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Abstract: Ruled surfaces are considered one of the significant aspects of differential geometry. These
surfaces are formed by the motion of a straight line called a generator, and every curve that intersects
all the generators is called a directrix. In the present research paper, we explore a family of ruled
surfaces constructed from circular helices (W-curve) using the Frenet frame in the Euclidean space
[E3. We derive the explicit formulas for the second mean curvature and second Gaussian curvature.
We present some ruled surfaces, and we describe their properties. In addition, we determine the
sufficient conditions for these surfaces to be minimal, flat, [I-minimal, and II-flat. Also, we obtain
sufficient conditions for the base curve for these ruled surfaces to be a geodesic curve, an asymptotic
line, and a principal line. Furthermore, we present an application for a ruled surface whose base
curve is a circular helix, we compute some quantities for this surface such as the mean curvature and
Gaussian curvatures and we plot the ruled surface with its base curve, and at symmetric points and
along a symmetry axis.

Keywords: ruled surfaces; circular helix; W-curves; II-minimal surfaces; II-flat surfaces; second mean
curvature; second Gaussian curvature
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1. Introduction

The primary objective of classical differential geometry is to comprehend the characteris-
tics of specific types of surfaces in E?, including developable surfaces, ruled surfaces, minimal
surfaces, and other related surfaces. Ruled surfaces (R-S) in Euclidean 3-space are geometric
entities formed by straight lines, called rulings, that move through space while remaining
tangent to a fixed line, known as the directrix. These surfaces have practical applications
in fields such as architecture and computer graphics. Understanding their characteristics
contributes to a deeper comprehension of geometry and its real-world implications.

Many researchers studied the (R-S) and their diverse characteristics. Giirsoy [1]
analyzed the dual integral invariant of a closed ruled surface and presented some new
results of the geometric interpretations for the real angle of pitch and the real pitch of
a closed ruled surface. Kose [2] expressed the pitch and the angle of pitch of a closed
ruled surface in terms of the integral invariants for the dual spherical closed curve that
corresponds to the closed ruled surface. Turgut, et al. [3,4] investigated the properties of
timelike (R-S) in Minkowski 3-space, along with the structure of developable timelike (R-S).
The curve of striction, the central point, and the distribution parameter of these surfaces
were also discussed. The angles between normal vectors at various sites on a ruling,
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the behavior of tangent planes along a ruling, and the unique value of the distribution
parameter along a ruling were covered.

Ali et al. [5-7] investigated the mathematical description of helical structures in Eu-
clidean 3-space, specifically, general helices and their position vectors concerning the Frenet
frame for both general helices and slant helices. In addition, examples such as circular
general helices, spherical general helices, Salkowski curves, and circular slant helices
were presented.

Barros [8] proposed Lancret’s theorem for general helices in a three-dimensional real-
space form. This theorem distinguishes the relationship between hyperbolic and spherical
geometries, furthermore studying the problems related to general helices in the 3-sphere,
including the closed curve problem and solving natural equations.

Ilarslan, et al. [9] focused on studying the position vectors of timelike and null helices
in Minkowski space E3!. These curves have constant curvatures, and their position vectors
are utilized to characterize timelike and null helices with images on the Lorentzian sphere
S% or pseudo-hyperbolical space H3.

Monterde [10] described a family of curves with constant curvature and non-constant
torsion. These curves are characterized as space curves, and their normal vectors form
a constant angle with a fixed line. The relationship between these curves and rational
curves using a double Pythagorean hodograph was explored. In addition, a method for
constructing closed curves with constant curvature and continuous torsion using pieces of
Salkowski curves was presented.

Classical differential geometry employs intrinsic equations to determine the position
vectors of curves, such as ¥ = «(s) and T = 7(s), where x and T represent the curvature and
torsion of the curve, respectively. To understand the behavior of curves, a comprehensive
examination of position vectors is necessary. Slant helices encompass various types of helices,
including general helices, Salkowski, anti-Salkowski, and constant precession curves. A helix
is a geometric curve characterized by constant non-zero curvature and torsion. The circular
helix, also known as the W-curve, is a special type of general helix [11-13].

Recently, in [14], the (R-S) in a three-dimensional sphere with finite-type and point-
wise 1-type spherical Gauss map were investigated. Some new characterizations of the
Clifford torus and the great sphere of the 3-sphere were described. Some new applications
of spherical (R-S) in a three-dimensional sphere were provided. In [15], the first-order
infinitesimal bending of a curve in three-dimensional Euclidean space is considered to
obtain an (R-S). The properties of this kind of (R-S) were described and the conditions for
(R-S) by bending to be developable were obtained.

In [16], the dual expression of Valeontis’ concept for the parallel p-equidistant (R-S)
in Euclidean space was investigated, utilizing the Study mapping. In addition, the dual
part of the dual angle on the unit dual sphere corresponded to the p-distance and was
defined by (R-S). Furthermore, the dual parallel equidistant (R-S) was obtained. In [17],
the parallel g-equidistant (R-S) was defined such that the binormal vectors of two given
differentiable curves are parallel along the striction curves of their corresponding binormal
(R-S). In addition, the distance between the asymptotic planes is constant at certain points.
Some properties were specified and plotted for these surfaces. In the case of closed surfaces,
the integral invariants such as the pitch, the angle of the pitch, and the drall of them were
given. It is known, see, e.g., [18], that surfaces of revolutions characterize inner conditions,
i.e., there exists an equidistant vector field. For (R-S), the similar inner conditions do not
exist. Therefore, it is relevant to examine the characteristics of (R-S) in our work.

