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1. Introduction

The renowned Donaldson-Uhlenbeck-Yau theorem, commonly abbreviated as the
DUY theorem, reveals a profound connection between stable bundles and Hermite—Yang-—
Mills metrics. Research into the DUY theorem gained momentum in the 1980s, driven by
numerous eminent mathematicians, as documented in works such as [1-5]. Over the past
two decades, this theorem has continuously piqued the interest of numerous researchers,
as evidenced by various publications ([6-20] and references within). On 9 September
2021, Mochizuki was awarded the Breakthrough Prize in Mathematics for his remarkable
contributions to the field of twistor D-modules. Remarkably, the DUY theorem, applied
to well-filtered flat bundles, facilitated the resolution of Kashiwara’s conjecture regarding
twistor D-modules [21]. In some sense, this shows that the DUY theorem not only has a
vigorous vitality, but also plays a key role in some developments of modern mathematics.

A twisted quiver bundle R is a collection of some vector bundles, associated with the
vertex set and the arrows, connected by morphisms twisted by the collection of bundles.
In 2003, Alvarez-Cénsul and Garcia-Prada [22] proved a DUY theorem for holomorphic
twisted quiver bundles over the ordinary compact Kdhler manifold. Later, Zhang [23]
generalized their results to the compact almost-Hermitian manifold. Recently, the DUY
theorem for quiver bundles has been extensively studied by Hu and Huang [24] to the
compact generalized Kdhler manifold. In summary, they showed that the stability of the
holomorphic quiver bundle and the existence of Hermite—Yang—-Mills metric over some
compact Hermitian manifolds are equivalent. When the base manifold is non-compact,
jointly with C. Zhang and X. Zhang, the fourth author [18] established a generalized
DUY theorem on the Higgs bundles over a special non-compact and non-Kahler manifold,
which generalized Simpson’s non-compact Kahler case [4]. Later, Shen—Zhang—Zhang [15]
generalized the result in [18] to the non-compact affine Gauduchon manifold.

A Higgs bundle over a Riemann surface consists of a holomorphic vector bundle and
a holomorphic section of the endomorphism bundle twisted by the canonical bundle of the
manifold [2]. The class of Higgs bundle is included in the category of holomorphic twisted
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quiver bundle, in which the quiver is formed by only one vertex and only one arrow. In this
paper, we will extend the result obtained in [18] to the holomorphic twisted quiver bundles
over the same base manifold as in [18]. Let M be a compact Hermitian manifold and g be
an Hermitian metric with the canonical Kdhler form w. The Hermitian metric g is called
Gauduchon if it satifies 90wdmc(M)—1 — 0. When the Hermitian manifold M is compact,
according to [25], there must exist a Gauduchon metric g in the conformal class of each
metric g. Gauduchon manifolds are a very important class of non-Kahler manifolds and
play a significant role in the study of non-Kahler geometry. From now on, we will always
suppose that the Hermitian manifold (M, w) is Gauduchon unless otherwise specified.
Following [4,18], we first introduce the three conditions:

Condition 1. The volume of the non-compact manifold (M, w) is finite.

Condition 2. There exists an exhaustion function ¢ which satisfies ¢ > 0 and v/—1A,,09¢
bounded.

Condition 3. There is an increasing function ¢ : [0, +00) — [0,+o0) with {(0) = 0
and §(x) = x for x > 1, such that if f is a bounded positive function on M with
V—=1A4,00f > —« then

s;;p |f| < Constant(x) ~§(/M | fldVolg).

In addition, if v/—1A,09f > 0, v/—1A,09f = 0 immediately.

The non-compact Gauduchon manifold (M, w) satisfying all of Conditions 1-3 def-
initely exists. For example, if M; is a compact Gauduchon manifold and M, is a kind
of non-compact Kihler manifold satisfying the Conditions 1-3, then M := M; X M, is
a non-compact Gauduchon manifold that satisfies all of Conditions 1-3. In [4], Simpson
listed a lot of examples of non-compact Kéhler manifolds satisfying Conditions 1-3.

Under the above conditions, we can prove the following theorem.

Theorem 1. Let the base manifold (M, w) be non-compact Gauduchon and satisfy Conditions
1-3. We also assume |dw" |y € L>(M). Let Q = (Qo, Q1) be a quiver,and R = (E,E, Q,¢,])
be the J-holomorphic twisted quiver bundle over the base manifold (M, w), where E = ®yc, Eo
and E = ©acQ, Ea- Fix a background Hermitian metric K = {Ky },cq, on R. For every vertex
v € Qo, assume that every metric K, defined on each holomorphic bundle E, satisfies

V—1AwFx, <0, sup|AwFk, |k, <+, supl|Plg, < +oo.
M M

Furthermore, assume the sets o and T are two collections of positive real numbers o, and t,. If
R = (E, E,Q, ¢, J) is analytic (o, T)-stable associated to the Hermitian metric K, there exists a
(0, T)-Hermite=Yang—Mills metric H = {Hy },c, on the quiver bundle R, i.e., for every vertex
v € Qo, every metric Hy on the bundle E, satisfies

ooV—1AoFu, + Y. gaodi™— Y ¢ og =T I,

ach~1(v) aet~1(v)

where g, is the identity morphism from Ej to itself.

Remark 1. There is also an inverse proposition of the above theorem. From the Chern—Weil
formula [4] and the arguments in [22], we can check that the (o, T)-Hermite—Yang—Mills metric
H = {Hy}cq, on the quiver bundle R implies the quiver bundle R is analytic (o, T)-stable
associated to the given Hermitian metric H.

