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Abstract: In this paper, a multipoint boundary value problem for systems of integro-differential
equations with involution has been studied. To solve the studied problem, the parameterization
method is used. Based on the parametrization method, the studied problem is decomposed into
two parts, i.e., into the Cauchy problem and a system of linear equations. Necessary and sufficient
conditions for the unique solvability of the studied problem are determined.
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1. Introduction

Many applied problems describing processes with aftereffects are known to be de-
termined by integro-differential equations. For example, Volterra’s torsional oscillation
problem [1]

proctor’s problem of elastic beam equilibrium [2]

1
" () +y(x) = a2 [ K(t, )y (s)ds.
0

The issues of solvability of initial and boundary value problems for integro-differential
equations are discussed in the works of many authors [3-10].

The main methods for studying the unique solvability of a boundary value problem for
integro-differential equations are the Green’s function method, the Nekrasov method and
its analogues. Green’s method assumes the unique solvability of a boundary value problem
for a differential equation without an integral term. This condition is very stringent, so
this method is rarely used. One of the frequently used methods is the Nekrasov method
and its analogues. The essence of the Nekrasov method is the reduction of the original
equation to an integral equation of the Fredholm type, and its unique solvability is required.
In [11], an example was given that shows that the condition of the Nekrasov method is not
always satisfied, although the problem under study has a unique solution and this solution
is easily determined by the parameterization method.

Recently, to study the problem of unique solvability, the parameterization method
proposed by Professor D. Dzhumabaev [12] has been used. In [13-18], this method was
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applied in the study of the unique solvability of boundary value problems for various
integro-differential equations.

As is known, differential and integro-differential equations with deflecting arguments
play an important role in the study of problems in medicine, biology, economics, etc.
For example, in [19], an economic model is considered that describes the relationship
between population growth and agricultural production. It is shown that if we consider the
delay model with positive dispersion, then the dynamics of the economy are determined
by a system of integro-differential equations with delay.

Some of these deviations have properties a : [0, T] — [0, T] and a?(t) = a(a(t)) = t.
Differential and integro-differential equations, which together with the desired function x(t)
include the values x(a(t)) and %(«a(t)), are called equations with Carleman shifts [20] or
equations with involutive transformations. On the segment [0, T, as such a transformation,
we can consider a transformation of the form a(f) = T —t.

Solvability of various differential equations with involution was considered in the
monographs of D. Przeworska-Rolewicz [21] and J. Wiener [22]. J. Wiener investigated
the existence of a solution to a partial differential equation with involution by the method
of separation of variables. The properties of such transformations were also considered
in the works of N.Karapetiants and S.Samko [23]. The work of Alberto Cabada and F.
Tojo is devoted to the construction of the Green’s function for one-dimensional differential
equations with involution [24] .

The correctness of boundary and initial-boundary value problems for differential
equations with various types of involution, qualitative properties of their solution, as well
as their spectral issues were quite well studied in [25-28]. Spectral problems for the
second-order differential operator were studied in [26,27]. In [28], the eigenfunctions and
eigenvalues of the boundary value problem for the nonlocal Laplace equation with multiple
involutions were studied.

Multipoint boundary value problems for various differential and integro-differential
equations and their applications are considered in [29-31]. It is known that multipoint
boundary conditions are important in terms of applications, as they are directly related to
the theory of splines and interpolation, and are also used in the study of problems with
multi-support beams. For example, in [32], multipoint boundary conditions are applied in
the design of bridges.

Therefore, in this paper we decided to investigate a multipoint boundary value prob-
lem for integro-differential equations with involutive properties. To determine the unique
solvability of the studied problem, the parameterization method was applied.

Consider a multipoint boundary value problem with an involutive transformation

T
dy;i(:) +diag(ay, ay, ..., an) - w = O/Kl(t,s)x(s)ds
T
+ / Kao(t,s)x(s)ds + f(t), t€[0,T], xeR", (1)
0
iBix(Gi) = d,d S Rn, (2)
i=0

0=0<01 <...<0p,_1<0,, =T,

where matrices Ki(t,s) and K,(t,s) are continuous on [0, T| x [0, T], and n-dimensional
vector function f(t) is continuous, respectively, on [0, T1. aj € R,j=1,n. B;, j=0,mare
constant matrices.