In [19-22], the features and applications of generated surfaces across various mathe-
matical fields have been specified. The investigation of equiform Bishop spherical image
governed surfaces in Minkowski 3-space yields important minimality and developability
requirements, with consequences for computer-aided geometric design and physics. Si-
multaneously, research on inextensible (R-S), which are especially important in computer
vision and animation, provides insights into tangential, normal, and binormal (R-S). These
surfaces are formed by a curve with constant torsion. Furthermore, the study of circular
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surfaces in the Euclidean 3-space provides geometric analysis, minimality criteria, and sys-
tematic parametrization, all of which are valuable applications in computer-aided design
and architecture.

Our study focuses on (R-S) constructed from the W-curve in E®. We determine some
quantities of the constructed (R-S) such as mean, Gaussian, second mean, and second
Gaussian curvatures. We provide some special (R-S) with their properties. Also, the
sufficient conditions for the constructed (R-S) to be minimal, flat, II-minimal, and II-flat
surfaces are determined. In addition, the sufficient conditions for the base curve for
constructed (R-S) to be a geodesic, an asymptotic line, and a principal line are determined.

The outline of the present research is organized as follows: In Section 2, we present
some geometric concepts about (R-S) in the Euclidean 3-space. In Section 3, we construct
(R-S) from the W-curves. In Section 4, we investigate some special (R-S) and describe
their properties. In Section 5, we provide an application of (R-S). Finally, we present
our conclusions.

2. Geometric Concepts

Consider a rectangular coordinate system in three-dimensional Euclidean space de-
noted by u = (u1, up, u3) with metric defined as (u, u) = du? + du3 + du3.

Forany curve y = (s) : I C R — [E3, where s represents the arc-length parameter, we
define the moving Frenet frame along y as F = {T(s), N(s), B(s)}. The Frenet equations
for the curve 7 can be expressed as

T'(s) 0 «x(s) 0 T(s)
N'(s) | = | —x(s) 0 7(s) N(s) |. 1)
B'(s) 0 —1(s) T(s) B(s)

Here, «(s) and 7(s) represent the curvature and torsion of the curve v, respectively. The
vectors T, N, and B are mutually orthonormal vectors that satisfy the following conditions:

(T,T) =(N,N)=(B,B) =1,
(T,N) =(N,B) = (B,T) =0, (2)
det(T,N, B) = 1.

Definition 1 ([23,24]). A ruled surface (R-S) is a surface constructed from straight lines parametrized
by v (s) and X(s). It can be represented parametrically as

Q(s,v) = 7(s) +v X (s), 3)

where v = (s) : I C R — E3 is the directrix or base curve and X (s) represents a unit vector
in the direction of the ruling of the (R-S). If there exists a common perpendicular line for two
constructive rulings on the (R-S), the point where this perpendicular intersects the main rulings
is called a central point. The locus of these central points is known as the striction curve, and its
parametrization on the (R-S) (3) is given by [4]

) = ey LX)
7 (5) = (s) = TS X ) @

If || X'(s)]| = 0, then the (R-S) does not have any striction curve, and it is identified as cylindrical.
In such a case, the base curve can serve as a striction curve.

Definition 2 ([25]). The unit normal vector field U, on the surface Q is defined by

Qs A Qo
U, = =%
Qs A Qo

where Qs = aQa(z’y) and Q, = aQa(Z’U>.
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Definition 3 ([25]). Let Kg, Kn, Tg be the geodesic curvature, normal curvature, and geodesic
torsion, respectively, associated with the curve y(s) on the surface Q. They can be defined by the
following formula:

ke = (U, AT, T'), kn = (7", Uy), T, = (U, AU, T).

Definition 4 ([25]). The curve y(s) lying on a surface Q is a geodesic curve, an asymptotic line,
and a principal line if and only if kg = 0, x, = 0, and T, = 0, respectively.

Definition 5 ([25]). Let K, H, and A denote the Gaussian curvature (GC), mean curvature (MC),
and distribution parameter, respectively. They can be defined by the following formulas:

_ Taahyy — h2,

K — (6)
811822 — 812
H— S11h2 + gnhn —22g12h12’ @
2(811822 - 812)
det(y/, X, X")
A= 2 ®)
X2

where g;; and hjj, i,j = 1,2 represent the first fundamental quantities and second fundamental
quantities, respectively and they can be expressed as

811 = (Qs, Qs), 812 = (Qs, Qu), 822 = (Qu, Qu)- )

hll - <st/ un>/ h12 - <st/ un>f h22 - <vi/ un>- (10)

Definition 6 ([26]). Let Hyj denote the second mean curvature (S-MC) for the (R-S) in E3 and
define it by

Hyp = H + ;A log([K)), (1)

where H and K denote the (MC) and (GC) for the (R-S). Also, let Aj; denote the Laplacian for
functions. Explicitly, we have

_ T w9 ij 9
Hir = Hot s 21',]' 2 (VIdetanini 2 an /1K), (12)

where (h') denotes the inverse of the matrix (h;;), the indices i, j belong to {1,2} and the parameters

1

x!1, x? represent the coordinates s and v, respectively.