Remark 2. The proof of the theorem relies on the flow method and the Uhlenbeck—Yau's continuity
method. Despite the methods used here being similar to [18], some changes should be carefully
considered. The algebraic structure of the quiver bundle brings us a lot of difficulties in PDE
analysis, and the proof rather depends on the construction of the weakly L% quiver sub-bundles. We
construct a new quantity v (39) by the maximum and minimum of eigenvalues of morphisms, which
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is different from [18]. We also believe such a method can be used to extend the theorem obtained
in [15] to the holomorphic twisted quiver bundle setting.

This paper is structured as follows. Section 2 revisits fundamental definitions re-
lated to twisted quiver bundles, analytical stability of the bundle, and other pertinent
concepts. Section 3 outlines essential findings on the perturbed heat flow. Section 4 aims to
demonstrate the long-term existence behavior of the perturbed heat flow. In Section 5, we
leverage the perturbed heat flow to initially tackle the Dirichlet problem of the perturbed
equation on a compact Gauduchon manifold. Once a consistent zero-order estimate is
achieved, we proceed to solve the perturbed equation on a non-compact Gauduchon mani-
fold. Finally, Section 6 employs Uhlenbeck and Yau’s continuity method to substantiate the
primary theorem.

2. Notations

The fundamental setup and notation utilized consistently throughout this paper are
introduced in this section. For a comprehensive understanding of J-holomorphic twisted
quiver bundles, please refer to [23].

A quiver comprises a pair Q = (Qop, Q1) along with two maps, h and t, that both assign
vertices to arrows. The elements of Qj are vertices, while Q1 contains the arrows. For each
arrow a in Q, the vertex ha designates the head, and ta designates the tail of that arrow.

Definition 1. A~] -holomorphic twisted quiver bundle, defined over the base (M, w), is characterized
by a 5-tuple (E,E, Q, ¢, ]), where:

(1)  E represents a collection of holomorphic vector bundle E,, over the base (M, w), each associated
with a vertex v from the set Qo;

(2)  E comprises a collection of holomorphic vector bundles E, over the base (M, w), each corre-
sponding to an arrow a from the set Qq;

(3) ¢ is a collection of morphisms ¢, that map from Ey, @ E, to Ey,, with the additional condition
that E,0 is zero for all vertices v in Qg except for a finite number, and similarly, ¢, = 0 is
zero for all arrow a in Q1 except for a finite number;

(4) ] denotes a collection of bundle almost complex structures, each defined on the principal bundle
of complex linear frames associated with the vector bundles E,,.

An Hermitian metric H on a J-holomorphic twisted quiver bundle R = (E, E,Q, ¢, ])
is defined as a set of Hermitian metrics H, assigned to each non-zero vector bundle E,
associated with a vertex v in Qp. Given collections of real numbers ¢ and T with elements
oy and T, for each v € Qp, a J-holomorphic twisted quiver bundle R is said to admit a
(0, T)-Hermite-Yang-Mills metric H = {Hy },cq, if the following equation holds for all
non-zero E;:

ooV =1AoFr, + Y, a0 = Y ¢ ode =11, (1)

ach~1(v) act=1(v)

where A, denotes the contraction with the Kahler form w, Fy, is the curvature of Chern
connection Dy, associated with the metric Hy on E,, and ¢, Ho represents the adjoint of the
morphism ¢, with respect to the metric Hs.

Fix a background Hermitian metric K = {K; },¢@, on the quiver bundle R over the
base manifold (M, w), the degree on E, is defined as [4]

1

deg(EU, KZ)) == W

/ trace(v —1A Fk, )dVolg,
M
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where Fy, denotes the curvature of the Chern connection Dk, associated with the metric
K, on each bundle E,. According to the Chern-Weil theory [4], for any satured subsheaf E,
of Ey, the analytic degree is given by

1 -
deg(E,, Ky) = W /M (trace(\/—lnvAwFKv) — |BEvnv|%<v)dVol , (2)

where 71, denotes the projection onto E], w.r.t. the metric K.

The analytic (o, T)-degree and (o, T)-slope of the twisted quiver bundle R are defined
as weighted combinations of the degrees and ranks of the vector bundles E, associated to
each vertex v of the quiver Qp. Specifically, the (¢, T)-degree is given by

deg, (R,K) = ) (0pdeg(Ey,Ky) — Tyrank(Ey)),

v€Qo

where 0, and T, are real numbers associated to each vertex v. The (¢, T)-slope is then
defined as the ratio of the (o, T)-degree to the total weighted rank:
deg(m (R,K)

Ser(R,K) = Toeq, Ootank(E)”

The twisted quiver bundle R is called analytic (¢, T)-(semi)stable with respect to K if for
all proper quiver subsheaves R’ of R,

Ser(R,K) < ()85 (R, K).

In the context of twisted quiver bundles, it allows one to define moduli spaces of
(0, T)-stable twisted quiver bundles, which have nice geometric properties [26]. The above
condition is a generalization of the stability condition for vector bundles, which plays
an important role in the study of moduli spaces of vector bundles and other geometric
objects. Over the past few years, the exploration of moduli spaces of vector bundles and
various geometric objects has attracted considerable interest and focus (see [27-35] and
references therein).

3. Preliminary Results

Let M be an Hermitian manifold with complex dimension n. Let R = (E, E, Q,¢,])
be a J-holomorphic twisted quiver bundle over M and Hy = {Hy },c0, be a Hermitian
metric on the twisted quiver bundle R. For each v € Qg and non-negative constant ¢, we
will analyze the following perturbed heat flow

oH, 2
H'-—l=-"09
v at Ty &0 (3)

where
Hy, := Hy(t)
and
@g,y = ¢g,U(Hv) = 0'1; V —1A(UFH7) + Z ¢[1 o GD;HZ]
2eh 1 (o)

o Z (P;Hv oy — Ty I, + €0y log(H(;,z}Hv)
aet=1(v)

4)

When ¢ = 0, the perturbed heat flow (3) is nothing but the flow considered in [23].
For simplicity, we set
ho := hy(t) = Hy ) Ho(t).
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If we select local complex coordinates {zi};’zl for M, then w is expressed as

w=v- gl-dz AdZl.