Remark 1. In Equation (1) and further, the expression % will mean
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dx(w(t)) _ dx(g)
dt dt |og)

Note that problem (1) and (2) in the case when aj = 0,j = 1,n, Ky(t,s) = 0and B; = 0,
j=1,m — 1 was studied in [13,14].

2. Using Involution Properties
Let us determine the value of Equation (1) at the point t* = a(t)

T
w%m+wm%www%,@@:!&mwwwm

T

+/Kz(zx(t),s)x(s)ds+f(0c(t)).

0

Then, we obtain the following system of equations

dx(t) + dia dx(a(t)) _ p d r d
dar g(’llz aZ/‘-'raTl)' dt _{Kl( ) S+‘({K2(ts () S+f()
T
7’1"(;;“)) +diag(ay, az, ..., a) - d’;(tt) = ble(D‘(t),S)x(S)dS
T
+ [ Ka(a(t),s)x(s)ds + f(a(t))
0

Multiplying the second equation by the matrix —diag(ay, ap, ..., a,) on the left side,
and adding both equations we obtain

diag(1 —a3,1— a3, ...,1— a%)dt;tt)

T
/K1 (t,s) —diag(ay, ap, ..., a,)Ky(a(t),s)] x(s)ds
0

+ /[Kz(t,s) diag(ay, ay, ..., an)Ka(a(t),s)] £(s)ds
0

+[f(t) — diag(ay, aa, ..., an)f(a(t))].

Leta; # 41, i = 1,n, then the original boundary value problem can be written as

T T
’i’t‘ = [Ralt)x(s)ds + [ Ralt,s)ito)ds + fo), t e [0,7), 3)
5 ;
ﬁB,’x(Gi) =d,d € R", 4)
i=0

0=0p<b01<...<0,,_1<0, =T,

where

Ry(t,s) = diag(1/(1 —a3), 1/(1 —a3),..., 1/(1 —a?))[Ki(t,s)
—diag(ay, ay, ..., an)Ky(a(t),s)],
Ro(t,s) = diag(1/(1 —a3), 1/(1 —a3),..., 1/(1 —a2))[Ka(t,s)
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—diag(ay, ay, ..., an)Ka(a(t),s)],
f(b) = diag(1/(1 —a3), 1/(1 = a3),..., 1/(1 —ap))[f(t)
—diag(ay, ay, ..., ay)f(a(t))].

It is important to note that the condition a; # +1, i = 1,7 is significant.
Indeed, let us consider the following homogeneous boundary value problem with
involutiona =1

x(s)ds + / € [—m, ],

_2[u
=
—
-
S—
+
_2qu
=
A
\_/
I
:!\:l

x(—m) —x(m) =0.

This problem has a solution x(t) = cos(kt). It turns out that the homogeneous bound-
ary value problem has a set of nonzero solutions. In the case 2 = —1, as a nonzero solution,
we can take the function x(t) = sin(kt). The boundary value problems (1)—(4) are equivalent
in the sense that if x(t) is a solution to the multipoint boundary value problem (3) and (4),
then it also satisfies the multipoint boundary value problem (1), (2) and vice versa.

Suppose that a; # +1, i = 1,n and let x*(t) be a solution to problem (3) and (4),
then x*(t) also satisfies (2). As x*(t) is the solution to (3), then substituting x*(¢) into the
right-hand side of Equation (3), we obtain:

T T
:/Kl(t,s)x*(s)ds—i—/Kz(t,s)x*(s)ds—O—f(t), teo,T]. 5)
0 0

Consider the value of Equation (5) in the point t = a(t) € [0, T

T
72/12 ds+/K2 ),8)x* (s)ds + f(a(t)), «a(t)€[0,T]. (6)
0

Multiplying Equation (6) by diag(ay, a, ..., a,) and adding it to Equation (5)
we obtain:
dx* (a(t))
dt

dx*(t)
dt

+diag(ay, ay, ..., ay) (7)

[Ki(t,s) +diag(ar, az, ..., an)Ky(a(t),s)] x*(s)ds

O\ﬂ

+ [ [Ka(t,s) + diag (a1, az, ..., an)Ko(a(t),s)] *(s)ds

St —

+[f(t) + diag(ay, az, ..., an)f(a(t))], t€0,T).
Substituting

Ry(t,s) = diag(1/(1 —a?), 1/(1 —a3),..., 1/(1 —a?))[Ki(t,s)
—diag(ay, ap, ..., an)Ky(a(t),s)],

Ro(t,s) = diag(1/(1 —a3), 1/(1 —a3),..., 1/(1 —a2))[Ka(t,s)
—diag(ay, ap, ..., an)Ka(a(t),s

F(t) = ding(1/ (1= ad), 1/(1=a}),..., 1/
—diag(ay, ay, ..., ay)f(a(t))]
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in (7), we get

dx;t(t) +diﬂg(ﬂll a, ..., an)w — O/Kl(tls)x*(s)ds (8)

T
+/K2(t,s)x*(s)ds+f(t), te[0,T].
0

Hence, it follows that x*(t) satisfies (1).