Definition 7 ([27]). Let Ky denote the second Gaussian curvature (S-GC) for the (R-S) in I3,
which is defined from Brioschi’s formula in the Euclidean 3-space by replacing the components
of the metric tensors g11, 812, and gop by the components of the curvature tensors hyy, hip, and
hoy, respectively:

1 1 1 1
=M1 + h2so — 5h2ss  3h11s h2s — 310

Ky = (det(lT))Z <| Pllu,v — Lhy s h11 h12
h20 hiz hao (13)
0 %hll,v %hZZ,s
—| 3h1e hn hio >
$hos  hin hay

It is widely acknowledged that a minimal surface exhibits the (S-GC) Kj; = 0. How-
ever, it is crucial to note that a surface with a vanishing (5-GC) does not necessarily qualify
as minimal [27]. In the context of our investigation, the following definitions are essential:
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Definition 8 ([25]). A flat or developable surface in E3 is characterized by having zero (GC), while
a minimal surface is defined by having zero (MC).

Definition 9 ([28]). A non-developable surface in E? is called II-flat surface if its (S-GC) Kj; = 0
and it is called a 1I-minimal surface if its (S-MC) Hy; = 0.

3. Construction of Ruled Surfaces in E?

We consider the (R-S) with circular helix curve y(s) (a family of curves with constant
curvature k(s) = x and constant torsion T(s) = T) as a base curve. Therefore, the (R-S) can
be constructed by

Q(s,v) = 7(s) +vX(s), v e R, X'(s) #0. (14)
3

X(s) =Y wei(s) = T+ us N +u3B, uj+uj+uz=1, (15)
i=1

where X(s) is a unit vector with fixed components. From (4), it easy to see that the
parametrization of the striction curve on the (R-S) that is described by (14) is defined by the
following form

V' (5) = 1(s) + e X(s)
(16)

— UrK
=(s)+ u%(K2+T2)+2(u1 P (u1 T +upy N 4+ u3B).

Theorem 1. Consider the (R-S) given by (14), then, the first fundamental quantities g;; are given by

811 = 1 —2upxv + 502,

812 = Uq, 17
g =1, 17
A =xus+71uy, ¢=x>+712— 0

Also, the unit normal vector field Uy, to the (R-S) is obtained by

u, = %(—EvT—I—(duzv—u_g)N—l—(uz—tfv)B), (18)
where 62 = 1—u%—2u21w+602,f7:r—ﬁu1, d =k — dus.
Proof. The natural frame {Qs, Q,} is given by

Qs = (1 — xupv)T + (xuy — Tus)oN + (Tuv)B,

Qu=u1T + upN + uzB. (19)

Since the metric tensors (g;;) are defined by (9), then by using Equation (19), we obtain:

211 =1—2upxv + ((u% + u%)K2 — 2UqUsKT + (u% + M%)Tz)Z)Z, g =ui, gn=1

Choose
a4 = Kusz + Tuy,
¢=x>+1%— 42, (20)
then
911 =1 —2upxv + ev?, g =1u;, gn=1 (21)

The vector product of the vectors Qs and Q5 is given as:

Qs A Qp = (aug — T)vT + (4upv — uz)N + (uy — (x — duz)v)B. (22)
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b=t—auy, d=rx—adus. (23)
Then
Qs A Qy = —boT + (aupv — u3)N + (up — dv)B. (24)
Also, we have
Qs A Qul|? = (b0)? + (auzv — uz)? + (up — do)>. (25)
By straightforward computation, we obtain
2 _ g2

62 =1—u? — 2upxv + 02,

Since the unit normal vector field U, to the (R-S) is defined by (5), then by using (24) and (26),
we obtain
u, = %( — boT + (Gupv — uz)N + (up — dv)B).

By using (20) and (23), we obtain the unit normal vector as the following explicit formula:

u, = % ((u1u31< — (u% + u%)T)vT + (uqupto — (1 — upkv)uz)N

+(up + uquzTo — K(Ll% + u%)v)B>, (27)

Nl

5= (1 —u? — 2upKv + (1K + T2 — (kuz + TUq)? )vz)
O

Theorem 2. Consider the (R-S) given by (14). Then,

—_

hi1 = , hp =0, (28)

> S

A2 7
5(—515 +buy), hpp=
where
6% =1—u? — 2upxo + &0?,
A=rxuz+Tuy, b=1—0d4u;, &=x>+1*—0a%

Proof. Taking the second partial derivatives of (19) with respect to s and v, then we obtain
Qss = —K(kuy — Tuz)oT + (k — up(x> + 72)0)N + T(KkU1 — TU3)0B,

Qsp = (—xup)T + (kuy — Tuz)N + (Tuz)B, (29)

Qu = 0.

Since the curvature tensors h;; are defined by (10), then by using (18) and the first equation

of (29), we have

hin = % <(KE(KM1 — Tuz) — duz(k* + ) — td(kuy — Tu3))0

+ (K% + ) uguz + kduy + Ty (kuy — Tuz))v — Ku3>.

After some complicated computations, we obtain:

hi1 =

1
5 (—Kug + (xusz + Tuq) <2u2;<v — (K2 + 7% — (kusz + Tu1)2)02>>.
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We can rewrite /111 in the following simple form:

1
hy = 5(-@52 + buy). (30)

Also, by using (18) and the second equation of (29), we have

1/ 4 A
hyy = 5 (Kbuz’() + (xuy — Tuz)(—uz + augv) + T (up — d‘v)).

Explicitly, we obtain
hip = %( — uquzk + (u3 + u%)r).
Or we can obtain the following simple form for k1, as
(31)
In addition, the metric tensor iy, can be given by using (18) and the third equation of (29) as
hyy = 0. (32)

O

Lemma 1. Consider the (R-S) given by (14); then, h'l are given by

=
—
—
|
o
=
—
N
|
SOl ™
=
N
N
|
\
|
~—
\
I N
>,
N
+
oy
=
[y
:_/

(33)

where
6% =1—u? — 2upxo + &0?,
A=rxuz+Tuy, b=1—0d4u;, ¢&=x>+1*—0a%

Lemma 2. The (GC) and (MC) for the (R-S), are given in explicit form by

(W ud)T — uquze2
k= _( 52 ) ’

H= 21? ((Kug, + Tup) (Quyuskt — (1 + ud)x® — (1 + u3) )0’ (34)

4 2uy (xuz + Tuq kv — 2uy (u3 + u3) T + uzk (2ud — 1)).