Firstly, we define the complex Laplacian by

Af = —2V/—1A,0f = 247 z;{]

where (g%/) stands for the inverse of the metric matrix ( g;7)- Secondly, we we refer to
the Beltrami-Laplace operator as A. It is commonly acknowledged that the relationship

between these two Laplacians is given by

(B=8)f =(V,Vf)g,

where V represents a well-defined vector field on the manifold M.

We initially establish the following proposition, which shall serve as a foundation in

proving the long-time existence of the flow (3).

Proposition 1. For each v € Qy, let H, = Hy(t) be a solution of the flow (3), then

d 1

(5, DL —|Peolty,] <O.
ot vgo o,

and 5

(E — A){e¥!trace(®d, )} = 0.

Proof. After direct calculation, we conclude:

d = dhy,
D0 = 0oV —=1Au0E,h,, (hy ! = )
_ 2 ((Pll ° H 1aHta ®I *Hg 4711 o (P*Ha H‘U 1aHv)
= ot ot
o0H, o0Hy,
1 *Ha *H, l
_ Z (H atv (Pll . H 9t IEa o (Pﬂ)

act=1(v)

d
+ €0 log(hy)

and

: %1-0 = —2J?lAwéatrace{¢g,vval(i)érvHv}
= —2v/—1A,0trace{0®,, UH71<i>t H, — &, vHilaHvvalcT)é,vHv
+ ®H, 1aq>w H, + @ H, '®! H,H,; '0H,}

= 2Re<—2v - AwaEvachbs,vr q>e,v>Hv <[2\/ - AwFHvr cDe,v]; ¢s,v>Hv

+ 2|8Hvd>£,v|%{v + 2|5Ev®g’v|%{v.

)

(6)
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Using the above formulas, we conclude that

d  + 1 2
(5, = DY —Peolty) == 1 —[VH,Peolfy,
veQy Y vEQp "7
D¢,
2(@ﬂz”ﬂma|;“*mmw
20, ta
D ¢ @,
—2<47a e, ta ®I *Hﬂ/ ;h:a>th®Hta)
@, D p D,
2 ) (|fPa . Q\Hm +1 Sba¢a|H,7 2(g;M 0 = @15 0 4’ﬂ'ﬂ>Hba®H‘“)
= b Oha Ota
2e , 0
+ Y <8t log(ho), Peo) H,
vE€Qo
<0,

where the last inequality used the flow Equation (3) and the following inequality [18]

? o1

(S 10g (o), 1y S0, 2 0.

By taking the trace on the both sides of (7), we can derive the equality (6). O

Below, we recollect the Donaldson’s distance [1,23] pertaining to the space of Hermi-
tian metrics.

Definition 2. For any two Hermitian metrics H and K on the bundle E, we formulate the Donald-
son’s distance between them as

o(H,K) := trace(H 'K) + trace(K'H) — 2rank(E).

Supposing H = {Hy }oe, and K = {Ky }ocq, represent two collections of Hermitian metrics on
the twisted quiver bundle R, we can express the Donaldson’s distance on ‘R in the following manner:

c(H,K):= ) 0,0(Hy, Ky),
vEQ

where oy, is a weighting factor associated with each vertex v.

It is apparent that o(H, K) is non-negative, and it equals zero if and only if H is equal
to K. Additionally, a sequence of metrics H(t) converges a limiting metric H in C° sense if
and only if the supremum of the Donaldson’s distances sup o (H(t), H) approaches zero as
t tends to the limit.

Proposition 2. Let H(t) = {Hy(t) }veq, K(t) = {Ko(t)}oeq, represent two sets of Hermitian
metrics defined on the twisted quiver bundle R. Assuming that for each v in Qy, the metrics Hy(t)
and Ky (t) solve the flow Equation (3), then it follows that

(2~ R)o(H(1),K(1)) <0

Proof. For brevity, we represent using

hy = Ko(t) " 1Hy(t).
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Direct calculations yield
3 < B
(a— - A)( Y oy(trace hy + trace I, ))
t vEQo
=2) o (trace(—\/ —1AwIE, hohy 19k, hy) + trace(—v/ —lAwggvhglhvathgl))
veQo

-2 Z trace (gb;‘K“ opgohg+hyod,o h;ll ® Ijg'ﬂ ) QD;K” 0 hyg
a€Qq

— ¢ ol @ Ige0pa —¢ao ke o hh”)

—2 Y trace (¢ 0 gy 0 i 4+ Il o gy 0 i @ T, 0 95 o !
a€Qq

— i oIl ©1, 0 u — gu o @i o1y
+2 ) trace{hv(log(H&z}Hv) - log(H(;z}Kv)) + h;l(log(Ha,z}Kv) - log(H&Z}Hv))}
veQ
<0

7

where we used the facts [1]
trace(— v/~ 1AwdE, hohy 0k, hy) >0,  trace(—v/—1AwdE,hy thydi, iy 1) > 0,
the summations on a € Qy are non-negative [23], and the following fact [18]
trace{hv(log(H&z}HU) - log(H(;z}KU)) + h;l(log(H&z}Kv) - log(H&z}Hv))} > 0.
O

The proof of the subsequent proposition is omitted, as it resembles the proof given for
Proposition 2.

Proposition 3. Consider H = {Hy}oeq,, K = {Ko}oeq, to be two collections of Hermitian
metrics defined on the twisted quiver bundle R. For each v € Qo, Hy and K, are solutions of the
(1), then we have

Ac(H,K) > 0.

The following proposition will be used as a bridge to connect the stability of the bundle
and the C0-estimate. The proof of such proposition is mainly based on [18]. Hence, we only
sketch the proof here.

