baryon acoustic oscillations (BAOs), cosmic chronometers (CCs), Pantheon, and additional Gaussian
prior R22.

Parameter BAO BAO + R22 BAO + Pantheon + CC BAO + Pantheon + CC + R22

H0 (km s−1 Mpc−1) 65.83 ± 4.73 72.56 ± 2.10 69.83 ± 1.06 71.60 ± 1.02
Ωm 0.193 ± 0.077 0.201 ± 0.068 0.273 ± 0.015 0.273 ± 0.016
ΩΛ 0.786 ± 0.050 0.780 ± 0.046 0.721 ± 0.013 0.721 ± 0.013
w −0.753 ± 0.168 −0.786 ± 0.210 −1.001 ± 0.040 −1.014 ± 0.053

rd (Mpc) 150.67 ± 10.32 136.90 ± 2.48 145.73 ± 3.45 142.44 ± 2.24
rd/r f id 0.996 ± 0.069 0.924 ± 0.018 0.970 ± 0.029 0.949 ± 0.025

The above results imply that we cannot rule out w = −1 when we consider the
full dataset and full dataset plus R22. In Figure 4, we observe the rd − H0 plane in the
framework of the wCDM model.
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Figure 4. The posterior distributions for different observational data measurements of wCDM model
with 1σ and 2σ in the rd − H0 contour plane. The BAO refers to the baryon acoustic oscillations dataset
from Table 1. The CC dataset refers to the cosmic chronometers and Pantheon refers to the Hubble
diagram from SNeIa. R22 denotes [7] measurement of the Hubble constant as a Gaussian prior.

We observe that the sound horizon distance value from the full-dataset and BAO
dataset alone are in agreement with the value estimated by [1]. However, when we
incorporate R22 into the full-dataset and BAO dataset alone the sound horizon at drag epoch
yields rd = 142.73 ± 2.74 Mpc and rd = 138.26 ± 2.82 Mpc, respectively. Although these
values are in tension with the rd value estimated by Planck, our estimated results with
Riess 2022 are clearly in agreement with those obtained by [68] rd = 143.9 ± 3.1 Mpc, [66]
independent of CMB data rd = 144±+5.3

−5.5 Mpc (from θBAO + BBN + HoLiCOW), and [70]
rd = 143.7 ± 2.7 Mpc.

4.2.2. w0waCDM Model

Our estimated value of the wa parameter for different datasets combinations are
depicted in Figure 5 and listed in Table 6. It is interesting to observe that our value is nearly
in agreement with the one obtained by [1] with TT, TE, EE + lowE + lensing with other
datasets: wa = −0.72+0.62

−0.54 (from Planck + BAO/RSD + WL) even though we take different
combinations of datasets. The rd − H0 plane in the framework of w0waCDM model is
presented in Figure 6.

Table 6. Constraints at 95% CL on the cosmological parameters for the w0waCDM model based on
baryon acoustic oscillations (BAOs), cosmic chronometers (CCs), Pantheon-QSR-GRB, and additional
prior R22.

Parameters BAO BAO + R22 BAO + Pantheon + CC BAO + Pantheon + CC + R22

H0 (km s−1 Mpc−1) 65.82 ± 4.43 72.83 ± 1.41 69.90 ± 1.06 71.71 ± 1.06
Ωm 0.159 ± 0.098 0.165 ± 0.073 0.183 ± 0.056 0.178 ± 0.050
ΩΛ 0.826 ± 0.080 0.820 ± 0.065 0.810 ± 0.050 0.814 ± 0.050
w0 −1.214 ± 0.130 −1.149 ± 0.121 −1.027 ± 0.069 −1.020 ± 0.072
wa −0.344 ± 0.432 −0.478 ± 0.390 −0.848 ± 0.180 −0.878 ± 0.161

rd (Mpc) 152.01 ± 10.18 138.26 ± 2.82 146.18 ± 2.35 142.73 ± 2.36
rd/r f id 1.002 ± 0.066 0.930 ± 0.022 0.974 ± 0.033 0.950 ± 0.035
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Figure 5. The posterior distributions for different observational data measurements with the
w0waCDM model with 1σ and 2σ. BAO represents the dataset given in Table 1. CC represents
the dataset given in Table 2, and Pantheon refers to the Hubble diagram from SNeIa. R22 denotes [7]
measurement of the Hubble constant as a Gaussian prior.