Vice versa, let X() be a solution to Equations (1) and (2), then it is easy to show that
%(t) satisfies (3) and (4).
3. Parameterization Method

In [33], it was assumed that the Fredholm integral equation of the second kind

T
2(t) = /Kz(t,s)z(s)ds o)
0

has a unique solution for any function ®(t) € C([0, T], R").

However, it is known that the resolvent of an integral equation cannot always be
determined unambiguously.

Suppose that K;(t, s) has continuous partial derivatives with respect to s, then

T

T
/Kz(t,s)x(s)ds — Za(t,5)x(s) g_/
0

0

aKz(t,S)
Tx(s)ds

T _ .
= Ky(t, T)x(T) — Ka(t,0)x(0) —/E”(QT(:'S)x(s)ds.
0

Hence , Equations (3) and (4) can be written as:

T
% _ / K(t,5)x(s)ds + Koo (£)x(8) + Kor (£)x(6m) + F(£), ©)
0

1=

B,»x(Gi) =d,d € R", (10)
0

0=0p<01<...<0,,_1<0,, =T,

where
Ky(t) = —Kz(t,0) ,

Ko (t) = Ky(t,T),

T

r o s (t, 5)
/K(t,s)x(s)ds = /Kl(t,s)x(s)ds—/Tx(s)ds.
0 0 0

Let us apply the parametrization method to the boundary value problem (9) and (10),
for this we take a natural number | € N and make a partition with respect to this
m(l+1) I
number: [0, T) = U1 [trfl, fr), where ti(l+1)+j = ti(1+1) + %1, hi = 6; —0;_4,
r=

i=0m—-1, j=1,1+1 Denote h = max{hy,hy,..., hu}, B = mflx]HK(t,s)H. Let
t,s€|0, T
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us use x,(t), r=1,m(l 4+ 1) to denote the narrowing of the function x(t) on the intervals
[t;—1,tr), r=1,m(l+1). Then, the multipoint boundary value problem for systems of
loaded integro-differential Equations (9) on (10) can be written as:

W= L [ Kts)xi(s)ds + Kol (to) (11)
i=1 7
Ko () Hm Xy (8) + F(8), £ € [t br), 1= 1,m(I+1),
m—1
;} Bin(l+1)+1 (tj(l+1)) + Bmtiijr;loxm(lﬂ)(t) =d,de Rn/ (12)
lim x5(t) = x511(k5),s =1, m(l+1) -1, (13)
t—t;—0

here (13) provides conditions for continuity of the solution in the points of partition. Let
us introduce the notation Ay = x/(t,-1), ¥ = L,m(l+1), Ayi1)41 = tli%n Oxm(l+1)(t)
ST—

make a substitution x,(t) = u,(t) + A,, ¥ = 1,m(l + 1) in each of the intervals t € [t,_q,t,).
Then, problem (11)—(13) is reduced to the equivalent multipoint boundary value problem
with the parameter

B / K(t,5)[1i(s) + Ailds + Kag(£)A1 (14)

+Ko1 (DA w1+ f()), te [t ty), r=1m(lI+1),

u(ty_1) =0, r=1,m(l+1), (15)
m
Z Bi/\j(l+l)+1 =d,de Rn, (16)
i=0
As+ Um us(t) = Asq, s=1,m(l+1). (17)
t—ts—0

The initial conditions u,(t,_1) = 0, r = 1,m(l + 1) make it possible to determine
functions u,(t) for fixed values A = (A1,A2, ..., Ay (141)41) from the systems of integral
equations

ti

t
/ K(t s)dsdt + /
1 —1

m(l+1) m(

”M+

y

fr—1

t
/ T,5)dsdTA; (18)
i=1
-1

tio

t
+ / Kao(T)dTA; + / Kot (T)dTA 14101 + / F(o)dt, telbuh).