Proposition 4. Let R denote a twisted quiver bundle endowed with a fixed Hermitian metric
K = {Ky}oeq, over the non-compct Gauduchon manifold (M,w). Consider a collection of
Hermitian metrics on R given by H = {Hy }yeq, and define s, as s, := log(K; *Hy). Suppose
that the base manifold (M, w) admits an exhaustion function ¢ satisfying [, |A|“r < +oo.
Moreover, we also assume that the norm of the exterior derivative of w1 with respect to the metric
g is in L2(M), that s, is bounded, and that O, derivative of s, is square-integrable. Then, the
following inequality holds:

Uéo (/M trace(CDU(Kv)sy)CZ—T + /M 07,(‘}’(5)(551;5),557]50)&)%) o

le
< /M tI'aCG(CDy(HU)SU)W/
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where

Py (Ko) = 0oV —TAuFi, + ), daodi™ = Y 95 0ps— T I,

aeh~1(v) act=1(v)
and .
St XAy

‘P(x,y)={ L fr—y

Proof. Direct calculations yield

Z / trace(CDzJ(Hv) _CDU(KU))SU)

veEQp M

> ¥ [ oo VETAGDE, (" o), s0)) ©)

veQo M Ky

= T o [ (¥(s) Bruse) Frsoln,

veQ
For the first inequality in (9), we have utilized the following fact (see [22], Lemma 3.5)

YO X (Godi™ —gaopi®)— Y (i opa— @i o¢a),50) >0 (10)

v€Qy ach—1(v) act~1(v)
The second equality in (9) is a consequence of ([18], Proposition 2.6). O

4. The Perturbed Heat Flow on Hermitian Manifolds

In this section, we delve into the question of whether long-term solutions exist for the
perturbed heat flow (3) of the twisted quiver bundle R defined on the compact Hermitian
manifold M (which may or may not have a non-empty boundary). When M is a manifold
without boundary, we take into account the perturbed heat flow described below:

{Hvl Mo = — 2, (Hy), an

Hy(0) = Hop.

Assuming M is a compact manifold featuring a non-empty and smooth boundary, we
delve into the following Dirichlet boundary value problem, considering a fixed collection
of Hermitian metrics H = {Hy },c, defined on the boundary o M:

Hy 1% = — 2@, ,(H,),
HU(O) = HO,U/ (12)
HU‘BM = Hy.

The flow (3) exhibits definitive parabolic characteristics, and as a result, the established
parabolic theory ensures the existence of a solution for a brief period of time.

Proposition 5. For any T > 0 that is small enough, (11) and (12) both possess a smooth solution
H(t) = {Hy(t) }oeq,, which is well-defined within the interval 0 < t < T.

Subsequently, building upon the arguments presented in ([1], Lemma 19), our objective
is to demonstrate the enduring existence of the perturbed heat flow.

Lemma 1. Assuming a smooth solution H(t) = {Hy(t) }veq, of either (11) or (12) is defined
on the interval 0 < t < T < oo, the metric H(t) will converge in C° sense to a continuous
non-degenerate metric H(T) on the quiver bundle R as the limit t — T is approached.
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Proof. Utilizing the continuity property at t = 0, for any € > 0, we can determine a ¢ such
that the supremum of the Donaldson’s distance over M of the difference between H(t()
and H(t{) remains below € whenever t; and #{ are within the interval (0,4). Utilizing
Proposition Proposition 2 along with the maximum principle, we can deduce that

supo(H(t),H(t")) <€
M

holds true for all ¢, ' greater than T — 4.

The above fact signifies that the sequence H(t) is uniformly Cauchy, implying that
H(t) — H(T), where H(T) is continuous.

Alternatively, according to Proposition 1, we are aware that |®, ,(Hy)| g, is uniformly
bounded. We also notice that

0
|§(logtrace ho)|b, < 2[®eo(Ho)|H,,

and

] _
|§(logtrace Iy ) < 2|Deo(Ho)|H,»
hence we can infer that the sequence o(H(t), H(0)) is uniformly bounded on the space
M x [0, T); thereby, the metric H(T) is absolutely non-degenerate. [J

By employing a similar argument as presented in ([1], Lemma 19) and ([36], Lemma 3.3),
it is straightforward to prove the subsequent lemma.

Lemma 2. Let M be a compact Hermitian manifold, either without a boundary or potentially with
a non-empty boundary. Consider the collection of Hermitian metrics H(t) = {Hy(t) }veq, for
0 <t < T on the twisted quiver bundle ‘R over the base manifold M (subject to Dirichlet boundary
conditions). Assume that Hy = {Ho }vcQ, i the initial data on the bundle R. If, as t approaches
T, the metric H(t) converges in the C° sense to the metric H(T) (non-degenerate continuous) on
the bundle R, and if the supremum of | Ao Fy, (1) |y, is uniformly bounded across all values of t,

then the metric Hy(t) is bounded in C' and furthermore in LY (for any 1 < p < +c0) across all
values of t.

Now, we are ready to demonstrate the existence of the flow for extended periods
of time.

Proposition 6. Equations (11) and (12) possess a unique solution H(t) that persists for all times.