Figure 6. The figure exhibits the posterior distributions for different observational data measure-
ments with the w0waCDM with 1σ and 2σ in the rd − H0 contour plane. BAO refers to the baryon
acoustic oscillations dataset in Table 1. CC refers to the cosmic chronometers dataset listed in Table 2,
and Pantheon refers to the Hubble diagram from SNeIa. R22 denotes Riess 2022 measurement of the
Hubble constant [7].

The fit for the BAO dataset alone leads to rd = 152.01 ± 10.18 Mpc. Adding the
CC and Pantheon datasets rd results in 146.18 ± 2.35 Mpc, staying in agreement with [1].
And including the R22 prior into the full dataset leads to rd = 142.73 ± 2.36, smaller to that
estimated by Planck, but in agreement with other studies [66,67,70].
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5. Discussion

Our study selected 24 data points that represent the latest and final BAO measurements
from different observational surveys in the last two decades in combination with the dataset
of H(z) measurements using the cosmic chronometers method (33 data points), the Pantheon
SNeIa dataset (40 data points), and the latest measurement of the Hubble constant made by
Riess 2022. Although our results based on the latest measurements from different observational
tests demonstrate that the Hubble tension is still there it has been alleviated: 2σ for the H0.
By introducing the sound horizon rd as a free parameter we find for the full dataset (BAO +
Pantheon + CC) H0 = 69.76± 1.71 km s−1 Mpc−1 and rd = 145.88± 3.32 Mpc in the ΛCDM
model, H0 = 69.83 ± 1.06 km s−1 Mpc−1 and rd = 145.73 ± 3.45 Mpc in the wCDM model,
and H0 = 69.90± 1.06 km s−1 Mpc−1 and rd = 146.18± 2.35 Mpc in the w0waCDM model.
To compare our different cosmological models, we apply the Akaike information criterion
(AIC) and the Bayesian information criterion (BIC). The Akaike information criterion is defined
as [71]

AIC = −2ln(Lmax) + 2k +
2k(2k + 1)

Ntot − k − 1
, (12)

where Lmax is the maximum likelihood of the data taken into consideration in which we
take the full dataset without the Riess 2022 prior, Ntot is the total number of data points,
and k is the numbers of parameters. For large Ntot, our expression is reduced to

AIC ≃ −2ln(Lmax) + 2k, (13)

which is the standard form of the AIC criterion [71]. On the other hand, the Bayesian
information criterion is defined as [72]

BIC = −2ln(Lmax) + klnNtot. (14)

Thus, we can calculate the AIC and BIC for the standard ΛCDM, wCDM, and w0waCDM
models. We find for ΛCDM, wCDM, and w0waCDM, AIC = 98.0, 100.7, and 98.6, respec-
tively. On the other hand, we find BIC = 97.9, 100.6, and 98.5, respectively. Although the
ΛCDM model has the best fit due the lowest AIC, our AIC and BIC values clearly show a
good support in favor of all our tested models and cannot be ruled out from the current data.

Referring to our results, we see that the values of the Hubble constant H0 and the sound
horizon distance rd based on low-redshift measurements (BAO + Pantheon + CC), are in
agreement with the early measurements estimated by Planck [1], even though the dark energy
and matter densities are lower. Therefore, in our analysis, the tension between low-redshift
and high-redshift rd measurements is not exhibited here in all our cosmological models as long
as we do not include the Riess 2022 prior. Furthermore, it is striking that, based on the full
dataset, we see that w ≈ −1, taking the form of the cosmological constant Λ and in agreement
with Planck [1] and closely to the result obtained by [53]. Our analysis and results show the
robustness of the ΛCDM, wCDM, and w0waCDM models based on our full dataset, showing
consistency with the Planck measurements for H0 and rd. Although the R22 prior changes the
values of H0 and rd, creating a tension, they still agree with other studies [66,67,69].
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