tq tr_1 tr—1
In (18), assuming that t = 7, we multiply both sides of the equation by K(t, ) and
integrate with respect to 7 in the interval [f,_1,t,). Then,

tr m(

/K(t,T)ur(T)dT—/ (t,7) /T ;

fr—1 tr—1 —1 £

K(t,s)u;(s)dsdndt (19)

L\w

T om(l+1) b

t
K(t,T) / ) / K(1y,8)dsdtidT);
r—1 1

oy ey =17
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T

+ / t T / KZO(Tl)Al + K1 (Tl))‘m(l+l)+l +]F(T1)}dT1dT, r= 1,7’}’[(1 + 1).

tr—1 -1

Summing up the left and right sides of Equation (19), we obtain:

m(i+1) b m(l+l) T om(l+1) i
) /K(tru, Z / (t,7) / ) K(1y,8)u;(s)dsdrydt
r=1 ty tr;l i=1 tq
m(l+1) tr T [m@+1)
+ ) / / 2 / (11, 8)dsdTdTA,;
r=1

tr—1 t—1
+Kao (1) M + Ko1(T1) A (141)41 +f~(T1)}dT1dTJ t €0, T].

Let us introduce the notations:

m(l+1) fr
o)=Y / K(t, T)uy (1)dr,
r=1 o
m(14+1) tr T f

o)=Y [ Kt1X(T) / X~(n) / K(ty,s)dsdrdt
m(l+1)

/ (t,T / Koo (7 )dmydr,

T

m(l+1) tr
= Z / tT)/K21(T1)dT1dT,
r=1 -1

tr—1

m(+1)

Z / tT/ledTldT

Then, Equation (17) can be written as:

m(141) m(I1+1)

(Dl(t Z / tT /CDI Tl dT]dT‘f' Z Hr I, t

+P(L )AL+ Pa(L 1) Aygay11 + F(L 1)

Let us take such [y that g(lp) = ﬁT% < 1. Then, from the estimation

/ (t,T /d?l 7 )dndt

it follows that for any I > Iy Equation (21) has a unique solution.

m(

iz ote[o T]

<IBT max |®;(t)||, t€]0,T]

(20)

(21)

(22)

The set of all I for which the Cauchy problem (14), (15) has a unique solution is called
a regular partition and is denoted by A;. As can be seen from (22), this set is nonempty.
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Let | € A;. Using the successive approximation method, we determine

m(1+1)
Z Hi (1L H)A; + Py (L)AL + P5 (L ) Ayrsn)a + FF (L 1)

the unique solution to Equation (21). Substituting the obtained expression for ®;(t) into
the right-hand side of (18), we get:

(1+1)
ur(t) = /[ Z H (L, A+ P(L )M + Py (L DAy + F(L7T) |dT (23)

t m(l+1) ti

+/ Z /KTSdeT/\—l—/Kzo T)dTtA
r—1 1 t?’l

S =

+/1<21 )T A (1111 + /f belt, o b), r=T,mI+1).

tr—1 t—1
Determining the limits t litm Ous(t), s = 1,m(l + 1) from (23) and substituting them
—ts—

into the boundary conditions (17), we obtain a system of linear equations with respect to
the introduced parameters A,, r =1,m(I+1) +1

m
Z Bi/\j(l+1)+1 =d, (24)
i=0

ti

H; (I, 7) / K(t,s)ds

tiq

t‘;mlJrl
/\s+/ Z

dTA; + / P(1,7) + Koo ()] dTA,  (25)

fs—1

+ [ P00 + Ko (®))dTAngy 1 = Ao
ts—1
ts
_ / [F*(1,7) + f(1)]dt,s = 1, m(l + 1).
ts—1

The matrix corresponding to the right-hand side of the system of algebraic equations
is denoted by Q.(I). Then, the system of Equations (24) and (25) can be written in the
following matrix form:

Q.(DA = E.(I), A e RMmi+D+1] (26)
where
t T
F(l) = (d, f./(P*(l,T)+f(T))dT,..., - / (F*(l,T)+f(T))dT).
0 T—hm

Lemma 1. For I € A the following statements are valid:

1. Vector A* = ()\* Ay g AE (l+1)+1) e RN composed of the values of the solution

to problem (9), (10)—functzons x*(t) in the points A} = x*(t,_1), r=1m(l+1)+1
satisfies the system of Equation (26);
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2. IfA= (;\1,5\2, ...,/'~\m(l+1)+1> e R s g solution to system (26), and the system
of functions ii[t] = (ﬁl(t) U2 (£), oo Ty 141 (E )) is a solution to the special Cauchy problem

(14), (15) for Ay = A, 1 =1, m(l +1) +1, then the function %(t), X(t) = Ar + 1, (t),
telt,_ut), r=1ml+1),%T)=A m(14+1)+1 1S a solution to problem (9), (10).