Proof. Proposition 5 establishes the short-term existence of a solution. Assume that a
solution H(t) exists for a limited time interval, namely 0 < t < T < +o0. According to
Lemma 1, the metric H(t) converges in C? norm to a limiting metric H(T) (non-degenerate
and continuous) on the twisted quiver bundle R as t approaches T. As ¢ is finite, (5) signifies
that sup, |AwFp, (4| H, is uniformly bounded in the interval [0, T). Furthermore, by

Lemma 2, the metric Hy(#) is uniformly bounded in C! norm and also in L; norm (for any
1 < p < +o0) across all values of t. Applying Hamilton’s methodology [37], we can infer
that Hy(t) — Hy(T) in C*® norm, thus enabling the extension of the solution H(t) beyond
T. Consequently, (11) and (12) admit a solution H(t) that persists for all time. Utilizing the
maximum principle and Proposition 2, we establish the uniqueness of this solution. [J

In the remainder of this section, our focus shall be on the enduring presence of the
perturbed heat flow (3) for the twisted quiver bundle R residing over a non-compact
Hermitian manifold M. Here, we postulate the existence of an exhaustion function ¢ > 0
such that /—1A,,00¢ is bounded, satisfying Condition 2 for M. Given a fixed number p,
let M, represent the compact subspace defined by {x € M | ¢(x) < p}, with boundary
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dM,. Let Hy be the initial metric defined on the twisted quiver bundle R over the base
manifold M. We shall consider the Dirichlet boundary condition as follows:

H(t)[om, = Holam, - (13)

Based on Proposition 6, we are aware that, for every M,, the flow (3) subject to the afore-
mentioned Dirichlet boundary condition and with the initial metric Hy admits a distinct
long-term solution H(#) for 0 < t < 4-o0.

Proposition 7. Let us assume that H(t) represents a long-term solution to the perturbed heat flow
(3) defined on M, and complies with the Dirichlet boundary condition (13), then we have

C
| log ol y , (%, 1) < ?1 Y max|®y(Hoo)h,,, Y(x,t) € My x [0,+00), (14)
veQy F

where Cy is a constant independent of e.

Proof. After direct computation, we find that

_190H, 2
Z <H'()1 atvrloghv>HO,v = Z <_;®€,U(H‘l])rloghv>H[)lv
vEQp v€Qo v
2 2
= Z <_*¢U(H0,v)/10ghv>Hg,y + Z <_*(CD£,U(HU> _CDU(HO,U))flOghv)HO,v
veo, v veQy 7 (15)
2
<) o |Po(Hoo) |1, | log ho|m,
veQy Y
+ Y (V=1Au(9E, (hy '0n,, ho)) + €00 log ho, log ho) 1y .,
UEQO

where we have used the inequality (10).
Alternatively, it is straightforward to verify that

_ aH - ah 1 a
2 <HU lT;IIOghv>HO'U = <hvlT:,10ghv>H0,v = E& Z |10ghv|%'10,v

veQp v€Qo

and
_ 1~
Y (V=1AW0E, (hy "0k, o) Jog ho) g, = —5A( Y [logholfy,,)-
0€Qp vEQp '
Then
9 _} log |
(g— )( Z | log U|H0,v)

v€Qp

2
<—e ) av|loghv\%{00+ Y. —I1®(Hoo)lH,, | 10g ol H,,
vEQo ToveQ

< —eCy Y |loghylf,, +Cs Y. |9(How)|Hy, 108 holH,,,
v€Qp ' vEQo

T

which together with the maximum principle implies (14). [

For later use, we first recall the following lemma.

Lemma 3 ([4], Lemma 6.7). Let u(x,t) be a function defined on the space M, x [0, T] that fulfills

the conditions 5
(E)t - /X)u <0, uli= =0,
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and also satisfies sup M, U< Cy4. Consequently, we deduce that

u(x,b) < ff«p(x) 1 Cst),

where Cs represents the bound of Ag as stipulated in Condition 2.

Herein, we postulate that for all v € Qo, the norm |®;(Ho)|H,, is bounded on the
Hermitian manifold M. Given any compact subset (3 C M, we can find a constant pg
such that the set O C M. Consider H,(t) = {Hp,o(t) }oeg, and Hp, (t) = {Hp, v(t) }oe,
as long-term solutions to the perturbed heat flow (3), satisfying the Dirichlet boundary
condition (13) for pg < p1 < p. Define u = o(Hy(t), Hp, (t)). According to Proposition 7,
u is uniformly bounded and serves as a subsolution for the heat operator with u(0) = 0.
Applying Lemma 3, we obtain

0+ CsT)

o(Hy (1), Hy, (1)) < G0 ; (16)

on My, x [0, T]. Consequently, H, forms a Cauchy sequence on the space M, x [0, T] as
p — oo. Foreach v € Qy, Proposition 7 guarantees the uniform C° bound of H, (¢), and local
C! estimates can be derived analogously to ([18], Proposition 3.5). Furthermore, utilizing
the standard Schauder estimate for parabolic equations, we can derive local uniform and
smooth estimates for H,,(t) for each v € Qp. Notably, the parabolic Schauder estimate
only yields a uniform and smooth estimate for /1, (t) on My, x [1, T] with 1 > 0, where the
estimate depends on :~!. To address this, we can apply the maximum principle to obtain
a local uniform bound on the curvature |Fg,, |n,, for each v € Qp, followed by standard
elliptic estimates to obtain locally uniform and smooth estimates. This step is omitted here
due to its similarity to ([38], Lemma 2.5). By selecting a subsequence with p — oo, the
metric H,(t) converges in Cj> -topology on the twisted quiver bundle R to a long-term
solution H(#) of the perturbed heat flow (3) on M x [0, c0). In summary, we arrive at the
following theorem.

Theorem 2. Let R denote a [-holomorphic twisted quiver bundle, endowed with a fixed Her-
mitian metric Hy, over a Hermitian manifold M that fulfills the Condition 2. Assuming that
supyy |Po(How)|Hy, is finite, it can be demonstrated that, throughout the entire M, the perturbed
heat flow (3) admits a long-term solution H(t) that satisfies the following bound:

C
sup |1og ho| py (x, 1) < =1 Z max |y, (Ho,o )| Hy, - (17)
(x,)EMx[0,+c0) € vegy M

5. Finding Solutions to the Perturbed Equation

Initially, we address the Dirichlet problem pertaining to the perturbed equation,
thereby arriving at the subsequent theorem.