Proof. Substituting from (17) and (28) into (6) and (7), then
1 /7,0 &

_57, = _@<a5 +bu]>. (35)

where

52:1—u%—2u2m)+602, A=xuz+tuy, b=t—du, ¢é=rx*+1>—3a

Hence, the lemma holds. O

Lemma 3. The (R-S) described by (14) in E3 is a flat surface (K = 0) at any point (s,v) on the
surface (u; # 0,i = 1,2,3) if and only if the following condition holds:

T  Ujug

K us +u3’
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Lemma 4. The distribution parameter A is obtained as the explicit form:

T — (kug + Tu1)uq
A= . 36
k2 + 12 — (kug + Tup)? (36)

Proof. Since
X(S) =u1T + upsN + u3B. (37)

Taking the derivative of (37) with respect to the parameter s, then
X'(s) = (—xup)T + (xuq — Tuz)N + TuyB.

Also, we have
det(v/, X(s), X'(s)) = T — (xuz + tuy)uy = b. (38)

The norm || X’(s)]| is given as
1X'(5)]1? = (—Kuz)? + (kuy — Tu)® + (Tu2)?.

Hence, we obtain
X ()]|2 = k2 + 72 — (kus + Tu1)? = ¢. (39)

Since the distribution parameter A is defined by

/ /
Substituting from (38) and (39) into (40),
r=2,
¢
where d = kus +tuy, b=t1—au;, é=x2+71>2—082. O
Theorem 3. The (S5-MC) of the (R-S) that is constructed by (14) is given as follows:
-1 4 .
1= 5 l_;)Alv’, b+#0,6+#0,

Ag = 2a¢(1 — u2)? + B((ﬁB — 20u1) (1 — 1) + uy (B + 4x2u3) )

Ay = —2uk (4 (1 —12)ae + b(ab + 2¢uy) ) (41)

Ay = 6(8 B2 + ab% + 26(buy + 2a(1 — u?)) )

Az = —8ac%uyk,

Ay = 2483,

where

6% =1—u? — 2upxv + &0?,

a4 = Kus + TUq, B:T—ﬁul, e =412 -2

Proof. The (S-MC) is defined by (12), and it can be expressed explicitly in the follow-
ing form:
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Hy=H+ Z\/MLW (;S( | det(IT)] (h“a%(ln JIKD +hu%(1n VIKD))

(42)
3 d d
+ (/1 det(1n)] (17" (in VIKD + 22 (In \/E))) )
From (28), we have: A
h = det(IT) 75%. (43)

Since the first equation of (34) defines the (GC) of the (R-S), then by taking the first partial
derivatives of (In /|K|) with respect to the parameters s and v, we obtain

d

55 I/ 1K) =0,

d _ 2(—xup +¢v)
(i /K]y = - =2

Substituting from (33), the second equation of (34), (43) and (44) into (42), then we obtain:

(44)

-1
26243

Hy = (2@5 o + b(ab — 20u1)0% 4 b3uy + 4buy (—xuy + év)? ) (45)

Since 62 =1 — u% — 2uykv + €02, then we have

_1 N N
Hyj = ——— ( 266 (1 — 13 — 2upx0 + 0%)? + b (ab — 26u1) (1 — u3 — 2upK0 + 60%)
(46)

+ B3uy + 4buy (—xuy + év)? )

By substituting @ = xus +tuy, b=1—au;, ¢=x*+1>— @42, into (46) and by taking
the coefficients of v',i = 0,1, 2, 3,4, hence the lemma holds. [

Lemma 5. Consider the (R-S) defined by (14), and whose (S-MC) is given by (41), then there
are no II-minimal (R-S) whose base curve is a circular helix at any point (s,v) in E3 for (u; # 0,
i=1,2,3).

Proof. The (R-S) is [I-minimal surface, if the (S-MC) vanishes (H;; = 0). Then all coefficients
A; will equal zero. Thus, we have:

For A = 0,b # 0, thenx = 0.

Also, for Ay = A3 = Ay = 0,b # 0, then ¢ = 0.

Since ¢ = k% + 72 — (xu3 + Tuy)?, then T = 0, which implies a contradiction. [J

Theorem 4. The (S-GC) K of the (R-S) described by (14) is given as follows:

K = 21%232&#, bhb+#0,6+#0,

By = é(1 — u?) (ﬁ(l — ) + buy ) — 2uyu3bx?,

B :2u261<<—2 (1 —u%)a+im1), 47)
B, = 6(4 a13x% + 2(1 — u2)ae — béuy )

By = —4aé*uyk,

By = aé®,
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where

2=1- u% — 2UrKU + 602,

a = xus + Tuq, b= T —duq, e=1>+1%— @

Proof. Taking the partial derivatives of the curvatures tensors (28) with respect to the
parameters s, v, then

hi1s =0, hi2s =0, hxps=0. (48)
Also,
1.5 & .
hll,v = _5*3(115 + bul)(—Kuz + CZ)),
p (49)
Ty = — 2 :
120 = —(5—3(—1@12 + ¢v).