Proof. 1. Let x*(f) be a solution to problem (9), (10). Then, a pair (A*, u*[t]) with el-
ements A = X*(tiz1), t € [tic ), j= L,m(I+1)+1eui(t) = x*(t) — x*(t,—1),
t € [ty_1,tr), r=1,m(l+ 1) will be a solution to a problem equivalent to the boundary

value problem with parameter (14)—(17). Taking into account the assumption ! € A; and

repeating the above reasoning, we find that A* = ()\’{,/\ﬁ, s )‘:1(1+1)+1) e RrmI+1)+1]
satisfies the system of Equations (26).

2.LetA = (/\1,/\2, A (l+1)+1) € R"mI+1)+1 pe a solution to systems of Equation (26).
As I € A;, the special Cauchy problem (14), (15) has a unique solution for any

A= (/\1,)\2,...,/\m(l+1)+1) ¢ Rrlm(+1)+1], Denote its solution forany A = (;\1,)12,...,;\,”(1“)“)
€ Rrlm(+)+1] a5 [f] = (ﬁl(t), W (1), eves Ty (141 (t)) Let us show that the pair (A, i[t]) is

a solution to problem (14)—(17). If A = ()11,7\2, ey }Lm(l+l)+1) e RmI+1D+1] satisfies (26),
then (24) and (25) are valid for it, i.e.,

o

Bi;\j(l+1)+1 =d, (27)

=0

~

1

Hf(l,r)—k/K(T,s)ds

tiq

dth; + / [Py (I, T) + Kyo(T)]dTA1  (28)

fs—1

+ [ P30 + Kar (O)]dThngy 1 — A

ts—1

_—j[F*(l,T)+f(T)]dT, s=1,m(+1).

Condition (16) follows from (27). We rewrite (28) as

s [m(141)
{/l Z Hi (I, T)A; + Pf(L,T)A + P35 (I, T)A m(i+1)+1 + F*(L,7T) |dT
tS

-1

s m(+1) i
+/ Y / (T,s)dsdrx\+/1<20 dTAy
ts—1 i=1 tiq ts—1
+ / K1 (T)dtAy(141)41 + /f(T)dT} =Asp1, s=1,m(1+1). (29)
ts—1 ts—1

From (23) we get that

£ l+1
= / [ Hi (L, T)Ai + Py (L T)AL + P5 (L, ) Ay gg1)4a + FF (L T) [dT
-1
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+/ 2/1 TSdeT/\—l—/KQO T)dtA4

+ / Kot (T)d T 141) 11 + / F(o)dt, t€ [t ts).

ts—1 ts—1

Because

ts rm(141)
t_l}fnous = /l Z Hi (I, T)A; + Py (L, )M + P35 (1, T)A m(i+1)+1 + F*(L,T) [dT
o t

s—1

ts m@+1) i
+/ Z /K(T,S YdsdTA; + /Kzo T)dTAq
ts—1 i=1 .

ti1 ts—1
+ Kzl )ATA (111 1+/f
ts—1 ts—1

Since the expression in curly bracket (29) determines tiig o us(t), then from (29)
the Validity of relation (17) follows Then, the function %(t) constructed using the pair
[(Al,/\z, i ) ( il (IH)(t))], ie, (t) =1 (t)+ A, tE[t1ty),

r=1m(l+1), %(T)
is proved. 0O

m(I4+1)+1 w1ll be a solution to problem (9) and (10). The lemma

Definition 1. Problem (1) and (2) is called uniquely solvable if for any pair (f(t), d) it has a
unique solution x(t).

Theorem 1. Let the conditions a; # +1, i = 1,n be satisfied. Then, the boundary value
problem (1), (2) is uniquely solvable if and only if for any I € A; matrix Q« (1) is reversible.