Theorem 3. Let R represent a J-holomorphic twisted quiver bundle, equipped with a fixed Hermi-
tian metric Hy = {Ho , }veq,, 0ver the compact base manifold M possessing a non-empty boundary
OM. There exists a unique Hermitian metric H = {Hy },cq, on the twisted quiver bundle R that
satisfies the conditions

D, (Hy) =
s,v( v) 0, (18)
HvlaM = HO,v/
forall e > 0. If e > 0, it follows that
<G @, (H 19
max |5y, (¥) < — ) max|®o(Hoo)| - (19)

veQo
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Moreover, 3
Y. 19e,50ll 2y < Cle™", @o(Hoy), Vol(M)), (20)
v€Qo

where s, = log(H, 1Hv) Additionally, if the initial metric Hy on the twisted quiver bundle R
adheres to the followmg condition

trace(®,(Hp,)) =0, (21)
then it implies ), c o, Ovtrace(sy) = 0 and the metric H on R also fulfills the condition (21).

Proof. According to Proposition 6, the existence of a long-term solution H(t) to the per-
turbed heat Equation (12) is established. Utilizing Proposition 1 and the fact |V|*> >
|V|Z||?, we derive

<0. (22)

&9 tmn

v€Qp

If the initial metric Hy fulfills the condition (21), then by (6) and the maximum principle, it
follows that

Y trace(®go(Ho)) = 0.
vEQ

Consequently,

Y ovtrace(log(Hy. Hv( ) =0

v€Qo

holds, and the metric H(t) satisfies the condition (21) for all ¢ > 0.
Pursuant to ([39], Chapter 5, Proposition 1.8), we aim to solve the Dirichlet problem
on M given by: N
Ax = _|q>v(HOv)|HODr Xlom = 0. (23)

We define ¢(x, t) fo |®e,0(Ho) |1, (x, 0)do — x(x). From (22) and (23), and the boundary
condition satlsﬁed by H,, it is evident that for t > 0, |®¢v(Ho)|p, (x, t) vanishes on the
boundary of M. Consequently,

<§t — Z)g(x,t) <0, ¢(x,0)=—x(x), c(xt)|om=0.

Employing the maximum principle, we obtain

/ |Pe0(Ho) |1, (¥, 0)do < sup x(y), (24)
yeM

forany x € Mand 0 < ¢ < +o0.
Assuming t; < t < tp and letting i, (x,t) = H; '(x, t1)Hy(x, t), it is straightforward
to derive

aat log trace(hy) < 2|®¢(Ho)| g, -

By integration, we arrive at
t
trace(H; ! (x, t1)Hy(x,1)) < rexp (2 /t |0 (Ho) |11, do).
1
Analogously, we obtain a similar estimate for trace(H, ' (x,t)Hy(x,t1)). Thus,

o(Ho (%, 1), Ho(x, 11)) < 2r(exp (2 /tt |®co(Ho)|,do) — 1). (25)
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Utilizing (24) and (25), we infer that the metric H(t) on the twisted quiver bundle R
approaches a continuous metric He, in the C° topology as  tends to infinity. According
to Lemma 2, it is known that for each vertex v € Qp, the metric Hy(t) is uniformly

bounded in Cllo . and also in Lg 1oc (1 < p < +00). Furthermore, it is established that for
JH,

each vertex v € Qy, the quantity |H, ! 5~ | is uniformly bounded. Leveraging the elliptic
regularity, we can deduce that there exists a subsequence Hy(t) converging to Hy e in the
Cj,-topology. Applying (24), we recognize that Hy « is the desired metric that satisfies the
boundary condition. Finally, the uniqueness is guaranteed by the maximum principle and
Proposition 3.

If € > 0, the implication in Proposition 7, stated in (14), leads to (19). According to the
definition, it is straightforward to verify that

10, 50l < Co(¥(5)(OE,50), E,50) Hy s
where Cg is a constant that depends solely on the L*-bound of s
Utilizing the identity (8) from Proposition 4 and the Equation (18), we arrive at

n

g w" = = w
Y [ ol S <Co X [ (¥(50)@r50),3r500m, o

veQp ’ veQ
= Cq 2 (—traCe(q)v(HO,v)sv) - EUU‘Sv‘éOy)&T (26)
0 4 n
veo ’

C
< =1 Y sup|®o(Hop)[fy,, - Vol(M).
veQy M

Consequently, (26) directly leads to the conclusion of (20). [

Let M be a non-compact Gauduchon manifold, and assume { M, } forms an exhaustive
sequence of compact subdomains of the manifold M. Given a J-holomorphic twisted quiver
bundle R over the base manifold M and a collection of Hermitian metrics Hy defined on
R, Theorem 3 ensures the solvability of the Dirichlet problem on M,, yielding a Hermitian
metric Hp(x) = {Hp}oeg, on R that satisfies

®S,U(Hp,0) - 0, VX S Mp,
Hp,o(x)[am, = Hoo ().

To extend the solution to the entire manifold M, we rely on a priori estimates, primarily
the C%-estimate. For each v € Q, let hpo = Hy, Z} Hp,». By Theorem 3, for all v € Qp we have

C
sup |loghpo|H,,(x) < -t E max [y (Hoo) |Hy,, -
xeMp € veQ, Mo

For any compact subset () C M, there exists a constant pg such that O C M. Following
similar arguments to those in ([18], Proposition 3.5), we obtain local uniform C!-estimates,
specifically, for any p > pg, there exists

sup |h(7,llJaH0,thfU HO,Z) S C8/ (27)
xeQ)

where Cg is a uniform constant independent of p. Applying the perturbed equation
P, ,(Hy) = 0 and standard elliptic theory, we can derive uniform local higher order
estimates. By selecting a subsequence, for each v € Qo, Hp,», converges in Cj; -topology to
a metric Hy, that solves the perturbed equation ®¢,(H,) = 0 on the entire manifold M.