In addition, the second partial derivatives of /;; with respect to the parameters s, v are given
as follows:

1 o 7 A, A
hi1,00 = 5 (( 6% + buy) ((—Kuz + ¢v)? — c52>

+ 2buy (—xuy + év)2> , (50)

hll,sv =0, hlZ,sv =0.

Since the (S-GC) Kjj of the (R-S) is defined by (13), then by substituting (43) and (48)—(50)
into (13), we obtain

L (oia 1A 2 of A2
KH:_22253<QC(5 + b éuy 6° — 2buq (—xup + ¢v) ) (51)
By substituting P2=1- u% —Qupkv + 8%, 4 = Kkuz +Tuy, b=1T—duy,é=x*+1%—0a2

into (51) and by taking the coefficients of v, i=0,1,2,3,4, hence the lemma holds. O

Lemma 6. Consider the (R-S) defined by (14), and whose (5-GC) is given by (47), then there are
no Il-flat (R-S) at any point (s,v) in B for (u; #0,i =1,2,3).

Proof. The (R-S) is II-flat surface, if the (5-GC) Kj; = 0. Then all coefficients B; will equal
zero for b #0and 6 # 0. So, for By = By = B3 = B4 = 0,5 # 0, then ¢ = 0.

Also, By = 0 implies that x = 0.

Since & = xk2 4 12 — (xus + Tul)z, hence, T = 0, which implies a contradiction. O

Lemma 7. The geodesic curvature Kg, the normal curvature x,, and the geodesic torsion Tg
associated with the curve y(s) on the surface Q are obtained by the following formula:

K A

Kg = 3(”2 — (k — duz)v),
K

Ky = g(—ug +aup v), (52)
K (iaa 2 (A2 1A

Tg:ﬁ((acuz)v —(uKu2+cu3)v+Ku2u3),

where 8* =1 —u? —2upxv + 0%, A=rkuz+7Tuy, b=T—duy, &=x>+1>—4%

Proof. The vector product of the normal vector U,, Equation (18) with the unit tangent
vector T is

U, NT = %((uz —dv)N — (—uz + ﬁuﬂ))B). (53)
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Since the geodesic curvature x, is defined by
kg = (Up AT, T') =k (Uy AT, N), (54)
taking the inner product (53) with the unit normal vector N, then we obtain
K ~
Ky =5 (uz - dv). (55)
Since, d = —(Au3 — ), then
K A
Kg = (uz + (Auz — K)v).
Since the normal curvature x;, is defined by
kn = (7", Up) =k (N, Uy). (56)
Taking the inner product of the normal vector U, (18) and N, then we have
K 5 L.
Kn =3 ( —uz+ auzv) =3 ( ug + up (kug + Tul)v).
Since the geodesic torsion Ty is defined by
T, = (U, AU, T') =k (Uy AU, N). (57)

Taking the s-derivative of the (18), then

u, = %( — k(—u3 + aupv) T — (bxv + T(uy — do))N + T(—u3 + ﬁuzv)B). (58)

The vector product of the vectors U, and U], are given, respectively, from (18) and (58) as

U, AU, = 5%((1’ (—uz 4 duv)? + (uy — d o) (bxv + t(uy —dv)) )T
+ (bvt(—u3 + dupv) — k (—uz + duyv) (up — dv))N (59)

+ (bv(bxv + t(ug — dv)) + x(—usz + fluzv)Z)B)-
Substituting from (59) into (57), then we have
K /n A . R
=5 (bvr(—u3 + dupv) — K (—u3 + dugv) (uz — dv))-

By straightforward computation, we obtain

K A

Ty = 57<au2(;cd+riy)vz—(u3 (KJ+TB)+ﬁKu%)v+Ku2u3).

Hence,
K

T2

where 02 =1 —u? —2upkv +¢v?, A=rKuz+7Tuy, b=t—dwy, ¢=x*+71>—0% O

Tg ((ﬁc‘uz)v2 — (Cuz + axu3)v + Kuzug),

Lemma 8. The base curve of the (R-S) (14) at any point (s,v) on the surface in E3 for
(u; #0,i = 1,2,3) is neither a geodesic curve nor an asymptotic line nor a principal line.

Lemma 9. The curvatures K, H, and the distribution parameter A at the point (s,0) are given by
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K ((u% +ud)T — ulugx)Z
us +u3 ’
2(u3 + u3)ur T + (1 — 2u?)uzx
2(14% + u%) :
(U3 + u3)T — uyuzk
3 (k2 + 72) + (u1k — uaT)?’

H=-—

Also, the second curvatures Hiy and Kyy are given by

-1
Hp = A Quy (U3 + u3)T 4+ uz(1 — 2u?)k)
2(u + u2)? (43 +12)T — uquzk)? ( !

(43 + u3)T — uguzx) + 2(u3(u§ + u3)*7?
tuz(us — udud + u3(ud + u3))K® 4 2uy (uj — u%)xr) K).

1
K= (2u1u§(1 —3u?) (u3 + u3)K*T

3
2(ud 4+ ud) 2 ((u3 + u3)T — uyuzk)?

—2uy (13 4+ u3)37T® — us(1 — 6u?) (u3 + u3)*k7?

s (0 = ) 3 02 40 03 +03) 205 +18) )

Lemma 10. The (R-S) constructed by (14) is a flat surface at any point (s,0) on the surface in E>
for (u; #0,i =1,2,3) if and only if the following condition holds:

T uqus

K ud4ud

Lemma 11. The (R-S) constructed by (14) is a minimal surface at the point (s,0) if and only if the
following condition is satisfied:
T (1—-2u})us

K 2(u3 +ul)uy

Lemma 12. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tq that
are associated with the base curve 7 (s) at the point (s, 0) are given as follows:

UrK —UuskK u2u31<2

ngiz > n = —F7—7—=, Tg=
\/ U5 +uz

’ 4 2 2°
\J U5+ 13 uy +u3
At the point (s, 0), the relationship between K¢, Ky, and Tq of the base curve y(s) is given by
2.2 _ .2
Kg ‘I’ K}’l =K ’ KgKn = _Tg.