Proof. Let the matrix Q.(I) be reversible for | € A and f(t) € C([0,T], A 41), R"),
d € R". Using the reversibility of the matrix Q. (/), we find a unique solution to the system
of linear algebraic equations:

—[Qu(D] V- R(l), AT € R

The solution of the special Cauchy problem (14), (15) for A = A* defines the system
of functions u*[t] = (uf(t),ué(t), s ”:;1(1+1) (t)) Due to the regularity of the partition
I € A;, there must exist systems of functions u*[t] with elements u (t), r = 1,m(I + 1) de-
termined by the right-hand part of (23) for A = A* = ()U{,/\;, - A;(l+l)+1) € Rulm(+1)+1]
Then, according to lemma the function x*(f) defined by the equalities x*(t) = A} +
uy(t), telt_1,t), r=1ml+1),x*(T) = Aju(1+1)41 IS @ solution to problem (9), (10).
Therefore, x*(t) satisfies (10). Equation (9) can be written as:

i f TaK
; :/Kl(t,s ds—/ x*(s)ds
0

0
- KZ(tIO) (90) + KZ(t/ T) (6 ) f( ) (30)
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T T .

/Kz(t,s)x* (s)ds = — / Wx*(s)ds — Ra(t,0)x*(0) + Ka(t, T)x*(T),
0 0

x*(t) satisfies

T T
B = [Ral ) s)ds + [ Rats)x*(s)ds + (o),
0 0

i.e., x*(t) satisfies (9).

From the equivalence of boundary value problems (9), (10) and (1), (2) under the
condition a; # 41, i = 1, n it follows that x*(#) is a solution to problem (1) and (2).

Let us show the uniqueness of the solution.

Suppose that problem (1), (2) besides solution x*(t) has the other solution x(t).
Then, the boundary value problem (14)—(17) has, respectively, solutions (A*, u*[t]) and

A 1[t]).

( Ac)cording to Lemma 1, the system of Equation (26) is satisfied for A*, as well as for A,
ie.,

Q.(1)-A* = —E.(I), Q.(I)-A=—E().

However, the matrix Q. (I) is reversible, hence it follows that A* = A. For our regular
partitioning, the special Cauchy problem has a unique solution, therefore u*,[t] = ii,[t],
te[t,_1,t), r=1,m(l+1). Hence, x*(t) = X(¢t).

Let us prove the necessity. Fulfillment of the condition a; # +1, i = 1, n makes it possible
to pass from the boundary value problem (1), (2) to the boundary value problem (9), (10).
Let problem (9), (10) be uniquely solvable and ! € A;. Suppose that, if the problem (9), (10)
is uniquely solvable, the matrix Q(I) is not reversible. This is possible only in case of a
nonzero solution of the homogeneous system Q. (1) - A =0, A € R*m(H+D+1],

Suppose that A = (5\1,;\2, - }‘m(l+1)+l> e RmI4+1)+1] is a nonzero solution of (26).

This means that for f(¢) = 0, d = 0 the homogeneous boundary value problem (1), (2) has
a nonzero solution. However, this contradicts the unique solvability of the boundary value
problem (1) and (2). O

4. An Illustrative Example
Example 1. Consider the following three-point boundary value problem in the segment [0, 1] :

1 1

x(t) —2x(1—t) (Bt+1)x(s)ds+3 [ (t+s)x(s)ds — 3t —1, (31)
-Joennins

%(0) —zx(;> +x(1)=o. (32)

Consider the values of Equation (31) in the point t* =1 —t

1 1
x(1—1t) (4 —3t)x(s)ds+3 [ (1 —t+s)x(s)ds + 3t — 4. (33)
- /

Then, from the system of Equations (31) and (33) we get

1 1
h = O/(t —3)x(s)ds + 3O/(t 35— 2)%(s)ds — t + 3.
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Integrating the second integral by parts and grouping the corresponding terms, we obtain the
following equivalent boundary value problem:

1

#(1) :/tx(s)ds—l—(t—S)x(l)—(t—2)x(0)—t+3, (34)
0
x(0) — 2x($> +x(1)=0. (35)
Let us divide the segment [0,1) into two parts [0,1) = {0,%) U {%,1).