This completes the proof of the following theorem.
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Theorem 4. Given a J-holomorphic twisted quiver bundle R with a fixed Hermitian metric Hy
over the non-compact Gauduchon manifold M, if sup |®,(Hp)|p,, < +oo, then for any e > 0,
by ,

there exists a metric H = {Hy }ye, on R such that

CDE,U(HU) == O/
1 Cl
sup |log Hy, Hylp,,(x) < — Z sup |®,(Hop)|Hy,, (28)
xeM € vEQ) M
and B
19k, (log Hy , Ho)l| 2 < C(e™", o (Ho,), Vol(M)). (29)

If the initial data Hy fulfils the condition (21), then

Y optrace log(Ho_ﬂ}Hz,) =0
vEQ

and H also fulfils the condition (21).

6. Proof of Theorem 1

Let M be the special non-compact Gauduchon manifold, as stated in Theorem 1, and let
'R represent a twisted quiver bundle over this manifold. Given a suitable background metric
K = {Ky}ve(, defined on R that meets the conditions v/~ 1A, Fx, < 0, supy, |AwF, |k, <
+0c0, and sup,, |¢|k, < +o, we can refer to ([18], Proposition 4.3) to solve the Poisson
equation on the non-compact Gauduchon manifold M:

V—1A,00f = _rankl(Ez,) Y trace(®y(Ky)).

v€Qo

Through the conformal transformation K, = efK,, we discover that the metric K,

fulfills the criterion
Y trace(®,(Ky)) = 0. (30)
vEQp

Examining the properties of the function f reveals that if R exhibits analytic (o, T)-stability
with respect to the Hermitian metric K, it necessarily maintains this stability with respect to
the transformed Hermitian metric K = {Ky }»c(,. Consequently, without loss of generality,
we can presume that the initial metric K imposed on R already satisfies the condition
expressed in Equation (30).

According to Theorem 4, for each vertex v belonging to Qg and any positive number ¢,
the perturbed equation below can be solved:

D, (Hep) := Pp(Hep) + e0p(loghen) =0, (31)

where h ; is defined as K 1H8,U = ¢%v and

ng Hsv
Py(Hep) = 0oV —1AWFH, + Y, a0 " — Y ¢o “opa—To-Ig,

ach~1(v) act=1(v)

Given that the initial Hermitian metric K imposed on R fulfills condition (30), we
deduce that

Y oytrace(loghe,) = 0.

v€Qp

By employing similar reasoning to that presented in ([18], Lemma 6.1), we can effort-
lessly arrive at the subsequent lemma.
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Lemma 4. Ifh,, € Herm™ (E,, Ky) satisfies @ »(H,) = 0 for some positive €, we conclude that

Ty mAe/}x|10ghg,U|Kv < Co( ) ovllloghesl|;2 + Cio),
v€Q

where Cy and Cyg only depends on w and K.

When R exhibits analytic (o, T)-stability relative to the Hermitian metric K, we aim
to demonstrate that, by selecting a subsequence, H, approaches a (o, T)-Hermite-Yang—
Mills metric H in the C{2 -topology as ¢ tends to 0. Leveraging the local C!-estimates
from (27) alongside standard elliptic theory, our focus narrows to deriving a uniform C°-
estimate. Thanks to Lemma 4, our task simplifies to establishing a consistent bound on
Yoeq, 9ol 10g heo | 2-

We will prove this by contradiction. If our claim does not hold, there must exist a
positive constant J and a subsequence ¢; approaching 0 as i tends to infinity, satisfying

Y. oollloghe, o

veQp

2 — F0o.

Defining

SSI',’U

Se;,o =108 e, 0, Yip = |Se0ll 12/ Uero = )
i
we deduce that Y7, trace(oyite; ) = 0 and ||ug; ||z = 1. Then, invoking Lemma 4,
we obtain
Coy
max g, »| < —( ) 0v%ip + Cio) < C11 < +oo. (32)

M 1,0 UGQO
Step 1 We will demonstrate that for each v € Qo, the L% norms of u, , are uniformly
bounded. Since the L2 norms of ue, » are already normalized to 1, our focus shifts to
proving that the L? norms of Vi, , are uniformly bounded.

Relying on Proposition 4 and the perturbed Equation (31), we deduce that for every
U, v, the following inequality holds:

Z </ trace(®y (Ky ) e, v) +‘7v/ 'Yi,v<1P('Yi,v“€f,v)(5Ev”£i,v)r§Ev“€i,v> >
veny \/M M Ky
(33)

< =g Y OYip-
vEQp

Consider the function defined as

v, ifx=y,
Y (rx,vy) = { ¥ _1 .
eyT’ if x 7é y.

Based on (32), we can assume (x, y) belongs to the domain [—Cjy, C1p] X [—C1p, C12].
It is straightforward to verify that
(x—y)7 L, ifx>y,

. (34)
400, ifx <y,

YY (rx, vy) = {
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which monotonically increases as v approaches positive infinity. Let { be a smooth function
from R x R to R* satisfying {(x,y) < (x —y)~! when x > y. Utilizing (34) and adapting
arguments from ([4], Lemma 5.4), we arrive at

» (/M trace(®y (Ko)ue,0) + 0o /M<a<uei,v><aEvug,»,v>,aEvuei,v>Kv)

vEQp
<0,

(35)

for sufficiently large i. Specifically, we can choose C(x,y) = ﬁ Therefore, when (x,y) €
[—Clz, C]z] [ Cyo, C]z] and x > Y 3 C < iz ThlS means

%) <0

y ( / trace(®y (Ko )tte, ») + 0 / 2 O, e o[k
3C !
veQo

fori > 1. Then we have

CL)
Y [ kol or < Cin 1 max |[9o(Ko)lx, - Vol(M).

v€Q ! v€Qo

Therefore, for each element v belonging to Qy, the sequence i, , is bounded in the L2
norm. Consequently, we can select a subsequence, denoted as {u, »}, which converges
j

weakly to tep in L2. For simplicity, we retain the notation {u,,,} for this subsequence.
Recognizing that L% is embedded into L%, we deduce that

1:1im/u.2:/u 2.
tim [ ol = [ ool
This suggests that the L2 norm of u« 5 is unity, indicating its non-triviality.