4. Special Ruled Surfaces and Their Characterizations

In this section, we discuss some special (R-S), and we describe some of their character-
izations.

4.1. The Ruled Surfaces with u; =0

Consider the (R-S) constructed by (14). Atu; =0, u% + u% =1, then the (R-S) takes
the formula
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Q(s,v) = v(s) +v(uzN + u3B). (60)
In this case, we have
6% =1 —2uoxv + (udx® + )7,
a = Kus, E:T, ¢ = M%KZ—I—TZ.

Lemma 13. The (GC), (MC), and the distribution parameter A for the (R-S) at u; = 0 are given by

2
K=—
(1 — 2upkv + (132 + 12)02)2’
H=— Kus )
2\/1 — 2upx0 + (u3k2 + 12)02
B T
Coudk2+ 72

Also, the (S-MC) and (S-GC) for the (R-S) at uq = 0 are given by

Z?:o Aivi
HII = - 3 7/
272 (1 — 2upkv + (u3x2 + 12)02)2

Ay = Kuj (Zu%KZ + 372 ),
Ay = —21%unu3 (4 u%xz + 572 ),
Ap = xus(udr® + 12) (12 usKk? + 5T2),
Az = —8«%uyus (u%K2 +72)2,
Ay = 2xuz (13 + 12)°.
And
- Z;l:o B;v'
272 (1 — 2upkv + (u3x2 + 12)02)
By = xuz(usk> + 1),

By = —4x%upus(uik® + 7°),

Ky =

37
2

By = 2ku3(u3k* + %) (3 udk? + 7 ),
B3 = —4upusr®(usk> + 1°)?,
By = xuz(usk> + 72)°.

Lemma 14. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tq
associated with the base curve y(s) at uy = 0, take the following formula:

B Kup (1 — Kkupv)
g — 7
\/1 — 2upkv + (u3K2 + 12)0?

—xuz(1 — xupv)

K

Kn = ’
\/1 — 2UrKV + (u%KZ + 12)2
— Ku3 ( 2.2 2.2 2 9 ” )
£ K up (k™ +7°)0° — (2ugk” +7°) v+ KUz ).
£ (1 - 2up + (1362 + 12)02) 2(#2 )" = (2u3 ) )
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Lemma 15. There is no flat, minimal, 1I-minimal, and 11-flat (R-S) with uy = 0 at every point
(s,v) in E3.

Lemma 16. The base curve for the (R-S) constructed by (60) with u1 = 0, up # 0, uz # 0 is
neither a geodesic curve nor an asymptotic line nor a principal line at every point (s,v) in E3.

Lemma 17. The base curve of the (R-S) constructed by (60) with uy = 0 in E3 has the following
properties at the point (s,0):

K§ + K% = x?, Kekn = —Tg.

4.2. The Ruled Surfaces with up =0

Consider the (R-S) constructed by (14). For up =0, u% + u% =1, then, the equation for
the (R-S) (14) takes the following form:

Q(s,v) = y(s) + v(un T 4+ u3B). (61)

In this case, we have,

6% = u3 + (xup — Tu3)*v?,

a=rus+ Ty, b= —uz(kuy —tuz), &= (xuy —Tusz)>.

Lemma 18. The (GC), (MC), and the distribution parameter A for the (R-S) at up = 0 are given by
u3 (kuy — Tuz)?
(u3 + (kuy — Tuz)202)2’
1

K=—

H=— ((Ku3 + Tuy) (kuy — Tuz)?v?

2(u3 + (kuy — Tuz)202)3/2
+uz(c(uf —u?) + 2u1u3r)>,

— —u3
M= o — i)
Also, the (S-MC) and (S-GC) for the (R-S) at up = 0 are given by

4 )
Yo Aiv'

2(u3(kuy — Tug)?) (U3 + (kug — Tuz)?0?)

Hip = —

3 7
2

Ay = ug(xul — Tuz)? (K(l +2u§) + 2u1u3'c),

A1 =0,
Ay = —ug(xuy — Tuz)* (K(7u% —5) — 7Tuqus ),
A3 =0,

Ay = 2(kuz + Tuy) (xuq — Tus)®.
And
YioBio'
2(u3 (kuy — tuz)?) (U3 + (kug — Tuz)202)

By = u3(kuy — Tu3)2< —x(uf — ud) + 2uqusT) ),

K= —

3 7
2

B =0,



Symmetry 2024, 16, 509

15 of 21

By = us(kuq — tuz)* (K(l +ud) + u1u3r),

By = (kus + tuy) (xuy — tuz)®.

Lemma 19. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tq
associated with the base curve y(s) at up = 0, take the following formula:

—xup (kuq — Tusz)o —Uzk — usk(kuy — Tuz)? 0

r Kn = Tw="2 22"
\/z% + (kup — Tuz)?v? \/u§ + (xuy — Tuz)?v? uz + (kuy — Tu)?o

Kg:

Lemma 20. The (R-S) given by (61) that constructed with uy = 0 in B3 is a flat, [I-minimal, and
II-flat surface at any point (s,v) (also at the point (s,0)) if and only if the following condition holds:

T uq

K Uz
Lemma 21. There are no minimal (R-S) with uy = 0 at a point (s,v) in E3.