Introduce parameters A1 = x1(0), Ay = x1(1/2), Az = gin%xz(t) and make the substitu-
—

tion x,(t) = up(t) + A, r=1,2.
Then, from the boundary value problem (34), (35) we transfer to the following equivalent
problem

1

1/2 _
u(t) =t [ uy(s)ds+t [ up(s)ds

[roe]
—<;—2>/\1+;)\2+(t—5))\3—t+3, te [0,;) (36)
11(0) =0 (37)

1/2 1
up(t) =t [ uy(s)ds+t [ up(s)ds
oo

1/2
(oo e =43, e |t (38)
> 1157 3 , 1)
1

M—2X+2A3=0 (40)
A1+limu1(t) = Ay, (41)

t—1
Ao+limuy (t) = Ag. (42)

t—1

For fixed wvalues of parameters A1,Ap, A3 determine solution of the Cauchy
problem (36)—(39)

12 6 6 1
up(t) = 2tA; + Btzx\z - <43t2 +5t)A3 — Et2 +3t, te [0, 2>, (43)

B 12, 3
uz(i’) = (21’ — 1)/\1 + <43t — 43>)L2

63 1
[ P2 _ Y7 22 o -
(43t + 5t 43)A3 Bh -5 te€ {2,1). (44)
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Substituting the obtained solution into the boundary conditions (40)—(42), we obtain a system
of linear algebraic equations with respect to the introduced parameters

AM—2A+ A3 =0,

20 — Pro — WA= -5, (45)
52 155 _ _ 60
A] + BAz - @)\3 - _E

From (45), we obtain that the matrix Q. is revertible and Ay = Ay = A3 = L
Substituting the obtained values in (43), (44) we determine that ui(t) = 0, uy(t) = 0. As the
matrix Q. is revertible, the unique solution to the boundary value problem (31), (32) is found in the
formof the sum x1(t) = ur(£) + A =1, () = up(t) + A = lorx(t) = 1.

Example 2. On the segment [0, 1], consider the following three-point boundary value problem:

1 1

() —3%(1— 1) = Z/x(s)ds + /x(s)ds —2, (46)
0 0

x(0) — 3x(;> +x(1) =0. (47)

Applying the property of the involutive transformation, we obtain the following boundary
value problem:

1 1
#(t) = —/x(s)ds—k%/fc(s)ds—i—l, (48)
0 0
1
x(0) —3x(3> +x(1) =0. (49)
Let us divide the segment [0,1) into two parts [0,1) = {0,%) U {%,1).

Introduce parameters A1 = x1(0), Ay = x2(1/3), Az = fzn% x(t) and make the substitution
—

xp(t) = ur(t) + A, r =1,2.
Then, from the boundary value problem (48), (49), we obtain the following equivalent problem:

1/3 1
5 2 1 1
i (t) = — / up(s)ds — / uy(s)ds — 6)\1 — g)\z + 5)\3 +1, te {O,3> (50)
0 1/3
u1(0) =0 (51)
1/3 1
. 5 2 1 1
() = — / uq(s)ds — / uy(s)ds — 6/\1 — g)xz + E/\g +1,, te 5’1 (52)
0 1/3
1
u2(3> =0 (53)
1
A — g)\z + A3 =0, (54)
A FHlimuq () = Ay, (55)

t—1

Ay +lim le(t) = Az. (56)
t—1
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For fixed values of the parameter A1, Ay, Az we find the solution of the Cauchy problem

(50)-(53)
36 54 18 1
36 54 18 1 1

Substituting the obtained solution of the Cauchy problem (50)~(53) into the boundary conditions
(54)—(56), we obtain a system of linear algebraic equations with respect to the introduced parameters:

A —3A+ A3 =0,
—120 — A, 4+ By = 18 (59)
—30A1 + B, — 305 = -5

The matrix Qy is invertibleand Ay = 0, Ap = %, A3 = 1. Substituting the obtained
values into (57) and (58) we obtain uq(t) = t, ux(t) = t — % As the matrix Q, is invertible,
)

—ul()+/\1:t, tE{O,%),
0t =up(t) + Ay =t—14+1=4 te[§,1), limx(t) = Lorx(t) =1, te[01]

the boundary value problem (46), (47) has a unique solution x; (t

5. Conclusions

In this paper, the parametrization method was used to solve a multipoint boundary
value problem for systems of integro-differential equations with involution transformations.
Introduction of new parameters and a successful change of variables enables us to split the
problem into two parts: the Cauchy problem for systems of integro-differential equations
and a system of linear equations with respect to the introduced parameters. Applying the
theory of integral equations, the solution to the problem is reduced to the reversibility of
the matrix, depending on the initial data. Thus, necessary and sufficient conditions for the
unique solvability of the studied problem have been established. The effectiveness and
accuracy of the method is demonstrated by an illustrative example. In the future, it is
planned to apply the parametrization method to multipoint boundary value problems for
integro-differential equations with fractional derivatives.
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