Employing Equation (35) and adopting an analogous reasoning to that presented in
([4], Lemma 5.4), we arrive at the inequality

Y (/M trace(®y(Ky)tloon) + 0o /M<§(uoo,v)(aEvuoo,v),aEvuoo,v>Kv) <0. (36)

vEQy

Step 2 By applying the arguments put forth by Uhlenbeck and Yau in [5], we devise a
subsheaf of quiver that opposes the analytic (o, T)-stability of R.

Drawing from Equation (36) and implementing the method outlined in ([4], Lemma 5.5),
we deduce that for every v € Qy, the eigenvalues of 1, remain constant across almost
all points. Denote the distinct eigenvalues of uwy as p1, < Hpp < -+ < Hi,. The
condition Y-, o, trace(ovticop) = 0 and [[ueop| 2 = 1 dictate that I must fall within the
range 2 < | < r. For each eigenvalue y;, (where 1 <i <[ — 1), we formulate a function

Pi,(x):R—=R

defined as

1, ifx <y,
Pi,z; = .
0/ if x 2 ]’li-‘rl,v'

Defining 77; , as P; , (tieo,0) and E; ;, as 71 ,(Ey ), according to ([4], p. 887), we obtain the
following facts:

1. m, €Ly

2 __xHpy .
2 7-[1,17 - 7-[1 v 7-[1‘,-0 7
3. (IEi,v nl,v)aEi,v Ty = 0;
4

aEi,hﬂ - ni,ha) o¢pyo0 (7'[1',:‘,1 ® IE) = 0foreacha € Q.
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According to Uhlenbeck and Yau's regularity theorem on the L2-subbundle from [5],
for each vertex v € Qy, the set {m,v}ﬁ;% defines I — 1 coherent sub-sheaves of E,. By
leveraging the reasoning presented in ([23], p. 288), which builds upon ([40], Theorem 0.2),
we are able to derive a series of good weakly quiver sub-bundles R; of R.

Since
Z trace(oyticoy) = 0
vEQ
and
1-1
Ueop = Ml v IE, — Z(#iﬂ,a — Hip) T,
i=1
it holds
-1
Z (Uv,ulv rank Ev Z Hit1o — szz Oy * rank( )) =0. (37)
Z}EQO i=1
Denote by
-1
Mg =maxp, ) (Hisrs — Hip) = min Z Hit1o = Mig)-
vEQp i=1 veQ, 0=
Then from (37), we have
-1
Y ovpgrank(Ee) > ) Y (Mis1,6 — pis)oorank(E;p). (38)
v€Qp veQp i=1
Construct the quantity
-1
v = Vol(M) (ju 5 deg, (R, K) = Y (ii11,5 — pi) deg, (R, K)) ). (39)
i=1
On one hand, substituting (38) into x, we have
-1
v > Vol(M) ) (pis15 — Mig)
i=1 (40)
X Z Uyrank(El/U) (SU,T(R/ K) - Sg/'r(Ri, K)).

veQp

On the other hand, from ([4], Lemma 3.2), we have the following Chern-Weil formula with
respect to the metric K on the twisted quiver bundle R

1
deg( iur ) W Ugo ( /M <\/?1AMFH0,UI 7Ti,v>l<v )

- / |9k,
M
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Substituting (41) into (39), we have
-1
v=) / <‘7v V—=1AuwFx, msle, — ) (Miv15— Vi,z?)ﬂi,v>K
veEQp M i=1 v
Z Z Hiv1,0 — Hip HaE nszLZ
UEQO i=1
-1
— ¥ T Vol(M) - (jurank(Eo) = Y (iy1,0 — Hig)rank(Eyy) )
v€Qo i=1
-1 1-1
= Z / <UvV 1A F, piy -1 Z Hi+1,0 — Hip 77121> + Z Oy Z(Vi+1,v
veQ, ' M i—1 Ko veQy  i=1
3 -1
— 1) 108, il = 2 T VOL(M) - (juprank(Eo) = Y (i1,0 — pio)rank(Eiy) )
v€Qo i=1
-1
+ ) / (0oV =1AwFk,, (15 — 110) - TE, + () (Hit1,0 — Hio) (42)
veQy M i=1
-1 -1 -1
=Y (piv15— 1io)) o)k, + Y (%(Z(Viﬂ,z? —tiz) — Y (Mit10 — Hip))
i=1 v€Qp i=1 i=1

% [9e,miol122) + X o VoI(M) - (a0 — 11 5) - rank(Eo)
v€Qo
-1

Z Hiv15 — Vlv - Z(Vl-‘rlv Vi,v))rank(Ei,v))

=

—_

1
/ q)v Kv) ”oov)K

Z Hit1,0 — Hip (dpi,v)z(uoo,v)(éEz,”w,v)/gEv”w,v>Kv>
i=1

<0

’

where the differential dP;,(x,y) : R x R — R is given by

Piv(x)_Piv(y) .

—_ if «x 7& ;

dP;,(x,y) = xX—y y
P/ (%), if x=uy.

By integrating (40) and (42), we reach a contradiction with the analytic (o, T)-stability of

thebundle R. O
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