Lemma 22. The base curve for the (R-S) given by (61) is a geodesic curve and a principal line if
and only if

T_n
K usz

Lemma 23. The (R-S) given by (61) that constructed with uy = 0 in E® is characterized by the

following conditions at the point (s,0):

o [t is minimal and II-flat if and only if the ratio of the torsion to curvature is equal to

2 2
T_Ww—u3
K 2uqus3

o [tis [I-minimal if and only if the ratio of the torsion to curvature is equal to

T 14 2u3 T
— r —.
K 2uquz K u3

®  The base curve for the (R-S) is a geodesic curve and a principal line.

4.3. Ruled Surfaces with uz = 0

Consider the (R-S) that is given by (14). For uz = 0, then u% + u% = 1, thus, the
equation for the (R-S) takes the form

Q(s,v) = v(s) + v(ua T + uaN). (62)
In this case, we have

6% = u3 — 2upkv + (x* + udt?)o?,

a=rtu;, b=1uit, ¢=x*+uit%
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Lemma 24. The (GC), (MC), and the distribution parameter A at us = 0 are given by

K — ust?
T (13 = 2upxv + (k2 + udT?)02)2’
H=— T . <2u% — 2uoKv + (K + u%rz)vz),
2(u3 — 2upv + (k2 + u3t2)v?)2
_ usT
K2+ ust2’

Also, the (5-MC) and (5-GC) for the (R-S) at uz = 0 are given by
Yo A
272 (u2 — 2upxo + (2 + udt2)o?)2

Ag = 2uqusT(2K% + u3t?),

Hjp = —

Ay = —2uu3kT(6K> + 7U3T?),
Ay = 7Tuudt(i® +137%) (262 + ust?),
Az = —8ujupkt(k? + u3t?)?,
Ag = 2u1T(k? + udt?)3.
And
K= — Lizo Bt 3
2u3t? (ud — 2upko + (k2 + u312)v?)?2
By = 2u1ugr3,
By = —2uukt(x® 4 uit?),
By = uqudt(1? + udt?) (5¢% + u37?),
By = —4ujuokt (x> 4+ u3t?)?,

By = uyt(x? + us7?).

Lemma 25. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tq
associated with the base curve «y(s) at uz = 0, take the following formula:

(up — k0)
KA 21, 22)2
\/uz — 2upkv + (k2 4 u5T2)v
UL ULKT U
e 21 ,22V2
\/u2 — 2upkv + (k2 4 u5T2)v
ulugKT((KZ +u3t?) v — Kk up U)
Tg -

2 24 272\ 2
us — 2upkv + (k2 + u372)v

Lemma 26. Consider the (R-S) given by (62) that constructed with uz = 0 in E3, then there is no
flat, minimal, IT-minimal, and II-flat at every point (s,v).

Lemma 27. The base curve for the (R-S) that is described by (62) with uz = 0 is neither a
geodesic curve nor an asymptotic line nor a principal line at any point (s,v) where v # 0 and

uq #O,uz 7& 0.

Lemma 28. At the point (s,0), the base curve of the (R-S) given by (62) is both an asymptotic line
and a principal line for uy # 0,up # 0.
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4.4. Ruled Surfaces with uqy = uy =0
Consider the (R-S) given by (14). For uy = up =0, uz = 1, then
Q(s,v) = v(s) + vB. (63)
52:1—1—'(202, a=x, B:‘L', &= 12,

Lemma 29. The (GC), (MC), and the distribution parameter A at uy = uy = 0, ug = 1 are
given by
2

T K 1
K=-————-, H=———— A=_—.
(1+ 2022 21t 2 :

Also, the (S-MC) and (5-GC) at uy; = up =0, ug = 1 are given by
Z?:o At
272 (1 + 1202)3/2’
Ag=3xt>, A1 =0, Ay=5kt*, A3=0, Ay=2k7°

Hp =

And
Dy
272 (1 + 1202)3/2’
By=x1t%>, By =0, By=2xt*, B3=0, By=x«t°.

Ky =

Lemma 30. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tg
associated with the base curve y(s) at u; = uy = 0, uz = 1, take the following formula:

—K —KTZU

—_—, Te= ————.
Vito?! ¥ 141202

Lemma 31. At any point (s,v) on the surface Q with uy = uy = 0, uz = 1, there are no flat,
minimal, Il-minimal, and TI-flat (R-S) in E3.

ke =0, x,=

Lemma 32. The base curve of the (R-S) described by (63) with uy = up =0, u3 = lin E3isa
geodesic curve at any point (s,v), and it is a principal line at a point (s, 0).

4.5. Ruled Surfaces with uy = uz = 0and up =1
Atuy = uz = 0 and up = 1, then Equation (14) takes the form

Q(s,v) = v(s) +vN. (64)
In this case, we have

6% =1-2xv + (x> + 1%)0?,

a=0 b=1, é=x*+1%

Lemma 33. The (GC), (MC), and distribution parameter A at u1 = uz = 0 are given by

’l'2 T

K=-— , H=0, A=—
(1—2xv + (k2 + 12)v?)? K2 + 12

Also, the (5-MC) and (5-GC) at uy; = uz = 0, up = 1 are given by

Hpp =0, K =0.
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Lemma 34. The geodesic curvature Kg, the normal curvature x,, and the geodesic torsion Tg
associated with the base curve «y(s) at u; = uz = 0, uy = 1, take the following formula:

o x(1 —xv)
8 T—2k0+ (@ + 1202

kn=0, Tg=0. (65)

Lemma 35. At every point (s, v) on the (R-S) for uy = uz =0, up = 1, we find that:
o The (R-S) are minimal, II-minimal, and II-flat surfaces but not flat in E>.
e The base curve of the (R-S) (64) in E3 is both an asymptotic line and a principal line.

4.6. Ruled Surfaces with uy = uz =0
Atupy = uz =0, up =1, then the (R-S) (14) takes the form

Q(s,v) =vq(s)+oT. (66)

In this case, we have

S=xv, a=1, b=0, &=«

Lemma 36. The (GC), (MC), and the distribution parameter A for the (R-S) at uy = uz = 0,

u1 = 1 are given by
K=0, H=—-", A=0.
2Kv

Also, the (S-MC) and (S-GC) at up = uz = 0, uy = 1 are undefined (b = 0) due to the fact that
det(II) = 0.

Lemma 37. The geodesic curvature kg, the normal curvature x,, and the geodesic torsion Tg
associated with the base curve 7y (s) at up = uz = 0, uy = 1, take the following formula:

Kg = —K, K, =0, Tg:().

The base curve of the (R-S) (66) in E3 is both an asymptotic line and a principal line at any point
(s,v) on the surface.

5. Application
Consider the following (R-S):

Q(s,v) = () + v(ur T + uaN + u3B),

where 7(s) is a circular helix given by

v(s) = (i c0s —=, sin i)
Explicitly, we have
1 Uz —uy . S s s
Q(s,v) = (ﬁ(s+(u1+u3)v),( 3\@ 1sm\—ﬁ—uzcos\—E)ZH—(:osﬁ
(ul_u3 c0s = —u sini)v+sini)
V2 TV T Vv2)

The Frenet frame vectors are
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with constant curvature and torsion x = T = %

The (GC), (MC), and distribution A, respectively, are given by

(1—u? — ujuz)?
4(1—u? —upv + 1(2 — (ug + u3)?)v2)?’
(ug + (g +uz) (1 — 202 — upv + 1(2 — (w1 + u3)?)0?))
4(1 — 12 —upo+ 12 — (g + u3)2)0?)1
2(1 — u? — uyus)
(2= (u1 +u3)?)’

H=-—

7

A:

The visual representation of this application is illustrated in Figures 1 and 2.

W

"

1.0 \\\\‘ N
7 o =

-5.0 -25 0 25 50

x

@uy =2,u;=0,u3=0,0€[-22]. (b)uy =0,u; =0, uzs =2,0v € [-1,1].

Figure 1. The Ruled surface associated with a circular helix (the blue curve represents the base curve,
and the green point is a symmetric point) for s € [-2 7,2 7t].

b)uy =us=1,u; =0,0v e [-1,1].

@u =u3=0,u=2,0ve[-33]

Figure 2. The Ruled surface associated with a circular helix (the blue curve represents the base curve,
the green point is a symmetric point, and the green line is a symmetric axis) for s € [-2 7,2 7t].

6. Conclusions

In the current study, we have focused on the (R-S) that is generated from the W-curve in
[E3. We have analyzed various properties of the generated (R-S), such as its mean curvature,
Gaussian curvature, second mean curvature, and second Gaussian curvature. Additionally,
we have presented specific ruled surfaces and discussed their characteristics. Furthermore,
we have established the necessary conditions for the generated (R-S) to be minimal, flat,
II-minimal, and II-flat surfaces. Moreover, we have identified the conditions for the base
curve associated with the generated (R-S) to be a geodesic curve, an asymptotic line, and a
principal line. Some of the important results of this work are listed as follows:

e If the unit director vector X(s) = up N + u3B, then there are no minimal, flat, I[I-minimal,
and II-flat ruled surfaces at every point on the surface. In addition, the base curve
(circular helix) for the ruled surface is neither a geodesic curve nor an asymptotic line
nor a principal line.

e If the unit director vector X(s) = u1 T + u3B, then there are no minimal ruled surfaces
at every point on the surface, and there are flat, II-minimal, and II-flat ruled surfaces



Symmetry 2024, 16, 509

20 of 21

References

at any point (s, v) on the surface if and only if the ratio of the torsion and curvature of
u

the base curveis © = ;1.
Also, the base curve (circular helix) of the ruled surface is a geodesic curve and a
principal line if £ = 71

e If the unit director vector X(s) = u1 T + uy N, then there are no minimal, flat, [I-minimal,
and II-flat ruled surfaces at every point (s, v) on the surface. In addition, the base curve
(circular helix) for the ruled surface is neither a geodesic curve nor an asymptotic line
nor a principal line.

e If the unit director vector X(s) = u3B, then there are no minimal, flat, II-minimal, and
II-flat ruled surfaces at every point on the surface. In addition, the base curve (circular
helix) of the ruled surface is a geodesic curve at any point (s, v) on the surface and a
principal line at the point (s,0).

e If the unit director vector X(s) = usN, then there are minimal, II-minimal, and TI-flat
ruled surfaces at every point on the surface, and there is no flat ruled surface. In
addition, the base curve (circular helix) for the ruled surface is both an asymptotic line
and a principal line at any point (s, v) on the surface.

e If the unit director vector X(s) = u;T, then there are no minimal, II-minimal, and
II-flat ruled surfaces at every point on the surface (the unit normal vector to the ruled
surface is undefined). In addition, the base curve (circular helix) for the ruled surface

is an asymptotic line and a principal line at any point (s, v) on the surface.
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